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Abstract

For an inner function # on the unit disc and 1 < p < oo, let Kg = HPNHO Hg be the associated
model (star-invariant) subspace of the Hardy space HP. K. M. Dyakonov asked (Oberwolfach
Reports 7 (2010); Integral Equations Operator Theory 78 (2014)) whether “Fermat’s last theorem”
holds in these spaces: does ™ + g™ = h™ with f,g,h € K} and n > 3 force f, g, h to lie in
a one-dimensional subspace? Dyakonov noted that the answer is yes when 6 is a finite Blaschke
product, and S. R. Garcia (2026) proved that it is yes for n > 4 when the boundary spectrum of
has logarithmic capacity zero, and for n = 3 when the boundary spectrum has at most one point.
We show that the answer is no for n = 3. We construct an explicit inner function 6y = 2 BB, where
B and B are Blaschke products whose zeros accumulate on the unit circle exactly at —1 and 1,
and functions F,G, H € Kg, hence in Kgo for every p, such that F2 4+ G3 = H® and F, G, H
are linearly independent; moreover F' + iH = B, and the inner factors of ', G, H are pairwise
coprime. The construction composes Dixon’s elliptic functions sm and cm with a conformal map of
the disc onto a period strip on whose two boundary lines both functions are real. Consequently the
one-point hypothesis in Garcia’s cubic theorem cannot be relaxed to two points, and every closed
subset of the unit circle with at least two points is the boundary spectrum of an inner function
0 for which Kg contains a nontrivial solution of the cubic Fermat equation. The case n > 4 and
Dyakonov’s companion question on extreme points are not addressed. This is an unrefereed note.

1 Introduction

1.1 The problem

Let D be the open unit disc, T = 9D, and m the normalized arc length on T. For 1 < p < oo we
identify functions in the Hardy space HP with their nontangential boundary functions in LP(T,m)
[Gar07], and we write H) = zHP = {f € H? : f(0) = 0}. An inner function is a function § € H>
with |0] = 1 a.e. on T. Following Dyakonov [Dyal0, Dyald], the model (or star-invariant) subspace
associated with 0 is L

K = H?NoH, 1<p< oo, (1)

where the bar denotes complex conjugation of boundary functions.! The space K. g is invariant under
the backward shift; for p = 2 it is H2 © §H?, and for every p € [1,00] it is the kernel in H? of the
Toeplitz operator with symbol 6 [Dyal4, pp. 1-2].
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Dyakonov posed two problems on these spaces at the Oberwolfach workshop “Operator Theory
and Harmonic Analysis” of November 2010 [DyalO, p. 2870], and published them with more detail
in [Dyal4]. Problem 1 asks for the extreme points of the unit ball of Kg°; it is not considered here.
Problem 2 reads “Prove or disprove ‘Fermat’s last theorem’ for Kg 7 [Dyal4, p. 3]: is it true that,
whenever 6 is inner, p € [1,00] and n € {3,4,5,...}, no nontrivial triple of functions f,g,h € K}
satisfies

gt =hn )

A triple is called nontrivial if the three functions do not lie in a single one-dimensional subspace of
K7, that is, if dimspan{f,g,h} > 2 [Dyald, p. 3]; the problem in [Dyal0] has the same content.

1.2 What was known

Dyakonov observed that the answer is positive when 6 is a finite Blaschke product: then Kg consists
of rational functions, and Fermat’s last theorem for polynomials and rational functions, a consequence
of the Mason-Stothers theorem, applies [Dyal0], [Dyal4, p. 3]. Garcia [Gar26a, Theorem 1.1] proved
that the answer is positive for n > 4 when the boundary spectrum o(6) N'T has logarithmic ca-
pacity zero. In [Gar26b, Theorem 1.1] he extended this to equations P(f,g,h) = 0, where P is a
homogeneous polynomial whose projective plane curve is smooth, and treated the cubic case: then
dimspan{f,g,h} <1 if either deg P = 3 and #(c(6) NT) < 1, or deg P > 4 and cap(c() N T) = 0.
Here, as in [Gar26a, Gar26b], the spectrum of an inner function § = c¢BAS, (c unimodular, By the
Blaschke product with zero sequence A, S, the singular inner function with singular measure p) is
o(f) = A Usuppp [GMR16, Def. 7.3.2], and the boundary spectrum o(f) N T is the set of points
of T across which 6 cannot be continued analytically [GMR16, Thm. 7.3.4 and Prop. 7.3.8]. Garcia
explains that the cubic case is different: the Fermat cubic has genus one, and f™ + ¢" = 1 has non-
constant meromorphic solutions in C for n = 3, coming from elliptic functions, but not for n > 4
(Gross, Baker; see [Gar26a, Remark 1.2] and [Gar26b, Remark 1.5]). Without the condition of the
model space, (2) has nontrivial solutions in H> for every n, for instance (z/2, (1 — 2"/2")1/" 1).

1.3 Results

Our main result answers Problem 2 negatively.

Theorem 1.1. There are an inner function 6y and functions F,G,H € Kg° with the following
properties.

(a) 6y = ZBE, where B and B are Blaschke products with simple zeros, and the zeros of B and
those of B accumulate on T ezxactly at —1 and 1. In particular o(6o) NT = {—1,1}.

(b) F3+G3=H? onD.
(¢) F, G and H are linearly independent; in particular the triple (F,G, H) is nontrivial.

(d) F +iH = B. The inner factors of F, G and H are Blaschke products with pairwise disjoint
zero sets, so that no monconstant inner function divides two of the functions F, G, H.

Consequently F, G, H € Kgo for every p € [1,00], and the answer to Problem 2 of [Dyal0, Dyal4] is
negative for n =3 and every p € [1,00].

The functions are explicit. Let sm and cm be Dixon’s elliptic functions, the solution of sm’ = cm?,
cm’ = —sm?, sm(0) = 0, cm(0) = 1, which parametrizes the Fermat cubic 23 + y® = 1 [Dix90, CF06];



let po be the least positive real period of sm (classically py = 3 = B(3, £) = 5.29991 ... [CF06, (12)]),

h = @po, and

a conformal map of D onto the strip {0 < Imw < h}. Then

sm o) cm oy B

F=B——— G=B——— H=——7-— 3
smot) + i’ smotp + i’ smot) 4 i’ 3)

where B and B are the Blaschke products whose zeros are the points of D at which sm ot takes
the value —¢ and +i, respectively. Both zero sets are invariant under the hyperbolic automorphism
z + (z+7)/(1 + 72), 7 = tanh(7w/v/3); numerically each of them consists of three of its orbits
(Section 7).

Corollary 1.2. The hypothesis #(o(0) N'T) < 1 in [Gar26b, Theorem 1.1(a)] cannot be replaced by
#(a(0) N'T) < 2, already for the Fermat cubic P(x,y,z) = x> + y3 — 23.

Corollary 1.3. Let E C T be a closed set with at least two points. Then there is a Blaschke product 0
with o(0)NT = E such that KJ° contains three linearly independent functions f, g, h with 24+g% = hd.

Together with [Gar26b, Theorem 1.1(a)], Corollary 1.3 shows that for a closed set E C T the
following are equivalent: every inner function 6 with o(6) T = E admits no nontrivial solution of the
cubic Fermat equation in any K, g ; and #FE < 1. Whether the cubic Fermat equation has nontrivial
solutions for every inner function with two boundary spectral points is not addressed here, and neither
is the case n > 4.

To our knowledge, Theorem 1.1 and its corollaries are new: no printed answer to Dyakonov’s
question was found in the sources searched, which are listed in the paragraph “Scope and priority” at
the end. A search that finds nothing is not a proof of novelty, and no priority is claimed.

1.4 The idea

Dixon’s functions are real on the real axis and have the period wpg, w = €2™/3, whose imaginary part

is h; so they are real on both boundary lines of the strip. As v maps the two arcs of T \ {£1} onto
these lines, the conjugate 6yzF of F is a function of the same form with sm —i in place of sm +i, and
membership in Kg° follows. The poles in the strip, the zeros of sm+4, are finitely many modulo po,
and the translation by pg is a hyperbolic automorphism of D with fixed points +1; so the poles in D
satisfy the Blaschke condition and are cancelled by B. The two boundary spectral points are the two
ends of the strip (see also Remark 6.3). Section 7 describes numerical checks, which are not part of
the proofs.

2 Preliminaries on Hardy spaces

We use the following standard facts [Gar07, Chapters I and IIJ.

(H1) Every f € HP has nontangential limits a.e. on T, and two functions in H? with the same
boundary values a.e. coincide. For f € H*®, |f| < ||f|lcc on D, where || f|lo is the essential
supremum of |f| on T.

(H2) If A is a sequence in D with } (1 —|a[) < oo (the Blaschke condition), the Blaschke product

Br = [laen ba, ba(z) = %f‘:;z (bo(z) = z), converges locally uniformly on D, is inner, and




vanishes exactly on A, with the multiplicities of A. Moreover |b,(z)| = p(z,a), where p(z,a) =

|z —al|/|1 —az| is the pseudo-hyperbolic distance, which is invariant under the automorphisms
of D.

(H3) Every f € HP, f # 0, has a unique factorization f = ¢BS,0y, where |c| = 1, By is the Blaschke

product over the zeros of f, Oy is outer with |Of| = |f| a.e. on T, and S, is the singular inner
function of a positive singular measure g on T: |S,(z)| = e PIHE | Plu](z) = J1 % dui().
The inner factor of f is cByS,. If f € H*™, then |Of| < ||f|loc on D. The function 1 — (pz,
|Co] = 1, is outer.

(H4) For a positive finite measure p on T, the measures Plu](r()dm(¢) converge weak-+ to u as
r—17.

An inner function I divides f € HP if f/I € HP; then, by the uniqueness in (H3), the inner factor of
f divided by I is inner. So if the inner factor of f is a Blaschke product, every inner divisor of f is,
up to a unimodular constant, a Blaschke product whose zeros are zeros of f (singular measures add
under multiplication).

The next lemma is a direct consequence of the definition (1).

Lemma 2.1. Let 6 be inner, 1 <p < oo and f € HP. Then f € K% if and only if there is g € HP
with 0z f = g a.e. on T. Consequently:

(a) Kg° C K} for every p € [1,00];
i fe and 61 is inner, then | € ;

b) 14 Kg d o is i h ngl

¢) the constant junction elongs to if and only 1 = 0.
h f jon 1 bel Kg if and only if 6(0 0

Proof. We have f € 6 HY if and only if f = 0zg for some g € HP, that is, f = fzg. Since |[0] = |z| =1
a.e. on T, this is equivalent to #Zf = g. (a) The same g € H>® C HP serves for every p. (b)
00:Zf = 619 € HP. (c) For f = 1 the condition reads 6z = g, that is, § = zg a.e. on T. If §(0) = 0,
take g = 0/z. Conversely, § = zg on T implies = zg on D by (H1), so 6(0) = 0. O

For f € Kg the function g of Lemma 2.1 is the conjugate fof f in the sense of [Gar26b, Section 2.1].

Lemma 2.2. Let A be a sequence in D satisfying the Blaschke condition, and let ¢ be an automorphism
of D. Then ¢~ (A) satisfies the Blaschke condition, and By o ¢ = ¢ B,-1(p) for a constant ¢ with
le| = 1. In particular, if o~ (A) = A (with multiplicities), then |By o ¢| = |Ba| on D.

Proof. For the automorphism ¢! we have 1— ¢~ (a)[* = |(¢™1)(a)] (1—|al?), and (¢~1)" is bounded
on D, since ¢! is a Mdbius map holomorphic on a neighbourhood of D; hence ¢~ 1(A) satisfies the
Blaschke condition. By (H2), for z € D,

1Ba(e(2)| = [ p(e(2),0) = T] oz, 07 (@) = [Bym1(ay (2)]-

a€A a€A

The two functions Byoyp and B,,-1(5) have the same zeros with the same multiplicities, so their quotient
is holomorphic and zero-free on D, and it has modulus 1; hence it is a unimodular constant. ]

Lemma 2.3. Let f € H®, f 20, and let J C T be an open arc such that f extends holomorphically
to a neighbourhood of each point of J. Then the singular measure v of the inner factor of f satisfies

u(J) = 0.



Proof. Let (o € J. The extension of f has a zero of some finite order & > 0 at (p (it does not
vanish identically near (g, since f #Z 0 on D). Hence f; = f/(z — (o)* is bounded on I and extends
continuously to (o with f1({p) # 0. Since z — (p is outer by (H3), fi; and f have the same inner factor.
Choose 6 > 0 and 1 > 0 with |fi| > 1 on D N D(¢o,6). By (H3), n < |fi] < |Sulllfille there, so
Plu] < M :=1og(|| filloo/n) on D N D({o,d). Let Jy = T N D(p,0/2). If x > 0 is continuous with
support in Jy, then ¢ € D((p,d) for ¢ € Jy and r > 1 — /2, so by (H4)

/Xdpt— hm/ 1](r¢) dm(<) <M/de

Hence pu(K) < M m(K) for every compact K C Jy, so the restriction of p to Jy is absolutely
continuous; as u is singular, u(Jp) = 0. Since J is covered by countably many such arcs Jy, u(J) =
0. ]

3 Dixon’s elliptic functions

Throughout, w = €27/3,

Lemma 3.1. There are meromorphic functions sm and cm on C with the following properties.
(D1) sm’ = cm?, em’ = —sm?, sm(0) = 0, cm(0) = 1, and sm? + cm? = 1.
(D2) sm(u) = sm(u) and cm(w) = cm(u).

(D3) The set A of periods of sm is a lattice, that is, a discrete subgroup of C of rank two. Every element
of A is a period of cm, A = A and wA = A; moreover sm(wu) = wsm(u) and cm(wu) = cm(u).

(D4) ANR = poZ for some py > 0, and P := wpy = —5 + ih belongs to A, where h = @po.

These are Dixon’s functions [Dix90]; see [CF06, Section 1], where the real period m3 = B(3, 1)
and the period lattice m3Z @ m3wZ are recalled [CF06, (12)]. We do not use these values (they are
confirmed numerically in Section 7), and for completeness we derive (D1)-(D4) from the differential
system.

Proof. Let E C CP? be the projective Fermat cubic X3 +Y3 = W3 and Ey = {(z,y) € C?: 23493 =
1} its affine part W = 1. The partial derivatives 3X?2, 3Y2, —3W? have no common zero on E, so E
is a smooth compact Riemann surface. The points of E \ Ey are Q = [1: —w* : 0], k = 0,1,2. Near
them we use the chart (S,C) = (W/X,Y/X), in which E is the curve 1 +C? = $3 and Qy = (0, —w");
on Ey N{x # 0} we have S =1/z and C = y/=x.

On Ey consider the vector field V = 420, — 2%9,. It is tangent to Ep, because V(23 + y3) =

322y — 3y?2% = 0, and it has no zeros on Ej, because (0,0) ¢ Ey. Along an integral curve, ' = y?
and y' = —x2, hence
/ ! / 3 3
y T 2 )y Yyr—yr T +y _ 2
S ?——C, C' = > =0 = —5°.

So in the chart (S, C) the field is —C2dgs — 520, which is holomorphic and equal to (—w?*,0) # 0 at
Qp. Thus V extends to a holomorphic vector field on E without zeros.

Since E is compact, the flow of V' is complete: there is a holomorphic map (t,Q) — ®4(Q) from
Cx E to E with ®¢(Q) = Q, 0;24(Q) = V(P4(Q)) and P54y = Ps0P;. (By compactness there is e > 0
such that every solution of v’ = V'(u) exists on a disc |t — ¢1| < € around its initial time ¢1; a solution
on |t| < r extends to |t| < r 4 &/2 by the solutions starting at the points with r — /2 < |t1] < r,



which agree with each other and with the given solution on the convex overlaps, by uniqueness.) Let
O = (0,1) € Ey and ¢(t) = ®¢,(0O). Then ¢ : C — E is holomorphic, ¢' = V() # 0, so ¢ is a local
biholomorphism, and ¢(t + s) = ®4(p(t)). Put sm = x 0 ¢ and cm = y o ¢; these are meromorphic on
C, since x and y are meromorphic on F, and (D1) holds.

Let A’ be the group of periods of ¢; it is discrete, since ¢ is injective near 0. If A is a period of
sm, then ecm(t + A\)? = cm(t)? by differentiation, so cm(t + \) = € cm(¢) with a constant € € {41},
and differentiating again, sm(#)? = sm(t + \)? = € sm(t)?, which forces € = 1; hence ¢(t + \) = ¢(t)
where sm(t) is finite, and by continuity everywhere, that is, A € A’. So A = A’ and every element
of A is a period of cm. If ¢(t) = ¢(s), then ¢(t + u) = Py (P(t)) = Pu(P(s)) = ¢(s + u) for all u, so
t —s € A. Hence ¢ induces an injective local biholomorphism C/A — E, that is, a biholomorphism
onto the open set ¢(C). The orbits {®4(Q) : t € C}, Q € E, are open and pairwise disjoint or equal,
so each of them is also closed; thus ¢(C) is compact, and so is C/A. A discrete subgroup of C with
compact quotient has rank two.

The pair (sm(u),cm(w)) satisfies the same system with the same initial values, since the system
has real coefficients; by uniqueness it coincides with (sm,cm), which gives (D2) and A = A. The

pair (w~! sm(wu), cm(wu)) also satisfies the system with the same initial values: ‘-[w™!sm(wu)] =

em(wu)? and 4 em(wu) = —wsm(wu)? = —(w™ ! sm(wu))?, as w2 = w. Hence sm(wu) = wsm(u),
cm(wu) = cm(u) and wA = A. Finally, A is not contained in R, and for A € A with ReX # 0 we
get 0 # A+ X € ANR. So ANR is a nonzero discrete subgroup of R, that is, ppZ with pg > 0, and

P =wpg € A. O

Let Lo = R and Lj, = R + i¢h be the two boundary lines of the strip S = {w : 0 < Imw < h}, and
define the meromorphic functions
sm cm 1 - sm - cm - 1

q=—"—"" 4c = qH = q= qG = qH = -
sm +1 sm —1

(4)

sm+i’ sm+i’ sm —i’ sm —i’

Corollary 3.2. (a) sm and cm are py-periodic, and their values on Lo U Ly, are real or co.
(b) If sm(w) = €i with e € {—1,1}, then cm(w)® = 1+ €i # 0; hence w is a simple zero of sm —ei.

(c) The poles of q, qa, qu are exactly the zeros of sm+i, and they are simple; likewise for q, qq,
qu and the zeros of sm —i. Moreover q + iqy = 1.

(d) The siz functions (4) are holomorphic in a neighbourhood of Lo U Ly, and § = q, Gc¢ = qa,
JH = qu on Lo U Ly,

(e) The zero sets of q, qc and qu are the zero set of sm, the zero set of cm and the set of poles of
sm, respectively, and these three sets are pairwise disjoint.

Proof. (a) Periodicity holds since po € A. On Lo use (D2); for u € Lj, the point u — P = Reu + &
is real, and sm(u) = sm(u — P), cm(u) = cm(u — P). (b) cm(w)? =1 — (€i)3 = 1 + i, so sm’(w) =
cm(w)? # 0. (c) Near a pole of sm, gy = 1/(sm+i) — 0 and ¢ = 1 — iqy, so both are holomorphic
there; moreover (cm /sm)? = sm™3 —1 — —1, so cm /sm is bounded, hence holomorphic, near the
pole, with a cube root of —1 as its value, and g¢ = (cm /sm)/(1 + i/sm) is holomorphic there.
Elsewhere the only singularities are the zeros of sm+i; they are simple by (b), and the numerators
sm = —i, cm # 0 and 1 do not vanish there. The tilde functions are treated in the same way, and
q+iqgg = (sm—+i)/(sm+i) = 1. (d) On Lo U Lp the values of sm are real or oo, so sm=+i # 0
there, and (c) gives holomorphy near these lines. For real s and ¢ we have s/(s+1i) = s/(s — i),
¢/(s+1i)=c/(s—1i)and 1/(s+ i) = 1/(s—1); this gives the identities away from the poles of sm, and
at the poles by continuity. (e) By (c), ¢ is 1 at the poles of sm, so it vanishes exactly where sm = 0;
q vanishes exactly at the poles of sm; gg vanishes where cm = 0 (there sm® = 1, so sm is finite and



sm # —i) and nowhere else, since at a pole of sm its value is a cube root of —1. The three sets are
disjoint because sm = ¢cm = 0 contradicts sm3 +cm® = 1 and a pole of sm is a pole of cm. ]
4 The strip, the zero sets and the inner function

Recall S = {0 < Imw < h}, Ly = R, L, = R+ ih and ¢(z) = %Log %i‘j + %, with the principal
branch of the logarithm.

Lemma 4.1. The map v is holomorphic on Q = C\((—o0, —1]U[1, 00)) and maps D biholomorphically
onto S, with inverse ¢ ~!(w) = tanh % It maps the arc { : 0 <t < 7} onto Ly and the arc
{e* . <t <27} onto Lg. The map v ="' o (1 + po) is the automorphism
Z4+T T
= =tanh — € (0,1
v(2) 577 T = tan \/56( , 1),

with fized points +£1; it maps (—1,1) onto itself, and v*(x) — +1 as k — +oo for every x € (—1,1).

Proof. Since (14 z)/(1 — z) € (—o0,0] exactly when z € (—oo,—1] U (1,00), 9 is holomorphic on €.
The map z — (14 2)/(1 — z) sends D onto the right half-plane, which Log maps onto {|Im s| < 7/2};
hence (D) = S, and solving for z gives the inverse. For ¢ = e,

1 — ol — oitja —gija — LOtg;

whose argument is 7/2 for 0 < ¢t < 7 and —7/2 for 7 < ¢t < 27; so Im)(C) is h, respectively 0,
and Ret(¢) = log|cot £| runs through R on each arc. In the variable s = w(w — ih/2)/h we
have ¢~!(w) = tanh(s/2), and w ~ w + py becomes s — s + 7po/h = s + 27//3; the addition
theorem for tanh gives the formula for 7. The points of (—1,1) correspond to real s, and 7*(z) =

tanh(s/2 + kn/v/3) — +1 as k — +oc. O
Let
Zs={we S smw)=—i}, Zs={weS:smw)=i}, Z=v¢"YZs), Z=1¢ Zs).

Lemma 4.2. (a) Zg and ZS are invariant under w — wtpgy, consist of finitely many points modulo
po, are monempty, and have positive distance from Lo U Ly. Their points are simple zeros of
sm—+i and of sm —i, respectively.

(b) Z and Z are invariant under v and v~ satisfy the Blaschke condition, and the set of their
accumulation points on T is {—1,1} in both cases.

Proof. (a) Invariance follows from Corollary 3.2(a). In the compact rectangle R = [0, pp] x [0, h] the
function sm +: has finitely many zeros, since its zeros are isolated and cannot accumulate at poles
of sm, and it has none on Lo U Ly, where sm is real or co. Since Zg = (Zs N R) + poZ, the set
Zg is finite modulo pg and has positive distance from the two lines. The function sm induces a
nonconstant holomorphic map from the compact Riemann surface C/A to the Riemann sphere, which
is therefore surjective; take u € C with sm(u) = —i. As P € A and Im P = h, there is k € Z with
0 < Im(u — kP) < h, and Im(u — kP) # 0 because sm(u — kP) = —i is not real; so u — kP € Zg.
Simplicity is Corollary 3.2(b). The same arguments apply to Zs.

(b) The invariance follows from (a) and Lemma 4.1. For w € S write s = w(w — ith/2)/h = o + i3
with |8] < 7/2, so that z = ¢~ (w) = tanh(s/2) = (e¥ —1)/(e* + 1) and

Clef+ 1P —ef =12 4e7cosp

1—|z? = :
‘Z| |€s+1’2 |€s+1‘2

7



If o > 1, then [+ 1] >e” —1>e(1—e!);if o < —1,then [e*+ 1| > 1—¢€” >1—e}; and if
lo| <1, then 1 —|z|> < 1. In all cases

Ll 4
1—‘2"2§C()€||, O():m>€. (5)

Along a v-orbit wy, = wo + kpy we have oy, = ¢ + 27k/v/3, hence

ST wn)) < D51 - [T w)?) < Co Y eItV < oo,

keZ keZ kEZ

By (a), Z is a finite union of such orbits, so it satisfies the Blaschke condition. Since |tanh(s/2)F1| =
2/|le*$ 41| < 2/(e*? —1) for £0 > 0, the points of an orbit tend to 1 as k — oo and to —1 as k — —o0,
and only finitely many points of Z have |o| below any given bound. Hence the accumulation points
of Z on T are exactly —1 and 1. The same holds for Z. O

Let B and B be the Blaschke products with the simple zeros Z and Z , respectively, and put
0o = zBB. (6)

Proposition 4.3. 0y is a Blaschke product with 0(0) = 0, the zeros of B and those ofg accumulate
on T exactly at —1 and 1, and o(0p) NT = {—1,1}. Moreover |Bo~y| = |B| and |Bo~| = |B| on D.

Proof. By Lemma 4.2 and (H2), B and B exist, and 6, is a Blaschke product with zero set {0} UZUZ.
Its singular measure is zero, and the closure of its zero set meets T in {—1,1}; so o(6g) N T = {—1,1}
by the definition recalled in Section 1. The last statement is Lemma 2.2 with ¢ =+, since y1(Z) = Z
and v 1(Z) = Z. O

5 Proof of Theorem 1.1

With B, B and the functions (4) as above, define on I

F=B(qov), G=DB(qgov), H=DB(quo),
F=B(joy), G=B(Ggov), H=B(guo).

This agrees with (3). Proposition 4.3 gives part (a) of Theorem 1.1.

5.1 Holomorphy and the identities

By Corollary 3.2(c) and Lemma 4.1, the functions ¢ o ¥, qg o ¢ and qp o 1 are meromorphic on D,
and their poles are exactly the points of Z, all simple; B has a simple zero at each of these points.
Hence F, G, H are holomorphic on D, and they do not vanish on Z. The same holds for F', G, H
and Z. Away from Z and from the poles of sm o, (D1) and Corollary 3.2(c) give

(sm3 +cm3 —1) o9

FP+G>-H?>=B
* (smotp + )3

=0, F+iH =B (q+iqg) oy = B,

and by continuity both identities hold on . This proves (b) and the first statement of (d).



5.2 Boundedness
Lemma 5.1. The siz functions (7) belong to H.

Proof. Consider F. By Lemma 4.2(a) we can choose p > 0 smaller than half the distance between any
two distinct points of Zg and smaller than the distance from Zg to LoU L. The closed discs D(w, p),
w € Zg, are then pairwise disjoint and contained in S. By Corollary 3.2(c),(d), ¢ is continuous
on the compact set K = R\ U,cz, D(w,p), R = [0,po] x [0,h], so |g| < M on K for some M,
and by periodicity |q] < M on S\ Uwezs D(w,p). Since |B| < 1, we get [F| < M on D\ U, Uu,
where U, = ¥~ 1(D(w,p)). The closure of U, is ¥ 1(D(w,p)), a compact subset of D, and on
OU,, = ~1(0D(w, p)), which lies outside all the discs, |F| < M. By the maximum principle |F| < M
on U,,. Hence |F| < M on D. The other five functions are treated in the same way, with Zg in place
onSforﬁ,CN?,.FNI. [

5.3 Membership in the model space

Lemma 5.2. A.e. on T we have §yZF = ﬁ, 00zZG = G and 00zH = H. Consequently F,G, H € Kg°,
and F,G,H € Kgo for every p € [1,¢].

Proof. Let ¢ € T\ {£1}. By Lemma 4.1 and Corollary 3.2(d), g o ¢ and ¢ o ¢ are holomorphic in
a neighbourhood of ¢ in C, and ¢(¥(¢)) = q(¥(¢)), because (¢) € Lo U L. By (H1) and (H2), B
and B have nontangential limits of modulus one at almost every ¢ € T. At such a point ¢ # £1 the

boundary values are F(¢) = B(¢)g((¢)) and F(¢) = B(¢)g(¥(¢)), and

00(Q)CF(Q) = ¢B(OB(Q) ¢ B a(w(Q) = B BQ) d((() = F(C).

The same computation with ¢, ¢ and gy, ¢y applies to G and H. Since ﬁ, é, H e H® by Lemma 5.1,
Lemma 2.1 shows that F, G, H € Kg;’, and Lemma 2.1(a) gives the last statement. ]

Thus ﬁ, C:*, H are the conjugates of F', G, H in the sense of [Gar26b, Section 2.1]. The inner
function B = F + ¢H lies in Kg’; in agreement with Dyakonov’s remark that Kg° contains inner
functions only if #(0) = 0, and that these are then the divisors of §/z [Dyal4, p. 2], B divides
0o/z = BB. The factor z in 0o cannot be omitted for this triple: if F' and H belonged to some
Kg B then so would B, and by Lemma 2.1 the function Z B would be the boundary function of an

H? function, that is, B(0) = 0, which means v(0) = ih/2 € Zg; but ih/2 is not among the points of
Table 1 (numerically, sm(ih/2) = —0.629960. .. + 0.429160. . .17).

5.4 Linear independence

Suppose that aF + bG + cH = 0 on D with (a,b,c) € C3\ {0}. Dividing by B and composing with
Yt we get (asm+bem +c)/(sm+i) = 0 on S outside a discrete set, so asm +bcm +c = 0 on C by
the identity theorem. If b # 0, then cm = —(asm +4-c)/b, and (D1) gives sm® —(asm +¢)3/b> — 1 = 0.
Since sm takes infinitely many values, the polynomial X3 — (aX + ¢)3/b% — 1 vanishes identically, that
is,

a’ 3a2c 3ac C

1—b73:0, bTZO, 720, *:—1
The first equation gives a # 0, the second then gives ¢ = 0, and this contradicts the fourth. If b = 0,
then asm +c = 0 with sm nonconstant forces a = ¢ = 0. Hence F, G, H are linearly independent,

which is (c).



5.5 Inner factors

Lemma 5.3. The inner factors of F', G and H are, up to unimodular constants, the Blaschke products
whose zeros are the points of D at which sm oy vanishes, at which cm o vanishes, and at which sm o)
has a pole, respectively, with multiplicities. These three zero sets are pairwise disjoint.

Proof. Let f € {F,G, H} and write f = B (rot) with r € {¢,g¢, ¢ir}. The function f has no zeros on
Z, and off Z its zeros are those of ro1); by Corollary 3.2(e) these form the three sets of the statement,
which are pairwise disjoint. It remains to show that the singular measure p of the inner factor of f is
Zero.

The function f extends holomorphically across T \ {£1}: the factor r o) does by Lemma 4.1 and
Corollary 3.2(d), and the Blaschke product B does because the accumulation points of its zeros on T
are £1 [GMR16, Thm. 7.3.4 and Prop. 7.3.8]. By Lemma 2.3, u(T \ {£1}) = 0.

By Proposition 4.3 and the periodicity of r, |f oy| = |[Bo~||ro (¢ + po)| = |B||roy| = |f| on D.
Choose z € (—1,1) with f(x) # 0. By Lemma 4.1, 2, = v¥(x) € (—1,1) tends to 1 as k — oo, and
|f(zr)| = |f(z)| >0 for all k. If 4 had an atom of mass m > 0 at 1, then by (H3), for 0 < r < 1,

1—r? 1+7r
=) = Mlep(-m =)~ 0

£ < 1ol S ()] < £ oo exp(—m i

as r — 17, which is impossible. In the same way, z, — —1 as k — —oco excludes an atom at —1, since
(1—7%)/(1+7)? = o0 asr — —17. Hence pu = 0. O

If a nonconstant inner function divided two of the functions F', G, H, then by Lemma 5.3 and the

remark after (H4) it would be a Blaschke product whose zeros are common zeros of the two functions;
there are none. This completes the proof of (d), and of Theorem 1.1.
Remark 54. ||Flloo = ||Glloc = ||[H||oo = 1. Indeed, as |B| =1 a.e. on T, || f||oc is the supremum of
|r| on Lo U Ly, where s = sm and ¢ = cm are real; there |q| = |s|/V1+ s2, |qu| = 1/V/1+ s? and
lgc] = le|/V1+s2 < 1,as (1+5%)3 —(1—35%)?2 = 5%3s% +2s+3) > 0. The value 1 is attained by
lgc| and |gg| at w = 0 and by |q| at the real poles of sm, which exist since sm is real, pp-periodic and
nonconstant on R with sm’ = cm? > 0.

6 Proofs of the corollaries, and remarks

Proof of Corollary 1.2. The projective Fermat cubic is smooth, so [Gar26b, Theorem 1.1(a)] applies
to P = 2% + y3 — 23. By Theorem 1.1, #(c(6p) N T) = 2 and, for every p € [1, 00|, Ky contains the
triple (F, G, H) with P(F,G,H) =0 and dimspan{F,G, H} = 3. O

Proposition 6.1. Let ¢ be an automorphism of D and 0, = z (B o ©)(Boy). Then 0, is a Blaschke
product with c(0,) N'T = {p~1(=1)," (1)}, and the functions F o, G o, H o ¢ belong to K5,

are linearly independent, and satisfy (F o )3 + (G o ¢)? = (H o p)3.

Proof. By Lemma 2.2, B o ¢ and Bo @ are, up to unimodular constants, the Blaschke products
with the zeros ¢~ 1(Z) and ¢~ (Z). Since ¢! is a homeomorphism of D, Lemma 4.2(b) shows that
these zeros accumulate on T exactly at ¢ ~!(%1); hence 6, is a Blaschke product with o(6,) N T =
{o71(~1),¢1(1)}, and Bo ¢, B o have nontangential limits of modulus one a.e. on T. The Fermat
identity and the linear independence are preserved under composition with the bijection ¢. For ( € T

with () # £1, the functions gotop and gopop are holomorphic near ¢, and q(1)(¢(¢))) = q(¥(¢(C)))-
Hence, as in Lemma 5.2, a.e. on T

6p,ZFop=2(Boyp)(Bop)ZBopgodop=(Bop)(forop)=FopeH>,
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and Lemma 2.1 gives F oy € K, g;’; the same argument applies to G o ¢ and H o ¢. O

Proof of Corollary 1.3. Let a # b be points of E. The automorphism group of I acts transitively
on ordered pairs of distinct points of T (map b to 1 by a rotation, pass to the upper half-plane by
a Cayley transform sending 1 to oo, and translate), so there is an automorphism ¢ with ¢(a) = —1
and p(b) = 1. Let (e;);>1 be a sequence whose set of values is dense in E, and let 6; be the Blaschke
product with the zeros (1 — 2777 ¥)e;, j,k > 1; the Blaschke condition holds because Zj,k 27i—k = 1.
Every e; is an accumulation point of these zeros, and the set of accumulation points is closed, so it
contains F; conversely, if (1 — 2*3'"*]“”)6]-" — ¢ € T, then j, + k, — o0, hence e;, — ( and ¢ € E.
The Blaschke product § = 6,60, therefore has () N T = {a,b} U E = E, and by Proposition 6.1 and
Lemma 2.1(b) the functions F o ¢, G o, H o ¢ lie in Kg°. O]

Remark 6.2. The factor z in 6, matters. For a rotation ¢ the function 6y o ¢ also works, but its
boundary spectrum is an antipodal pair. For a general automorphism, 6y o ¢ = ¢ (B o go)(é o ¥),
and the computation in the proof of Proposition 6.1 gives (fgo p)ZFop = Zp (ﬁ o) a.e. on T.
For g € H*, the function Zg is the boundary function of an H' function if and only if g(0) = 0; so
by Lemma 2.1, F' o ¢ lies in some Kpow if and only if ¢(0)F(¢(0)) = 0, which fails for a general
automorphism. On the other hand z (6y o p) = ¢ 6, is a multiple of 6, so it works by Lemma 2.1(b).

Remark 6.3. In Garcia’s proof of the one-point case [Gar26b, Lemmas 3.4 and 3.7], a nontrivial triple
and its pseudocontinuation glue to a holomorphic map from the sphere minus one point into the cubic,
which is lifted through the universal covering C — C/A and shown to be constant. For our triple
the glued map is z s [sm : cm : 1](1(z)) on C \ {£1}; it is single-valued, because a loop around =+1
changes ¥ by £2ih = +po(1 + 2w) € A, and for |z| > 1 one checks that ¥(1/Z) — ¢(z) € {0,2ih}.
Since C \ {1} is conformally equivalent to C \ {0}, which is not simply connected, the lift is not
available, and there is no contradiction.

7 Numerical checks and reproducibility

All statements of this note are proved without computation; the computations are checks. The re-
producibility package contains the program of this note, check_note.py (Python 3 with mpmath,
numpy and sympy; about ten seconds; it reads no files and writes only to standard output), with
its recorded output, and the programs and outputs of the first computation (original/), of the
two verification runs (verification_run_A/, verification_run_B/), which compute Dixon’s func-
tions by other methods and test further wrong inputs, and of the verification run on the final text
(independent_run_2/), described at the end of this section. Its README.md gives command lines,
running times and what each program checks. All recorded outputs were reproduced by re-runs from
the package.

The program of this note checks in exact arithmetic the algebraic identities used in the proofs,
among them those in the proofs of Lemma 3.1 and Corollary 3.2, 2ih = po(1+ 2w), and the coefficient
system of Section 5, whose only solution is a = b = ¢ = 0. It computes sm = 6p/(1 — 3p’) and cm =
(3p'+1)/(3¢'—1), with p the Weierstrass function for go = 0, g3 = 1/27, to 40 digits from the Laurent
series of p and a reduction modulo ppZ[w]; the lattice is tested by comparing the series at points that
differ by a period, and the formulas are tested against (D1), which identifies them with Dixon’s
functions. It finds pg = 5.2999162508563498719... = B(%, %), h = 4.5898621111715786247 ..., and
exactly three solutions of each of the equations sm = i in [0, pg) x (0, h) (Table 1); so Z and Z consist
of three v-orbits each. The points of Zg form an equilateral triangle with centroid po/3 +2ih/3, those
of Zg are the points of Zg + P modulo py, and sm has three poles in [0,p0) % [0,h), one of them the
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Zg: solutions of sm(w) = —i Zg: solutions of sm(w) = i

0.749770454882856 + 3.646997258195469 1  0.133548920259869 + 0.942864852976109 ¢
1.766638750285450 + 1.8857297059522194¢  3.399728580311031 + 0.942864852976109 ¢
2.783507045688044 4+ 3.646997258195469¢ 4.416596875713625 + 2.704132405219360 %

Table 1: The zeros of sm =i in [0,pg) x (0, k), rounded to 15 decimals (computed to 40 digits).

real pole 2pg/3. The zeros agree to 7 - 10725 with those of the first computation, which integrated
(D1) by Taylor series.

In double precision, with the Blaschke factors written in the strip variable s of Lemma 4.1, the
program tests membership from the definition: for f € K62 — H?© 0H? the inner products (f,0z%) =
I f 07z dm vanish for & > 0. Computed by quadrature on the two boundary lines, where dm =
sech(mz/h) dz/(2h), © = Rew, they are below 2.2-10716 in absolute value for f = F,G, H, § = 6 and
k=0,...,8, while wrong inputs give values up to 0.10 (¢ = BB, factor z omitted), 0.28 (§ = zB) and
7.9-1073 (a strip of height 0.97h, on whose upper line sm is not real). For ¢(z) = e’ (2 —c)/(1 —¢z),
¢ = 0.3+ 0.2¢, whose boundary spectral points are not antipodal, the inner products for F o p, G o ¢,
H o and 6, are below 2.6- 10716, while [(F o, 00 )| = 0.0572858 = |p(0) F'(¢(0))], as Remark 6.2
predicts. The identities F3 + G = H3 and F + iH = B hold to 6.4 - 1076 at 4000 random points,
and the suprema of |F|, |G|, |H| on a grid of the closed period rectangle are 0.999998, 0.999998 and
0.999978 (Remark 5.4).

The programs of the verification run on the final text (independent_run_2/; mpmath with 40
digits, about two minutes) use other methods: Dixon’s functions by Taylor integration of (D1), by
Abel integrals on the cubic, and through the Weierstrass function written with Jacobi’s function cn;
the zeros of sm i from the integrals OJFZ dt/(1—13)%/3 and the automorphism u — w(u —po/3) +po/3
of the curve; Blaschke products as products of the factors b, in the variable z; and integrals over T in
the angle, with nodes graded towards 1. They reproduce pg, Table 1 (to 4.6 - 10716, the rounding),
the poles and the value 0.0572858; the inner products (f,6pz*) are below 5- 1071 (below 8 - 10~1°

after transport by another automorphism), and for § = BB they are F(0), G(0), H(0) (of absolute
values 0.0774 ..., 0.1015..., 0.1015...) for £ = 0 and vanish for k£ > 1, as Lemma 5.2 predicts.

Verification. The result was first obtained, with an earlier written form of the proofs of Sections 3
to 5, with the programs in original/. Two independent verification runs, both Al-assisted, followed;
each wrote its own programs. Both re-derived every step of the proof of Theorem 1.1 and confirmed
it; the first also proved F' +iH = B, the coprimality of the inner factors and Remark 5.4. Both found
that the earlier justification of Corollary 1.3 was wrong, since it used rotations, which only reach
antipodal pairs; both proved the corrected form (Proposition 6.1) and checked it numerically. Their
other required corrections concern notation and wording, for instance the constant term ¢3/b% = —1
in Section 5 and the bibliographic data of [Dya23a]; all were made. Lemmas 2.2 and 2.3, the present
proof of Lemma 5.3 and the program check_note.py were written after the two runs, together with
this text; the first run had proved Lemma 5.3 with a different argument for the singular measure on
T\ {£1}. The program check_note.py is the exact program of this note.

A further Al-assisted verification run, called run 2 in the package, then examined the final text:
first the parts that the two runs had not seen (Lemmas 2.2 and 2.3, the proof of Lemma 5.3, Remark 6.2
and check_note.py), then all other proofs, line by line. It read the sources again (the problem page
with the bar over H}, [Dyald], [Gar26a, Gar26b], [Dya23a, Dya23b] and Section 1 of [CF06], all but
the problem page in their arXiv versions), wrote its own programs, ran all programs of the package
again from the source archive, with identical outputs, and repeated the search of the literature. It
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found no error in a proof and no earlier answer to the question. Its required corrections, all made:
the page numbers of [Dyal4] are now said to be those of the arXiv version; the reason why the factor
2 cannot be omitted in Section 5.3 (B(0) # 0) is now given; a symbol used twice in Section 4 was
renamed; the digits of pp and h in this section were corrected; the papers [Dya23a, Dya23b| are

described more precisely; and the searches of this run are recorded below.

Scope and priority. The note answers Problem 2 of [Dyal0O, Dyald4|, the Fermat part of record
OWR-4531-016 [ula26], negatively for n = 3 and every p € [1,00]. The case n > 4 is not addressed
here, and neither is Problem 1 on extreme points; so the record is answered only in part. The
question and the positive answer for finite Blaschke products are Dyakonov’s [DyalO, Dyal4]; the
positive answers for n > 4 with boundary spectrum of capacity zero and for n = 3 with at most one
boundary spectral point are Garcia’s [Gar26a, Gar26b]; Dixon’s functions are classical [Dix90, CF06],
and so is the solution of the cubic Fermat equation by elliptic functions (Gross, Baker; see [Gar26a,
Remark 1.2]). The contribution of this note is the explicit counterexample of Theorem 1.1 and
Corollaries 1.2 and 1.3; to our knowledge they are new. No printed answer to the question was found
in the sources searched: [Dyal0O] (the problem page), [Dyal4], [Gar26a] and [Gar26b], read in full;
Garcia’s arXiv listing and the submissions in math.CV and math.FA announced up to 16 October
2026, checked twice on 17 October 2026, the second time by run 2; the works citing [Dyal4] listed
by Semantic Scholar (titles: besides [Gar26a, Gar26b, GMR16]|, two papers of Dyakonov on extreme
points [Dya23a, Dya23b], which mention Problem 1 as open and do not mention Problem 2, and an
unrelated paper); queries to zbMATH Open, Crossref and Semantic Scholar; and six web searches.
Keyword queries to the arXiv interface and the citation lists of OpenAlex were refused (rate limits).
A search that finds nothing is not a proof of novelty, and no priority is claimed. We did not read
[Dix90]; what we say about it is taken from [CF06], of which we read Section 1 (arXiv version). The
books [GMR16, Gar07] are cited for standard facts and were not consulted; the facts on the boundary
spectrum are quoted from [GMR16] as stated in [Gar26a, Gar26b].

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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