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Abstract

In an Oberwolfach report of 2010, Ł. Grabowski asked three questions about the set C(G) of
ℓ2-Betti numbers arising from a group G, that is, of von Neumann dimensions of kernels of square
matrices over QG. Question 4 asks whether C(G) 6⊆ Q holds exactly when G contains a wreath
product Z/poK with K infinite and finitely generated; Question 5 asks what C(Z/2oZ) is; Question 6
asks which values the series FA(x) =

∑
i dimker(Mi)x

d(Mi), summed over the band matrices Mi

recognized by a finite automaton A whose letters are integer n × n matrices, takes at rational
points, and in particular whether such a value can be irrational and algebraic. We answer the last
part of Question 6: an explicit automaton A2 with n = 2 and entries in {−2, . . . , 2} recognizes
tridiagonal matrices that encode a two-track multiplicative counter, FA2(x) = x2(1 − 4x4)−1/2,
and FA2(

1
2 ) =

√
3/6. Every non-negative rational number is a value, and the values obtained from

regular languages with one linear letter-count constraint are algebraic by Furstenberg’s theorem
on diagonals; the set of values is not determined. Transplanting the counter into the group ring,
we construct an explicit T ∈ M2(Q[Z/2 o Z]) with 4T integral and dimvN kerT =

√
5/20, with

two proofs: by Pontryagin duality, and by Lück’s approximation theorem with an exact formula
on the finite quotients Z/2 o Z/K. This answers, for p = 2, Grabowski’s question (Invent. Math.
2014) whether C(Z/p o Z) contains irrational algebraic numbers; it does not decide whether

√
2 ∈

C(Z/2 o Z) (Groups Geom. Dyn. 2016, Problem 4). The questions and the automaton framework
are Grabowski’s. Ara and Claramunt obtained irrational algebraic virtual ℓ2-Betti numbers of
Z/2 o Z, that is, differences of two ℓ2-Betti numbers, from a closely related letter-count language.
In the sources we searched we found no earlier non-virtual irrational algebraic ℓ2-Betti number of
a group Z/p o Z; a search that finds nothing is not a proof of novelty. Question 4, a description of
C(Z/2 o Z), and the set of values of the series FA remain open. This is an unrefereed note.

1 Introduction

1.1 The questions, and the status of the two corpus records

Let G be a countable discrete group. Following Grabowski [Gra10, p. 2366], a non-negative real
number r is an ℓ2-Betti number arising from G if there is a square matrix θ ∈ Mm(QG) such that the
von Neumann dimension of the kernel of θ, acting on ℓ2(G)m, equals r; the set of these numbers is
denoted by C(G). (The conventions are recalled in Section 5.1.) Grabowski’s abstract [Gra10] in the
report of the Oberwolfach workshop of September 2010 recalls that every non-negative real number
is an ℓ2-Betti number arising from some finitely generated group (shown independently in [Gra14]
and [PSŻ15]), that C((Z/2 oZ)3) 6⊆ Q [Gra14], and that Lehner and Wagner found irrational algebraic
numbers in C(Z/p oFd) for free groups Fd with d ≥ 2 and p ≥ 2d−1 [LW13]; it records that C(Z/p oZ)
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contains transcendental numbers for every p ≥ 2 (Theorem 2 there; the proof is in [Gra16]), and asks
the following questions [Gra10, pp. 2367–2368].

Q4. Is C(G) 6⊆ Q equivalent to Z/p o K ⊆ G for some p and some infinite finitely generated group
K?

Q5. “What is C(Z/2 o Z)?”

Q6. For a finite automaton A whose letters are n× n integer matrices with entries in {−C, . . . , C},
let M1,M2, . . . be the matrices recognized by A (Definition 2.1) and FA(x) =

∑
i≥1 dimkerMi ·

xd(Mi), where d(M) is the size of M . What are the possible values of FA at rational numbers?
In particular, can FA(q) be an irrational algebraic number for some automaton A and some
rational q?

Question 5 is motivated in [Gra10, p. 2368] by the observation that the families of finite graphs which
occur in Grabowski’s transcendental example “can be encoded by a regular language”; Question 6 is
the concrete related problem posed there.

In the UnsolvedMath collection [ula26] (version 1.6.0) these questions form two records: OWR-
4428-011 bundles Questions 4, 5 and 6 (it writes “for some prime p” in Question 4, which is equivalent,
since Z/q oK ⊆ Z/p oK for a prime q dividing p), and OWR-4428-012 is Question 5 alone. Both
are listed there as partially solved, and both remain partially solved after this note: we answer
the “in particular” part of Question 6 (Theorem 1), give partial information on the values of FA

(Section 4), and exhibit one new element of C(Z/2 o Z) (Theorem 2); we do not describe C(Z/2 o Z),
and we do not address Question 4.

1.2 Results

Theorem 1. There is a deterministic finite automaton A2 over the alphabet of 2×2 integer matrices
with entries in {−2, . . . , 2} (described in Section 3), all of whose recognized matrices are tridiagonal,
such that

FA2(x) =
∑
k≥0

(
2k

k

)
x4k+2 =

x2√
1− 4x4

(
|x| < 2−1/2

)
.

In particular FA2(
1
2) =

√
3
6 , a root of the irreducible polynomial 12t2 − 1; it is irrational and algebraic.

The recognized matrices encode a two-track multiplicative counter : the kernel equations of the
matrix Ms attached to a word s ∈ {U,D}N are u0 = v0, ui+1 = aiui, vi+1 = bivi and uN = vN ,
with (ai, bi) = (2, 1) for the letter U and (1, 2) for D, so that Ms has a non-zero kernel exactly when
2#U(s) = 2#D(s). The balanced words are counted by central binomial coefficients, whose generating
function is a square root. Section 4 shows that every non-negative rational number is a value of some
FA and that a whole class of values is algebraic (Propositions 4.1 and 4.2 and Corollary 4.3).

The same counter can be built into the lamplighter group. Let G = Z/2 o Z =
(⊕

j∈Z Z/2
)
⋊ Z,

with lamp generators ej and tejt
−1 = ej+1.

Theorem 2. Let T ∈ M2(QG) be the matrix (2) of Section 5.2. Then 4T ∈ M2(ZG), and

dimvN kerT =
∑
N≥0

TN

4N+2
=

√
5

20
, TN =

∑
k≥0

(
N

2k

)(
2k

k

)
,

where the TN are the central trinomial coefficients. The number
√
5/20 is a root of the irreducible

polynomial 80t2 − 1; in particular C(Z/2 o Z) contains an irrational algebraic number.
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We give two proofs. The first (Section 5) computes dimvN kerT by Pontryagin duality: the fibre
operators of T split into finite blocks, one for each stretch between two consecutive “markers” of a
random configuration, and each block is a matrix Ms of the kind used for Theorem 1, now over the
alphabet {U,D, I}. The second (Section 6) computes the normalized kernel dimensions on the finite
quotients Z/2 o Z/K exactly (Proposition 6.2) and applies Lück’s approximation theorem [Lüc94].

1.3 What is new, what is not, and what stays open

The questions, the definition of FA and the idea that families of components of such operators are
described by regular languages are Grabowski’s [Gra10]; see also [Gra16, Remark 14(ii)]. The method
of the first proof of Theorem 2, which turns the group ring into operators over a space of lamp
configurations by Pontryagin duality and integrates the kernel dimensions of finite components, is
the one used by Dicks–Schick, Austin and Grabowski, among others [DS02, Aus13, Gra14, Gra16]
(we follow the description in [Gra10] and [Gra16, §§1, 3]). The counting idea, equal numbers of
occurrences of two letters, is the one used by Ara and Claramunt [AC21, Theorem 4.13]: in their
framework of rational series the language {w : |w|x1 = |w|x2} yields 1

4

√
2/7, and other pairs of

letters yield 1
8

√
2t/(2t − 1) for t ≥ 3, as elements of the subgroup of R generated by C(Z/2 o Z), that

is, as differences of two ℓ2-Betti numbers. They call such numbers virtual ℓ2-Betti numbers [AC21,
Remark 4.14], and their companion paper [AC22, Introduction] presents them as the first irrational
algebraic virtual ℓ2-Betti numbers of the lamplighter group. Lück’s approximation theorem [Lüc94],
Pontryagin duality and Furstenberg’s theorem on diagonals [Fur67] are standard tools and are used as
such. Irrational algebraic ℓ2-Betti numbers arising from other groups were known: every non-negative
number with computable binary expansion, in particular every non-negative algebraic number, arises
from some finitely presented group [Gra14, Theorem 1.4], and every non-negative real number from
some finitely generated group [Gra14, Theorem 1.3], [PSŻ15]. The question of [Gra14, §1c] concerns
the groups Z/p o Z themselves.

To our knowledge the following are new: Theorem 1, which answers the “in particular” part of
Question 6, and Theorem 2, which shows that

√
5/20 ∈ C(Z/2 o Z). Theorem 2 answers, for p = 2,

the question of Grabowski [Gra14, §1c] “whether C(Z/pZ o Z) contains irrational algebraic numbers”.
It does not answer the more concrete Problem 4 of [Gra16], whether

√
2 ∈ C(Z/2 o Z), and it is not a

description of C(Z/2 o Z). Both arguments are short once the counter is seen. The following remain
open: Question 4; a description of C(Z/2 o Z), in particular Problem 4 of [Gra16]; the set of values of
the series FA, in particular whether it contains transcendental numbers (Remark 4.5); and irrational
algebraic elements of C(Z/p o Z) for odd p (Section 7). The literature search behind the word “new”
is described in the paragraph “Scope and priority” at the end of Section 8, which also describes the
computations and the independent verification runs.

2 The automaton series

2.1 The definitions of the source

The source [Gra10, p. 2368] fixes integers n and C and an automaton whose letters are n× n integer
matrices with entries in {−C,−C + 1, . . . , C}. A matrix M of dimension at least n is recognized by
A if its entries vanish outside “the n-neighbourhood of the diagonal” and A recognizes the word of
“subsequent n× n minors of M along the diagonal”. With M1,M2, . . . the sequence of all recognized
matrices and d(M) the dimension of M , the series is FA(x) =

∑
i≥1 dimkerMi · xd(Mi). We use these

definitions in the following form; the choices are discussed in Section 2.2.
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Definition 2.1 (statement card). Let n ≥ 1 and C ≥ 0 be integers, and let Σn,C be the finite set
of n × n integer matrices with entries in {−C, . . . , C}. An automaton is a finite automaton A with
input alphabet Σn,C ; L(A) ⊆ Σ∗

n,C is the language it accepts. For a d× d matrix M with d ≥ n and
1 ≤ r ≤ d − n + 1, the window Wr(M) = (Mj,k)r≤j,k≤r+n−1 is the n × n submatrix with upper left
corner (r, r), and the window word of M is w(M) = W1(M)W2(M) · · ·Wd−n+1(M). The matrix M
is recognized by A if

(i) Mj,k = 0 whenever |j − k| ≥ n, and

(ii) every window of M lies in Σn,C , and w(M) ∈ L(A).

The series of A is FA(x) =
∑

M dimkerM · xd(M), the sum over all recognized matrices M , where
d(M) is the size of M and dimkerM is the dimension of the kernel of M over Q (equivalently over
R or C: an integer matrix has the same rank over every field of characteristic zero). For q ∈ Q the
number FA(q) counts as a value of the series if the series converges at q.

The windows of a d × d matrix cover exactly the positions (j, k) with |j − k| ≤ n − 1. By (i),
a recognized matrix is therefore determined by its window word, and there are at most |Σn,C |d−n+1

recognized matrices of size d. Hence FA is a power series with non-negative integer coefficients
cd ≤ d |Σn,C |d−n+1, its radius of convergence is at least 1/|Σn,C |, and the order of summation is
irrelevant. Whether A is deterministic does not matter, since deterministic and non-deterministic
finite automata accept the same languages. The question is: which numbers are values FA(q), and
can a value be irrational and algebraic? Theorem 1 answers the second part; for the first part see
Section 4.

2.2 Readings

Sliding windows. Since the letters are matrices, a “minor” is a submatrix. We read “subsequent”
minors along the diagonal as the consecutive windows W1,W2, . . . , each shifted by one step along the
diagonal. They exist for every size d ≥ n, in accordance with the source’s “matrix M of dimension at
least n”.

The block-diagonal reading, and why we reject it. One could also read “subsequent minors” as
the disjoint diagonal blocks W1,Wn+1,W2n+1, . . . , and the region allowed by (i) as the union of
these blocks. Then every recognized matrix would be block diagonal, its size would be a multiple
of n, and dimkerM would be the sum of the kernel dimensions of the blocks, an additive weight
κ(w) =

∑
i κ(wi) of the word. For a regular language L recognized by a deterministic automaton

with initial vector e, final vector f and transition matrices Eℓ, E =
∑

ℓEℓ, one has∑
w∈L

κ(w) y|w| = eT(I − yE)−1
(
y
∑
ℓ

κ(ℓ)Eℓ

)
(I − yE)−1f, (1)

a rational function with integer coefficients; FA(x) would be this function at y = xn, so that under
this reading every value FA(q) would be rational and the answer to the “in particular” part would
be negative. We reject this reading: the source admits every dimension at least n, it speaks of a
neighbourhood of the diagonal, which is a band, and under this reading the question would be settled
by the two-line argument just given. (The variant with disjoint blocks but a band-shaped region (i)
leaves the band entries between the blocks unconstrained by A; then infinitely many matrices of one
size can be recognized, and the series is in general not defined.)

The band. With sliding windows, the entries seen by the automaton are those with |j−k| ≤ n−1,
and we read “the n-neighbourhood of the diagonal” as this set, the positions at distance less than n
from the diagonal. If it meant |j − k| ≤ n, the entries at distance exactly n would lie in no window,
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every accepted window word of length at least 2 would belong to infinitely many integer matrices,
and the coefficients of the series would in general be infinite. (If one bounded these invisible entries
by C, the series would be defined but would not be determined by the window words; we do not
treat this reading.) Theorem 1 is robust within the reading we use: its matrices are tridiagonal, and
Remark 3.6 gives the same conclusion for every window size n ≥ 2.

The case n = 1. For n = 1 the recognized matrices are diagonal, dimkerM is the number of zero
diagonal entries, again an additive weight, and (1) with y = x shows that FA is a rational function
with integer coefficients. So irrational values require n ≥ 2.

Exponent, field, values. The exponent of x is the size d(M), not the length d−n+1 of the window
word (Remark 3.7 treats the other choice); kernels are taken over Q; all values used below are taken
at points inside the disc of convergence, where the series converges absolutely.

3 Proof of Theorem 1

3.1 The automaton A2

Let n = 2 and C = 2, so that the alphabet Σ = Σ2,2 consists of the 54 = 625 integer 2 × 2 matrices
with entries in {−2, . . . , 2}. For an integer k put

Xk =

(
1 −1
−k 0

)
, Pk =

(
0 1
−k 0

)
, E =

(
0 1
1 −1

)
, Z =

(
1 −1
1 −1

)
.

The deterministic automaton A2 has the states q0 (initial), qA, qB, qE , qacc (the only accepting state)
and qdead, and the transitions of Table 1; every other pair of a state and a letter, in particular every
letter other than X2, X1, P2, P1, E, Z, and every letter read in qacc or in qdead, leads to qdead.

state X2 X1 P2 P1 E Z

q0 qA qB – – – qacc
qA – – – qE – –
qB – – qE – – –
qE – – qA qB qacc –

Table 1: The eight transitions of A2 that do not lead to qdead (a dash stands for qdead).

Lemma 3.1 (the language). L(A2) consists of the one-letter word Z and of the words

Xa0Pb0 Pa1Pb1 · · ·PaN−1PbN−1
E

(
N ≥ 1, (ai, bi) ∈ {(2, 1), (1, 2)}

)
.

Proof. Since qdead is absorbing and not accepting, an accepted word uses only the transitions of Table 1.
From q0 the letter Z leads to qacc, from which no such transition leaves; so Z is accepted, and Z occurs
in no other accepted word. Otherwise the first letter is X2 (to qA) or X1 (to qB), and the next letter
is forced: P1 from qA, P2 from qB. So the first two letters are Xa0Pb0 with (a0, b0) ∈ {(2, 1), (1, 2)},
and the automaton is then in qE . From qE either E ends the word in qacc, or P2, resp. P1, followed by
the forced P1, resp. P2, gives a further pair PaiPbi with (ai, bi) ∈ {(2, 1), (1, 2)} and returns to qE .

3.2 Counter matrices

Definition 3.2. Let N ≥ 0 and let a0, b0, . . . , aN−1, bN−1 be non-zero integers. The counter matrix
M = M

(
(ai, bi)i<N

)
is the (2N + 2) × (2N + 2) matrix which, applied to the column vector z =
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(u0, v0, u1, v1, . . . , uN , vN )T, has the rows

u0 − v0, ui+1 − aiui, vi+1 − bivi (0 ≤ i ≤ N − 1), uN − vN ,

in this order (row 1, rows 2i+2 and 2i+3, row 2N +2). For a word s = s0 · · · sN−1 over the alphabet
{U,D, I} we write Ms for the counter matrix with

(ai, bi) = (2, 1) if si = U, (1, 2) if si = D, (1, 1) if si = I.

For example, M∅ = Z and

MU =


1 −1 0 0
−2 0 1 0
0 −1 0 1
0 0 1 −1

 ;

the letter I is used from Section 4 on.

Lemma 3.3 (windows). Every counter matrix M = M
(
(ai, bi)i<N

)
is tridiagonal. Its window word

is w(M) = Z if N = 0, and

w(M) = Xa0Pb0 Pa1Pb1 · · ·PaN−1PbN−1
E if N ≥ 1.

Proof. For N = 0, M = Z. Let N ≥ 1 and d = 2N + 2. By definition the non-zero entries of M
are M1,1 = 1, M1,2 = −1; M2i+2,2i+1 = −ai, M2i+2,2i+3 = 1, M2i+3,2i+2 = −bi, M2i+3,2i+4 = 1 for
0 ≤ i ≤ N −1; and Md,d−1 = 1, Md,d = −1. All of them satisfy |j−k| ≤ 1. Along the band: Mr,r = 0
for 2 ≤ r ≤ d − 1; Mr,r+1 = 1 for 2 ≤ r ≤ d − 1; Mr+1,r equals −ai for r = 2i + 1, equals −bi for
r = 2i + 2 (0 ≤ i ≤ N − 1), and equals 1 for r = d − 1. The window Wr =

(
Mr,r Mr,r+1

Mr+1,r Mr+1,r+1

)
is

therefore Xa0 for r = 1, Pai for r = 2i+ 1 with 1 ≤ i ≤ N − 1, Pbi for r = 2i+ 2 with 0 ≤ i ≤ N − 1,
and E for r = d− 1 = 2N + 1.

Lemma 3.4 (recognized matrices). The matrices recognized by A2 are exactly the matrices Ms with
s ∈ {U,D}N and N ≥ 0; the map s 7→ Ms is injective, and d(Ms) = 2N + 2.

Proof. By Lemmas 3.1 and 3.3, each Ms with s ∈ {U,D}N is tridiagonal, its windows lie in Σ2,2,
and w(Ms) ∈ L(A2); so Ms is recognized. The word w(Ms) determines the pairs (ai, bi), hence s.
Conversely, let M be recognized. Then M is tridiagonal by (i), of size d ≥ 2, and w(M) ∈ L(A2).
By Lemma 3.1 and Lemma 3.3, w(M) = w(Ms) for some s ∈ {U,D}N . The 2 × 2 windows of a
tridiagonal matrix contain all its entries that may be non-zero, so two tridiagonal matrices with the
same window word are equal, and M = Ms.

Lemma 3.5 (kernel). Let M be a counter matrix, and put Ai = a0a1 · · · ai−1 and Bi = b0b1 · · · bi−1

(A0 = B0 = 1). Then dimkerM = 1 if AN = BN , and dimkerM = 0 otherwise; in the first case the
kernel is spanned by (A0, B0, A1, B1, . . . , AN , BN ). In particular, for s ∈ {U,D, I}N ,

dimkerMs =

{
1 if #U(s) = #D(s),

0 otherwise,

where #U(s) and #D(s) are the numbers of letters U and D in s.

Proof. Mz = 0 means u0 = v0, ui+1 = aiui and vi+1 = bivi for 0 ≤ i ≤ N − 1, and uN = vN . The
first 2N + 1 equations hold if and only if ui = Aiu0 and vi = Biu0 for all i; the last one then reads
(AN −BN )u0 = 0. If AN 6= BN , then u0 = 0 and z = 0; if AN = BN , the solutions are the multiples
of (A0, B0, . . . , AN , BN ), which is non-zero. For Ms one has AN = 2#U(s) and BN = 2#D(s).
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3.3 Proof of Theorem 1

By Lemmas 3.4 and 3.5,

FA2(x) =
∑
N≥0

∑
s∈{U,D}N

dimkerMs x
2N+2 =

∑
N≥0

#
{
s ∈ {U,D}N : #U(s) = #D(s)

}
x2N+2.

The count is 0 for odd N and
(
2k
k

)
for N = 2k, so FA2(x) =

∑
k≥0

(
2k
k

)
x4k+2. Since

(
2k
k

)
= (−4)k

(−1/2
k

)
,

the binomial series gives
∑

k≥0

(
2k
k

)
yk = (1 − 4y)−1/2 for |y| < 1

4 , and with y = x4 we obtain
FA2(x) = x2(1 − 4x4)−1/2 for |x| < 2−1/2, where the series converges absolutely. At x = 1

2 we have
y = 1

16 and

FA2

(
1
2

)
=

1

4

(3
4

)−1/2
=

1

2
√
3
=

√
3

6
.

This number satisfies 12t2 = 1. If it were rational, 3 = 36t2 would be the square of a rational number,
which it is not. So 12t2 − 1 has no rational root, is irreducible over Q, and

√
3/6 is irrational and

algebraic.

3.4 Remarks

Remark 3.6 (other window sizes). For every n ≥ 2 there is an automaton A(n) over Σn,2 whose
recognized matrices are exactly the Ms with s ∈ {U,D}N and 2N + 2 ≥ n. Hence

FA(n)

(
1
2

)
=

√
3

6
−

∑
k≥0, 4k+2<n

(
2k

k

)
2−4k−2,

again irrational and algebraic, so the answer does not depend on the window size. To see this, note
that for a tridiagonal d × d matrix with d ≥ n the n × n window W

(n)
r contains the 2 × 2 windows

Wr, . . . ,Wr+n−2, and that every entry of the band |j−k| ≤ n− 1 lies in some n×n window. Let A(n)

go to a dead state as soon as it reads a letter with a non-zero entry at distance at least 2 from the
diagonal. Otherwise it simulates A2: on the first letter W

(n)
1 it feeds W1, . . . ,Wn−1 to A2, on each

later letter W (n)
r the new window Wr+n−2, and it accepts when A2 accepts. This is a finite automaton

(the states of A2 and a start state). A matrix M satisfying (i) for n is recognized by A(n) if and only if
it is tridiagonal and w(M) ∈ L(A2), that is (by Lemma 3.4) if and only if M = Ms with s ∈ {U,D}N
and 2N + 2 = d ≥ n.
Remark 3.7 (exponent, other points). If one used the length 2N + 1 of the window word as the
exponent instead of the size, the series would be x−1FA2(x), with value

√
3/3 at 1

2 , again irrational
and algebraic. At other rational points |q| < 2−1/2 one gets FA2(q) = q2(1 − 4q4)−1/2, for instance
FA2(

1
3) = 1/

√
77.

4 Possible values of the series
Let V be the set of values FA(q), over all n, C, automata A and rational q at which the series converges.
V is countable, and FA(q) ≥ 0 for q ≥ 0. We do not determine V ; the following statements describe
parts of it.

Proposition 4.1 (rational values). Every non-negative rational number is a value: for integers p ≥ 0
and s ≥ 1 there is an automaton A over Σ2,C with C = p(s+ 1) such that FA

(
1

s+1

)
= p

s .
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Proof. For p = 0 take an automaton that accepts nothing. Let p ≥ 1, let A have an initial state,
accepting states aλ for 1 ≤ λ ≤ C and a dead state, with the transitions

(
0 0
0 λ

)
from the initial

state to aλ and
(
λ 0
0 λ

)
from aλ to itself, all others leading to the dead state. The window word

of diag(0, λ, . . . , λ) of size d ≥ 2 is
(
0 0
0 λ

) (
λ 0
0 λ

)d−2, so these matrices are recognized. Conversely,
a recognized matrix is tridiagonal with such a window word; its off-diagonal entries vanish and its
diagonal is (0, λ, . . . , λ). Each of these matrices has a one-dimensional kernel, and there are C of
them in every size d ≥ 2. Hence FA(x) =

∑
d≥2Cxd = Cx2/(1 − x) for |x| < 1, and FA

(
1

s+1

)
=

p(s+1)
(s+1)2

· s+1
s = p

s .

The next statement generalizes the counter of Theorem 1. Let Λ be a finite alphabet, L ⊆ Λ∗ a
regular language and c : Λ → Z a weight, extended additively to words, c(s) =

∑
i c(si). Put

GL,c(y) =
∑

s∈L, c(s)=0

y|s| ∈ Z[[y]].

Proposition 4.2 (one letter-count constraint). Choose positive integers aℓ, bℓ (ℓ ∈ Λ) with aℓ/bℓ =
2c(ℓ) such that ℓ 7→ (aℓ, bℓ) is injective; for instance aℓ = λℓ2

max(c(ℓ),0) and bℓ = λℓ2
max(−c(ℓ),0) with

distinct odd λℓ ≥ 1. For s ∈ ΛN let M c
s be the counter matrix with (ai, bi) = (asi , bsi), and let

C = maxℓmax(aℓ, bℓ). Then there is an automaton AL,c over Σ2,C whose recognized matrices are
exactly the M c

s with s ∈ L, each once, and

FAL,c
(x) = x2GL,c(x

2).

Proof. By Lemma 3.3, the window word of M c
s is Z for s empty and Xas0

Pbs0
Pas1

Pbs1
· · ·PbsN−1

E
otherwise. Let D be a deterministic automaton accepting L. The automaton AL,c reads the letters
in pairs: the first pair must be XaPb and every later pair PaPb with (a, b) = (aℓ, bℓ) for some ℓ ∈ Λ;
it remembers a between the two letters of a pair, decodes ℓ (by injectivity) and moves D by ℓ. After
at least one pair, the letter E leads to acceptance if D is in an accepting state; the one-letter word
Z is accepted if the empty word lies in L; everything else leads to a dead state. Its states are triples
(phase, state of D, remembered a), so it is a finite automaton, and it accepts exactly the words w(M c

s )
with s ∈ L. As in the proof of Lemma 3.4, the recognized matrices are exactly these M c

s , and s
is determined by w(M c

s ). All their entries lie in {−C, . . . , C}. By Lemma 3.5, dimkerM c
s = 1 if∏

i asi =
∏

i bsi , that is, if 2c(s) = 1, and 0 otherwise. Summing x2|s|+2 over the s ∈ L with c(s) = 0
gives the formula.

Corollary 4.3 (algebraic values). In the situation of Proposition 4.2 the power series GL,c is algebraic
over Q(y). Consequently FAL,c

(q) is an algebraic number for every rational q such that q2 lies in the
open disc of convergence of GL,c.

Proof. Let D have initial vector e, final vector f and transition matrices Eℓ (ℓ ∈ Λ). If c ≡ 0, then
GL,c(y) =

∑
s∈L y|s| = eT(I − y

∑
ℓEℓ)

−1f is rational, and its values at rational points are rational.
Let c 6≡ 0 and K = maxℓ |c(ℓ)| ≥ 1. Put α(s) =

∑
i(K + c(si)) and β(s) =

∑
i(K − c(si)), both

non-negative, and

H(a, b) =
∑
s∈L

aα(s)bβ(s) = eT
(
I −

∑
ℓ

aK+c(ℓ)bK−c(ℓ)Eℓ

)−1
f ∈ Z[[a, b]],

a rational power series (every monomial aK+c(ℓ)bK−c(ℓ) has total degree 2K ≥ 2). Since α(s) = β(s)
if and only if c(s) = 0, and then α(s) = K|s|, the diagonal

∑
m hm,mym of H equals GL,c(y

K). By
Furstenberg’s theorem [Fur67], the diagonal of a rational power series in two variables over Q is

8



algebraic over Q(y). So GL,c(y
K) is algebraic over Q(y), hence over its subfield Q(yK), of which Q(y)

is a finite extension; substituting y for yK shows that GL,c(y) is algebraic over Q(y). Let P ∈ Q[y, w]
be irreducible with P (y,GL,c(y)) = 0; it has positive degree in w. For q2 in the disc of convergence
the identity P (q2, GL,c(q

2)) = 0 holds, and P (q2, w) is not the zero polynomial, since otherwise y− q2

would divide P . So GL,c(q
2) is algebraic, and so is FAL,c

(q) = q2GL,c(q
2).

We use Furstenberg’s theorem as a citation and do not prove it; Theorems 1 and 2 do not depend
on it.

Example 4.4 (central trinomial coefficients). Let Λ = {U,D, I}, c(U) = 1, c(D) = −1, c(I) = 0
and L = Λ∗, with the injective choice (a, b) = (2, 1), (1, 2), (1, 1), so that C = 2 and M c

s = Ms

(Definition 3.2). Then GL,c(y) =
∑

N TNyN = (1 − 2y − 3y2)−1/2 for 0 ≤ y < 1
3 , with the central

trinomial coefficients TN of Theorem 2 (see (6) below), and

FAL,c

(
1
2

)
=

1

4

(
1− 1

2
− 3

16

)−1/2
=

1√
5
.

Remark 4.5 (what is open). We do not know whether V contains transcendental numbers, and we
do not know a description of V . In Grabowski’s transcendental example the kernel dimension of a
component depends on whether l = 2k−1 − 1 [Gra16, Lemma 18], a condition that is not a letter
count; whether band matrices recognized by an automaton can realize such conditions, which would
lead to lacunary series, is not settled here. A related question in the framework of rational series is
[AC21, Question 4.15].

5 Proof of Theorem 2

5.1 Conventions

Let A =
⊕

j∈Z Z/2, written additively as the group of finitely supported sequences g = (gj)j∈Z with
gj ∈ {0, 1}; ej is the sequence with a single 1 at j. Let G = Z/2 oZ = A⋊Z, where the generator t of
Z acts by tejt

−1 = ej+1. Every element of G is uniquely of the form gtk with g ∈ A and k ∈ Z, and
(gtk)(htl) = (g + σkh)tk+l, where (σh)j = hj−1.

The group ring acts on ℓ2(G) by left multiplication, λ(g)δh = δgh, and Mm(QG) acts on column
vectors in ℓ2(G)m. Let L(G) be the von Neumann algebra generated by λ(G), with the trace τ(θ) =
〈θδe, δe〉, extended to Mm(L(G)) by τm(θ) =

∑
i τ(θii). For a ∈ Mm(QG) we put

dimvN ker a = τm
(
Pkerλ(a)

)
∈ [0,m],

where Pkerλ(a) ∈ Mm(L(G)) is the orthogonal projection onto the kernel (see [Lüc02] for background).
This is the dimension in the definition of C(G) [Gra10, p. 2366]. In [Gra14, §1] the kernel dimension of a
matrix that is not self-adjoint is defined through a∗a; this gives the same number, since ker a∗a = ker a.
The paper [Gra16] uses matrices over ZG, and 4T is such a matrix. With the normalized trace 1

mτm
the value in Theorem 2 would be

√
5/40.

Lemma 5.1 (left and right). For a square matrix a ∈ Mm(QG), the kernel of right multiplication
η 7→ ηa on row vectors in ℓ2(G)m has the same von Neumann dimension as kerλ(a). The same holds
for a finite group in place of G, with dimC of kernels.

Proof. Let Jδg = δg−1 , a unitary with Jδe = δe. For b =
∑

bgg ∈ QG one has J(ξb) = λ(b∗)Jξ, where
b∗ =

∑
bgg

−1, because Jδhg = δg−1h−1 . Applied componentwise, J conjugates right multiplication
by a to λ(a∗), where (a∗)ji = (aij)

∗, and it carries the trace vector to itself. So the right kernel has
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dimension τm(Pkerλ(a∗)). Since kerλ(a)∗ = (ranλ(a))⊥ and, by the polar decomposition in Mm(L(G)),
the projections onto (kerλ(a))⊥ and onto the closure of the range of λ(a) are equivalent, hence have
the same trace, τm(Pkerλ(a)∗) = m−τm(Pranλ(a)) = τm(Pkerλ(a)). For a finite group the same argument
is ordinary linear algebra.

So the number in Theorem 2 does not depend on the side on which T acts.

5.2 The operator

In QG put πj =
1
2(1− ej) and π′

j =
1
2(1 + ej) (complementary idempotents, πjπ′

j = 0), and

χ = π0π1, α = 1 + π′
0π1, β = 1 + π0π

′
1, S = t2.

The matrix of Theorem 2 is

T =

(
χ− (1− χ)α+ (1− χ)S −χ

χS (1− χ)S − χS − (1− χ)β

)
∈ M2(QG), (2)

with products taken in QG. Since χ2 = χ and χα = χβ = χ, its entries are

T11 = −3
4 − 3

4e0 −
1
4e1 +

3
4e0e1 +

1
4

(
3 + e0 + e1 − e0e1

)
t2,

T12 = −1
4

(
1− e0 − e1 + e0e1

)
, T21 =

1
4

(
1− e0 − e1 + e0e1

)
t2,

T22 = −1− 1
2e1 +

1
2e0e1 +

1
2

(
1 + e0 + e1 − e0e1

)
t2.

(3)

In particular 4T ∈ M2(ZG), and ker(4T ) = kerT .

5.3 Pontryagin duality

Let X = {0, 1}Z with the product µ of the uniform measures on {0, 1} (the Haar measure of the
compact dual group of A), and (τx)j = xj+1.

Lemma 5.2 (fibre operators). There is a unitary W : ℓ2(G) → L2(X × Z, µ⊗ counting) with Wδe =
1X ⊗ δ0 such that, for g ∈ A and l ∈ Z,(

Wλ(gtl)W−1Φ
)
(x, k) = (−1)

∑
j gjxj−k Φ(x, k − l). (4)

Consequently, for a ∈ Mm(QG) the operator Wλ(a)W−1 (applied componentwise) acts fibrewise:
(Wλ(a)W−1Φ)(x, ·) = θx(a)Φ(x, ·), where θx(a) is the bounded operator on ℓ2(Z)m obtained by replac-
ing every group element gtl in the entries of a by the operator f 7→

(
k 7→ (−1)

∑
j gjxj−kf(k − l)

)
.

Proof. The characters χg(x) = (−1)
∑

j gjxj , g ∈ A, form an orthonormal basis of L2(X,µ) (Pontryagin
duality for the compact group X). Hence W1 : δgtk 7→ χg ⊗ δk is a unitary ℓ2(G) → L2(X × Z).
Since ej · gtk = (g + ej)t

k and χg+ej = (−1)xjχg, we get (W1λ(ej)W
−1
1 Ψ)(x, k) = (−1)xjΨ(x, k).

Since t · gtk = (σg)tk+1 and χσg(x) = χg(τx), we get (W1λ(t)W
−1
1 Ψ)(x, k) = Ψ(τx, k − 1). Let

(VΨ)(x, k) = Ψ(τ−kx, k), a unitary because τ preserves µ, and W = VW1. Then

(Wλ(t)W−1Φ)(x, k) = Φ(x, k − 1), (Wλ(ej)W
−1Φ)(x, k) = (−1)xj−kΦ(x, k),

because (τ−kx)j = xj−k; for instance (Wλ(t)W−1Φ)(x, k) = (W1λ(t)W
−1
1 V −1Φ)(τ−kx, k) =

(V −1Φ)(τ1−kx, k − 1) = Φ(x, k − 1). Writing gtl =
(∏

j:gj=1 ej
)
tl gives (4), and Wδe = V (1X ⊗ δ0) =

1X ⊗ δ0. The statement on a follows by linearity and composition.
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Lemma 5.3 (trace formula). Let a ∈ Mm(QG). Suppose that for µ-almost every x an orthogonal
projection Px on ℓ2(Z)m with range ker θx(a) is given, such that x 7→ 〈Pxξ, η〉 is measurable for all
standard basis vectors ξ, η. Then

dimvN ker a =

m∑
i=1

∫
X
〈Px(δ0 ⊗ εi), δ0 ⊗ εi〉 dµ(x), (5)

where ε1, . . . , εm is the standard basis of Cm.

Proof. Let D = Wλ(a)W−1 and let P be the operator (PΦ)(x) = PxΦ(x) on L2(X; ℓ2(Z)m), an
orthogonal projection. Its range consists of the Φ with Φ(x) ∈ ker θx(a) for almost every x, which is
exactly kerD, since (DΦ)(x) = θx(a)Φ(x). So W−1PW = Pkerλ(a), and by Wδe = 1X ⊗ δ0,

τm(Pkerλ(a)) =
∑
i

〈P (1X ⊗ δ0 ⊗ εi), 1X ⊗ δ0 ⊗ εi〉 =
∑
i

∫
X
〈Px(δ0 ⊗ εi), δ0 ⊗ εi〉 dµ(x).

5.4 The fibres of T

Fix x ∈ X. The entries of T involve only t0 and t2, so θx(T ) preserves the even part ℓ2(2Z)2 and
the odd part ℓ2(2Z + 1)2, and so does every projection onto its kernel; only the even part enters
(5). We call the index k = −2m of the even part the position m ∈ Z and write fu(m) = fu(−2m),
fv(m) = fv(−2m) for f = (fu, fv). By (4), at position m the lamps e0 and e1 act by (−1)x2m and
(−1)x2m+1 , and (Sf)(−2m) = f(−2m− 2) is the value at position m+ 1. The symbol at position m
is σm(x) = (x2m, x2m+1); it is a marker if σm = (1, 1), and the letter U , D or I if σm = (0, 1), (1, 0)
or (0, 0). Thus at position m the element χ acts by 1 at a marker and by 0 at a letter, α by 2 at U
and by 1 otherwise, and β by 2 at D and by 1 otherwise.

Lemma 5.4 (rows). The two coordinates of θx(T )f at position m are

fu(m)− fv(m) and fu(m+ 1)− fv(m+ 1) if σm is a marker,
fu(m+ 1)− a fu(m) and fv(m+ 1)− b fv(m) if σm is a letter,

with (a, b) = (2, 1), (1, 2), (1, 1) for U , D, I.

Proof. By (2), the first coordinate is (χ− (1− χ)α)fu + (1− χ)Sfu − χfv and the second is χSfu +
(1− χ)Sfv − χSfv − (1− χ)βfv, where the elements χ, α, β act at the current position and S moves
the value from position m+ 1. Insert χ = 1 at a marker and χ = 0, α = a, β = b at a letter.

Lemma 5.5 (segments). Let m < m′ be positions of markers with only letters in between, forming
the word s ∈ {U,D, I}N , N = m′ −m− 1. The rows “second coordinate at m”, “both coordinates at
m + 1, . . . ,m′ − 1” and “first coordinate at m′” involve only the columns (j, u), (j, v) with m + 1 ≤
j ≤ m′, and no other row involves these columns. In the order of the rows just listed and the columns
(m + 1, u), (m + 1, v), . . . , (m′, u), (m′, v) this block is the counter matrix Ms of Definition 3.2. If x
has markers at infinitely many negative and infinitely many positive positions, the even part of θx(T )
is the direct sum of these finite blocks, and the orthogonal projection onto its kernel is the direct sum
of the projections PkerMs onto the kernels of the blocks.

Proof. By Lemma 5.4, the second coordinate at the marker m involves position m+1, the coordinates
at a letter j involve j and j + 1, and the first coordinate at the marker m′ involves m′. A position
j with m + 1 ≤ j ≤ m′ is involved only in rows at j and at j − 1, and those of them that involve j
belong to the list. With ui = fu(m + 1 + i) and vi = fv(m + 1 + i) (0 ≤ i ≤ N) the listed rows are
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u0− v0, then ui+1− aiui and vi+1− bivi for the letters s0, . . . , sN−1, then uN − vN : this is Ms. Under
the hypothesis on x, every row belongs to exactly one segment (the first coordinate at a marker to
the segment ending there, the second to the segment starting there, the coordinates at a letter to the
segment containing it), and every position to exactly one segment. So the even part of θx(T ) maps
the ℓ2-direct sum of the column spaces of the segments into the direct sum of their row spaces, block
by block; a vector lies in its kernel if and only if each component lies in the kernel of its block.

5.5 Proof of Theorem 2

Under µ the symbols σm(x), m ∈ Z, are independent and uniformly distributed on {0, 1}2, since they
involve disjoint pairs of coordinates. Hence almost every x has markers at infinitely many negative
and at infinitely many positive positions, in the even and in the odd part, and for such x we let
Px be the projection of Lemma 5.5 on the even part (and the analogous projection on the odd part,
where the symbols are (x2m−1, x2m)). Each matrix coefficient of Px vanishes unless the two positions
involved lie in one segment, and then it depends only on the word of this segment and on the places
of the two positions in it; so it is constant on the cells of a countable partition of a set of full measure
into cylinder sets, hence measurable, and Lemma 5.3 applies.

For N ≥ 0, s ∈ {U,D, I}N and 1 ≤ j ≤ N + 1, let EN,s,j be the set of x with a marker at −j, the
letters s at −j + 1, . . . ,−j +N , and a marker at −j +N + 1; that is, position 0 is the j-th column
position of a segment with word s. These sets are disjoint (the markers at −j and −j + N + 1 are
the last marker before position 0 and the first marker at or after it), their union has full measure,
and µ(EN,s,j) = 4−(N+2), since N + 2 symbols are prescribed. On EN,s,j position 0 carries the
variables uj−1, vj−1 of the block Ms, so the integrand of (5) equals (PkerMs)2j−1,2j−1 + (PkerMs)2j,2j ,
and summing over j gives TrPkerMs = dimkerMs. By Lemmas 3.5 and 5.3,

dimvN kerT =
∑
N≥0

∑
s∈{U,D,I}N

4−(N+2) dimkerMs =
∑
N≥0

TN

4N+2
,

where TN = #{s ∈ {U,D, I}N : #U(s) = #D(s)}. Choosing the 2k positions of the letters U
and D and then the k positions of U among them gives TN =

∑
k

(
N
2k

)(
2k
k

)
. With

∑
N≥0

(
N
2k

)
yN =

y2k(1− y)−2k−1 for |y| < 1 and the binomial series, for 0 ≤ y < 1
3 (all terms are non-negative)

∑
N≥0

TNyN =
1

1− y

∑
k≥0

(
2k

k

)( y

1− y

)2k
=

1

1− y

(
1− 4y2

(1− y)2

)−1/2
=
(
1− 2y − 3y2

)−1/2
, (6)

where 4y2 < (1− y)2 because y < 1
3 . At y = 1

4 we get 1− 1
2 − 3

16 = 5
16 , so

∑
N TN4−N = 4/

√
5 and

dimvN kerT =
1

16
· 4√

5
=

1

4
√
5
=

√
5

20
.

Finally 80(
√
5/20)2 = 1, and

√
5/20 is irrational because

√
5 is.

Remark 5.6. Grabowski’s formula [Gra16, Proposition 13] integrates dimkerT (x)/|G(x)| over the
points x, where G(x) is the component of x in the graph whose edges are the non-zero matrix
coefficients, and it requires almost every component to be finite and simply connected. For T itself
the components are infinite: the coefficients of the row at the vertex (m, v) (the second coordinate at a
marker m) lie in the columns of the segment starting at m, while (m, v) is itself a column of the segment
ending at m, so consecutive segments are linked. The formula applies to T ∗T , which has the same
kernel and whose fibre operators are the direct sums of the matrices M∗

sMs on the column positions
of the segments (the components are simply connected since the shift acts essentially freely on X).
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Read with the vertices (x, u), (x, v) it gives the same series: such a vertex lies in a segment with word
s (with 2N + 2 vertices) with probability (N + 1)4−N−2, and 2(N + 1)4−N−2 dimkerMs/(2N + 2) =
4−N−2 dimkerMs.

6 A second proof through finite quotients
For K ≥ 1 let GK = Z/2 oZ/K =

(⊕
r∈Z/K Z/2

)
⋊Z/K, of order K2K , and let φK : G → GK reduce

the lamp positions and the exponent of t modulo K: φK(gtk) = ḡ tk mod K with ḡr =
∑

j≡r gj mod 2.
This is a surjective homomorphism, since reduction modulo K commutes with the shift σ. For
a ∈ Mm(QG) let aK be its image in Mm(QGK), acting by left multiplication on C[GK ]m, and put

dK(a) =
dimC ker aK

|GK |
.

Lemma 6.1 (finite Fourier transform). For x ∈ XK = {0, 1}Z/K let θ
(K)
x (a) be the operator on

CZ/K ⊗ Cm defined as in Lemma 5.2, with all indices taken modulo K. Then dimC ker aK =∑
x∈XK

dimker θ
(K)
x (a).

Proof. The proof of Lemma 5.2 applies verbatim to the finite group (Z/2)Z/K , whose characters
x ∈ XK form an orthogonal basis of CXK ; the map (VΨ)(x, k) = Ψ(τ−kx, k) is well defined since τK

is the identity. So left multiplication by aK is conjugate to the direct sum of the θ
(K)
x (a).

Proposition 6.2 (exact formula). For every P ≥ 1,

d2P (T ) =

P−2∑
N=0

TN

4N+2
+

TP−1

4P
+

21−P

P
. (7)

Proof. Let K = 2P . As in Section 5, θ(K)
x (T ) preserves the even and the odd indices modulo K. On

the even indices we use the positions m ∈ Z/P (index −2m) with the symbols σm = (x2m, x2m+1),
indices modulo K; these P symbols use every coordinate of x exactly once, so x 7→ (σm)m∈Z/P
is a bijection from XK onto ({0, 1}2)P . The odd indices give the same model with the symbols
(x2m−1, x2m), again a bijection. Lemma 5.4 holds verbatim with positions modulo P . So by Lemma 6.1,
dimC ker T̄ = 2

∑
σ κ(σ), where T̄ is the image of T in M2(QGK) and the sum is over the 4P cyclic

symbol sequences σ, where κ(σ) is the kernel dimension of the cyclic operator given by the rows of
Lemma 5.4.

If σ contains a marker, the argument of Lemma 5.5 applies on the cycle; when there is only one
marker, its segment consists of the P − 1 letters and starts and ends at this marker (for P = 1 the
block is M∅ = Z). So κ(σ) is the number of segments whose word s has #U(s) = #D(s). We
count the pairs (σ, marker m of σ) such that the segment starting at m is balanced. For fixed
m and a segment of N ≤ P − 2 letters with word s, the symbols at m,m + 1, . . . ,m + N + 1
are prescribed and 4P−N−2 choices remain; for N = P − 1 the sequence σ is determined by s.
This gives P

(∑P−2
N=0 TN4P−N−2 + TP−1

)
. If σ contains no marker, the two tracks decouple into

fu(m + 1) = amfu(m) and fv(m + 1) = bmfv(m) around the cycle, which have a non-zero solution
if and only if

∏
m am = 1, resp.

∏
m bm = 1; so κ(σ) is the number of the letters U , D that do not

occur in σ, and these σ contribute 2P + 2P . Dividing 2
(
P
∑P−2

N=0 TN4P−N−2 + PTP−1 + 2P+1
)

by
|G2P | = 2P · 4P gives (7).

Second proof of Theorem 2. The kernels Ni = kerφ2i , i ≥ 1, are normal subgroups of finite index.
They are nested, since φ2i factors through φ2i+1 , and their intersection is trivial: if gtk lies in all of
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them, then 2i divides k for every i, so k = 0, and every residue class modulo 2i contains an even number
of the lamps of g; once 2i exceeds the diameter of the support of g, each class contains at most one of
them, so g = 0. Lück’s approximation theorem [Lüc94], in its form for matrices over ZG and a nested
chain of normal subgroups of finite index with trivial intersection (see [KKL25, Theorem 6.2 and
Section 7.1]), applied to the square matrix 4T and this chain, gives dimvN kerT = limi→∞ d2i(T ); by
Lemma 5.1 it does not matter whether the theorem is formulated with left or with right multiplication,
on G and on the finite quotients. In (7) the last two terms tend to 0, because TN ≤ 3N , and the sum
tends to

∑
N≥0 TN4−N−2, which equals

√
5/20 by (6).

This proof uses the finite Fourier transform and elementary counting instead of the direct integral
of Lemma 5.3, and Lück’s theorem as a citation.
Remark 6.3 (the error on the finite quotients). Subtracting

√
5/20 =

∑
N≥0 TN4−N−2 from (7) gives

d2P (T )−
√
5

20
=

3

4
· TP−1

4P
−
∑
N≥P

TN

4N+2
+

21−P

P
.

The first two terms come from the configurations with a single marker, whose segment of P −1 letters
gets the weight 4−P instead of 4−P−1, and from the segments that are too long to fit on the cycle;
since TN ≤ 3N , each of them is at most 1

4(3/4)
P . The marker-free configurations, although they make

up a share (3/4)P of all configurations, contribute only 21−P /P , because most of them have a trivial
kernel. Table 2 lists some values.

K = 2P dK(T ) decimal dK(T )−
√
5/20

2 5/4 1.2500000 1.1 · 100
4 3/8 0.3750000 2.6 · 10−1

6 5/24 0.2083333 9.7 · 10−2

8 19/128 0.1484375 3.7 · 10−2

10 327/2560 0.1277344 1.6 · 10−2

12 731/6144 0.1189779 7.2 · 10−3

14 3305/28672 0.1152693 3.5 · 10−3

16 3721/32768 0.1135559 1.8 · 10−3

20 294457/2621440 0.1123264 5.2 · 10−4

60 0.1118036 2.4 · 10−7

Table 2: The exact values (7);
√
5/20 = 0.1118034 . . . For K ≤ 14 they were also obtained from

Lemma 6.1 by computing all fibre operators, and for K ≤ 5 directly in the group ring (Section 8).

7 Relation to the questions on C(Z/2 o Z)
Grabowski’s question of 2014. In [Gra14, §1c] Grabowski asks what C(Z/2ZoZ) is (Question 3 of
the arXiv version v4, cited as Question 1.7 in [GS21, AC22]) and, after recalling the irrational algebraic
numbers of [LW13] for free lamplighters and the transcendental numbers in C(Z/pZ o Z), writes that
this “raises the question whether C(Z/pZ o Z) contains irrational algebraic numbers”. Theorem 2
answers this for p = 2. Ara and Claramunt note that showing that their virtual number 1

4

√
2/7 is

itself an ℓ2-Betti number would solve this question [AC21, Remark 4.14]. In the same paragraph of
[Gra14] Grabowski announces algebraic numbers of degree k in C((Z/pZ oZ)k), to be shown in a future
version of [Gra16]; these would concern the direct powers. Neither the arXiv version v4 (2015) nor
the journal version of [Gra16] contains such a statement.
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Remark 7.1 (p = 2 only). Theorem 2 is a statement about p = 2. For even p, the group Z/2 o Z
embeds into Z/p o Z (lamps in the subgroup of order 2 of Z/p), and C(H) ⊆ C(G) for every subgroup
H ≤ G [Gra10, pp. 2366–2367]: for a ∈ Mm(QH) the space ℓ2(G)m is the orthogonal sum of the
spaces ℓ2(Hg)m over the right cosets, each invariant under λ(a) and unitarily equivalent to ℓ2(H)m

by right translation, and δe lies in the summand of the coset H. So
√
5/20 also lies in C(Z/p o Z) for

every even p. For odd p the group Z/p oZ has no element of order 2 (its elements of finite order lie in
the lamp group, which has exponent p), so it does not contain Z/2 o Z; we claim nothing for odd p.

Problem 4 of [Gra16]. Grabowski’s lamplighter paper asks for a description of C(Z/2 o Z) sub-
stantially different from the definition and, more concretely, “is

√
2 ∈ C(Z2 oZ)?” [Gra16, Problem 4].

Theorem 2 does not answer this question. Since C(G) is closed under addition (block-diagonal sums
of matrices), Theorem 2 gives the numbers k

√
5/20, k ≥ 1; these are different from

√
2.

The question of Grigorchuk and Simanek. In [GS21, §7, Question 6(a)] Grigorchuk and
Simanek ask “What is the set of values of µm(0) for self-adjoint m ∈ Q[L]?”, where L = Z/2 o Z and
µm is the spectral measure of a single self-adjoint element; they state that this part is Grabowski’s
question from [Gra14]. The matrix T of Theorem 2 is a 2 × 2 matrix and not self-adjoint. One has
kerT = kerT ∗T with T ∗T ∈ M2(QG) self-adjoint, but we do not reduce the matrix to a single element
of QG. So Theorem 2 answers Grabowski’s version of the question, in which C(G) is defined through
matrices, and not literally Question 6(a) of [GS21].

Virtual and genuine values. Ara and Claramunt work with the subgroup G(Z/2 o Z,Q) of R
generated by C(Z/2 o Z). Their numbers 1

4

√
2/7 and 1

8

√
2t/(2t − 1) (t ≥ 3) lie in this group [AC21,

Theorem 4.13 and the paragraph after it]; whether 1
4

√
2/7 lies in C(Z/2 o Z) is left open in [AC21,

Remark 4.14], where it is also said that no group G with C(G,Q) 6= G(G,Q) ∩ R+ is known to the
authors. Theorem 2 does not decide this either:

√
5/20 is a different number (it is not of the form

1
8

√
2t/(2t − 1), since (

√
5/20)2 = 1

80 < 1
64). What Theorem 2 provides is a single matrix whose kernel

has an irrational algebraic dimension.

The link with Question 6. The blocks of the fibre operators of T (Lemma 5.5) are exactly the
matrices recognized by the automaton of Example 4.4, and

dimvN kerT =
∑
N≥0

TN

4N+2
=

1

4
FAL,c

(
1
2

)
=

1

4
· 1√

5
.

This illustrates the connection between Questions 5 and 6 described in [Gra10, p. 2368]; we do not
claim a general statement of this kind.

8 Computations and reproducibility
All theorems, propositions and lemmas of this note are proved without computation. The compu-
tations test the definitions and the statements on finite instances. They do not test the statements
about the infinite group in Section 5 (the direct integral and Lemma 5.3) or the cited theorems of
Lück and Furstenberg, and they do not use them. The reproducibility package has three parts: the
exact program of this note, the programs with which the results were first obtained, and those of the
independent verification runs.

The exact program of this note (check_note.py; standard library, exact arithmetic throughout,
about one minute). Part A (Theorem 1): the transition table over all 625 letters; a depth-first search
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over all 625 letters, pruned only at the absorbing dead state, finds exactly the 2047 accepted words of
length at most 21 of Lemma 3.1; a brute force over all tridiagonal matrices with entries in {−2, . . . , 2}
of size at most 4 (9,765,625 of size 4) finds exactly the matrices Ms; every recognized matrix of size
at most 22 is reconstructed from its word, equals Ms, and has kernel dimension [#U = #D] over Q;
the coefficients agree with those of x2(1 − 4x4)−1/2, and

√
3/6 is enclosed between rational bounds.

Part B (Section 4): the automaton of Proposition 4.1 for p/s = 1 (C = 2, q = 1
2) and the automaton of

Example 4.4, each run over all 625 letters (recognized matrices, kernels, the coefficients TN , the value
1/

√
5 enclosed); the identity Cq2/(1 − q) = p/s for six rationals; the kernel rule of Proposition 4.2

with odd labels on all 2047 words of length at most 10 over two letters. Part C (Theorem 2): T is
built in Q[Z/2 o Z] from πj , χ, α, β and S and compared with (3), and 4T is integral; the kernels of
left and of right multiplication by 4T on Q[GK ]2 are computed directly in the group ring, without
Fourier transform, for K ≤ 5; the fibre operators θ

(K)
x (T ), built from the group-ring coefficients of T

by the rule of Lemma 6.1, are computed for all x and all K ≤ 14, and their kernel dimensions agree
with the direct values for K ≤ 5 and with Proposition 6.2 for even K; for all 21,844 configurations
with P ≤ 7 positions, the even part is checked to split into segment blocks (36,409 of them) equal
entry by entry to 4Ms, with kernels [#U = #D], and without markers the kernel is [no U ] + [no D];
finally TN , (6), an enclosure of

√
5/20 and the identity of Remark 6.3 for P ≤ 60 are checked.

The programs with which the results were first obtained (original/) test Theorem 1 (with a brute
force over all tridiagonal matrices of size at most 4), Proposition 4.1, Example 4.4, and the block
structure and the values dK(T ) for even K ≤ 14.

Three independent verification runs, with their programs and recorded outputs in verification_
run_A/, verification_run_B/ and independent_run_2/; see the next paragraph. When the note
was written, every program of the package with a recorded output was run again from a copy, except
the two longest runs of the second verification run (K = 9 in the group ring and K ≤ 22 for the fibre
operators); the outputs agree with the recorded ones up to running times (RERUN_LOG.txt). The
run of the second round of verification ran all of them again from the archive, the two longest runs
included, with the same result (independent_run_2/rerun_package_v1.txt).

Verification. The results were first obtained, with proofs, together with the programs in original/.
Two rounds of independent verification, all AI-assisted, followed; each run wrote its own programs.
In the first round two runs examined the first written version; each wrote its programs from the
definitions of the source, and neither saw the other’s report.

The first run (A) compared Question 6 and the definition of C(G) with the source. It re-derived
Lemmas 3.1 and 3.3 to 3.5, Theorem 1 and Propositions 4.1 and 4.2, and for Theorem 2 the Fourier
picture of Lemma 5.2, the rows of Lemma 5.4, the decomposition into segments, the bookkeeping
of measures, the generating function (also through Grabowski’s formula, as in Remark 5.6), the
independence of the side of multiplication and the integrality of 4T ; and it compared the statements
quoted from [Gra14, Gra16, AC21, AC22, GS21] with these papers. Its programs enumerate the
recognized matrices of A2 up to size 26 by a depth-first search over all 625 letters, with exact kernels;
compute the kernels of left and of right multiplication by 4T on Q[GK ]2 directly in the group ring for
K ≤ 8 (exactly over Q for K ≤ 6, modulo two primes otherwise); compute a Fourier model of their
own for K ≤ 17 (exactly for K ≤ 10), which agrees with the group-ring values for all K ≤ 8, odd
and even; and check the block structure configuration by configuration for all 87,380 configurations
with P ≤ 8 (167,481 segment blocks). This run derived the exact formula of Proposition 6.2 and the
second proof of Theorem 2. It ran two of the original programs again, with identical outputs.

The second run (B) wrote its programs before opening the original ones: a brute force over all
tridiagonal matrices with entries in {−2, . . . , 2} of size at most 4 and an exhaustive enumeration of
the recognized matrices of A2 up to size 30, with exact kernels; left multiplication by 4T on Q[GK ]2
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for K ≤ 9 (exactly over Q for K ≤ 5, modulo two primes otherwise); and the fibre operators for
K ≤ 22 (all configurations for K ≤ 12, one configuration per rotation class beyond), without any mis-
match with the prediction from the segments. It derived Proposition 6.2 independently; the formula
reproduces every computed value for even K ≤ 22. Its programs detected two deliberately wrong
automata and a deliberately wrong operator. It searched the literature, checked the bibliographic
data with Crossref, and ran all three original programs again, with identical outputs.

Neither run of the first round found an error in a theorem, proposition or lemma. The corrections
they required are all made here: the block-diagonal reading (Section 2.2); the status of the records
(Section 1.1); Problem 4 of [Gra16] (Section 7); the restriction of the question of [GS21] to single self-
adjoint elements; the wording on the works citing [Gra16]; the case c ≡ 0 in Corollary 4.3; no unchecked
theorem number of [Fur67]; the source of the error on the finite quotients (Remark 6.3); a novelty
statement naming the sources and the virtual numbers of Ara and Claramunt; p = 2 (Remark 7.1);
the version of [Gra16] behind the remark in Section 7; and the second proof (Section 6).

When the note was written, Lemma 5.3 was proved directly for the explicit field of projections,
instead of quoting the general fact that the kernel projection of a decomposable operator is decom-
posable; Remark 3.6 (other window sizes), which both runs had checked by reading only, was written
out; Lemma 5.1 was written out; Remark 7.1, suggested by the first run, was added; and the program
check_note.py was written.

In the second round a further run examined the final text line by line, these parts first. It read the
source and the cited texts [Gra14, Gra16, AC21, AC22, GS21] again, [Gra16] and [AC21] also in their
journal versions, compared the form in which Lück’s theorem is used with its statement in [KKL25],
re-derived all proofs, and read check_note.py completely. It found no error in a theorem, proposition
or lemma. The corrections it required are made here: the irrational algebraic values known for other
groups (Sections 1.1 and 1.3); Remark 5.6, where Grabowski’s formula applies to T ∗T and not to T ; the
journal version of [Gra16] (Section 7); a reference for the form of Lück’s theorem; and smaller points
of wording. Its three programs, written for this run, enumerate all tridiagonal matrices with entries
in {−2, . . . , 2} that A2 accepts up to size 28 (16,383 matrices) and, for Remark 3.6, all band matrices
recognized by A(3) up to size 16 and by A(4) up to size 12, every letter being passed to the transition
function (for A(4) every letter without non-zero entries at distance at least 2 from the diagonal; the
others are rejected by its first rule); check Proposition 4.1, Proposition 4.2 for the language of the
words over {a, b, c} without two consecutive letters a, with the weights (2,−1, 0), and the diagonal
identity in the proof of Corollary 4.3; compute the kernels of left and of right multiplication by 4T
on Q[GK ]2 in the group ring for K ≤ 8 (exactly over Q for K ≤ 6, modulo two primes otherwise),
and on Q[Z/4 o Z/K]2 for K ≤ 4 (Remark 7.1); build the change of basis of Lemma 6.1 explicitly
for K ≤ 4 and find the matrix of 4T block diagonal, with the blocks given by (4); compute all fibre
operators for K ≤ 20 (exactly for K ≤ 10), whose kernel dimensions agree with the group-ring values
for K ≤ 8 and with Proposition 6.2 for every even K ≤ 20; and check the trace formula (5) on the
finite quotients with the exact kernel projections for K ≤ 10. Its programs detected a deliberately
wrong sign rule and a deliberately wrong operator.

Scope and priority. The note answers the “in particular” part of Question 6 of [Gra10] (Theorem 1)
and gives partial information on the values of the series FA (Section 4). It shows that

√
5/20 ∈

C(Z/2 o Z) (Theorem 2), which answers, for p = 2, the question of [Gra14, §1c] whether C(Z/p o Z)
contains irrational algebraic numbers. It does not answer Question 4 of [Gra10], Problem 4 of [Gra16],
or Question 6(a) of [GS21] for single self-adjoint elements, and it does not describe C(Z/2 o Z) or the
set of values of FA; both corpus records, OWR-4428-011 and OWR-4428-012, remain partially solved.
The questions, the automaton framework and the remark that families of components are described
by regular languages are Grabowski’s [Gra10, Gra16]. The method of the first proof of Theorem 2
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is the one used by Dicks–Schick, Austin and Grabowski, among others, and the letter-count idea
is the one Ara and Claramunt used for their irrational algebraic virtual ℓ2-Betti numbers [AC21,
Theorem 4.13 and Remark 4.14], [AC22]. Lück’s approximation theorem [Lüc94], Pontryagin duality
and Furstenberg’s theorem [Fur67] are standard. Only Theorems 1 and 2 are, to our knowledge, new;
no priority is claimed, and both proofs are short once the counter is seen.

What was read: the report [Gra10] in the publisher’s open PDF (the title page and pp. 2366–2369);
[Gra16] in its arXiv version v4 (introduction, Sections 1, 3 and 4) and, by the run of the second round,
in the journal version, where Problem 4, Proposition 13, Remark 14 and Lemma 18 have the same
numbers; [Gra14] in its arXiv version v4 (Section 1), whose numbering we use; [AC21] in its arXiv
version v2 (Sections 1–4, the long proof of Theorem 4.5 only in outline; Section 5, on the odometer, not
read) and, by the run of the second round, in the journal version (open access), where Theorem 4.13,
Remark 4.14 and Question 4.15 have the same numbers; [AC22] in its arXiv version v2 (introduction);
[GS21] in its arXiv version v2 (Section 7); and [KKL25] in its arXiv version v1 (Sections 6.1–6.4
and 7.1), whose numbering we use. Of [LW13] we used the abstract and the summary in [Gra10].
The references [Lüc94, Lüc02, Fur67] were not read; they are cited for standard results, and since
the publisher’s site refused automated access to [Fur67], no theorem number of it is given. The
references [DS02, GŻ01, Aus13, PSŻ15] were not read either; what we say about them is taken from
[Gra10, Gra14, Gra16].

The searches were made on 14 October 2026, when the results were first obtained, by the verifi-
cation runs of the first round, in part again when the note was written, and again by the run of the
second round: the arXiv API (keyword searches combining “lamplighter” with Betti numbers, the
Atiyah problem, von Neumann dimension or spectral measures, “irrational algebraic” or “virtual” with
Betti numbers, and regular languages or automata with Betti numbers and kernels; author searches;
all titles containing “lamplighter”), Crossref, zbMATH Open, OpenAlex and Semantic Scholar (the
works citing [Gra10, Gra14, Gra16, AC21, AC22, LW13, PSŻ15, GS21], by title and abstract), and
seven web searches. Question 6 was found only in [Gra10]; [Gra16] mentions regular languages only
in its Remark 14(ii); none of the citing works found treats the series FA. In these sources we found
no earlier non-virtual irrational algebraic ℓ2-Betti number of a lamplighter group Z/p o Z: the val-
ues known there are transcendental and other irrational numbers [Gra16, AC21], irrational algebraic
numbers for the free lamplighters Z/p o Fd [LW13], and irrational algebraic virtual ℓ2-Betti numbers
of Z/2 o Z [AC21, AC22]; for other groups see Section 1.3. An unpublished manuscript of Grabowski
and Virág on random walks on lamplighters, cited in [GS21], could not be inspected. A search that
finds nothing is not a proof of novelty.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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