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Abstract

Mean value coordinates of a planar polygon P with n vertices define a map from P to P*~ 1.
At an Oberwolfach mini-workshop in 2022, F. Sottile asked for the homogeneous equations of the
Zariski closure Sp of its image. We answer this question for quadrilaterals and give partial results
for larger polygons. For every quadrilateral with no three vertices collinear, the ideal of Sp is
generated by one explicit irreducible polynomial Fp of degree 14. It is obtained by clearing the
square roots in the relation Ai|x — vi| — Az|x — v2| + Ag|lz — v3| — A4|z — v4| = 0, which follows
at once from Floater’s formula; for the unit square, Fp/16 has 116 integer terms. For every
n > 4, Sp is an irreducible surface, and the projection w — > w;v;/ > w; restricts to a map
of degree 2"~ from Sp to the plane. Over a general point z, a point w with Y w; # 0 and
> wi(v; — ) = 0 lies on Sp exactly when the closed polygon with edge vectors w;J(v; — x), J
a quarter turn, is circumscribed about a circle. The passage from coordinates to circumscribed
polygons is the classical tangent-length picture behind Floater’s construction; its converse is what
produces equations. For n = 5,6, 7, computations modulo primes for sample polygons give relations
of lowest degree 10, 6, 7, and deg Sp = 52 for n = 5; for a single hexagon they give deg Sp = 152.
These values are consistent with a conjectured value 2"~3(6n — 17). A generating set for n > 5
remains open. This is an unrefereed note.

1 Introduction

Let P be a polygon in the plane with vertices vy, ..., v,, indices taken modulo n. For a point z off the
lines through the edges, let o; € (—m, 7) be the signed angle at x of the triangle [z, v;, v;11]. Floater’s
mean value coordinates [Flo03], extended to arbitrary polygons by Hormann and Floater [HF06], are

()= 2w
M S

They satisfy >, \; = 1 and >, \jv; = x; see [Flo15] for a survey of generalized barycentric coordinates.

In the problem session of the 2022 Oberwolfach mini-workshop Interpolation, Approximation, and
Algebra [dBSSS22, p. 424], F. Sottile considered the map x — [A(z) : - -+ : Ay(2)] from P to P*~! and
asked: “What are the homogeneous equations for the Zariski closure of the image?” The question
makes sense because the coordinates are algebraic functions of z, although (1) involves tan. According
to the report, it was inspired by the PhD work of Irving [Irv12], who studied the same questions for
Wachspress coordinates; see [GPS10, IS14, KR20] for Wachspress surfaces and varieties. The question
is part of record OWR-9790358-016 of the UnsolvedMath dataset [ula26]. That record is titled “What
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about in higher dimensions?”, a question from the item on three-dimensional Wachspress varieties
(Sottile, Schenck). Its statement consists of this question, the whole mean value item, and the whole
item on moduli spaces of Wachspress varieties (Sottile), all from p. 424 of [dBSSS22]. This note
addresses only the mean value item.

Let Sp C P*~! be the Zariski closure of the image; it does not depend on which open part of the
polygon is used (Lemma 2.3). For a triangle, mean value coordinates are the barycentric coordinates
and Sp = P2, so we assume n > 4. For w € C" put s(w) = >, w; and

Rifw) = (D wjlos —v)) - (D wilvi —vy)). ©)

a quadratic form in w; if 3, w; =1 and z = }; wjv;, then R;(w) = |z — vi|%. Let
Ni(a,b,c,d) = (a® + b + & + d? — 2ab — 2ac — 2ad — 2bc — 2bd — 2¢d)? — 64abed, (3)
so that Ny(b2,...,02) = Hn(bl + n2bg + n3b3 + n4by), the product over the eight n € {£1}3.

Theorem 1.1 (quadrilaterals). Let P be a quadrilateral with vertices vy,...,vs € R2, no three of
them collinear; P need not be convex or simple. Then s* divides N4(w%R1, . ,wiR4), and

_ Ni(wiRi(w), wiRe(w), wiRs(w), wiRs(w))
(w1 + wo + w3 + w4)2

Fp(w)

is an irreducible homogeneous polynomial of degree 14 that generates the homogeneous ideal of Sp:
I(Sp) = (Fp). So Sp is the surface Fp = 0 of degree 14 in P3, and no nonzero polynomial of smaller
degree vanishes on it. The point pg = [ky : -+ : k4| with >, k; = 0 and ), kjv; = 0 lies on Sp with
multiplicity 6.

For the mean value coordinates A = A(z) of a real point z,

Fp(\) = H ()\1|x — 1| + meXo|T — va| + M3Ag|x — V3| + Mgl — v4|),
n

and one factor vanishes identically. Indeed, (1) says w;|z — v;| = tan(a;—1/2) + tan(«;/2), and the
alternating sum telescopes:

)\1’.%—1)1’—)\2|JJ—UQ|+)\3‘I—U3|—/\4’.%—1)4’:0. (4)

Theorem 1.1 says that the polynomial obtained by clearing the square roots in (4) generates all
algebraic relations. For the unit square, Fp/16 has 116 terms (Example 5.5). Since N is symmetric,
the three quadrilaterals with a given set of four vertices have the same surface (Remark 5.4).

For general n we describe Sp geometrically. Let J(a,b) = (b,—a). For z € C?> and w € C"
with >, w;(v; — x) = 0, the points Go = 0 and G; = 3, w;J(v; — x) form a closed polygon G(w)
(G, = Gy). Its i-th side has direction J(v;—z) and lies on the line L;(w) = {g : (vi—z)-g = (vi—z)-G;}.

Theorem 1.2 (all n). Let n > 4 and let P have distinct vertices, not all on a line. Then Sp is an
irreducible surface, and the projection w(w) = Y, wv;/ >, w; restricts to a dominant rational map
Sp --» P? of degree 2"~1. More precisely, for all x in a dense Zariski-open subset of C?:

(a) the points of Sp over x are 2"~1 distinct points: the weights (9) with r; replaced by e;r;, where

72 = (v; —x) - (v; — x) (s0r; = |x —v;| for real x) and ¢ € {£1}"™ modulo +1;



(b) a point [w] with Y  wi(v; — x) = 0 and > ,w; # 0 lies on Sp if and only if the lines
Li(w),...,L,(w) are tangent to a common circle of nonzero radius;

(c) if n is even, the rationalized Pitot relation Fp of Section 4 is a nonzero element of I(Sp) of
degree 2™ — 2.

The precise forms are Theorem 3.2 and Proposition 4.2. The condition ), w; # 0 in (b) excludes
the centre A of m, which every fibre closure contains; for n = 4, A = {po} and pg lies on Sp
(Remark 3.3).

The map 7 is the linear projection that Garcia-Puente and Sottile [GPS10] attach to the vertices in
their study of linear precision, and A is its centre of projection; Irving [Irv12] studies the Wachspress
surface W C P"~! through the same projection. The two cases differ sharply. For Wachspress
coordinates, which are rational, 7 restricts to a birational map from W to P2, and for a quadrilateral
W is a quadric in P® and the centre is a point of W [Irv12]. For mean value coordinates, 7 has degree
2"~1 on Sp, and for a quadrilateral Sp is a surface of degree 14 on which the centre py has multiplicity
6.

Prior work and what is new. The direction from points of Sp to circumscribed polygons in
Theorem 1.2(b) is the classical geometry behind (1): the numbers tan(a;/2) are the tangent lengths
of a polygon circumscribed about the unit circle centred at z; compare Floater’s derivation [Flo03]
and the polar-dual construction of Ju, Schaefer, Warren and Desbrun [JSWDO05]. The relation (4),
and its analogue for every even n, is immediate from Floater’s formula; it is Pitot’s theorem for that
polygon. The three-point form of the weights is due to Floater, Hormann and Kés [FHK06]. What is
new here, as far as we could find, is the converse direction of Theorem 1.2(b) and its use to produce
equations: the ideal of Sp for quadrilaterals, the fibre description and the degree 2"~! for all n, and
the data for n > 5.

Computations for n = 5,6,7. For the sample polygons, computations modulo large primes give
relations of lowest degree dy = 10, 6 and 7 for n = 5,6, 7, which, with one exception for n = 7, come
from tangency conditions. That no relation of lower degree exists is certified for the polygons tested.
The existence of relations of degree 10 for n = 5 and of degree 7 for n = 7 rests on quotients computed
modulo p, whereas dy = 6 is certified for four hexagons, for which I(Sp)s is spanned by a Brianchon
sextic (Section 6). We do not know a generating set for any n > 5.

2 Set-up

Notation. Throughout, P has vertices vy, ..., v, € R? (n > 3, indices modulo n), which are distinct
and not all on one line. We work over C. For u,v € C? let u-v = uyv1 + ugva, det(u,v) = u1vs — ugvy
and Ju = (ug, —uy). Then u - Jv = det(u,v), Ju-Jv =u-v and u- Ju = 0. We use the identities

(a-b)det(b,c) + (b-c)det(a,b) = (b-b)det(a,c), (5)
det(a, b) c — det(a,c) b+ det(b,c)a =0, (6)
(a-a)(b-b) — (a-b)? = det(a,b)? (7)

for a,b,c € C2, which are checked by expanding. For z € C? put
di =v;i—x, ¢ =di-d;, A;=det(d;,diy1), Bi=det(di—1,diy1), D;i=d;-di1,
and k; = det(v;—1 — v;, v; — vi41), which does not depend on z. Expanding shows

A1+ A — By = k. (8)



Let U C C? be the complement of the edge lines, i.e. the set where all A; # 0. On C" we use the
linear forms s(w) = >, w; and m(w) = Y, wiv; € C?, and for x € C? the subspace

K(z) = {w eC": Zwidi = 0} ={w: m(w) = s(w)x}.

The 2 x n matrix with columns dy, . .., d, has rank 2 for every x, since otherwise all vertices would lie
on a line through z. Hence dim K (z) = n — 2, and the orthogonal complement K (x)* for the bilinear
form ), ujw; is spanned by the two rows D', D? € C" of this matrix.

Lemma 2.1 (three-point form). For x € U and p € C" define M (x)p € C" by

_ pi-1 piBi | pin

(a) For real x € U, not a vertez, Floater’s weights are w(x) = M (x)r, where r; = |x — v;].

(b) M(z) is symmetric of rank n— 2, with kernel spanned by D', D* and image K (x). In particular
Y i(M(x)p)id; =0 for every p.

(C) S(M(Jj)p) = Ez Hzpz/(Az—lAz>

Formula (9) with p = r is the mean value case of the three-point construction in [FHKO06]; we
include the short proof.

Proof. (a) Write r; = |z —v;|. Since sina; = A;/(ririy+1) and cos o; = D;/(riri+1), we have tan(q;/2) =
(1 — COS Oéi)/SiIlOéi == (Tiri—i-l - Dz)/Az So

we — Tzl Tl Di—14; + DiAi
[ - ’

Ain A riAi—1A;

and DiflAi + DiAi,1 = QiBi == T?BZ by (5) with (CL, b, C) == (difl, di, di+1).

(b) The nonzero entries of M (x) are M; ; = —B;/(Ai—14;) and M; 41 = M1, = 1/A;, so M(z) is
symmetric. For the k-th column, ), M;pd; = (Agdr—1 — Brdi + Ag—1di41)/(Ar—14y) = 0 by (6) with
(a,b,c) = (dg_1,dg, dy1). Hence the image of M (z) lies in K (), and by symmetry D! and D? lie in

the kernel. The submatrix with rows 1,...,n — 2 and columns 2,...,n — 1 is lower triangular with
diagonal entries 1/Aq,...,1/A,_2, so the rank is at least n — 2. Since D!, D? are linearly independent
and dim K (z) = n — 2, the claims follow.

(¢) The k-th column sum of M (x) is (Ag_1 + Ax — Br)/(Ax_1A) = ki /(Ax_1Ag) by (8). O

The branched cover. Let

X ={(z,p) € C2xC": p? = ¢;(z) for all i}, O = Clz1,x2, p1, - - - ,pn]/(p% —q,.. .,pi — qn)-

As a C[z]-module, O is free with basis ps = [[;cegpi» S € {1,...,n}. The group {£1}" acts by
p = np = (Mp1s- - npn)-

Lemma 2.2. O is a domain, so X is an irreducible surface, finite over C2. If h € C[z, p| is nonzero
in O, then N(h) =[], crz1yn h(@,mp) is a nonzero polynomial in x alone, and N(h)(z) = [, h(z,nr)
whenever 12 = g;(x) for all i.



Proof. With v; = (a;,b;), z = x1+ize and Z = x1 —ixy we have ¢; = (2 —a; —ib;)(Z—a; +ib;). As the
vertices are distinct, for S # () and j € S the prime z — a; — ib; divides [], g qr exactly once, so this
product is not a square in C(z). By Kummer theory [Lan02, Ch. VI, §8] the field C(x)(\/q1, - - ., /qn)
has degree 2" over C(z). The surjection O ®c¢[y C(z) = C(x)(\/q1, - - -, v/qn), pi = /T, is therefore
an isomorphism of 2"-dimensional vector spaces. Since O is free, it embeds in O ® C(x), so it is a
domain. The element N(h) is invariant under {£1}", and the invariants of O = @ ¢ Clz]ps form Clz],
because n multiplies pg by [[;,cqm. Finally N(h) # 0, since each factor is the image of h # 0 under
an automorphism of the domain O. 0

Let X° ={(z,p) € X :x €U, M(x)p#0}, and let ® : X° — P"1 &(z,p) = [M(x)p]. Clearing
denominators, ®(z,p) = [W(z,p)] with the polynomial weights W; = []; 4; - (M(z)p);. We now
identify Sp with the Zariski closure of ®(X°).

Lemma 2.3. (a) The Zariski closure ®(X°) is an irreducible surface, and s does not vanish iden-
tically on it.

(b) Let Q C UNR? be a nonempty open set of points that are not vertices and at which w(zx) # 0.
Then ®(X°) is the Zariski closure of {{w(x)] : x € Q}. In particular, Sp = ®(X°).

Proof. (a) Let h = 3, kip; [1;2;1,;Aj, so that h = [[; A; - s(M(x)p) by Lemma 2.1(c). Not all x;
vanish: otherwise every three consecutive vertices would be collinear and, the vertices being distinct,
all of them would lie on one line. As the p; belong to a basis of O over C[z], h # 0 in O. So
s(M(x)p) # 0 on a dense open subset of X; in particular X° # () and s does not vanish identically
on ®(X°). At such points m(M (z)p) = s(M(z)p) z by Lemma 2.1(b), so the map w — m(w)/s(w)
sends ®(zx, p) to x. Hence the closure has dimension at least 2; being the closure of the image of the
irreducible surface X°, it is irreducible of dimension 2.

(b) By Lemma 2.1(a), Q = {(z,7(z)) : € Q} lies in X° and ®(Q) = {[w(x)] : z € Q}. Let Z be
the Zariski closure of Q in X. The projection X — C2 is finite, hence closed, so it maps Z onto a
closed set containing Q. A polynomial vanishing on a nonempty open subset of R? is zero, so Z maps
onto C2, dim Z =2 and Z = X. Thus Q is dense in X°, and ®(2) is dense in ®(X°). For the interior
of P, removing the edge lines, the vertices and the zeros of w leaves a nonempty open set §2, since by
the same density argument h(x,r(x)) # 0 there. The removed points with w(x) # 0 do not change
the closure, because w is continuous on the interior of P and a Zariski closure contains the closure in
the classical topology. O

The projection and its centre. Since the vertices are not collinear, the forms s,mi,msy are
linearly independent. Let m : P*~! ——» P2 [w] — [s(w) : my(w) : ma(w)], be the linear projection
with centre

A={s=my =my=0} =P

For n = 4, A is the point py = [k], where k # 0 satisfies >, k; = 0 and Y, k;v; = 0. We identify z € C?
with [1 : z] € P2. The fibre of 7 over z is P(K(z)) \ A. The projective space P(K (z)) =2 P"~3 contains
A, and w(®(z,p)) = x whenever s(M(x)p) # 0. For n = 3, K(z) is spanned by the barycentric
coordinates of z, so Sp = P?. From now on n > 4.

In the terminology of [GPS10, §2], 7 is the tautological projection [w] +— >, w;(1,v;) defined
by the vertices as control points, and A is its centre of projection; it is also the linear projection of
[Irv12]. By [GPS10, Thm. 2.9], a patch has rational linear precision, that is, its reparametrization
with linear precision is given by rational functions, exactly when this projection is birational on the
Zariski closure of its image; this is the case for Wachspress coordinates. Mean value coordinates have
linear precision, Y, \;v; = z, but they are not rational, and by Theorem 3.2 m has degree 271 on
Sp.



3 Circumscribed polygons and the fibres of 7

Lemma 3.1. Let x € U and p € C*. The lines T; = {g € C* : d;-g = p;} and T;1 meet in the single
poz’nt g; = (Pijdi—i-l - pi_,_ljdi)/Ai, and

O; —0;—1 = —(M(.’L‘),O)Z sz fO’I” all 3. (10)

Proof. The equalities d; - 0; = p; and d;y1 - 0; = piy1 follow from w - Jv = det(u,v), and the inter-
section point is unique because A; # 0. Multiplying (10) by A;_14; and collecting terms, it becomes
i J(Ai—ldz‘+1 — B;d; + Aidz'_l) = 0, which is (6) O

If p? = q; # 0, the line T; is tangent to the conic g-g = 1 at d;/p;. For real z inside a convex
polygon and p = r, the o; form the polygon circumscribed about the unit circle with points of contact
(v; — x)/ri, with tangent lengths tan(a;/2) and, by (10), side lengths w;r;: the geometry behind (1)
[F1lo03, JSWDO05]. Conversely, circumscribed polygons characterize the points of Sp.

For x € C? and w € K(x) let Gp = 0 and G;(w) = > j<iwjddj, so that G, = J >, w;d; = 0, and
let Li(w) ={g :di-g=d; Gi(w)}; this line contains G;_; and G;. We say that Li(w), ..., Ly(w)
are tangent to a common circle if there are ¢ € C?> and R € C\ {0} with

(di - (Gi(w) — ) =R%;  (i=1,...,n). (11)

When ¢; # 0, (11) says exactly that L;(w) is tangent to the conic (g — c) - (g — ¢) = R?: parametrize
the line as go + tJd; and use (7) to compute the discriminant of the resulting quadratic equation in ¢.

Theorem 3.2. Let n > 4. There is a dense Zariski-open set V. C U such that for every x € V and
every r € C* with r? = g;(z) the following hold, where er = (171, ... ,enry) for e € {£1}™.

(a) The point p.(x) = [M(z)(er)] is defined, s does not vanish at it, and p.(z) = pe(x) only if
g = te.

(b) SpNat(z) = {p.(z) : e € {£1}"}, a set of 2"~ points.

(c) Forw € K(x)\{0}, the point [w] is one of the p:(x) if and only if L1(w), ..., L,(w) are tangent
to a common circle.

Consequently m restricts to a dominant rational map Sp --» P? of degree 2"~', and ® induces a
birational map from X/{£1} to Sp, where —1 acts by p — —p.

Proof. The set V. Let ¢,e’ € {£1}" with ¢’ # &e. Choose indices j, k with e;e; # e} and two
further indices a,b (possible as n > 4). Let 6. be the determinant of the 4 x 4 matrix with rows
(¢ipi, €ipi, din, di2) for i € {j,k,a,b}. Laplace expansion along the first two columns writes 0. . as
a sum over the pairs {p,q} C {j,k,a,b} of the terms +(e,e; — €4¢,) det(dy, dy) pppg, Where {p’,q'}
is the complementary pair. Since e;e) — ekag = gjex(ere), — Ejz’-:;) = £2, the coefficient of pjpy, is
+2 det(vg —x, vp — ). This is a nonzero polynomial in x, since its linear part det(v, —v,, x) is nonzero.
The products p,p, belong to a Clz]-basis of O, so 6. # 0 in O. With h as in the proof of Lemma 2.3,
let V' be the set of x € U with ¢;(x) # 0 for all 4, N(h)(z) # 0, and N(d. . )(x) # 0 for all such pairs.
By Lemma 2.2, V is a dense Zariski-open subset of C2.

(a) Let x € V. Since N(h)(x) # 0, h(x,er) # 0, that is, s(M (z)(er)) # 0. So M(x)(er) # 0, pe(z)
is defined, and s does not vanish at it. Suppose p(z) = p./(z) with &’ # +e. Then M (z)(aer+pe'r) =
0 for some (a, ) # (0,0), so aer + Be'r lies in the span of D!, D? by Lemma 2.1(b). Hence the four
columns er, e'r, D1, D? are linearly dependent and 4. ./ (z,7) = 0, contradicting N(d. o) (z) # 0.

(b) The points p.(z) = ®(x,er) lie in Sp, and 7(p:(x)) = = because s # 0 there; by (a) there
are exactly 2771 of them. Conversely, let [w] € Sp with 7([w]) = z. By Chevalley’s theorem ®(X°)



is constructible, so its Zariski closure Sp equals its closure in the classical topology [Mum99, Ch. I,
§10]. Choose (zg,pr) € X° with ®(zk, pr) — [w]. As s(w) # 0, s does not vanish at ®(xg, pi)
for large k, so zx = 7(®(xp,pr)) — 7([w]) = x. The p; are bounded, since pii = ¢;(zk), so a
subsequence converges to some p with p? = g;(x). Then M (xy)pr — M (z)p, which is nonzero by (a),
so [w] = [M(z)p] = pe(x) with g; = p;/r;.

(c) Let [w] = p:(x), say w = puM(x)p with p = er and p # 0. By (10), G; — Gi—1 = w;Jd; =
—u(o; — 0i—1), so G; + po; is a constant ¢ (indices modulo n, with Gy = G,,). Then d; - (G; — ¢) =
—pd; - 0; = —pp;, and (11) holds with R = pu. Conversely, let w € K(x) \ {0} satisfy (11), and
put p; = d; - (¢ — G;)/R, so that p? = ¢;. The point g; = (¢ — G;)/R satisfies d; - g; = p; and
diy1 - 9i = dit1 - (C - Gi_:,_l)/R = pi+1, because Gijy1 — G = w;y1Jd;q1 is orthogonal to d;q1. So
gi = 0; by Lemma 3.1, and 0; — 0,1 = —(G; — G;—1)/R = —(w;/R)Jd;. Comparing with (10) gives
w = RM(x)p, so [w] = ps(x) with ; = p;/r;.

Consequences. By (b), the general fibre of the dominant map 7|s, has 2"~! points, which is its
degree. Since ®(z, —p) = ®(x,p), ® factors through X/{£1}, and by (a) and (b) the induced map
is injective over V. A dominant, generically injective morphism of irreducible complex varieties is
birational. O

Remark 3.3 (the centre A). Theorem 3.2(b),(c) concern points off A, and this restriction is necessary:
every P(K(z)) contains A, which can meet Sp (for n > 5 our computations indicate that Sp N A is
a curve; for Wachspress surfaces the centre meets W in the image of the adjoint curve [Irv12]). For
n =4, po € Sp, and for z € V the line P(K(x)) meets Sp exactly in pg and the eight points p.(z)
(proof of Theorem 1.1); since py = [k] is not a p.(x), the lines L;(k) are not tangent to a common
circle. Outside V the description can fail: if P is a convex quadrilateral and x is the intersection of
its diagonals, then d3 = —td; and dy = —udy with t,u > 0, so p = (r1,re, —13,—14) = (d; - 0); for
suitable o, and M (z)p = 0 by Lemma 2.1(b).

Proposition 3.4 (Pitot relations). Let x € U, let p? = q;i(x) for all i, let w = M(z)p and t; =
(pipi+1—Di)/A;. Then wip; = ti—1+t; for alli. If n is even, then Zi(—l)iwipi = 0. In particular, the
mean value coordinates of a polygon with an even number of vertices satisfy > ;(—1)'\;(z)|z —v;| = 0.

Proof. By (9), wipi = pi—1pi/Ai—1 + pipi+1/Ai — @:Bi/(Ai—14;), and ¢;B; = Di—1 A; + D A;—1 by (5);
this is ¢,_1 + ¢;. For even n the sign (—1)" is well defined modulo n, and »_,(—1)*(t;—1 + t;) = 0. For
real x and p = r, w is the vector of Floater’s weights by Lemma 2.1(a). O

For p = r, t; = tan(«;/2) and w;r; = t;—1 + t; is Floater’s definition (1), so we claim no novelty
for Proposition 3.4. In general t; is a signed tangent length of the polygon (o;), since o; = d;/p; —
(ti/pi)Jd;, and the relation for even n is Pitot’s theorem.

4 The rationalized Pitot relation

For n > 2 let

Nn(al,...,an): H (771\/a+"'+77n\/@)'

ne{£1}", m=1

Changing the sign of one square root permutes the 2”1 factors and changes the sign of none or of all
of them, so A, is a polynomial in a with integer coefficients, homogeneous of degree 2"~2. For n = 4
it is (3). Let

Np(w) = N, (wiRi(w),...,wiR,(w)),

a form of degree 2", with R; = (sv; —m) - (sv; —m) as in (2).



Lemma 4.1. s% divides Np.

Proof. Let H = {s = 0} ¢ C". On H we have sv; —m = —m, so R; = p with g = m -m
for every i; p does not vanish identically on H, because m maps H onto C2. Let w’ € H with
pw®) # 0 and n-w® = 3, nwd # 0 for all n € {£1}" other than +1, 1 = (1,...,1); such points
are dense in H. Near w® choose holomorphic square roots p;(w) of R;(w), all with the same value

w(w®) at w®. Then Np = [1,),=1 &y with £, (w) = 32, niwip;(w), and Oy (w?) = /p(w®) (n - w°).
This is nonzero for n # 1 and zero for n = 1. For e € C", the derivative of ¢; at w" in the

direction e is Y, eipi + > wd OeRi/(2p:) = Jus(e) + (2y/R) 'Y, w? 0cR;(w®). Expanding, and
using Y . w;(sv; —m) = 0, one finds

Z w; OcR; = 2 Z w;(sv; —m) - (s(e)v; — m(e)) = 2s(e) (s Z Wi v - v — M m), (12)

which equals —2s(e)u at w®. So #1 vanishes at w” together with its first derivatives, while the other
factors do not vanish there. Thus Np vanishes to order at least 2 at the points of a dense open subset
of H. In particular Np vanishes on H, so Np = s N'. If s { N/, then at the points of H where N’ # 0,
which form a dense open subset, 9. Np = s(e)N' # 0 for s(e) # 0. This is impossible, so s? divides
Np. O

Proposition 4.2. (a) For every x € C? and w € K(z),

Np(w) = s(w)Th1 N, (w%ql (),... ,wiqn(m)) = s(w)QW1 H by (W), lyz(w) = Zmriwi,
m=1 i
for any fized r; with r? = g;(x).

(b) If n is even, Fp = Np/s® is a nonzero form of degree 2" — 2 in I(Sp).

Proof. (a) On K (z) we have sv; —m = sd;, so R; = s2g;, and N, is homogeneous of degree 22, (b)
By Lemma 4.1, Fp is a form. Let (z,p) € X° with s(M(z)p) # 0, and w = M(z)p € K(z). Taking
r = pin (a), the factor with n; = (=1)""! is — > .(—1)*w;p; = 0 by Proposition 3.4, so Fp(w) = 0.
Such points ®(x, p) are dense in Sp by Lemma 2.3(a), so Fp € I(Sp). For x € V, every ¢, , is nonzero
on K(z): otherwise (1;7;); € K ()% = ker M (z), contradicting Theorem 3.2(a). Since also s # 0 on
K(x), Np # 0. O

For n = 4 this Fp is the polynomial of Theorem 1.1. For n > 6 it is far from generating 1(Sp):
for hexagons it has degree 62, while I(Sp) contains a sextic (Section 6).

5 Quadrilaterals

In this section n = 4 and no three vertices are collinear.

Lemma 5.1. Let C(w) = >, w; det(v;, m(w))?. Then

2Fp = (m -m)*C(w) H (n-w) (mod s),
m=1, n#l

and the right-hand side is not divisible by s. In particular s { Fp.



Proof. Keep the notation of the proof of Lemma 4.1, and choose e with s(e) = 1 and m(e) = 0
(three independent linear conditions). Along w(t) = w® + te we have sv; — m = —m" + tv;, where
m® = m(w?), so R;(t) = u — 2tm° - v; + t2v; - v;. Since Np(w(t)) = t*Fp(w(t)) and ¢1 and its first
derivative vanish at ¢t = 0,

2
2p(uf) = S Np(w(®)]_ = 60) T[ )
m=1, n#l

The product equals z7/? Hn¢1(77'w0)- Differentiating ¢4 (t) = Y, (w{+te;)pi(t) twice, with p;(0) = /1,
pi(0) = —m® - v; / /i and pf/(0) = v; - v;/ /i — (m° - v;)? /132, gives

C(wo)
L

11 _ 2m0'm(6) 1 0 o 0 . \2) _
0 - R g o) -

by (7) and m(e) = 0. Hence 2Fp(w®) = p2C(w®) [Lea(n- w) on a dense subset of H, which proves
the congruence.

On H, p is a nonzero quadratic form and each 7 - w with n # £1 is a nonzero linear form.
The restriction of C' to H is unchanged by a translation of the plane, because ), w; det(v;, m) =
det(m,m) =0 and s =0 on H. So we may assume v; = 0. The point w = (—a — 8, «, 3,0) € H has
m = avy + Buz and C(w) = af(a+ B) det(va, v3)?, which is nonzero for general «, 3 because vy, va, v3
are not collinear. Since C[H] is a domain, the right-hand side is nonzero on H. O

Lemma 5.2. Let E C R? consist of the four vertices and of the intersection points of the lines v,vy
and vevg, for the three partitions {a,b} U {c,d} of {1,2,3,4}; so |E| < 7. Ifx € C?, r? = ¢;(x) and
)« vanishes identically on K(x) for somen, then v € E.

Proof. 1f £, , vanishes on K(z), then (m;r;); € K ()%, the span of D!, D2, so there is ¢ € C? with
d; - o = n;r; for all i. Then Q(d;) = 0 for the binary quadratic form Q(u) = (u-¢)? —u - u. This form
is not zero, since its matrix oo’ — I is not, so its zeros in C? lie on at most two lines through 0. Hence
the vertices lie on at most two lines through z. If x is not a vertex, each such line contains at most
two vertices, so there are two lines, each through two vertices, and x is their intersection point. [J

Proof of Theorem 1.1. By Lemmas 4.1 and 5.1 and Proposition 4.2, Fp is a form of degree 14 in
I(Sp), not divisible by s. By Lemma 2.3, Sp C P3 is an irreducible surface, so I(Sp) = (Fs) for
an irreducible form Fg (a homogeneous prime ideal of height one in a polynomial ring is principal).
Write Fp = Fs G with a form G.

Let x € V, with V as in Theorem 3.2, and let Y be the line P(K(x)). It passes through pg, and
s vanishes on it only at pg. By Proposition 4.2(a), Fp|g ) = 58 [1,=1¢n- Each £, is a nonzero
linear form on K(x) (proof of Proposition 4.2(b)), and by Proposition 3.4 it vanishes at p.(x) for
g; = (—1)'n;. By Theorem 3.2(a) these eight points are distinct and differ from py. Hence Fp|y has
a zero of order exactly 6 at pg, simple zeros at the eight points p.(z), and no other zeros. The points
pe(z) lie on Sp, so Fg vanishes at them, and Fgly # 0 because Fp|y # 0. As these zeros of Fply are
simple, G does not vanish at any p.(z). Thus:

for every x € V, G vanishes on P(K(x)) at most at po. (13)

Let g be an irreducible factor of G and Z = {g = 0} C P3, an irreducible surface. A point
2z € Z\ {po} either has s(z) = 0, and then 7(z) lies on the line at infinity, or 7(2) = 2 € C? and
z € P(K(z)), and then = ¢ V by (13). So n(Z \ {po}) C P2\ V, a set of dimension at most 1. The
fibres of m on P2\ {pg} are the lines through py with py removed, so the closure of 7(Z \ {po}) is an



irreducible curve I' = {7 = 0} € P2\ V. Then Z lies in the cone {y(s,m1,mz) = 0} over I' with
vertex pg, which is an irreducible surface; so Z is this cone and g is a multiple of (s, my, m2).

If T were the line at infinity, g would be a multiple of s, which is excluded by Lemma 5.1. Otherwise
I' has infinitely many points € C2. For each of them P(K(x)) C Z, so Fp vanishes on K(x), and
by Proposition 4.2(a) some ¢, , vanishes on K (x), since s # 0 there. By Lemma 5.2 this happens
only for finitely many z, a contradiction. Hence G is constant and I(Sp) = (Fp). In particular Fp is
irreducible and deg Sp = 14. The statement about pg is part of Corollary 5.3. O

Corollary 5.3. All k; are nonzero, and pg lies on Sp with multiplicity 6. The tangent cone of Sp at
o s the cone with vertex pg over the projective plane sextic T = 0, where

Ni(kiRi,... kiRs)
2 )

T(s,m1,ma) = R; = (sv; —m) - (sv; —m) as in (2).

S
In the chart s = 1, where m = x, T is N, (k%ql (),..., k§q4(:1:)), whose real zeros contain the curve
> i Ekilr —v;| = 0. A general line through po meets Sp in 8 further points.

Proof. By Cramer’s rule, k; is, up to sign, the determinant of the 3 x 3 matrix with rows (1, a;, b;),
j # i, which is nonzero since no three vertices are collinear. Each R;(w) depends only on s(w) and
m(w), which vanish at k; so R;(k +u) = R;(u) and Np(k + u) = Ny((k1 + u1)*Ri(u),...). Its part
of lowest degree is Ny(k?Ry(u),...,k7R4(u)), of degree 8, provided this is nonzero. For u € K(z)
we have R;(u) = s(u)?qi(z), so it equals s(u)® Ny(kiqi(2),..., kiq(z)) = s(u)® [, =122 nikiri, and
this is nonzero for general x by Lemma 2.2, because . n;kip; # 0 in O. Since Np(k + u) =
s(u)?Fp(k + u), the function Fp vanishes to order exactly 6 at pg, and its lowest part is the sextic
Ni(kiR1(u), ..., kjR4(u))/s(u)? = T(s(u), mi(u), me(u)). In the chart s = 1, where m = =z, T is
Ni(k2qi(z), ..., k3qa(z)), which for real z equals [1,,=1 2 i nikilz — vi|. The last statement holds
because 14 — 6 = 8; it agrees with Theorem 3.2, as the projection from pq is . O

The sextic T can contain the line s = 0. Suppose that v,vp || vevg for a partition {a,b} U {c,d}
of {1,2,3,4}, say vp — vy, = t(vg — ve). Then k, + ky = ke + kg = 0: the vector with entries
—1,1,t,—t in the positions a, b, ¢, d satisfies the conditions ) , k; = 0 and ), k;v; = 0, which determine
k up to a factor. Near a general point of the plane s = 0, where every R; equals m - m, write
Ni(k?Ry, ..., k2Ry) = Hmzl > nikip; with holomorphic square roots p; of R; that agree on s = 0.
The factor with n = 1 vanishes there to order 2, because its first derivatives there are combinations of
> ;kiand ), k;jv; (as in the proof of Lemma 4.1), and the factor with 7, = m, = —n. = —nq vanishes
there as well. So s® divides Ny(k?R;), and s divides T. Exact computation gives T = s? - (quartic)
for the unit square of Example 5.5 and the other parallelograms we tested, and 7' = s - (quintic) for
the trapezoids we tested. In these cases the affine equation Ny(kZg;(x)) = 0 has degree less than 6,
and the tangent cone contains the plane s = 0.

Remark 5.4 (the cyclic order). Since Ny is symmetric and the R; depend only on the labelled vertices,
Fp does not change if the cyclic order is changed, so Sp depends only on the vertex set. For instance,
the three quadrilaterals on four points in convex position (one convex, two self-intersecting) have the
same mean value surface, although their mean value coordinates differ; their relations (4) are different
factors of Fp.

Example 5.5 (the unit square). Let v; = (0,0), v2 = (1,0), v3 = (1,1), v4 = (0,1) and put
a=w+wsy b=ws+ws, ¢c=ws+ws, d=ws+wi. Then Ry =b*>+ ¢, Ry = > +d?, Ry = d? +d?,
Ry =a’+ 1%, so

N4(w%(b2 + 02), w%(c2 + d2), wg(al2 + aQ), wZ(a2 + b2))

F =
F (wl +w2+w3+w4)2
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Expanded, Fp has 116 terms, all of degree 14, and content 16. The polynomial Fp/16 has coefficients
of absolute value at most 27 and is invariant under the dihedral group of the square, acting on the
indices; Table 1 lists its 21 orbits of monomials. Here pg = [1:—1:1: —1].

e O] co e O]  co 2 O] co
(6,4,4,0) 8 1 (5,5,4,0) 8 2 (5,3,5,1) 4 8
(6,4,2,2) 8 6 (5,5,3,1) 8 4 (5,3,4,2) 8 4
(6,4,0,4) 4 1 (5,5,2,2) 4 —4 (5,3,3,3) 4 —24
(6,3,4,1) 8 —4 (5,4,5,0) 4 2 (5,2,5,2) 2 12
(6,3,3,2) 8 —16 (5,4,4,1) 8 10 (4,4,4,2) 4 27
(6,3,2,3) 4 —4 (5,4,2,3) 8 4 (4,4,3,3) 4 —4
(6,2,4,2) 4 —10 (5,4,1,4) 4 6 (4,3,4,3) 2 4

Table 1: The unit square: Fp/16 =3, co > ..o w®, where O runs over the orbits of exponent vectors
e under the group generated by e — (e2,e3,e4,€1) and e — (e1, eq, e3,€2), each represented by its
lexicographically largest element.

Remark 5.6 (three collinear vertices; computational). The hypothesis on the vertices in Theorem 1.1
is needed. Suppose that three vertices lie on a line ¢, and let v; be the fourth. For x € /, every
w € K(x) has w; = 0, and some ¢, , vanishes on K (). So Lemma 5.2 fails, and Fp vanishes on the
plane w; = 0, which is the cone over £. For the quadrilaterals with vertices (0, 0), (4, 1), (8,2), (3,7) and
(0,0),(5,5),(6,0),(2,2), an exact computation gives Fp = w?K with a form K of degree 12. Modulo
p = 231 — 1, the matrix E1; of Section 6 has full rank, and dimker E; = 1,4, 10 for d = 12,13, 14.
The ideal I(Sp) is principal and prime, as in the proof of Theorem 1.1, and does not contain w;, so
it contains K. By Lemma 6.1 it has no nonzero element of degree at most 11, so I(Sp) = (K). Thus
for these two quadrilaterals Sp has degree 12, and Fp does not generate I(Sp).

6 Pentagons, hexagons and heptagons: computations

Apart from Lemma 6.1 and the use of Theorem 3.2(c) below, this section reports computations for
sample polygons, which are listed in the release. The full-rank statements and the hexagon certificate
are certified in the sense of Lemma 6.1; everything else is a computation modulo primes, not a proof.
In particular, the existence of relations of degree 10 for n = 5 and of degree 7 for n = 7 rests on
quotients computed modulo p, whereas dy = 6 is certified for four hexagons. Method. Let the vertices
be integral and let p be a prime (mostly p = 23! — 1 and p = 67108859). Points of X over F, are
found by choosing x € F]% at random until every ¢;(x) is a nonzero square, and then random square
roots p;. Let E4 be the matrix of values modulo p of all monomials of degree d at the points W(z, p).
Its rank is computed by exact Gaussian elimination over [F,.

Lemma 6.1. dimc I(Sp)q < dimg, ker Ey. In particular, if Eq has full column rank, then no nonzero
form of degree d vanishes on Sp. A monzero kernel gives only an upper bound; lower bounds need
explicit elements of I(Sp).

Proof. A form F vanishes on Sp if and only if F'(W (z, p)) vanishes on X°, hence on X, that is, if and
only if F(W) =0 in O. Reducing F(W) modulo the monic polynomials p? — g; gives its coordinates
in the basis pg; they are polynomials in  whose coefficients are Z-linear in the coefficients of F'. So
I(Sp)q is cut out by linear equations with integer coefficients, and L = I(Sp)q N Z[w]y is a saturated
lattice of rank dim I(Sp)4. For F € L the reduction of F(W) lies in the ideal generated by the p? — ¢;
over Z, so F' modulo p vanishes at all sampled points. As L is saturated, its reduction modulo p has
the same rank, and it lies in ker F. ]
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Tangency conditions. By Theorem 3.2(c), every polynomial condition on n lines that holds
whenever the lines are tangent to a common circle gives an element of I(Sp) when applied to
Li(w),...,L,(w). To make this polynomial in w, put d; = sv; —m and §; = qu ijch; if s=#£0
and & = m/s, then d; = s d;, §; = 5 G3(w), and L;(w) has line coordinates ¢;(w) = (sd;, —d; - §;). The
resulting forms contain extraneous factors, powers of s and of 4; = s det(vj, viqy1) + det(viyr — v, m),
which vanishes on the preimage of the i-th edge line. Neither lies in the prime ideal I(Sp), so exact
quotients stay in I(Sp); the exponents were found modulo p on random lines of P"~1.

e n = 5. For general w the five lines are tangent to a unique conic, whose dual conic B = (bj,)
passes through the points ¢;(w). Dual conics of circles satisfy bjabss = b13bas and (b1 —bag)bss =
b2, —b34. With B given by 5 x 5 minors, these are forms of degree 46; modulo p each is s2° ], Af
times a form of degree 10, and the two quotients span ker g, of dimension 2, for four pentagons.

e n = 6. For general w € Sp the hexagon with vertices G,(w)/s = §o/s? is circumscribed about
a circle, so by Brianchon’s theorem its main diagonals are concurrent: with Gy = (Ga,s?) € C3,
the form Br = det[@o x Gs,G1 x Gy, G x 65] of degree 12 lies in I(Sp). We expanded Br
exactly over Z for the four hexagons with vertices (0,0), (6,—1), (10,3), (9,8), (3,10), (=2,5);
(11,19), (—14,16), (~15,12), (=10, —14), (=7, -22), (12,—16); (2,0), (1,1), (—=1,1), (=2,0),
(=1,-1), (1,—1); and (0,0), (8,0), (8,6), (4,2), (0,6), (—=3,3). In each case it is divisible by s,
and Kg = Br/s% is a sextic with 50 terms. Modulo p = 23! — 1, E5 has full rank 252 and Eg has
rank 461 = 462 — 1. By Lemma 6.1, for these hexagons I(Sp) has no nonzero element of degree
at most 5, and I(Sp)¢ = C K¢ (certified).

e n = 7. Six of the seven lines touch a conic, so the 6 x 6 determinant of quadratic monomials
in the corresponding ¢;(w) lies in I(Sp). The seven determinants have degree 28, and degree 7
after removing the extraneous factors modulo p. These seven septics are linearly independent
and lie in ker F;, of dimension 8; we could not explain the eighth.

n dy relations of degree dy dimker E; for d =dy,dy+ 1,... new generators, d = dy, . . .
4 14 Fp (Theorem 1.1) 1 1,0,0,... (Theorem 1.1)

5 10 two circle conditions 2,16,59,150, 309 2,6,5,5

6 6 DBrianchon sextic 1,6,21,56,129, 345 1,0,0,0,3

7 7 seven conic conditions, one more 8,49 8,0

Table 2: Low-degree parts of I(Sp); dy is the lowest degree of a relation. I(Sp)y = 0 for d < dj is
proved for n = 4, and for n = 5,6,7 it is certified by full rank (Lemma 6.1) for the polygons tested
(listed in the release); for n = 6 the value 1 in degree 6 is certified for four hexagons. All other entries
are computations modulo p for several integer polygons (listed in the release): kernel dimensions,
which bound dim I(Sp)g from above, and the numbers dimker E; — dim(Clw]; - ker E4_1) of new
generators, where C[w]; is the space of linear forms. For a pentagon with four concyclic vertices the
entries for d = 13, 14 are 151, 310, with 6 new generators in degree 13.

Degrees. We sampled [F)-points of a general hyperplane section of Sp as roots of univariate norm
polynomials, projected them to P2, and found the least degree of a plane curve through them. For
three pentagons a curve of degree 52, but none of degree 51, passes through the points (in one case
the kernels in degrees 51,52,53 have dimensions 0, 1,3, as for a single curve); for two of them the
Hilbert function of the section has first differences 52 for d = 18,...,24. For one hexagon, 12503
points of a section admit exactly one plane curve of degree 152, hence none of lower degree; this was
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not reproduced independently. So deg Sp = 1,14, 52,152 for n = 3,4, 5, 6, the first two proved and the
last computed for one hexagon. The closure C, of ® over a general line L of the plane has computed
degree 14,38,94 for n = 4,5, 6, as an unproved base-point count predicting n2" 2 — 2 suggests.

Conjecture 6.2. For a general polygon with n > 3 vertices, deg Sp = 2"~3(6n — 17).

The two parameters of 2"3(an + b) are fixed by n = 4,5, so n = 3 and n = 6 are the only checks;
the value for n = 6 rests on one hexagon.

Open questions. (1) Generators of I(Sp) for n > 5; the data suggest the saturation of the ideal
of tangency conditions with respect to s, the A; and the loci where several L;(w) are concurrent. (2)
Conjecture 6.2, and the curve Sp N A for n > 5. (3) The eighth septic for n = 7 and the three new
generators of degree 10 for n = 6.

Verification. The programs are in the folder reproducibility of the release.

1. Programs by the author (folder lead). lead_identities.py expands over Z the identities (5)—
(8), (10), (12), wip; = t;—1 + t;, the product formula for Ny, Lemma 2.1(b),(c) for n = 4,5,
and the Laplace expansion in the proof of Theorem 3.2 for all 28 pairs of sign classes when
n = 4. lead_quad_instances.py checks exactly, for 31 quadrilaterals (convex, non-convex,
self-intersecting and 24 random ones), s?> | Np, Lemma 5.1, the order and tangent cone at
po, Proposition 4.2(a), and Fp(W(x,p)) = 0 in Z[p]/(p? — ¢i(z)) (all sixteen branches) at
two integer points . lead_square_orbits.py produces Table 1; lead_modp_certificate.py
finds rank Fq3 = 560 (full) and rank F14 = 679 for two quadrilaterals; lead_low_degree.py
recomputes the ranks at dg—1 and dy in Table 2 for six polygons; 1lead_hexagon_brianchon.py
gives the hexagon certificate; lead_quad_extras.py computes exactly the power of s dividing
T (Corollary 5.3) for twelve quadrilaterals, and the factorization Fp = wJZ-K and the ranks of
Remark 5.6.

2. The programs with which the results were found (folder claimant) compute Fp exactly for
two quadrilaterals, verify Lemma 3.1 and Proposition 3.4 and Theorem 3.2(c) modulo p for 13
polygons with 4 < n < 7 and every sign vector, and carry out all computations of Section 6.

3. Independent verification runs, which were Al-assisted, checked the proofs and used separate
code written before the programs in claimant were read (folder verifier). They confirmed
the three-point form, the Pitot relation and (10) in floating point; recomputed Fp for the unit
square exactly; found I(Sp)13 = 0 and dimker F14 = 1 for five quadrilaterals; reproduced dy
and dimker Ey, in Table 2, dimker Ey; = 16 for n = 5, the circle and Brianchon conditions,
deg C', = 14, 38,94 and deg Sp = 52 for a further pentagon; and found the collision determinants
of Theorem 3.2 nonzero at random points. The degree 152 and the generator counts beyond
degree 11 were not reproduced independently.

4. A second independent verification run, also Al-assisted (folder independent_run_2), checked
the proofs step by step and wrote new code, which takes the points of Sp over [F,, from Floater’s
definition rather than from (9). It confirmed exactly Lemma 2.1(b),(c) for sample polygons
with 4 < n < 8, Lemma 2.1(a) and the Pitot relation for n < 6, and Lemmas 4.1 and 5.1,
Corollary 5.3 and Table 1 for 16 quadrilaterals, with Fp(w) = 0 on all sixteen branches. It
confirmed I(Sp) = (Fp) for 12 quadrilaterals through full rank of E;3, Theorem 3.2(a),(c)
modulo p for 4 < n < 8, the hexagon certificate for six hexagons, and the kernel dimensions of
Table 2 up to d =14 for n =5, d = 11 for n = 6 and d = 8 for n = 7, on polygons of its own.
It also found the examples of Remark 5.6. It did not reproduce deg Sp = 152 or the generator
counts.
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Scope and priority. Theorem 1.1 answers Sottile’s question [dBSSS22] completely for quadrilat-
erals with no three vertices collinear. For n > 5 we give a structural description and computations
but no generating set, so for general n the question remains open. The record OWR-9790358-016
of [ula26] also contains the question “What about in higher dimensions?” from the item on three-
dimensional Wachspress varieties (Sottile, Schenck) and the item on moduli spaces of Wachspress
varieties (Sottile), both from the same page of [dBSSS22]; we do not address them and suggest treat-
ing them as separate problems. Searches of arXiv, Crossref, OpenAlex (partly rate-limited), zbMATH
and the web, and separate searches in the second verification run, found no equations, degrees or al-
gebraic relations of mean value coordinates. The closest work concerns the geometry and formulas
of the coordinates [Flo03, JSWDO05, FHK06, HF06, Flo15], the injectivity of mean value mappings
[FK10, FM25] (for quadrilaterals, [FM25] uses identities between half-angle tangents, but no implicit
equation), and Wachspress surfaces and varieties [GPS10, Irv12, IS14, KR20]. Irving’s thesis [Irv12],
which the problem names as its inspiration, treats the Wachspress case through the same projection
7 (Section 2); we read it in the copy cited in the bibliography. This negative search is not a proof of
priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments
and carry out the computations, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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