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Abstract

For a finite simple graph Γ and an odd prime p, let GΓ(Fp) be the largest group of class at most
two and exponent dividing p generated by elements xv, one for each vertex v, such that xu and
xv commute whenever u and v are not adjacent. Rossmann asked (Oberwolfach Report 38/2021;
Question 1.10 in Bull. London Math. Soc. 2022) how the number of irreducible characters of GΓ(Fp)
of degree pi depends on p, and suspected that these functions might be wild. We show that they
are not always polynomials. Let ΓMK be the bipartite graph on the points and lines of the Möbius–
Kantor configuration 83 in which a point is joined to the five lines not containing it. For every
odd prime p, GΓMK(Fp) has exactly p10

(
h(p)+(1+(−3

p ))(p−1)15
)

irreducible characters of degree
p3, where h is an explicit integer polynomial of degree 15 obtained by an exact computation; the
count is a polynomial on each residue class modulo 3, but on no set of primes containing infinitely
many primes ≡ 1 and infinitely many ≡ 2 (mod 3), and this needs no computer. We use the
description of character degrees by ranks due to O’Brien and Voll and the fact, classical over the
complex numbers, that 83 can be realised exactly over the fields containing a root of t2 − t + 1.
The counts are polynomials for i = 1, and for i ≤ 2 if Γ is bipartite. Conditionally on the Mnëv–
Sturmfels theorem as stated by Belkale and Brosnan, who sketch its proof, some count is not even
a polynomial on residue classes (existence only). The general behaviour remains open. This is an
unrefereed note.

1 Introduction

1.1 The question

Let Γ be a finite simple graph with distinct vertices v1, . . . , vn, and let p be an odd prime. In the
problem session of the Oberwolfach workshop on computational group theory in 2021, Rossmann
[EHNO21, pp. 2081–2082] considered the group

GΓ(Fp) =
〈
x1, . . . , xn

∣∣ [xi, xj ] = 1 whenever vi 6∼ vj , class ≤ 2, exponent dividing p
〉

and asked what its ordinary representation theory looks like; in particular, given Γ and i ≥ 1, how
cΓ,i(p) := #{χ ∈ Irr(GΓ(Fp)) : χ(1) = pi} behaves as a function of p. Rossmann remarks that this
is equivalent to counting matrices of given rank in MΓ(Fp) = {A ∈ Mn(Fp) : A = −A⊤, aij =
0 whenever vi 6∼ vj} (see Theorem 2.1), and that the number of conjugacy classes of size pi is a
polynomial in p (see [Ros22, Theorem A]). For the graphical groups GΓ(Fq) over all finite fields this
is Question 1.10 of [Ros22]; the counts are known to be polynomials for edgeless graphs, for paths
(Marjoram [Mar99]) and, for odd q, for complete graphs (O’Brien and Voll [OV15, Proposition 2.4]),

∗Mercury Software GmbH. Email: alper@mercurycodelab.com. GitHub: https://github.com/AlperTheKing.
Unrefereed preprint. CC BY 4.0.

1

mailto:alper@mercurycodelab.com
https://github.com/AlperTheKing
https://creativecommons.org/licenses/by/4.0/


p c(p) N(p) cΓMK,3(p) = p10N(p)

3 1 12900138432 761740274271168
5 0 37623332218368 367415353695000000000
7 2 6220918600020288 1757255530549462257851712

11 0 5479557249873720000 142125603015462529271385720000
13 2 66433274503723123200 9158391031673893699820022796800

Table 1: The number of irreducible characters of degree p3 of GΓMK
(Fp), from (1). For p ≤ 7 the

values of N(p) agree with direct counts (Section 8).

and Rossmann writes that the work of Belkale and Brosnan [BB03] on symmetric matrices leads
Rossmann to suspect that these functions “might be rather wild as Γ and i vary” [Ros22, §1.6]. The
problem is record OWR-8415341-012 of the UnsolvedMath collection [ula26], listed as open. In view
of the remark on conjugacy classes we read its precise core as the question whether cΓ,i(p) is always a
polynomial in p. We show that it is not, and we determine the count in one explicit case; the general
behaviour remains open.

1.2 Results

The Möbius–Kantor configuration MK has the points Z/8Z and the lines Li = {i, i+1, i+3}, i ∈ Z/8Z:

L0, . . . , L7 = {0, 1, 3}, {1, 2, 4}, {2, 3, 5}, {3, 4, 6}, {4, 5, 7}, {0, 5, 6}, {1, 6, 7}, {0, 2, 7}.

Let ΓMK be the bipartite graph on the 8 points and 8 lines of MK in which a point is adjacent to a line
if and only if it does not lie on it; it has 40 edges, and all degrees are 5. For a prime power q let c(q)
be the number of roots of t2 − t+1 in Fq; thus c(q) = 2, 0, 1 for q ≡ 1, 2, 0 (mod 3) (Proposition 3.2),
and c(p) = 1 + (−3

p ) for odd primes p, with (−3
3 ) = 0.

Theorem 1.1. Let

h(t) = 1064t15 + 5048t14 − 30096t13 + 54308t12 − 49458t11 + 26090t10 − 10996t9 + 10198t8

− 11192t7 + 6500t6 − 956t5 − 1056t4 + 714t3 − 190t2 + 24t− 2.

For every odd prime p,
cΓMK,3(p) = p10

(
h(p) + c(p) (p− 1)15

)
. (1)

Thus cΓMK,3(p) equals p10
(
h(p)+2(p−1)15

)
if p ≡ 1 (mod 3), p10h(p) if p ≡ 2 (mod 3), and 310

(
h(3)+

215
)

if p = 3. No f ∈ Q[t] satisfies cΓMK,3(p) = f(p) for all p in a set of primes that contains infinitely
many primes p ≡ 1 and infinitely many primes p ≡ 2 (mod 3); in particular, not for all large p.

The leading terms are
(
1065+ (−3

p )
)
p25+

(
5033− 15(−3

p )
)
p24; values are in Table 1. By Section 2,

(1) amounts to cΓMK,3(p) = p10N(p) and

N(q) := #{B ∈ F8×8
q : rankB = 3, BPL = 0 whenever P ∈ L} = h(q) + c(q) (q − 1)15, (2)

rows being indexed by points and columns by lines. We prove (2) for every prime power q, including
q = 2, where N(2) = h(2) = 14,818,566 (Theorem 5.7); the interpretation by characters needs q odd
(Remark 2.2).

The rank-3 matrices with support exactly the non-incidences correspond to the realisations of MK
over Fq; there are c(q)(q − 1)15 such matrices (Corollary 3.3). This alone gives a short proof of a
weaker statement (Section 4):

2



Theorem 1.2. For some set T of edges of ΓMK, the graph ΓT with the same 16 vertices and the edge
set T has the following property: there are no f ∈ Q[t] and p0 with cΓT ,3(p) = f(p) for all primes
p > p0.

For Theorem 1.1 we show, without a computer, that the matrices with smaller support contribute a
polynomial (Section 5). The polynomial h is the output of an exact computation in integer arithmetic
implementing this proof; it was recomputed by an independent implementation and confirmed by
direct counts of N(p) for p = 2, 3, 5, 7 with programs of different design, by values of an intermediate
quantity for p ≤ 13, and for q = 4, 8, 9 (Section 8).

Theorem 1.3. (a) For every graph Γ, cΓ,1(p) is given by a polynomial in p. (b) If Γ is bipartite,
cΓ,2(p) is given by a polynomial in p as well. (c) At least one of cΓMK,4, . . . , cΓMK,8 is not given by a
polynomial in p.

So i = 3 is the smallest exponent with non-polynomial counts among bipartite graphs. Assuming
the universality theorem of Mnëv and Sturmfels in the form of [BB03, Theorem 11.1], whose proof
Belkale and Brosnan only sketch, we show that some cΓ,3 is not even a polynomial on residue classes
(Proposition 7.1 and Corollary 7.2); this gives existence only.

1.3 Related work

For a set T of positions, the number of matrices of rank r over Fq supported in T is a q-rook number
in the sense of Lewis, Liu, Morales, Panova, Sam and Zhang, who ask when it is a polynomial in q
[LLM+11, Question 5.3]. It is one for Ferrers boards (Haglund [Hag98]), for further boards such as
skew Young diagrams (Klein, Lewis and Morales [KLM14]), and for all boards with at most six rows
and columns [CS26, Remark 2.3]. The known exception is Stembridge’s Fano board, whose number
of invertible matrices depends on the parity of q [Ste98, §7], [LLM+11, §5.1], [LM20, Example 6.4],
[CS26, Example 2.2]. By Lemma 2.3 these numbers are, up to a power of p, character counts of
bipartite graphs; the Fano board is polynomial on odd q, whereas (2) depends on q modulo 3. For
symmetric matrices with prescribed zeros, Belkale and Brosnan [BB03] showed that the numbers
of invertible ones are as complicated as point counts of arbitrary schemes. Rossmann and Voll
note that it is “unknown whether the same conclusion holds for spaces of arbitrary or antisymmetric
matrices” [RV24, §1.1]; their uniformity results for average sizes of kernels show that the class numbers
k(GΓ(Fq)) are polynomials [RV24, Corollary 1.3], [Ros22, Theorem 1.2]. Rossmann also noted non-
PORC (not polynomial on residue classes) numbers of orbits of a given size of unipotent groups, and
wild examples from [BB03, RV24] [EHNO21, p. 2064]; these are linear orbits, not characters. Using
the work of Belkale and Brosnan, Rossmann showed that the class numbers of Baer group schemes
(unipotent group schemes of class at most two) and the numbers of linear orbits of unipotent groups
are wild modulo powers of q: for every scheme Y of finite type over Z and every n, #Y (Fq) modulo qn
is given, uniformly in q, by finitely many of them and Laurent polynomials in q [Ros25, Theorem A].
For class-two groups of exponent p that are not graphical, O’Brien and Voll [OV15, Theorem 4.1],
generalising work of Boston and Isaacs (see [OV15, Example 4.3]), express the numbers of characters
of each degree through the number of rational points of a Pfaffian hypersurface, for the groups of
Boston and Isaacs a plane cubic curve. Halasi and Pálfy [HP11] proved that the class numbers of some
pattern groups of class two are not polynomials. None of this answers the question: for graphical
groups the class number, the total number of characters, is a polynomial, their commutator matrices
have prescribed zeros and otherwise independent entries, and the question concerns the individual
degrees. The configuration 83 is classical; as a matroid it is known as the MacLane matroid, and it
can be realised over C but not over R, with two realisations up to projectivities [BGS24, Lemma 3.22];
over Q its space of realisations is SpecQ[z]/(z2 − z + 1) [IKK+26, §3.1.2]. The same computation
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gives the criterion over an arbitrary field; we include it (Proposition 3.2) because we need the number
of realisations, and we do not claim it as new. We also include a proof of Theorem 2.1, which is the
case of graphical groups of a theorem of O’Brien and Voll [OV15, Theorem B] (Remark 2.2).

2 Characters and ranks
Let Γ have the vertices v1, . . . , vn and the edge set E, and put m = |E|. For a field F define MΓ(F )
as in the introduction. Since vi 6∼ vi, the diagonal of a matrix in MΓ(F ) is zero, so MΓ(F ) consists of
alternating matrices, and their ranks are even.

Theorem 2.1 (O’Brien–Voll). For every graph Γ with n vertices, every odd prime p and every i ≥ 0,

cΓ,i(p) = pn−2i#{A ∈MΓ(Fp) : rankA = 2i}.

Proof. The group. Let V = Fn
p with basis e1, . . . , en, let W be the Fp-vector space with basis (ejk)

indexed by the edges {vj , vk}, j < k, and let β : V × V → W be the alternating bilinear map with
β(ej , ek) = −β(ek, ej) = ejk for edges with j < k and β(ej , ek) = 0 if vj 6∼ vk. On V × W put
(v, w)(v′, w′) = (v + v′, w + w′ + 1

2β(v, v
′)). This is a group (associative by bilinearity; (−v,−w) is

inverse to (v, w) as β(v, v) = 0), (v, w)k = (kv, kw), and for g = (v, w), h = (v′, w′) the commutator
[g, h] = g−1h−1gh = (0, β(v, v′)) lies in the central subgroup Z = 0 ×W . So V ×W has class at
most 2 and exponent p, and the elements (ei, 0) satisfy the defining relations of GΓ(Fp); they generate
V ×W , as their commutators generate Z. Conversely, in G = GΓ(Fp) the commutator map is bilinear,
so G′ is generated by the central elements [xj , xk] with vj ∼ vk, of order dividing p; hence |G′| ≤ pm,
|G/G′| ≤ pn, and GΓ(Fp) ∼= V ×W by comparing orders.

Characters. The characters of Z are λω(0, w) = ζω(w) with ω ∈ W ∗ = Hom(W,Fp) and ζ =
e2πi/p, and the Gram matrices Aω of the alternating forms Bω = ω ◦ β in the basis (ei) are exactly
the elements of MΓ(Fp), each once. Let Rω be the radical of Bω; then Ẑω = Rω × W has index
prankAω . Let χ ∈ Irr(G) lie over λ = λω and be afforded by ρ, so that ρ(z) = λ(z) for z ∈ Z. If
g = (v, w) with v /∈ Rω, choose v′ with Bω(v, v

′) 6= 0 and put h = (v′, 0); then h−1gh = g[g, h]
gives χ(g) = ζBω(v,v′)χ(g), so χ(g) = 0. If g ∈ Ẑω, then λ([g, h]) = 1 for all h, so ρ(g) is a scalar
by Schur’s lemma and |χ(g)| = χ(1). Hence 1 = 〈χ, χ〉 = |Ẑω|χ(1)2/|G|, that is, χ(1) = prankAω/2,
and pn = (IndGZλ)(1) =

∑
χ∈Irr(G|λ) χ(1)

2 gives #Irr(G | λ) = pn−rankAω . Summing over the ω with
rankAω = 2i gives the claim.

Remark 2.2 (prime powers). For an odd prime power q, the graphical group GΓ(Fq) of [Ros22, §1.1]
is isomorphic, by the Lazard correspondence [Ros22, §2.4], to V ×W as above with V = Fn

q , W = FE
q .

With the characters ψ ◦ω of W (ψ 6= 1 a character of (Fq,+), ω ∈ HomFq(W,Fq)), and v′ chosen with
ψ(Bω(v, v

′)) 6= 1 (possible, as v′ 7→ Bω(v, v
′) is onto Fq), the proof gives #{χ ∈ Irr(GΓ(Fq)) : χ(1) =

qi} = qn−2i#{A ∈MΓ(Fq) : rankA = 2i}. This is the case of graphical groups of [OV15, Theorem B]:
there, for a finite nilpotent Lie algebra g of class less than p over a compact discrete valuation ring
of characteristic 0 with residue field of characteristic p, such that g′ and g/z are vector spaces over
the residue field, and for an unramified extension with residue field Fq, the number of characters of
degree qi of the associated group G is q−2i|G : G′| times the number of y for which the commutator
matrix B(y) has rank 2i; for the graphical Lie algebra over Fp the matrices B(y) are the elements
of MΓ(Fq) with the rows and columns of the isolated vertices removed. The arguments of Sections 3
to 6 apply verbatim to prime powers q, with this remark in place of Theorem 2.1, so Theorems 1.1
to 1.3 hold for odd prime powers q in place of p, with the same h.

Lemma 2.3. Let Γ be bipartite with parts U and U ′ of sizes a and b and edge set T ⊆ U × U ′. For
every field F and every r ≥ 0, #{A ∈ MΓ(F ) : rankA = 2r} is the number Mr(T ;F ) of matrices
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B ∈ FU×U ′ of rank r with Buu′ = 0 for (u, u′) /∈ T . Hence cΓ,i(p) = pa+b−2iMi(T ;Fp) for odd primes
p.

Proof. List the vertices of U first. There are no edges inside U or inside U ′, so the matrices in MΓ(F )
are the matrices

(
0 B

−B⊤ 0

)
with B supported in T , and their rank is 2 rankB. The second statement

follows from Theorem 2.1.

For ΓMK we take U the points and U ′ the lines; T is the set S of the 40 non-incident pairs, so
that cΓMK,3(p) = p10N(p) with N as in (2).

3 The Möbius–Kantor configuration
Lemma 3.1. (F1) Every point of MK lies on exactly three lines; two distinct points P,Q lie on a
common line if and only if Q − P 6= 4, and then on exactly one; two distinct lines meet in at most
one point. (F2) Every set of three points that is not a line contains two points of a common line. (F3)
If L is a line and P /∈ L, then the only set of points that contains L ∪ {P} and is closed under the
rule “if two points of a line belong to the set, so does the third” is the set of all points. (F4) No line
contains three of the points 0, 1, 2, 5.

Proof. The differences of the elements of {0, 1, 3} are ±1,±2,±3, each once; this gives (F1), and two
lines with two common points would give two points on two common lines. Three points no two of
which are on a common line would have pairwise differences 4, which is impossible; this gives (F2).
For (F3) we may assume L = L0 = {0, 1, 3}, by the symmetry i 7→ i + 1. A closed set containing
{0, 1, 2, 3} contains 4, 5, 7 (from L1, L2, L7) and then 6 (from L3). For P = 2 this applies directly; for
P = 4, 5, 7 the lines L1, L2, L7 give the point 2; for P = 6 the line L3 gives 4 and then L1 gives 2. For
(F4), the lines L0, . . . , L7 meet {0, 1, 2, 5} in {0, 1}, {1, 2}, {2, 5}, ∅, {5}, {0, 5}, {1}, {0, 2}.

Let F be a field. An exact realisation of MK over F consists of points x0, . . . , x7 and lines l0, . . . , l7
of the projective plane P2(F ) such that xP ∈ lj if and only if P ∈ Lj . Points are written [x : y : z],
and the line with normal vector u ∈ F 3 \ 0 is {[w] : u · w = 0}.

Proposition 3.2. Let F be a field.

(a) In an exact realisation the points xP are distinct, the lines lj are distinct, and three distinct
points xa, xb, xc are collinear if and only if {a, b, c} is a line of MK. In particular x0, x1, x2, x5
form a projective frame.

(b) The exact realisations with x0 = [1 : 0 : 0], x1 = [0 : 1 : 0], x2 = [0 : 0 : 1] and x5 = [1 : 1 : 1]
correspond bijectively to the roots c ∈ F of t2 − t+ 1; the realisation belonging to c has

x3 = [1 : 1 : 0], x4 = [0 : 1− c : 1], x6 = [c : 1 : 1], x7 = [c : 0 : 1].

(c) For F = Fq there are exactly c(q) |PGL3(q)| exact realisations, and c(q) = 2, 0, 1 for q ≡ 1, 2, 0
(mod 3).

Proof. (a) If xP = xQ with P 6= Q, then P and Q would lie on the same lines, but by (F1) they
share at most one of their three lines. Dually for the lines. If {a, b, c} is a line Lj , the three points
lie on lj . If not, by (F2) two of them, say a and b, lie on a common line Lj , and c /∈ Lj ; the line
through xa 6= xb is lj , and xc ∈ lj would contradict exactness. With (F4) it follows that no three of
x0, x1, x2, x5 are collinear.

(b) Each line lj is the line through two of its points. Thus l0 = {z = 0}, l1 = {x = 0}, l7 = {y = 0},
l2 = {x = y} (through x2, x5) and l5 = {y = z} (through x0, x5). Hence x3 ∈ l0∩l2 is [1 : 1 : 0], x4 ∈ l1

5



is [0 : a : b], x7 ∈ l7 is [e : 0 : f ], and x6 ∈ l5, x6 6= x0, is [c : 1 : 1]. Collinearity on L6 = {1, 6, 7} gives
det(x1, x6, x7) = e − cf = 0; here f 6= 0, as otherwise x7 = 0, so x7 = [c : 0 : 1]. On L3 = {3, 4, 6}
it gives det(x3, x4, x6) = a − b + bc = 0; here b 6= 0, as otherwise a = 0, so x4 = [0 : 1 − c : 1]. On
L4 = {4, 5, 7} it gives det

(
(0, 1− c, 1), (1, 1, 1), (c, 0, 1)

)
= −(c2 − c+ 1) = 0.

Conversely, let c ∈ F be a root of t2 − t+ 1, define xP as above (with x0, x1, x2, x5 as in (b)) and
let lj be the line with normal vector yj , where

y0, . . . , y7 = (0, 0, 1), (1, 0, 0), (1,−1, 0), (1,−1, 1− c), (c,−1, 1− c), (0, 1,−1), (1, 0,−c), (0, 1, 0).

With the representatives of (b), the matrix (xP · yj)P,j is, after reduction by c2 = c− 1,

B(c) =



0 1 1 1 c 0 1 0
0 0 −1 −1 −1 1 0 1
1 0 0 1− c 1− c −1 −c 0
0 1 0 0 c− 1 1 1 1
1 0 c− 1 0 0 −c −c 1− c
1 1 0 1− c 0 0 1− c 1
1 c c− 1 0 −1 0 0 1
1 c c 1 0 −1 0 0


(3)

(rows P = 0, . . . , 7, columns j = 0, . . . , 7). Its zero entries are exactly the 24 incident pairs, and its
other entries are ±1, ±c and ±(1 − c), which are units because c(1 − c) = 1. So xP ∈ lj if and only
if P ∈ Lj , and we have an exact realisation. Distinct roots give distinct realisations, as they differ in
x6.

(c) PGL3(F ) acts on the exact realisations and simply transitively on ordered projective frames,
so by (a) and (b) there are |PGL3(q)| times as many exact realisations as roots. If 3 | q, then
t2 − t+ 1 = (t+ 1)2. Otherwise, as (t+ 1)(t2 − t+ 1) = t3 + 1, the roots are the elements of order 6
(if q is odd) or 3 (if q is even) of the cyclic group F×

q : two if q ≡ 1 (mod 3), none otherwise.

Corollary 3.3. For every prime power q, the number E(q) of matrices B ∈ F8×8
q of rank 3 with

BPL 6= 0 if and only if P /∈ L is c(q)(q − 1)15.

Proof. Every B of rank 3 is XY ⊤ with X,Y ∈ F8×3
q of rank 3, and these pairs form one free orbit of

GL3(q), acting by (X,Y ) 7→ (Xg, Y g−⊤) (the columns of X are a basis of the column space of B, and
then Y is determined). Let xP and yL be the rows of X and Y , so that BPL = xP · yL. If the support
of B is the set of non-incident pairs, then no row or column of B vanishes, so xP 6= 0 6= yL, and the
points [xP ] with the lines with normal vectors yL form an exact realisation. Conversely, take non-zero
representatives xP of the points and normal vectors yL of the lines of an exact realisation; XY ⊤ has
the required support. X has rank 3: otherwise all points [xP ] would lie on one line, which would
contain three distinct points of each lj and hence equal every lj , contradicting Proposition 3.2(a);
dually, Y has rank 3, since otherwise all lines would pass through one point, which would then
equal every xP , as xP lies on two distinct lines. Hence E(q) |GL3(q)| = (q − 1)16c(q)|PGL3(q)|, and
|GL3(q)| = (q − 1)|PGL3(q)|.

4 A short existence proof
Proof of Theorem 1.2. Let S be the set of non-incident pairs (the edge set of ΓMK). For T ⊆ S let
NT (q) be the number of matrices of rank 3 in F8×8

q supported in T , and ET (q) the number of those
with support exactly T . Then NT =

∑
T ′⊆T ET ′ , so by Möbius inversion over the subsets of S,

ES =
∑
T⊆S

(−1)|S\T |NT .
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By Lemma 2.3, cΓT ,3(p) = p10NT (p) for odd p. Suppose that for every T there are fT ∈ Q[t] and
pT with cΓT ,3(p) = fT (p) for all primes p > pT . Put f =

∑
T (−1)|S\T |fT and p0 = maxT pT . By

Corollary 3.3, f(p) = p10c(p)(p − 1)15 for all primes p > p0. There are infinitely many primes p ≡ 2
(mod 3), at which f vanishes, so f = 0; and there are infinitely many primes p ≡ 1 (mod 3), at which
f(p) = 2p10(p−1)15 6= 0. (Both facts are Dirichlet’s theorem for the modulus 3, which has elementary
proofs.) This contradiction proves the theorem.

This argument uses only Sections 2 and 3; it does not tell which T is non-polynomial, and Theo-
rem 1.1 shows that T = S is.

5 The explicit count
Throughout this section q is a prime power and F = Fq. An incidence structure I consists of a set
of m points, a set of n lines and an incidence relation between them; its incidence graph HI is the
bipartite graph on the points and the lines with an edge for each incident pair. We keep track of
which vertices are points and which are lines. For r, s ≥ 0 let

N
(r)
I (q) = #{B ∈ F points×lines : rankB = r, BPL = 0 whenever P ∈ L},

Zs(q) = ZI
s (q) = #{

(
(xP )P , (yL)L

)
∈ (F s)m × (F s)n : xP · yL = 0 whenever P ∈ L}.

For I = MK we have N (3)
MK = N , and HMK denotes the incidence graph of MK (cubic, 16 vertices, 24

edges). We shall use an elementary fact: (∗) if D ∈ Z[t] is monic, A ∈ Z[t], and A(q)/D(q) ∈ Z for
infinitely many prime powers q, then D divides A in Z[t]. Indeed, A = gD + r with g, r ∈ Z[t] and
deg r < degD, and r(q)/D(q) is an integer tending to 0, so r has infinitely many roots.

Lemma 5.1. For every incidence structure I and every r ≥ 0,

N
(r)
I (q) |GLr(q)| =

∑
U,U ′≤F r

µ(U)µ(U ′) qm(dimU−s)+n(dimU ′−s) Zs(q),

where s = s(U,U ′) is the rank of the dot product on U × U ′ and µ(U) = (−1)kqk(k−1)/2 with
k = r − dimU . The number of pairs (U,U ′) with dimU = u, dimU ′ = u′ and s(U,U ′) = s is[
r
u′

]
q

[
r−u′

u−s

]
q

[
u′

s

]
q
q(r−u′−u+s)s. Consequently N (r)

I |GLr| = Zr +
∑

s<r ar,sZs with ar,s ∈ Z[q] depending
only on r, m and n.

Proof. As in the proof of Corollary 3.3, N (r)
I (q)|GLr(q)| is the number of pairs (X,Y ) ∈ Fm×r×Fn×r

of rank r with xP · yL = 0 whenever P ∈ L. For a subspace U∗ ≤ F r we have
∑

U∗≤U≤F r µ(U) = 1

if U∗ = F r and = 0 otherwise; this is the q-binomial theorem
∑

j

[
k
j

]
q
(−1)jqj(j−1)/2 =

∏
i<k(1 − qi)

for k = r − dimU∗. Applying this to the spans of the rows of X and of Y gives the sum over (U,U ′)
of µ(U)µ(U ′) times the number of (X,Y ) ∈ Um × U ′n with xP · yL = 0 on the incidences. Let
U0 = U ∩ U ′⊥ and U ′

0 = U ′ ∩ U⊥, of dimensions u− s and u′ − s. The dot product induces a perfect
pairing between complements U1 of U0 in U and U ′

1 of U ′
0 in U ′, which in dual bases is the standard

dot product of F s, and x · y depends only on the components in U1 and U ′
1. So the term of (U,U ′) is

qm(u−s)+n(u′−s)Zs. For the number of pairs, choose U ′, then K = U ∩ U ′⊥ in
[
r−u′

u−s

]
q

ways, and then
U/K, an s-dimensional subspace of F r/K meeting U ′⊥/K trivially, in q(r−u′−u+s)s

[
u′

s

]
q

ways. Finally
s = r only for U = U ′ = F r.

For a bipartite graph G whose vertices are labelled as points and lines (every edge joining a point
to a line), let hom(G) be the number of maps sending the points of G to points and the lines of G
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to lines of P2(F ) such that the image of a point lies on the image of every adjacent line. For sets R
of points and C of lines of I, HI [R ∪ C] denotes the induced subgraph, and κ(R,C) its number of
connected components.

Lemma 5.2. Summing over all sets R of points and C of lines of I,

Z0 = 1, Z1 =
∑
(R,C)

no edge between R and C

(q − 1)|R|+|C|, Z2 =
∑
(R,C)

(q − 1)|R|+|C|(q + 1)κ(R,C),

Z3 =
∑
(R,C)

(q − 1)|R|+|C| hom
(
HI [R ∪ C]

)
.

In particular Z0, Z1, Z2 are given by integer polynomials in q.

Proof. Group the pairs (X,Y ) by R = {P : xP 6= 0} and C = {L : yL 6= 0}. For non-zero x, y
the condition x · y = 0 depends only on the classes [x], [y], and scalars contribute (q − 1)|R|+|C|. For
s = 1, xy 6= 0. For s = 2 the non-zero y with x · y = 0 form one class [x]⊥, and ⊥ is an involution of
P1(F ); so along each edge the class at one end determines the class at the other, and each connected
component of HI [R ∪ C] admits exactly q + 1 consistent choices. For s = 3 the classes of non-zero
vectors are the points of P2(F ) and, as normal vectors, its lines, and x · y = 0 means incidence.

For vertices u 6= w of the same kind, G/{u,w} denotes the graph in which u and w are replaced
by one vertex adjacent to the union of their neighbourhoods.

Lemma 5.3. For every finite bipartite graph G with points and lines:

(R0) hom is multiplicative on disjoint unions; the empty graph gives 1 and a single vertex gives
q2 + q + 1;

(R1) if v has degree 1, then hom(G) = (q + 1) hom(G− v);

(R2) if v has degree 2 with neighbours u,w, then hom(G) = hom(G− v) + q hom
(
(G− v)/{u,w}

)
;

(R3) if a 6= a′ are of the same kind and have two common neighbours b 6= b′, then hom(G) =
hom(G/{a, a′}) + hom(G/{b, b′})− hom(G/{a, a′}/{b, b′}).

The same holds for homomorphisms into the incidence graph of any projective plane of order q.

Proof. (R0) and (R1) hold because a plane of order q has q2 + q + 1 points and lines, and every line
has q + 1 points and every point lies on q + 1 lines. (R2) Given the images of G− v, the images of v
are the elements incident with the images of u and w: one if these images are distinct, q + 1 if they
are equal; and the maps of G− v that agree on u and w are the maps of (G− v)/{u,w}. (R3) If the
images of a and a′ are distinct, then the images of b and b′ are both incident with both of them and
hence equal. So every map identifies a with a′ or b with b′, and (R3) is inclusion and exclusion.

A minor of HMK is given by a set of deleted vertices, a partition of the remaining points into
blocks and a partition of the remaining lines into blocks; its vertices are the blocks, and a block of
points is adjacent to a block of lines if some point of the first lies on some line of the second. It is
proper if it has fewer than 16 vertices, that is, unless nothing is deleted and all blocks are singletons.
Deleting a vertex of a minor, merging two of its vertices of the same kind as above, and passing to
a connected component all give minors again. The induced subgraphs HMK[R ∪ C] and the graphs
HMK/σ, in which each block of a partition σ of the points is merged into one vertex, are minors.
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Lemma 5.4. Every non-empty proper minor of HMK in which every vertex has degree at least 3
contains a cycle of length 4.

Proof. (a) Let G be a non-empty bipartite graph with parts A and B, in which every vertex has degree
at least 3 and which has no 4-cycle. A vertex of G has at least three neighbours, so |A|, |B| ≥ 3. Two
vertices of A have at most one common neighbour, so counting pairs of vertices of A with a common
neighbour gives 3|B| ≤

∑
b∈B

(
d(b)
2

)
≤

(|A|
2

)
, and symmetrically 3|A| ≤

(|B|
2

)
. If |A| ≤ 6, then |B| ≤ 5,

hence |A| ≤ 3 and |B| ≤ 1, a contradiction; so |A| ≥ 7 and likewise |B| ≥ 7. For a proper minor,
|A|, |B| ≤ 8 and |A| + |B| ≤ 15; the cases (7, 8) and (8, 7) violate 3 · 8 ≤

(
7
2

)
= 21. So |A| = |B| = 7,

and 21 ≤
∑

b

(
d(b)
2

)
≤ 21 forces d(b) = 3 for all b, and likewise for A: G is cubic with 7 + 7 vertices.

(b) No proper minor G of HMK is cubic with 7 + 7 vertices. Seven blocks of points arise either
by deleting one point, all blocks being singletons, or by deleting nothing and merging two points; the
same holds for lines. A block {P, P ′} of two points is adjacent to the blocks containing the at least
five lines through P or P ′ (by (F1) they share at most one line); as at most one line is deleted or
one pair of lines merged, these lines lie in at least four blocks, and the degree of {P, P ′} is at least
4. Dually for a block of two lines. So one point P0 and one line L0 are deleted and all blocks are
singletons. But P0 lies on at least two lines different from L0, and in G such a line has degree 2. With
(a) this proves the lemma.

Corollary 5.5. For every proper minor G of HMK there is fG ∈ Z[t] such that hom(G) = fG(q)
for every prime power q; more generally, fG(q) is the number of homomorphisms from G into the
incidence graph of any projective plane of order q.

Proof. Induction on the number of vertices. The empty graph and the single vertex are covered by
(R0). If G is disconnected, (R0) reduces it to its components. If G is connected with at least two
vertices and has a vertex of degree 1 or 2, apply (R1) or (R2); otherwise all degrees are at least 3, and
by Lemma 5.4 G has a 4-cycle a, b, a′, b′, so that (R3) applies. In each case the graphs on the right
are minors with fewer vertices.

Lemma 5.6. Let σ run through the partitions of the set of points of MK, let 0̂ be the partition into
singletons, and let µ(0̂, σ) =

∏
β∈σ(−1)|β|−1(|β| − 1)!. Then

hom(HMK) = c(q) |PGL3(q)|+ (q2 + q + 1)(q + 1)q(q − 1) · · · (q − 6)−
∑
σ ̸=0̂

µ(0̂, σ) hom(HMK/σ).

Proof. For a homomorphism φ let π(φ) be the partition of the points into the fibres of φ. The φ
that are constant on the blocks of σ are the homomorphisms of HMK/σ, so by Möbius inversion in
the lattice of partitions, whose Möbius function is µ(0̂, σ), the number of φ injective on the points is∑

σ µ(0̂, σ) hom(HMK/σ). Let φ be injective on the points. Then the image of each line L is the line
through the images of any two points of L. If all images of points lie on one line ℓ, then all lines map
to ℓ; there are (q2 + q + 1)(q + 1)q · · · (q − 6) such φ. Otherwise φ is an exact realisation. Indeed,
suppose that φ(P ) ∈ φ(L) for some P /∈ L, and let K be the set of points Q with φ(Q) ∈ φ(L); it
contains L∪ {P}. If two points of a line L′′ are in K, their distinct images lie on φ(L) and on φ(L′′),
so φ(L′′) = φ(L) and the third point of L′′ is in K. By (F3), K contains all points, so all images
lie on φ(L), a contradiction. Conversely, every exact realisation is a homomorphism, injective on the
points by Proposition 3.2(a), whose points are not collinear (otherwise all its lines would coincide).
By Proposition 3.2(c) there are c(q)|PGL3(q)| exact realisations, and the formula follows, the term
σ = 0̂ being hom(HMK).

Theorem 5.7. For every prime power q, N(q) = h(q) + c(q)(q − 1)15, with h as in Theorem 1.1.
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Proof. By Lemma 5.1 with r = 3 and by Lemma 5.2,

N(q) |GL3(q)| =
∑
(R,C)

(q − 1)|R|+|C| hom
(
HMK[R ∪ C]

)
+

∑
s≤2

a3,s(q)Zs(q),

and the last sum is an integer polynomial in q. For (R,C) different from (all points, all lines),
HMK[R ∪ C] is a proper minor, so its term is a polynomial by Corollary 5.5. The remaining term
is (q − 1)16 hom(HMK); by Lemma 5.6 and Corollary 5.5, hom(HMK) = c(q)|PGL3(q)| + P0(q) with
P0 ∈ Z[t], all HMK/σ with σ 6= 0̂ being proper minors. Hence there is A ∈ Z[t] with N(q)|GL3(q)| =
A(q) + c(q)(q − 1)16|PGL3(q)| for every prime power q. As |GL3(q)| = (q − 1)|PGL3(q)|, the number
N(q)− c(q)(q− 1)15 = A(q)/|GL3(q)| is an integer, and |GL3(q)| is the value of the monic polynomial
G3(t) = (t3 − 1)(t3 − t)(t3 − t2). By (∗), A = gG3 with g ∈ Z[t], so N(q) = g(q) + c(q)(q − 1)15. The
computation described below gives g = h.

Proof of Theorem 1.1. By Lemma 2.3, cΓMK,3(p) = p10N(p), so (1) follows from Theorem 5.7, and
the three cases from Proposition 3.2(c). Let f ∈ Q[t] agree with cΓMK,3 on a set Π of primes as in
the theorem. Then f − t10h vanishes at the infinitely many primes p ∈ Π with p ≡ 2 (mod 3), so
f = t10h; but then 2p10(p− 1)15 = 0 for the primes p ∈ Π with p ≡ 1 (mod 3), which is absurd.

This argument uses only that g is a polynomial, not its value; so the non-polynomiality in Theo-
rem 1.1 does not depend on a computer.

The computation of g. The program rank3_formula.py (with hompoly.py) evaluates the identity
in the proof of Theorem 5.7 in exact integer arithmetic: Z1, Z2 by Lemma 5.2; hom of the 216 − 1
proper induced subgraphs (up to the 48 collineations of MK) and of the 4,139 graphs HMK/σ by the
rules of Lemma 5.3 (it stops if no rule applies, which does not happen); and the sum of Lemma 5.1,
whose numbers of pairs it checks by enumeration over F2 and F3. In about 7 seconds it finds that G3

divides A, with quotient h, and

P0(q) = 2q10 + 34q9 + 258q8 + 820q7 + 1404q6 + 1508q5 + 1040q4 + 439q3 + 112q2 + 16q + 1.

So h is the result of an exact computation; it was not derived without a computer, and Section 8 lists
the independent checks.
Remark 5.8. (a) h = N −E counts the rank-3 matrices supported in S with smaller support. As the
congruence of Lewis et al. [LLM+11, Proposition 5.1] for N predicts (note that (q − 1)4 divides E),
(q−1)3 divides h, and h(q)/(q−1)3 is 4760 at q = 1, the number of placements of three non-attacking
rooks on the 40 cells of S; this checks the computation. (b) Sections 3 and 5 do not use that q is
prime; Theorem 5.7 was also confirmed for q = 4, 8, 9 (Section 8).

6 Small degrees
Proof of Theorem 1.3. (a) A matrix A ∈MΓ(F ) of rank 2 is alternating, so A = ZJZ⊤ with Z ∈ Fn×2

of rank 2 and J =
(

0 1
−1 0

)
. The column space of Z is that of A, and ZgJg⊤Z⊤ = det(g)ZJZ⊤ for

g ∈ GL2(F ); hence Z is determined by A up to the free action of SL2(F ). Let zv ∈ F 2 be the rows
of Z; then Auv = det(zu, zv). So A ∈ MΓ(F ) means that zu and zv are linearly dependent whenever
u 6= v are not adjacent, and rank 2 means that the zv span F 2. Grouping by R = {v : zv 6= 0}
and by the classes [zv] ∈ P1(F ): the classes must be constant on the connected components of the
complement of Γ[R], and not constant on R. Hence

#{A ∈MΓ(Fq) : rankA = 2} · |SL2(q)| =
∑
∅̸=R

(q − 1)|R|((q + 1)κ
′(R) − (q + 1)

)
,

10



where κ′(R) is the number of connected components of the complement of Γ[R]. As |SL2(q)| = q3− q,
by (∗) of Section 5 the number of matrices of rank 2 is a polynomial in q, and cΓ,1(p) = pn−2#{A ∈
MΓ(Fp) : rankA = 2} by Theorem 2.1.

(b) Let Γ have parts U,U ′ and edge set T , and let I be the incidence structure with points U ,
lines U ′ and incidence relation (U ×U ′) \ T . By Lemma 2.3, cΓ,2(p) = pa+b−4N

(2)
I (p). By Lemma 5.1

with r = 2, N (2)
I |GL2| is an integer combination of Z0, Z1, Z2 with polynomial coefficients, hence a

polynomial by Lemma 5.2, and |GL2(q)| = (q2 − 1)(q2 − q) is monic; apply (∗).
(c) For odd p the degrees of the irreducible characters of GΓMK

(Fp) are pi with 0 ≤ i ≤ 8, so∑8
i=0 cΓMK,i(p) = k(GΓMK

(Fp)), the number of conjugacy classes. By Rossmann [Ros22, Theorem 1.2]
(quoted there from [RV24, Corollary 1.3]; an explicit formula is [Ros22, Corollary B]) it is a polynomial
in p. By Theorem 2.1, cΓMK,0(p) = p16; by (b), cΓMK,1 and cΓMK,2 are polynomials, and cΓMK,3 is not,
by Theorem 1.1. So

∑8
i=4 cΓMK,i is not a polynomial in p, and hence at least one of its summands is

not.

7 A conditional universality statement
Following [BB03, §1.2], let S ⊂ Z[q] be the saturated multiplicative set generated by the polynomials
qn − q (n > 1), and let R = S−1Z[q]. Its elements are functions on the prime powers, which we
restrict to the odd primes. For a scheme X of finite type over Z let [X](q) = #X(Fq). For a finite
set V , subsets H1, . . . , Hm of V and π ∈ Zm, [L(3, π)](q) is the number of maps f : V → F3

q such that
f(Hj) spans a space of dimension πj for every j; it is the point count of a scheme L(3, π).

Hypothesis (BB) [BB03, Theorem 11.1]. For every quasi-projective scheme X of finite type over Z
there are V , H1, . . . , Hm, π and σ ∈ S with σ[X] = [L(3, π)].

Belkale and Brosnan attribute this to Mnëv and Sturmfels; unable to extract this exact statement
from the literature, they sketch its proof [BB03, §11]. We use it only as a hypothesis. As every
scheme of finite type over Z is a finite disjoint union of quasi-projective ones [BB03, Remark 11.2], it
expresses every [X] through the [L(3, π)].

Proposition 7.1. Assume Hypothesis (BB). For every scheme X of finite type over Z, the function
p 7→ #X(Fp) on the odd primes is an R-linear combination of finitely many functions cΓ,3 with Γ
bipartite, and also of finitely many functions cΓ,N with Γ bipartite with two parts of size N (characters
of the maximal degree pN ).

Proof. Step 1. It suffices to treat [L(3, π)]. For t ∈ {0, 1, 2, 3}m let It be the incidence structure with
point set V and with tj copies of the line Hj for each j. For X = (xv) ∈ (F3

q)
V , the vectors orthogonal

to all xv, v ∈ Hj , form a space of dimension 3− dim〈xv : v ∈ Hj〉, so

ZIt

3 =
∑

ρ∈{0,1,2,3}m
[L(3, ρ)]

m∏
j=1

(
q3−ρj

)tj .
The matrix

(
(q3−ρ)t

)
t,ρ∈{0,1,2,3} is a Vandermonde matrix with determinant ±

∏
a<b q

a(qb−a−1), which
lies in S since S is saturated and contains q2 − q and q(qk − 1). So its m-th tensor power is invertible
over R, and each [L(3, ρ)] is an R-linear combination of the ZIt

3 . By Lemmas 5.1 and 5.2, ZIt
3 =

|GL3|N (3)
It − ft with ft ∈ Z[q], and by Lemma 2.3, N (3)

It (p) = p−(|V |+|t|−6)cΓt,3(p), where Γt is the
bipartite graph of the non-incident pairs of It and |t| =

∑
j tj . Finally q and |GL3(q)| = q3(q3 −

1)(q2 − 1)(q − 1) lie in S, and polynomials are multiples of 1 = cK3,3,3/|GL3|.
Step 2. For T ⊆ [n] × [n] and k ≥ 0 let Tk be the set of positions of the matrices

(
B U
V 0

)
with

B supported in T and U ∈ Fn×k
q , V ∈ Fk×n

q arbitrary. The number fk(r) of pairs (U, V ) that make
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such a matrix invertible depends only on r = rankB (replace B by PBQ). Let B = diag(Ir, 0),
m = n− r, and split U into U1 (the first r rows) and U2, and V into V1 (the first r columns) and V2.
Elimination with Ir gives the determinant ± det

(
0 U2
V2 −V1U1

)
. It vanishes unless rankU2 = rankV2 = m.

Then multiplying this matrix on the left by diag(g, h′) and on the right by diag(g′, h), with g, g′ ∈
GLm(q) and h, h′ ∈ GLk(q) suitably chosen, moves U2 to (Im 0) and V2 to its transpose, replaces
(U1, V1) by (U1h, h

′V1), a bijection, and multiplies the determinant by a unit; the determinant becomes
± det(V ′′

1 U
′′
1 ), with V ′′

1 the last k−m rows of V1 and U ′′
1 the last k−m columns of U1. Hence fk(r) = 0

unless n− r ≤ k ≤ n, and then

fk(r) = ν(m, k)2 q2rm
∏

i<k−m

(qr − qi) · |GLk−m(q)| q(r−k+m)(k−m), ν(m, k) =
∏
i<m

(qk − qi).

This is a polynomial in q; fn−r(r) = |GLn−r(q)|2q2r(n−r) is a unit of R, and fn−r(r
′) = 0 for r′ < r.

So the numbers of invertible matrices supported in Tn−r, r = n, . . . , 0, form a triangular system
in the numbers Mr′(T ) whose diagonal coefficients are units of R, and each Mr(T ) is an R-linear
combination of them; rectangular boards are padded with forbidden rows or columns. By Lemma 2.3,
the number of invertible matrices supported in an N ×N board is the number of characters of degree
pN of a bipartite graph on N +N vertices.

A function on the odd primes is PORC if there are M ≥ 1 and polynomials f0, . . . , fM−1 such
that it agrees with fa on the primes p ≡ a (mod M); cΓMK,3 is PORC with M = 3.

Corollary 7.2. Assume Hypothesis (BB). Then there is a bipartite graph Γ for which cΓ,3 is not
PORC, and likewise for characters of maximal degree.

Proof. Let X = {y2 = x3 − x} ⊆ A2. By a classical formula (see [IR90, Chapter 18]), for p ≡ 1
(mod 4) we have #X(Fp) = p − 2a for integers a, b with p = a2 + b2. Write [X] =

∑
j rjcΓj ,3 with

rj ∈ R (Proposition 7.1) and suppose that all cΓj ,3 are PORC, with a common M . On the primes
p ≡ 1 (mod 4M), [X] agrees with some ρ ∈ Q(t), and |ρ(p) − p| = |2a| ≤ 2

√
p. So ρ(t) − t has

degree at most 0 and tends to a limit k, and the integers ρ(p)− p equal k for all large such p. Then
p = k2/4 + b2 for all large primes p ≡ 1 (mod 4M). But at most

√
x + 1 integers up to x have this

form, whereas, by the prime number theorem for arithmetic progressions, at least a constant times
x/ log x primes up to x are ≡ 1 (mod 4M). So some cΓj ,3 is not PORC; the same argument applies
to characters of maximal degree.

Both statements give existence only: we do not know an explicit graph Γ for which cΓ,3 is not
PORC.

8 Computations, verification and scope
All results are proved in the text, except that the coefficients of h and P0 come from the computation
of Section 5, and that Proposition 7.1 and Corollary 7.2 assume Hypothesis (BB), whose source
gives only a sketch of proof. The source archive contains the programs, their outputs, a README
with commands and running times, check_note.py, which checks the statements as printed, and the
programs and outputs of the three independent verification runs.

Verification. The results were first obtained, with proofs, together with the programs of the pack-
age, which include direct counts of N(p) by two programs of different design (both for p = 2, 3, one of
them also for p = 5, 7), Z3(p) for p ≤ 13, and a comparison of Theorem 2.1 with GAP for 11 groups.
Two independent verification runs, both AI-assisted, followed; each re-derived the proofs and wrote
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its own programs, and neither found a gap in a proof. The first run reproduced the outputs of the
Python programs and of zcount.c, and counted N(p) and Z1, Z2, Z3 for p = 2, 3, 5, 7 by enumerating
column spaces. It counted homomorphisms by brute force for 20 proper minors of HMK at q = 2, 3, 5
(60 comparisons with Corollary 5.5) and for HMK at q = 2, 3, 5, 7, obtaining c(q)|PGL3(q)| + P0(q)
each time, and it enumerated all 447,153,316 minors of HMK with at least one point and one line:
9,193,080 have minimum degree at least 3, and only HMK itself among them has no 4-cycle, which
confirms Lemma 5.4 independently of its proof. The second run counted N(p) by a dynamic pro-
gramme over row spaces (p = 2, 3) and by evaluating the sum of Lemma 5.1 as a partition function
(p = 2, 3, 5, 7 and q = 4, 8, 9, with N(4) = 1,206,524,165,076, N(8) = 46,425,923,430,737,214 and
N(9) = 271,958,641,065,406,464 as in (2)); it counted E(p) for p = 2, 3, 5 and the exact realisations
for all primes p ≤ 31, repeated the enumeration of minors, and compared Theorem 2.1 with GAP
for 12 further graphs. These counts test the computation of h at seven field sizes; they do not deter-
mine a polynomial of degree 15. The corrections required by the two runs were made; for instance,
Lemma 5.4 was first stated without excluding the empty minor, and Remark 2.2 was added.

A third independent verification run, also AI-assisted, examined the text of this note, first the parts
written after the two runs: Remark 2.2, the proofs of Lemmas 5.1, 5.3, 5.4 and 5.6, Remark 5.8 and
Section 7. It re-derived all proofs, compared the cited statements with the sources, read [OV15], and
ran the package again from the source archive, with identical outputs. Its own programs recomputed
h and P0 by the route of Section 5, with a different implementation of the rules of Lemma 5.3 and
the same coefficients; counted N(2) in two ways and N(3) directly, by row spaces; counted the exact
realisations of MK over Fq for all 18 prime powers q ≤ 32, using only that their points are distinct;
compared Corollary 5.5 and Lemma 5.6 with brute-force counts of homomorphisms (183 comparisons,
among them hom(HMK) at q = 2, 3, 4, 5); compared Theorem 2.1 and Remark 2.2 with GAP for 10
further groups, three of them over F9 and one over F4; and checked the formula for #X(Fp) used in
Corollary 7.2 for all primes p < 20,000. It found no wrong statement and no gap. Its corrections
concern attributions and wording: the realisability of 83 is now attributed to sources it read, [OV15,
Theorem B] is cited directly, the results of [OV15, Ros25] on groups that are not graphical were added,
and the version of the corpus was corrected.

Scope and priority. The note answers the precise core of Rossmann’s question negatively for one
explicit graph and determines the count for it; the counts are polynomials for i = 1, and for i ≤ 2
if Γ is bipartite; that they need not be PORC is shown only conditionally, and only as existence.
Which functions occur, which graphs give polynomials (for instance, whether cΓ,2 is a polynomial
for every graph), which of cΓMK,4, . . . , cΓMK,8 are not polynomials, an explicit or unconditional non-
PORC example, and the representation theory of GΓ(Fp) beyond these numbers remain open. The
question is Rossmann’s [EHNO21], [Ros22, Question 1.10], who suspected that these functions might
be wild. We use [OV15, Theorem B] (with a proof), [Ros22, Theorem 1.2], [RV24, Corollary 1.3], the
realisability of 83, classical over C [BGS24, IKK+26] (with the computation over every field), [BB03,
Theorem 11.1] as a hypothesis, and the classical point count of y2 = x3−x. The argument of Section 4,
inclusion and exclusion over supports with a configuration that needs a quadratic irrationality, is of
the same kind as the argument of Belkale and Brosnan with the Fano matroid [BB03, §10] and may
be regarded as known to specialists in this form. For groups that are not graphical, character counts
that depend on the arithmetic of a hypersurface [OV15, Theorem 4.1] and class numbers that are
wild modulo powers of q [Ros25, Theorem A] are known. To our knowledge, the negative answer to
Rossmann’s question, Theorem 1.1 with its proof, Theorem 1.3 and Proposition 7.1 are not in print;
we make no claim of priority.

What was read: [EHNO21] (pp. 2064–2066, 2081–2082); [Ros22] (arXiv v3), [RV24] (v2), [BB03]
(v1), [OV15] (v2, Sections 1, 2 and 4), [Ros25] (v2, Sections 1 and 4), [LLM+11] (v3), [LM20] (v2),
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[CS26] (v1), [BGS24] (v1, Section 3) and [IKK+26] (v1, Section 3), whose numbering we use; the
abstracts of [HP11] and [KLM14]. We did not read [Ste98] (known through [LLM+11, LM20, CS26]),
[Hag98] (through [LLM+11]), [Mar99] (cited after [Ros22]), or [IR90], from which the formula for
#X(Fp) in Corollary 7.2 is quoted; this formula was checked numerically for all primes below 20,000.
Bibliographic data were checked with Crossref. The searches (27 October 2026) covered arXiv (all
papers of T. Rossmann; queries on graphical groups, q-rook numbers, prescribed zeros, support con-
straints, Kontsevich’s conjecture and the Möbius–Kantor configuration), the works citing [Ros22],
[LLM+11], [Ste98] and [OV15] in OpenAlex and Semantic Scholar, zbMATH Open, and four web
searches. No answer to Rossmann’s question was found, nor an explicit count of matrices of given
rank with prescribed zeros that fails to be a polynomial in odd characteristic. A search that finds
nothing is not a proof of novelty.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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