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Abstract

Grabowski asked what the set C(Z/21Z) of £*-Betti numbers arising from the lamplighter
group is, that is, of von Neumann dimensions of kernels of square matrices over its rational group
ring, and whether C(Z/p 1 Z) contains irrational algebraic numbers (Invent. Math. 2014). Ara
and Claramunt obtained 1./2/7 and £/27/(2f — 1), t > 3, as virtual (>-Betti numbers of Z/21Z,
that is, as differences of two ¢2-Betti numbers, and asked for a concrete matrix whose kernel has
dimension i\/2/77 (J. Algebraic Combin. 2021, Remark 4.14). We give genuine witnesses for these
numbers. An explicit T € Ms(Q[Z/21Z]) built from five lamp bits and the shift t°, with 327
integral, has dim,y ker T' = % SN Wa327N = % 2/7, where Wy =3, (gﬁ) (2kk)25k14N_2k; a
family 7(") with n+2 lamp bits gives $4/27/(2" — 1) for every n > 2. So every number of the family
listed by Ara and Claramunt lies in C(Z/217Z); the other elements of their group of virtual values
are not treated. With p; = %(1+ej +-- o+e§71) the same template gives, for every integer p > 2, an
explicit T}, € M2 (Q[Z/p1Z]) with p*T, integral and dim,y ker T}, = (”le)2 (p—1)/(p+ 3), which
is irrational of degree 2 because (p—1)(p+3) = (p+1)2 —4 is never a square; for p = 3 it is 44/3/27.
All values are proved twice: by Pontryagin duality with a decomposition into counter matrices,
and by Liick’s approximation theorem with an exact formula on finite quotients. The questions
and the frameworks are Grabowski’s and Ara and Claramunt’s; the balanced-word counter is the
mechanism of Ara and Claramunt and of our two companion notes, which gave v/5/20 and /2 for
p = 2. Apart from these notes, the sources we searched contain no earlier non-virtual irrational
algebraic £2-Betti number of a group Z/p!Z; a search that finds nothing is not a proof of novelty.
A description of C(Z/21Z) remains open. This is an unrefereed note.

1 Introduction

1.1 The questions

Let G be a countable discrete group. Following Grabowski [Gral0, p. 2366], [Grald, §1], a non-
negative real number r is an £2-Betti number arising from G if there is a square matrix 6 € M,,(QG)
whose kernel, acting on £?(G)™, has von Neumann dimension r; the set of these numbers is C(G). The
dimension is the unnormalized one, a number in [0, m] (Section 2.1); this is the trace tr ® 7¢ of [Gral4,
§1], and only with it can the Atiyah conjecture for torsion-free groups be stated as C(G) = N, as in
[Gral0, p. 2366] and [Gral6, p. 795]; in [Gral6] the matrices have entries in ZG, and our witnesses
are square and become integral after scaling. Ara and Claramunt write C(G,Q) for the same set
[AC21, Definition 2.2] (matrices over QG acting on the left, unnormalized trace) and G(G,Q) for
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the subgroup of (R,+) that it generates; they call the elements of G(G,Q) virtual ¢?-Betti numbers
[AC21, Remark 4.14].

In the UnsolvedMath collection [ula26] (version 1.6.0) the record OWR-4428-012 is Question 5
of Grabowski’s Oberwolfach abstract, “What is C(Z/21Z)?” [Gral0, p. 2368], listed as partially solved;
the same question is Question 3 in [Gral4, §lc| (in the numbering of the arXiv version v4, which
we use; [GS21, AC22] cite it as Question 1.7). This note gives new elements of C(Z/21Z) but no
description of the set, so the record remains partially solved. It answers two published questions
about such sets.

Grabowski’s question. In [Grald, §lc], after recalling that Lehner and Wagner found irrational
algebraic numbers in C(Z/pl F) for free groups F,; [LW13] and that C(Z/plZ) contains transcendental
numbers for every p > 1 (see [Gral6, Theorem 2]), Grabowski writes: “This raises the question
whether C(Z/pZ  7Z) contains irrational algebraic numbers.” The passage is on p. 5 of the arXiv
version v4; Ara and Claramunt cite it as [Gral4, p. 32], a page of the journal version, which we could
not compare. The next sentence announces algebraic numbers of degree k in C((Z/pZ 1 Z)*), to be
shown in a future version of [Gral6]; this concerns the direct powers, and neither the arXiv version v4
nor the journal version of [Gral6] contains such a result. For p = 2, and hence for every even p, the
question was answered by our companion notes [Fer26a, Fer26b]; in the literature we found it open
for every p. For odd p the group Z/p!7Z has no element of order 2, so it contains no copy of Z/217Z
and the notes do not help.

The question of Ara and Claramunt. Ara and Claramunt obtained 1/2/7 € G(Z/21 Z, Q) from the
language of the words in two letters x1, xo with |w|z, = |w|z, [AC21, Theorem 4.13], and, from other
pairs of letters, the numbers é 2t/(2t — 1), t > 3, the case t = 3 being %\/2/77 (the paragraph after
[AC21, Theorem 4.13]; we call these numbers the listed family). In [AC21, Remark 4.14] they explain
that i 2/7 is a difference a; — o of two £2-Betti numbers, ask whether it is itself one, and, in that
case, for “a concrete matrix over QI' witnessing this fact”; this would answer the question of Grabowski
quoted above, and they know no group G with C(G,Q) # G(G,Q) NR. Their Proposition 4.11 and
Theorem 1.1 give many further elements of G(Z/217Z,Q); we do not treat them. The journal version
has the same numbers (pp. 1238-1239).

1.2 Results

Let p > 2 be an integer and G, = Z/p1Z = (@jez Z/p) x Z, with the lamp generators e; (e? =1)
and the generator ¢ of Z, tejt_l =e¢j41. In QG,, put

~1
pi=y(tejtef+ ), m=p,  m=1-pp
for p = 2 these are 77; = %(1 +e;) and 7j = %(1 — €j), as in [Fer26a, Fer26b]. For x, o, 8 € QG and
an integer r > 1 let

x— (1 =x)a+(1—x)t -X

T[XaO‘)B;T] = < Xtr (1_X)tT_XtT_(1_X)B

> € My(QG), (1)

the form of the matrices of [Fer26a, (2)] (r = 2) and [Fer26b, (1)] (r = 3). All dimensions are
unnormalized (Section 2.1); with the normalized trace on My every value below would be halved.

Theorem A. Let p=2 and

! __/ P ! _/ /
X =mom1, « =1+ (1—mom)nymy — mymimomsmy, [ =1+ (1 — mom)mams — mommaWITY,



and T =T[x,a, 5;5]. Then 32T € My(Z|Z/2Z]), and

, 1 Wy 1 \/5 V14 N\ (2N o p Nk
dimykerT=72> my=g\7= %> W=D <2k) < k> g

N>0 k>0
This number is a root of 56 X2 — 1, which is irreducible over Q.

Corollary B. The numbers %\/2/77 and £/2"/(2" —1), n > 2, of Theorems A and C lie in
C(Z/21 Z), with the square integral witnesses 32T and 22T : so do their sums with non-negative in-
teger coefficients, and they lie in C(Z/MZ) for every even p. In particular every number %\/Qt/(Qt -1),
t > 3, of the family listed by Ara and Claramunt is a genuine ¢>-Betti number arising from 7./2 Z;
for i\/2/77 (t = 3) this answers the question of [AC21, Remark 4.14], with a concrete matriz over
Qr, indeed over ZI', where I' =7 /21 Z.

Theorem C. Letp=2,n>2andr =n+ 2, let

r—1 r—1

!/ / !/ /

anp =14 (1 —momy)myms — | | T, Brn =1+ (1 — momy)mams — mymw T3 H T,
=0 j=4

and T = T[momy, o, B; 7], so that TG) =T. Then 27T™ € My(Z[Z/21 7)), and

(n)
1 W 1 2m N 2k
imon ker 7Y — — N_ _ -] wm — }: 2k :N—2k
di VN Ker 16 Z arN gV on_1’ N 2%k k Up Iy )

N>0 k>0

where up, = 3-2""2 — 1 and i, = 3-2""1 + 2. This number is a root of 64(2" — 1)X? — 2", which is
irreducible over Q; for n = 2 it is \/3/12, for n = 3 it is %\/2/7.

Theorem D. Let p > 2 be an integer, a = py, b= p1, and T, = T'mom1, 1 + w(mi, 1 + momy; 2], that
18,

(Tp)11 =1 —3a—2b+3ab+ (a+b—ab)t?, (Tp)i12 = —(1 —a)(1 —b),
(T)21 = (1 —a)(1 — b)t?, (Tp)22 = —a — 2b+ 2ab — (1 — 2a — 2b + 2ab)t>.

Then p*T, € M2(Z|Z/p 1 Z]), and

ke, = (20)' 3 B - (g =3 () (o

N>0

This number is irrational and algebraic of degree 2, a root of p*(p + 3)X?% — (p — 1)°, because (p —
)(p+3) = (p+1)% — 4 lies strictly between p*> and (p + 1)2.

Corollary E. For every integer p > 2 the set C(Z/pl7Z) contains irrational algebraic numbers of
degree 2, together with all their positive integer multiples; for instance 4v/3/27 for p =3, 8/2/25 for
p =5 and 36v/15/245 for p = 7. So Grabowski’s question of [Gral4, §1c| has a positive answer for
every p > 2.

The primality of p is not used. For p = 2, T» is the matrix T of [Fer26a, Theorem 2] and Theorem D
gives v/5/20 again; so Theorem D adds no new element of C(Z/21Z), while Theorems A and C do;
and the question of [Gral4, §lc] is not itself a record of [ula26].

The three theorems are instances of one statement, Theorem 3.7. For a partition of the bit patterns
b € {0,1}" into markers, a non-empty set M, and the letters U, D, I, let x, « — 1 and 8 — 1 be the



sums of the idempotents &, = [[,(m; or 7}

1) over M, U and D. In the Fourier picture every position
carries a random pattern b, with probability ¢(b) = (p — 1)/ /p"; between two consecutive markers
the fibre operator is a counter matriz, which has a one-dimensional kernel if U and D occur equally

often in between and a zero kernel otherwise; and

dimyy ker Tx, o, B;7] = q3, (1 — q1)* — 4(]UQD)_1/2 < qum, (2)

where ¢x is the probability of the class X. We prove this by Pontryagin duality (Section 3.4) and
again by Liick’s approximation theorem with an exact formula on the finite quotients Z/p ! Z/rP
(Section 3.5).

1.3 What is new, what is not, and what stays open

The questions, the definition of C(G) and the framework are Grabowski’s [Gral0, Gral4, Gral6]; the
virtual values, the listed family and the question answered in Corollary B are Ara and Claramunt’s
[AC21]. The mechanism is not new: counting balanced words through ), (2:) P = (1-42)"1%is
how Ara and Claramunt obtained the listed family as virtual values [AC21, Theorem 4.13], and the
matrix form (1), the Fourier picture and the decomposition into counter matrices are those of our
companion notes [Fer26a, Fer26b], which treat p = 2 with two and three lamp bits; Theorem 3.7 is
their common proof, written once for all p, all numbers of lamp bits and all partitions. For general
p the bit [x; # 0] corresponds to the splitting of Z/p into {0} and {1,...,p — 1} used by Grabowski
[Gral6, §4]. Pontryagin duality, used for such computations by Austin [Ausl3] (see [Gral0, p. 2366])
and by Grabowski [Gral4, Gral6], and Liick’s approximation theorem [Liic94] are standard. To our
knowledge Theorems A and C, which give genuine witnesses for the listed family, and Theorem D for
odd p are new; no priority is claimed, and the proofs are short once the counter of [Fer26a] is known.
The literature search is described in the paragraph “Scope and priority” in Section 6.

Open remain: a description of C(Z/217Z), which is the question of the record and the first part of
[Gral6, Problem 4, p. 796] (its concrete part, v/2 € C(Z/217Z), was answered in [Fer26b]); whether
the other elements of G(Z/217Z,Q) of [AC21, Proposition 4.11 and Theorem 1.1] lie in C(Z/21Z); a
description of C(Z/p 1 Z) for odd p; whether some C(Z/p!Z) contains an algebraic number of odd
degree greater than 1; and the question of Grigorchuk and Simanek for single self-adjoint elements of
Q[Z/2:Z] [GS21, §7, Question 6(a)], since our witnesses are 2 x 2 matrices.

2 Conventions and common lemmas

2.1 Groups, traces, kernels

Let p > 2 and A, = @jez Z/p, the group of finitely supported sequences g = (g;)jez, written
additively; e; has a single 1 at j, and g = Hj e?j multiplicatively. Let G, = A, x Z with tejt_l = €j+1;
every element is uniquely gt*, and (gt*)(ht!) = (g + o*h)t** (oh); = hj_1.

For a countable group G, the group ring acts on ¢2(G) by left multiplication, A\()d, = &, and
M, (QG) acts on column vectors in £2(G)™. Let L(G) be the von Neumann algebra generated by
A(G), with the trace 7(0) = (8c, be) and 7,(0) = >, 7(6i) on My, (L(G)). For a € M,,(QG) we put
dimyx kera = 7 (Pier x(a)) € [0,m], where Piera) € M (L(G)) is the orthogonal projection onto
the kernel. This is the dimension of [Gral0, p. 2366|, [Gral4, §1] (pp. 2-3 of the arXiv version v4,
before §la) and [AC21, Definition 2.2]; in [Gral4, §1] the kernel dimension of a matrix that is not
self-adjoint is defined through a*a, which gives the same number, since ker a*a = ker a.



Lemma 2.1 (left and right; [Fer26a, Lemma 5.1]). For a square matriz a € M,,(QG) the kernel
of right multiplication 1 — na on row vectors in £*(G)™ has the same von Neumann dimension as
ker A(a). The same holds for a finite group in place of G, with dimc of kernels.

Proof. The unitary Jo, = J,-1 fixes d. and satisfies J(£b) = A(b*)JE for b = > bz € QG,
b* = >, bzl so it conjugates right multiplication by a to A(a*), (a*)ji = (a;;)*. By the polar
decomposition in M,,(L(G)) the projections onto (ker A(a))* and onto Tan A(a) = (ker A\(a)*)* have
the same trace, so 7y (PierA(a*)) = Tm(PrerA(a))- For a finite group, a matrix and its conjugate
transpose have the same rank. ]

Remark 2.2 (a third reading). If each entry acts on column vectors by convolution from the right,
§ — (22;&jaij)i, then J conjugates this operator to A(a), a;; = (a;;)*. As a — a is a bijection of
M,,(QG), this reading gives the same set C(G), but the witness for a value is then the entrywise
adjoint T of our T. For Ty itself this reading gives other values on the finite quotients, for instance 8
instead of dy(T3) = 27 (Sections 2.2 and 5.1), as a verification run found and the second independent

verification run confirmed; its value on Z/317Z was not computed.

Lemma 2.3 (sums and subgroups). (a) For a € M,,(QG) and b € M,(QG), dimy ker diag(a,b) =
dimyy ker a + dimyy ker b; so C(G) is closed under addition.

(b) If H is a subgroup of a countable group I and a € M,,(QH), then the von Neumann dimension
of the kernel of a is the same over H and over I'; hence C(H) C C(T") [Gral0, pp. 2366-2367]. For

even p, the map e; — e§/2, t—t embeds Z/2Z into Z/plZ, so C(Z/2Z) C C(Z/plZ).

Proof. As in [Fer26b, Lemma 2.2]. (a) A(diag(a,b)) = A(a) ® A(b), and Tp,4r, adds the traces of the
diagonal entries. (b) #2(I')™ is the orthogonal sum of the \(a)-invariant spaces ¢?(Hy)™, Hy a right
coset, each mapped onto £2(H)™ by the right translation &, d,y-1, which intertwines the actions of
a; and 8. € (2(H)™. The elements of order at most 2 of A, form a shift-invariant subgroup isomorphic
to As. O

2.2 Pontryagin duality

Let X = (Z/p)? with the product u of the uniform probability measures on Z/p (the Haar measure
of the compact dual group of Ay), let (7x); = 41, and let { = e2mi/p,

Lemma 2.4 (fibre operators). There is a unitary W: £2(G,) — L*(X X Z, p® counting) with Wo, =
1x ® 0o such that, for g € A, andl € Z,

(WAt YW ) (z, k) = (25 9%* ®(x, k — 1), (3)

Consequently, for a € My, (QG,) the operator WA(a)W =L, applied componentwise, acts fibrewise:
(WA(@)WL®)(x,-) = 0,(a)®(x,-), where 0,(a) is the operator on (2(Z)™ obtained by replacing every
group element gt' in the entries of a by f — (k: — CZJ' 9i%i=k f(k — l)) For every x the map a — 0,(a)
is multiplicative, 0,(p;) is the multiplication by k — [xj_, = 0], and 0,(n;) is the multiplication by
k= [z # 0.

Proof. Asin [Fer26a, Lemma 5.2] for p = 2. The characters x4(z) = ¢ 259% g € A,, are orthonormal
in L?(X, ), since [ xgXn dp = I1; 1% Zyez/p ¢9i=hi)v = [g = h], and their span is a unital *-subalgebra
of C(X) that separates points, hence dense by the Stone-Weierstrass theorem; so they form an
orthonormal basis, and Wy : dyr — Xg ® 0 is unitary. From e; gth = (g + ej)tk and Xgte; = (" Xy
we get (Wid(e;)W; 1 0) (2, k) = (% U(z,k); from ¢t - gt*F = (og)t**! and xoq(z) = x4(T7) We get



(WA W) (2, k) = U(ra,k—1). Let (VU)(x,k) = U(7Fz, k), a unitary since 7 preserves u, and
W = VW,. Since (17F2); = 2y,

(WAOW L) (z, k) = (V7 I0) (r P, k—1) = ®(x, k—1), (WA(e; )WL) (2, k) = ("i-+®(x, k),

and Wé, = V(1x ®dp) = 1x ® dp. The operators 8,(e;) (multiplication by k +— (*i-*) and 0,(t) (the
shift f — f(- — 1)) satisfy the relations of G, for instance (0 (t)0z(e;)0.(t)~Lf)(k) = (Ti+1-k f(k);
so 0, is a representation of G, extended linearly to QG), and to matrices, and the operator that
replaces gt is 0.(11; e?j) 0.(t)!. This gives (3) and the fibrewise action. Finally 6,(p;) multiplies by
% ST (eTi—k = [k = 0], which holds for every integer p > 2. O

Lemma 2.5 (trace formula; [Fer26a, Lemma 5.3]). Let a € M;,(QG)). Suppose that for p-almost
every x an orthogonal projection Py on (2(Z)™ with range ker 0,(a) is given, such that x — (P&, n)
is measurable for all standard basis vectors £&,m. Then

dimn kera = Z/ (Py(0p ® €), 00 @ ;) du(z), (4)
i=17X
where €1, ...,&m s the standard basis of C™.

Proof. The operator (P®)(x) = P,®(x) on L?(X;¢?(Z)™) is an orthogonal projection, whose range
consists of the ® with ®(z) € kerf,(a) for almost every z; by Lemma 2.4 this is ker WA(a)W 1. So
WlPW = Prer A(a), and Wi, = 1x ® dg gives (4). O

For K >1let G,k =Z/plZ/K = (@Z/KZ/p) x Z/K, of order Kp¥, and let px: G, — Gp K,
o (gth) = gtF mod K with g, = 3 j=s (k) 953 this is a surjective homomorphism, since reduction mod-
ulo K commutes with the shift. For a € M,,(QG)) let ax be its image, acting by left multiplication
on C[Gp k]™, and

dim(c ker aK
dK(a) = ’G K|
p1

Lemma 2.6 (finite Fourier transform; [Fer26a, Lemma 6.1]). For x € Xg = (Z/p)%/% let

QQ(UK)(a) be defined as in Lemma 2.4, with all indices taken modulo K. Then dimckerax =
(K)

> wex, dimker 0y (a).

Proof. The proof of Lemma 2.4 applies to the finite group (Z/p)*/X: the characters x,, g € (Z/p)
as functions of z € X, form an orthogonal basis of CX% and (VW)(z, k) = ¥ (7~ ¥z, k) is well defined
since 7K is the identity. So left multiplication by ax is conjugate to the direct sum of the operators
0% (a). 0

Z/K
)

3 The counter template

3.1 The operator of a partition

Fix p > 2 and » > 1. The elements m; and 7r§ = p; are complementary idempotents (e;p; = p;, hence
p? = pi), and all of them commute. For b € {0,1}" let

r—1 .
m if by =1,
Ey =
’ H{' if b; = 0

i—o \Ti



the e, are pairwise orthogonal idempotents with ) , e, = 1. Let {0,1}" = M UUUDUI be a partition
with M # &; the patterns in M are markers, those in U, D, I the letters U, D, 1. Put

X=> & a=14+> &, B=1+> &,  T=Tao/p"], (5)
beM beU beD

with T[] as in (1). For b € {0,1}" let [b| = >, b; and q(b) = (p — 1)I*l/p", so that 3=, q(b) = 1, and
for X € {M,U,D, I} let qx =) ,cx q(b).
Lemma 3.1 (the entries). The elements x, o — 1 and 5 — 1 are pairwise orthogonal idempotents,
xa = xp = x, and
Tu=02x-1)—(a=-1)+A-x)t", Tie=-x, Tn=xt", To=>01-2)"-1-x)-(B-1).
Only t° and t" occur, and p"T € Ma(ZG)).
Proof. The three elements are sums of the g, over disjoint sets. So xa = x + x(a — 1) = x, and
(I —x)a=(1-x)+ (a—1) since x(a — 1) = 0; likewise for . Inserting this into (1) gives the four
entries. Every p; lies in %ZGP, so every ¢y lies in p~"ZG),. 0

3.2 Classes, symbols and rows

Fix 2 € X. Since only t° and " occur in 7T, the operator 6,(T) of Lemma 2.4 maps the functions
supported on a residue class of Z modulo r to functions supported on the same class. For ¢ €
{0,...,7 — 1} we call the index k = —rm — ¢ the position m € 7Z of the class ¢, and, the class being
fixed, we write f,(m) = fu(—rm —¢) and fo,(m) = f,(—rm —¢) for f = (fu, fo) € *(Z)%. Let
v(y) = [y # 0] for y € Z/p. The symbol at the position m of the class c is

om(T) = (V(xrm-i-C)v V(Trmtet), -+ V(xrm—&-C-i-r—l)) € {0, 1}".

By Lemma 2.4, at the index k = —rm — ¢ the element m; acts by v(x;—x) = v(Zpmieri) and 7w by
1—v(@pmtcti), SO €p acts at the position m by [0S, (x) = b]; and (0, (t") f)(—rm—c) = f(—=r(m+1)—c)
is the value at the position m + 1. Hence at the position m the element x acts by 1 if of, (z) is a
marker and by 0 otherwise, o by 2 if ¢ (x) € U and by 1 otherwise, and 8 by 2 if 0¢,(z) € D and by
1 otherwise.

Lemma 3.2 (rows). In the class ¢, the two coordinates of 0,(T)f at the position m are
fu(m) — fu(m) and fu(m+1)— fu(m+1) if ot () is a marker,
fulm+1)—a fu(m) and fo(m+1)—=>bf,(m) ifol,(x) is a letter,

with (a,b) = (2,1), (1,2), (1,1) for the letters U, D, I.

Proof. As in [Fer26a, Lemma 5.4]. By (1) and the multiplicativity of 6,, the first coordinate is

(x — (1 =x)a) fu+ (L =x)t" fu — xfo and the second is xt" fu + (1 = x)t" fu — xt" fuo — (1 = x) B f», where
X, «, B act by multiplication at the position m and ¢" brings the value from the position m+ 1. Insert
x = 1 at a marker, and x =0, a = a, 8 = b at a letter. [

3.3 Counter matrices and segments

Definition 3.3 (counter matrices; [Fer26a, Definition 3.2]). For N > 0 and a word s = sg---Sny—1
over {U, D, I}, the counter matriz M is the (2N + 2) x (2N + 2) matrix which, applied to z =
(ug,vo, u1,v1,. .., un,vN) ", has the rows

Uy — Vg, Uir1 — iy,  Vip1 — by (0<i< N —1), UN — VN,

in this order, where (a;,b;) = (2,1), (1,2), (1,1) for s; = U, D, I; for example My = (] _1).

7



Lemma 3.4 (kernel; [Fer26a, Lemma 3.5]). dimker My =1 if #U(s) = #D(s), and dimker My = 0
otherwise, where #U(s) and #D(s) are the numbers of letters U and D in s.

Proof. The first 2N + 1 equations of Myz = 0 hold if and only if u; = A;ug and v; = Bjug for
all i, where A; = agp---aj—1 and B; = by---b;_1; the last one then reads (Axy — By)up = 0, and
Ay = 2#U() By = 2#D(s), 0

Lemma 3.5 (segments). Let m < m' be positions of markers of the class ¢ with only letters in
between, forming the word s € {U,D,I}N, N =m/ —m — 1. The rows “second coordinate at m”,
“both coordinates at m + 1,...,m' — 17 and “first coordinate at m'” of the class ¢ involve only the
columns (j,u), (j,v) withm +1 < j <m/, and no other row involves these columns. In the order of
the rows just listed and of the columns (m+ 1,u), (m+1,v),...,(m/,u), (m',v) this block is M. If =
has markers of the class ¢ at infinitely many negative and at infinitely many positive positions, then
the part of 0,(T) on the class c is the direct sum of these finite blocks, and the orthogonal projection
onto its kernel is the direct sum of the projections Pyer pr, -

Proof. As in [Fer26a, Lemma 5.5], with Lemma 3.2: the second coordinate at the marker m involves
only the position m + 1, the coordinates at a letter j involve j and j 4+ 1, and the first coordinate at
m’ involves only m’; so a position j € [m + 1, m’] occurs only in rows at j and j — 1, all of them listed.
With w; = fu(m+141), v; = fu(m+141) the listed rows are those of M,. Under the hypothesis on
x every row and every position of the class belong to exactly one segment (the first coordinate at a
marker to the segment ending there, the second to the one starting there), so the class part is block
diagonal with these finite blocks, and its kernel is the ¢2-direct sum of the block kernels. O

3.4 The value
Lemma 3.6 (weighted count). For N > 0 let

_ #U(s) #D(s) #I(s) _ N\ (2k k N—2k
wy = > a7 g =D <2k><k (quap)Fa) 2"
se{U,D,I}N k>0

#U(s)=#D(s)

Then 0 < wy < (1 —qar)V, and

—1/2
S wn = ((1—a)? —davap) % (1 —ar)® —dqvap = @ + 2an(av + ap) + (@ — ap)® = @iy
N>0

Proof. For the second expression of wy choose the 2k places of the letters U and D, and then
the k places of U among them. Summing over all words instead of the balanced ones gives wy <
(qu+ap+aqr)Y = (1—qu)". The identity for (1—q7)? —4qugp follows from 1—q; = qur+qu +qp; since
qu > 0, it shows that 4qyqp < (1 — qr)? and ¢; < 1. All terms being non-negative, we may sum in
any order: Y nso (é\]fc)qﬁv_% = (1 —q7)~ %!, and with the binomial series ", (2kk) 2k =(1—42)"1/2

(0<z< ) at z=qugp/(1 —qr)?,

S 1 S 2k\ (qugn)” 1 dquqp \—1/2 ) i
2 NTa- it ( k ) I—q)2*  1—¢ ( (1— qz)z) (( qr) quD)

Theorem 3.7 (the counter template). Let p > 2, r > 1, and let T be the matriz (5) of a partition
with M # @. Then p'T € My(ZG)p) and

. —1/2
dimnker T = qiy > wy = g (1 — a1)* — 4quqp) % <.
N>0



First proof. Integrality is Lemma 3.1. Under p the coordinates z; are independent and uniform on
Z/p, so the bits v(x;) are independent and equal to 1 with probability pp%l. The symbols o¢,(z),
m € Z, of a fixed class ¢ involve the disjoint blocks {rm+c¢,...,rm+c+r — 1} of coordinates, which
partition Z; so they are independent, and of,(z) = b with probability (pp%l)wl(%)r_w' = q(b). Since
gm > 0, the set Xy of the x that have, in each class, markers at infinitely many negative and at
infinitely many positive positions has full measure.

For x € Xy let P, be the direct sum over the r classes of the projections of Lemma 3.5; since 0, (T)
maps each class into itself and £?(Z)? is the orthogonal sum of the class subspaces, P, is the orthogonal
projection onto ker 0, (7). Put P, =0 for x ¢ Xy. A matrix coefficient (P, (d; ®&;), i ® €;+) vanishes
unless k£ and &’ lie in the same segment of the same class, and then it is an entry of P s, that
depends only on the word s of this segment and on the places of k and & in it. So it is constant on
the sets of a countable partition of X into intersections of Xy with cylinder sets, hence measurable,
and Lemma 2.5 applies.

The index 0 is the position 0 of the class 0, so only this class enters (4). For N > 0, s € {U, D, I}N
and 1 < j < N +11let Eng; be the set of the 2 € X( that have, in the class 0, a marker at the
position —j, the letters sg, ..., sy_1 at the positions —j+1,...,—j+ N, and a marker at the position
—j 4+ N + 1: the position 0 is the j-th column position of a segment with word s. These sets are
disjoint, since —j is the last marker before the position 0 and —j + IV 4 1 the first marker at or after
it, and their union is Xg. Since N + 2 independent symbols are prescribed,

U D I
(BN ) = drait” Vah Vg

)

independently of j. On Ey , ; the position 0 carries the variables u;_1,v;j_1 of the block My, which are

its coordinates number 25 — 1 and 2j in the order ug, vy, . .., un, vy of Definition 3.3; so the integrand
of (4) equals (Pxera,)2j—1,2j—1 + (Prer M, )25,2j, and the sum over j = 1,...,N + 1 is Tr Peerpr, =
dimker M,. The integrand is non-negative and constant on each Ey s j, so by Lemmas 2.5, 3.4
and 3.6
dimnker 7= Y & gtV P ) Qim ker M, = g3, > wn.
N>0se{U,D,I}N N>0
The closed form and the bound < quw . q;; = gy follow from Lemma 3.6. O

3.5 Finite quotients and the second proof

Proposition 3.8 (exact formula). In the situation of Theorem 3.7, for every P > 1,

P-2 P P
+a1)” + (qu +
dp(T) = q3y E WN + g wp—1 + (ap +ar) Iz (9 + a1) : (6)
N=0

Proof. Let K = rP. The classes of indices modulo r are defined on Z/K, and HéK) (T') preserves

each of them. On the class ¢ we use the positions m € Z/P (index —rm — ¢) with the symbols
Om = (V(Trmieti))icr, indices modulo K; Lemma 3.2 holds verbatim with positions modulo P. The
P blocks {rm+ec,...,rm+c+r—1} partition Z/K, and a bit 0 comes from one value of a coordinate,
a bit 1 from p — 1 values; so exactly [[,, w(on) points € Xk have a given cyclic symbol sequence
o € ({0,1}")%/F in the class ¢, where w(b) = (p — 1)1l Let (o) be the kernel dimension of the cyclic
operator with the rows of Lemma 3.2. By Lemma 2.6,

r—1
dimc ker T = Z Z k(o(x)) = T‘Z(H ’UJ(O‘m)>K,(O').

zeXk c=0 o m



Write wy = > ey w(b) = p'gx and Qn = >, [, w(s;) = p"Nwy, the sum over the balanced words
s of length N.

If o contains a marker, the argument of Lemma 3.5 applies on the cycle: for cyclically consecutive
markers m, m’ the rows and columns described there form the block M of the word s of the letters
in between; when there is only one marker, its segment consists of the other P — 1 positions and
starts and ends at this marker (for P = 1 the block is Mg). Rows and columns are partitioned by the
segments, so k(o) is the number of balanced segments, that is, of markers m whose segment, starting
at m, is balanced. Fix m. A segment of N < P — 2 letters with word s prescribes the symbols
at m,...,m+ N + 1, with weight w3, [], w(s;), and leaves P — N — 2 symbols free, of total weight
(p")P=N=2 for N = P —1 the marker at m is the only one, and the weight is was [[; w(s;). Summing
over the balanced words and over the P choices of m gives P( Z;% w%/IQNpT(P_N_Q) + wMQp_l).

If o contains no marker, the two tracks decouple into f,(m + 1) = ap fu(m) and f,(m +1) =
b fu(m) around the cycle, which have a non-zero solution if and only if [[,, amn = 1, resp. [],,, bm = 1,
that is, if no U, resp. no D, occurs. So k(o) = [no U]+ [no D], and these o contribute (wp + wr)* +
(wy +w ])P.

Dividing r times the sum of the two contributions by |G x| = rPp"" gives (6). O

We use Liick’s approximation theorem in the following form. Let I' be a countable group and
I'=T 2T D --- normal subgroups of finite index with (", T’; = {1}. For a € M,,(QI") let a[i] be
its image in M,,(Q[I'/T;]), and let r, and 74); denote right multiplication on row vectors in 2rm
and C[I'/T;]™. If T is amenable, then

. . dimc kerr,;
dimyn kerrg = lliglo [I’ifzfm (7)
This is Luck’s approximation theorem [Liic94] (see [KKL25, Theorem 6.2] for finite CW-complexes);
in this matrix form it is [KKL25, Conjecture 7.1(1)], which holds for such a chain whenever I" and all
I'/T; satisfy the Determinant Conjecture [KKL25, Remark 7.2], for instance when they are sofic, as
amenable and finite groups are [KKL25, Section 5].

Second proof of Theorem 3.7. The kernels N; = ker ¢,5:, ¢ > 0, are normal subgroups of finite index
in G,. They are nested, since ¢,9: factors through ,9i+1, and their intersection is trivial: if gt* lies
in all of them, then 72° divides k for every 4, so k = 0, and the lamps of g in every residue class
modulo 72 add up to 0 in Z/p; once 72¢ exceeds the diameter of the support of g, each class contains
at most one of them, so g = 0. The group G, is amenable (abelian-by-cyclic). By (7), applied to
the square matrix p"T', and by Lemma 2.1 on G}, and on the finite quotients, which lets us pass from
right to left multiplication, dimyy ker T = lim; d,.5:(T). In (6) with P = 2¢ the second term is at most
qr(1 — qar)P~1 and the third at most 2(1 — ¢ar)¥ /P, by Lemma 3.6; both tend to 0, and the first
tends to g3, >y W O

Remark 3.9 (the error on the finite quotients). Let v = 3, >y wy. Subtracting it from (6) gives

(ap +ar)” + (qu + an)”
I3 )

dp(T) —v=qu(l — qu)wp-1—qiy Y wn+
N>P

The first term comes from the single-marker configurations (weight gp; instead of q%/[), the second
from the segments too long for the cycle; by Lemma 3.6 both lie in [0, gps(1 — qM)P], with opposite
signs, so |dp(T) — v < que(1 — qur)” + ((gp + a1)* + (qu + a1)”') / P.
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4 Genuine witnesses for the values of Ara and Claramunt

Throughout this section p = 2, so that ¢(b) = 27" for every pattern, and patterns b = (bg,...,by_1)
are written as words bgby - - - b,_1.

4.1 Five lamp bits: proof of Theorem A

Lemma 4.1 (the patterns of Theorem A). The elements x, o, B of Theorem A are those of (5) with
r=2>5 and

M={b: by=by =1},

U = {00001, 01000,01001, 10000, 10001},

D ={00111,01110,01111,10110, 10111};

the other 14 patterns form I. Hence qp = %, qu =qp = % and qr = %.

Proof. Since m; + 7, = 1, a product of some of the factors 7;, 7} is the sum of the &, over the patterns
that agree with it in the bits it prescribes. So mom = >, _ _1 €, and 1 —mom = mm) + mom1 + To7]
is the sum over the patterns with (bg,b1) # (1,1). Hence (1 — momy)mhmh is the sum of &, over the
six patterns with (bg,b1) # (1,1) and by = b3 = 0, among them 00000, while (7] ThT4T) = €00000; SO
a—1=7ep Likewise (1 — momi)mams is the sum over the six patterns with (bg,b1) # (1,1) and
by = b3 = 1, among them 00110, and 77| mom3m) = 001105 50 B — 1 =D 1 p €b- O

Proof of Theorem A. By Lemma 4.1 and Theorem 3.7, 32T € My(Z[Z/2Z]) and dimyxkerT =
=S N WN, Wl;ere WN = D (é\li) (Qkk)(%)k(ég)]v 2k = Wy /32N, Moreover (1 — q1)? — 4quqp =

81100 _
256 — 1024 — 320 50
1 /32\1/2 2 1 /2 V14
dimVNkerT:—(T) :sz -

16 47 4V T 287
Finally 56(1/14/28)? = 1, and 56X ? — 1 has no rational root, so it is irreducible over Q and the value
is irrational. O

Equivalently, Sy WayV = ((1 — 4y)(1 — 24y))~"/% for 0 < y < 57, and Wo, Wi, Wa, -+ =
1,14, 246, 4844, 100966, . . .
For p =2, r = 5 Proposition 3.8 reads

iP2WN SWp_, 2-19F

16 32N 32F + P-32F° (®)
N=0

dsp(T

For P =1 the sum is empty, and d5(T") = 2 + 23129 % + —g 23 . Table 1 lists some values.

4.2 The family: proof of Theorem C

Lemma 4.2 (the patterns of Theorem C). Let n > 2 and r = n+ 2. The elements mom1, an, Bn of
Theorem C' are those of (5) with

M:{b b():bl:l},

U={b: (bo,b1) #(1,1), ba =b3 =0} \{0"},

D ={b: (by,b1) # (1,1), by = b3 =1} \ {0011 0"},
and |[M| =2", |U| = |D| =u, =3-2""2 —1, |I| =i, = 3-2""1 + 2. For n = 3 these are the sets of
Lemma 4.1, and T®) = T.
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K =5P di(T)  decimal dg(T)— $+/2/7

5 23/16  1.4375000 1.3-10°
10 537/1024 0.5244141 3.9-1071
15 14227/49152  0.2894491 1.6-1071
20 427729/2097152 0.2039571 7.0-1072
60 0.1341394 5.1-107%
100 0.1336430 1.2-107°
200 0.1336306 1.1-10°8

Table 1: The exact values (8); % 2/7 =0.1336306.. .. The values for K = 5,10, 15 were also obtained
from the fibre operators of Lemma 2.6, the value for K = 5 also directly in the group ring, and the
value for K = 20 by programs of the original computation and of both verification runs of Theorems A
and C; the second independent verification run obtained the values for K < 15 again (Section 6).

Proof. As for Lemma 4.1: (1 —mom)mhh is the sum of the g, over the 3-2"~% = 3.2"~2 patterns with
(bo,b1) # (1,1) and by = bg = 0, and [];_, 7; = €or is one of them; likewise for 3, with the pattern
00110"~*. Then |I| = 2" — 2" — 2u,, = 3-2" "1 + 2. O

Proof of Theorem C. By Lemma 4.2 and Theorem 3.7, 2"T(") is integral, qp; = %, qu = qp = un /2",
qr = i,/2", and dimyyN ker T(") = %GZNWN with wy = WJ(\;L)/TN. Since i, + 2u, = 3 -2"™ and
in — 2u, = 4,

(1—qr)* —4qt = (1—qr —2qu)(1 — q1 + 2qu) = (1 - %) (1—27),

so dimyy ker T = 201 - “1/2 = £1/27/(2" —1). The polynomial 64(2" — 1)X? — 2" has a
rational root only if 2" /(2" — 1) is the square of a rat10nal number; as 2" and 2" — 1 are coprime,
both would be squares, but 2" — 1 = 3 (mod 4) for n > 2. So the polynomial is irreducible over Q

and the value is irrational. O

" . 3 37 251 1889 45 2041
By Proposition 3.8, for instance dg, ds, d12,d16 = 3, 51, 783> 3195 tor 7 = 2, and dg, d12 = 33, 506
for n = 4.

Proof of Corollary B. The square integral matrices 327 and 2"T(™ have the kernels of T and T, so
the numbers lie in C(Z /2 Z) in the sense of [Gral0, Gral4, Gral6] and of [AC21, Definition 2.2]. Sums
are block sums (Lemma 2.3(a)), even p is Lemma 2.3(b), and for ¢ > 3 the number §./2/(2! — 1) is
the value of Theorem C with n = t. O

4.3 Remarks

Remark 4.3 (why five bits). For p = 2 the value in Theorem 3.7 depends only on the numbers m = |M|,
ny = |U| and np = |D|, and it equals %\/2/77 if and only if 4"((m + ny + np)* — dnynp) = 56m*.
For r =5 and m = 8 (qu = %) this is 16s + d*> = 160 with s = nyy + np and d = ny — np; then
d is divisible by 4, has the parity of s and satisfies |d| < s, which leaves only d = 0, s = 10, that is,
ny = np = 5. The program of Section 6 finds no solution with » < 4 (for any number of markers),
only (m,ny,np) = (8,5,5) for r =5, and (16, 10, 10), (16,5, 13), (16, 13,5) for r = 6; there are three
for r = 7. So five is the least number of lamp bits for the value %\/2/77 ; with five bits the counts
8,5,5, 14 are forced, with more bits they are not. The patterns themselves can be chosen freely.
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Remark 4.4 (virtual and genuine values). Ara and Claramunt know no group G with C(G,Q) #
G(G,Q) N R4 [AC21, Remark 4.14]. Corollary B removes the listed family as candidates for such
a difference for G = Z/21Z; it says nothing about the other elements of G(Z/217Z,Q) obtained in
[AC21] (the numbers ay, of [AC21, Proposition 4.11] and those of [AC21, Theorem 1.1]), nor about
the equality in general. Since the value in Theorem 3.7 is at most ¢y < 1, a single matrix of the
template has kernel dimension at most 1; the witness for v/2 in [Fer26b] is a block sum of four copies.

5 Quadratic irrationals for every Z/p!Z

Let p > 2. With r = 2 the four patterns are 11, 01, 10, 00, and 11 = w71, €01 = 71, E10 = TOT]-
So T}, is the matrix (5) of the partition
M={11}, U={01}, D={10}, I=1{00},

with gy = (73].%1)2, QU = qp = pp%l and ¢ = ]%. The bit b; of a symbol is v(z;) = [z; # 0], the
splitting of Z/p into {0} and {1,...,p — 1} of [Gral6, §4].

Proof of Theorem D. With a = py and b = p; we have x = (1 —a)(1 —=b), «a —1 = a(1 — b) and
B —1=(1-a)b, and Lemma 3.1 gives the entries displayed in Theorem D: for instance T1; =
2(1—a)(1—=b)—1—a(l—b)+ (a+b—ab)t? and Ths = (1 —2(1 —a)(1—b))t? — (a+b— ab) — (b— ab).
As a,b € %ZGP, the matrix p?T), is integral. By Theorem 3.7, dimyx ker 7, = (10;_%1)4 > N wn, where

N\ 2k (p—1)2F
won = X (1) (§) L5 gz = By /p*Y, and

(1—mf—4mmD:(p_gf_4@—1V:JP—D%@+1V—®__@—1P@+m

p p* p* p* '
- _ (=1? i _ (p=1y2, [p=1 _.
Hence dimyy ker 7), = pp4 . (p71)3/’2’(p+3)1/2 = (57)°\/ b5 = 0p-
If §,, were rational, then ;’% = (p?6p/(p — 1)?)? would be the square of a rational number, hence
so would be the integer (p — 1)(p+3) = (p + 3)2 - Z%, which would then be a perfect square. But

p—1D(p+3)=p+1)?—4and p* < (p+1)2—4 < (p+1)? for p > 2. So 4, is irrational; since
62 = (p—1)°/(p*(p + 3)) is rational, , is algebraic of degree 2, a root of p*(p +3)X* — (p—1)°. O

Proof of Corollary E. Theorem D and Lemma 2.3(a); the values are d3 = 4 - - 4v3 05 = %—g- L

9 3 27 7
8v/2 _ 36 /3 _ 36V15
S and &7 = 35/3 = 25/5, N
5.1 Finite quotients
For r = 2 Proposition 3.8 reads
P—2
. (p — 1)4BN (p — 1)2313_1 2
dap(T)p) = — p2N+4 + p2P + PpP’ (9)

since gp +qr = qu + q1 = %. For p = 2 this is the formula of [Fer26a, Proposition 6.2]. For p = 3
10 29 214 3449 76666 136711

it gives dg,dy,dgs,ds,d10,d12 = T, 575 539> 15199 205045 531441 values that were also obtained from
the fibre operators and, for K < 4, directly in the group ring (Section 6); diz — d3 = 6.5 - 1074,
dyo — 63 = 1.8 - 1078 and dig9 — 63 = 2.3 - 107, The program of Section 6 determines the sign of
the error dap(T},) — 9, (Remark 3.9) for P < 40 and p € {2,3,5,7,11}: it is positive for all these P
when p = 2 or p = 3; for p = 5 it alternates for 4 < P < 12 and is positive afterwards, for p = 7 it
alternates for 4 < P < 24, and for p = 11 it alternates for all P < 40. Other p were not examined.
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5.2 Remarks

Remark 5.1 (composite p, subgroups). Nothing uses that p is prime: Lemma 2.4 needs only % > (Y =
[y =0]. For q|p, ej — eé’/q, t — t embeds Z/qlZ into Z/pUlZ, so also 6, € C(Z/plZ) (Lemma 2.3(b)).

Remark 5.2 (the encoding matters). For p = 2 all four patterns have the probability %, and it does
not matter which pattern is the marker. For odd p it does. With the marker 00, the letters U = 01

and D = 10 and the idle letter I = 11, Theorem 3.7 gives gy = 1%’ qr = (1%1)2 and the value

1/(p*v/4p — 3), which is rational when 4p — 3 is a square, for instance % for p = 3 and ﬁ for p=7.
This formula belongs to this choice of I: with the marker 00, U = 11, D = 01 and I = 10 the value
for p = 3 is 1/(9v/17). The encoding of Theorem D gives (p — 1)(p+ 3) = (p+ 1)? — 4 under the root,

which is never a square.

6 Computations and reproducibility

All theorems, propositions and lemmas of this note are proved without computation. The computa-
tions test the definitions and the statements on finite instances; they do not test, and do not use,
the statements about the infinite group in Section 3.4 or Liick’s theorem. The reproducibility pack-
age contains the exact program of this note, the programs with which the results were first obtained
(partl_original/, part2_original/), those of the four independent verification runs of the first ver-
sions and those of the second independent verification run of the final text (independent_run_2/); its
README.md gives the command lines, the running times and what each program checks. The programs
use exact arithmetic, or ranks modulo two large primes compared with exact ranks where both are
computed. The exact program of this note (check_note.py; standard library, exact arithmetic over
Q and Q((p), about five minutes) checks, for T, 7@, TW, Ty and Ts, the matrices built from their
definitions, the pattern sets, Lemma 3.1 and the expansion in Theorem Dj; the kernels on Q[G,, K)?
directly in the group ring for K < 7,7,6,4,3 and through the fibre operators of Lemma 2.6 for all
r and K < 15,16,12,10,6, in agreement with each other and, for K = rP, with Proposition 3.8;
Lemmas 3.2 and 3.5 on all configurations with K = rP < 15,16,12,10,6 and on random windows of
the line for T" and T3; Proposition 3.8 for 24 random partitions; and Lemmas 3.4 and 3.6, the values,
Remark 3.9, the signs in Section 5.1 and the facts used in Remarks 4.3 and 5.2.

Verification. The results were first obtained, with both proofs, together with the programs in
partl_original/ and part2_original/. Each part was then examined by two independent verifi-
cation runs, all Al-assisted; each wrote its own programs from the definitions, and the two runs of
a part did not see each other’s reports. All four compared the definitions and the questions with
the sources and re-derived both proofs. For Theorems A and C, run A computed the kernels on
Z/2 Z/K without Fourier transform for K < 8 and K = 10, a fibre model for K < 15, (6) for
K < 40 by enumerating class sequences, and Monte-Carlo estimates of dago(7") without the segments
(0.13381 + 0.00029, against 0.133631); run B computed the kernels in the group ring for K < 8 and
through an eigenspace decomposition of its own for K < 16 and K = 20, and the family for n = 2,4, 5.
For Theorem D, run A computed the kernels in the group ring for p = 2,3,5,7, a Fourier model up
to K = 16, and Monte-Carlo estimates of the integrand of (4) on the line (0.25657 4+ 0.00140 for
p = 3, against 0.256600), and it found the reading of Remark 2.2; run B computed the kernels for
p = 2,...,7 in the group ring and in Q((,) through the fibre operators, for p = 3 up to K = 12,
and tested five altered operators. Both runs B ran the original programs again (identical outputs
up to running times), searched the literature and checked the bibliographic data. No run found an
error in a theorem, proposition or lemma. The corrections they required are made here: five lamp
bits are the least number, not a forced one (Remark 4.3); the statement about Ara and Claramunt is
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restricted to the listed family (Section 1.1 and Remark 4.4); the value formula and the bound < gps
are proved (Lemma 3.6); the question of [Gral4] is quoted with its location and the following sentence;
Remark 4.14, Problem 4 and Liick’s theorem have precise references; Remarks 2.2, 5.1 and 5.2 were
added; and the sign change in Section 5.1 is stated for the examined p only. When the note was
written, the three constructions were presented as instances of Theorem 3.7, whose proofs are the
common proofs of the instances written once for all p, r and partitions (run A of Theorem A had
re-derived the value formula for general probabilities, run A of Theorem D that for other encodings),
and check_note.py was written; the 75 runs of the package with a recorded output were repeated
from an extracted copy of the package, and 70 outputs agree with the recorded ones up to running
times, the other five in every exact value (RERUN_LOG.txt).

The final text was then examined by a second independent verification run, also Al-assisted,
which had not seen the note before; it was the first to examine Theorem 3.7. It re-derived both
proofs of Theorem 3.7, Proposition 3.8 and Remark 3.9 line by line, then all other proofs; read
[GralO, Grald, Gral6, AC21, KKL25] again in the places listed below, and [GS21, AC22] for the
numbering of the questions; checked the cited numbers of the companion notes and the bibliographic
data; and repeated the literature search. Its own programs (independent_run_2/) build the operators
from their definitions in the group ring and compute the kernels on Z/p ! Z/K without Fourier
transform for K < 7 (T, T®, TW), K <5 (T3) and K < 3 (T5), and through the fibre operators,
after a numerical check of the conjugation in Lemma 2.6, for K < 15,16,12 (T, T®, T®), for
K <10 and K = 12 (T3) and for K < 6 (T5); they test the integrand of the first proof on windows
of the line for all cells Eys; with N < 4 (T, T®) or N < 5 (T3, T5), and Proposition 3.8 on 24
random partitions with p € {2,3,4,5,6}, on Ty and T§, on the encodings of Remark 5.2 and on all
class sequences with P < 8; and they recompute the numbers of Table 1, Sections 4.2 and 5.1 and
Remarks 3.9, 4.3 and 5.2. All results agree with the note. The run also repeated all 76 runs of the
package from an extracted copy of the archive: 14 outputs are identical byte for byte, 60 up to running
times, and two differ only in the printed diagnostics described in RERUN_LOG.txt. It found no error
in a theorem, proposition or lemma. It required five corrections, which were made: the attribution
of Pontryagin duality in Section 1.3, this account, the searches in the next paragraph, the caption of
Table 1 and the last sentence of Remark 2.2.

Scope and priority. The note answers the question of [AC21, Remark 4.14] for i 2/7, shows
that every number £./2f/(20 — 1), t > 3, listed after [AC21, Theorem 4.13] is a genuine (*-Betti
number arising from Z/217Z (Corollary B), and answers Grabowski’s question of [Gral4, §lc] for
every p > 2 (Corollary E; for p = 2 the answer was given in [Fer26al). It does not describe C(Z/21Z),
the question of the record OWR-4428-012, which remains partially solved, and it does not treat the
other elements of G(Z/217Z,Q) found in [AC21], algebraic numbers of odd degree greater than 1, or
single self-adjoint elements [GS21]. The questions, the definitions and the frameworks are Grabowski’s
[Gral0, Gral4, Gral6] and Ara and Claramunt’s [AC21]; the balanced-word counter is the mechanism
by which Ara and Claramunt obtained the listed family as virtual values [AC21, Theorem 4.13]; the
matrix form, the Fourier picture and the segments are those of our companion notes [Fer26a, Fer26b];
Liick’s approximation theorem [Liic94] and Pontryagin duality are standard. Only Theorems A and C,
which give genuine witnesses for the listed family, and Theorem D for odd p are, to our knowledge,
new; no priority is claimed. What was read: [Gral0] (pp. 2366-2369); [Gral4] in the arXiv version v4
(Section 1, whose numbering we use; the journal version was not compared); [Gral6] in both versions
(pp. 1-3 and the beginning of Section 4; journal pp. 795-797); [AC21] in both versions (Sections 1,
2.2, 4.3; journal Section 4.3); [AC22, GS21, KKL25] in part; our companion notes. [Liic94] was
not read; what we say about [LW13, Ausl3] is taken from [GralO, Gral4]. The second independent
verification run read these sources again in the same places. The searches were made on 15 October

15



2026, when the results were first obtained, by the four verification runs, when the note was written and
again by the second independent verification run: the arXiv API (keyword and author searches, and
the most recent titles containing “lamplighter”, up to 6 October 2026), OpenAlex (the works citing
[Grald, Gral6, AC21, AC22, LW13, GS21]), Semantic Scholar (partly refused for the rate limit),
Crossref, zbMATH Open, and thirteen web searches. In these sources we found no answer to [AC21,
Remark 4.14], and no earlier non-virtual irrational algebraic ¢2-Betti number of a lamplighter group
Z/p 1 Z other than those of our companion notes [Fer26a, Fer26b]; known there are transcendental
and other irrational numbers [Gral6, AC21], irrational algebraic numbers for the free lamplighters
Z/pl Fy [LW13], and irrational algebraic virtual £2-Betti numbers of Z/21Z [AC21, AC22]. A search
that finds nothing is not a proof of novelty; theses, talks and unindexed preprints are not covered.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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