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Abstract

Shallit asked (Problem 38 in Oberwolfach Reports 7 (2010)) whether, for a real number o > 1
that is not an integer, there is a set P of patterns, finite or infinite, such that a word contains an
a-power, that is, a factor which is an exact p/g-power with p/q > «, if and only if some factor of
the word matches a pattern of P. If one set P must serve words over every finite alphabet, as in
the source’s example of overlaps, the answer is negative for every non-integer o > 1. For a fixed
alphabet of s letters, where P may depend on the alphabet, we show: over two letters such a set
exists if and only if o < 2; over s > 3 letters it exists if and only if & < 1+ 1/s, for every non-
integer o > 1 outside the window 2 — 276 < ' < 2, which remains open; over one letter it always
exists. Such a set exists if and only if the words of critical exponent at least o are closed under
nonerasing morphisms, so a negative answer is certified by a word x and a nonerasing morphism
o with ce(x) > a > ce(o(z)). The negative answer in the universal reading is a short elementary
argument, possibly folklore, in which the alphabet grows as a approaches an integer; the source
reports that Currie and Cassaigne suggested ways to show impossibility for restricted ranges of
a, and we found no write-up of their arguments. The fixed-alphabet results use the Thue-Morse
word and its gap words. Three lemmas on explicit binary words and 29 explicit ternary certificates
(covering 5/3 < a < 2 — 2716) are finite statements decided by exact integer computation, each
reproduced by several independent programs; all infinite families are treated by proofs. This is an
unrefereed note.

1 Introduction

1.1 The question

We use the definitions of Shallit’s abstract [Shal0]. An alphabet is a non-empty finite set of symbols.
A pattern is a non-empty word p over a pattern alphabet A, whose letters are called variables. A
morphism h is nonerasing if h(a) is non-empty for every letter a, and a word w over an alphabet 3
matches p if w = h(p) for some nonerasing morphism h: A* — 3*. For integers p > ¢ > 1, a word
x is an ezact p/q-power if x = y¢y’ with e > 1, ¢/ a prefix of y, |x| = p and |y| = ¢; a word has an
occurrence of an a-power if it has a factor that is an exact p/g-power with p/q > «. For example
[Shal0, p. 2231], a word has a factor of the form azaza (a a letter), an overlap, if and only if some
factor matches zxx or xyxyz. Shallit’s question reads as follows (in our paraphrase).

Problem 1.1 ([Shal0O, Problem 38]). Given a real number o« > 1 that is not an integer, does there
exist a set P of patterns, finite or infinite, with the property that a word x has an occurrence of an
a-power exactly when some factor of x matches a pattern from P?
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In a remark after the problem, Shallit reports that Currie and Cassaigne suggested ways to show
that this is not possible, “at least for some restricted ranges of a” [Shal0, p. 2231], and that further
work is needed to cover all « > 1. For integer = m the single pattern =" works, which is why
integers are excluded.

The problem does not say whether P may depend on the alphabet of x. We consider two readings.

(U) Universal reading: one set P must work for all words over every finite alphabet, as the patterns
rxx, xyryr do for overlaps.

(Fs) Fized alphabet: an alphabet 3 with s letters is fixed, P may depend on ¥, and the equivalence
is required only for words = € X*.

A positive answer in reading (U) gives one in every reading (F), and a negative answer in some reading
(Fs) gives one in reading (U). Reading (U) matches the overlap example, and the hope expressed in
the remark, to cover all @ > 1, can come true only in reading (U): over a fixed alphabet of s letters
a set P exists for 1 < a < 1+ 1 (Proposition 4.1(b)). On the other hand, the phrase “for some
restricted ranges of «” fits the fixed-alphabet reading better: in reading (U) the negative answer is
a short argument that works for all « at once (Theorem 1.2). We state both so that the reader can
judge which one the proposer meant.

1.2 Results

Write ce(z) for the critical exponent of a finite word x (Section 2); a word has an occurrence of an
a-power if and only if ce(z) > o (Lemma 2.1).

Theorem 1.2 (reading (U)). For every non-integer o > 1 there is no set of patterns as in Problem 1.1
that works for words over all finite alphabets.

Theorem 1.3 (readings (Fs)). Let o > 1 be a non-integer real number and ¥ an alphabet of s letters.
A set P of patterns such that a word x € ¥* has an occurrence of an a-power if and only if some
factor of x matches a pattern of P

(a) exists for every o if s = 1;

(b) gxists if and only if a < 2, if s = 2; one can take P = {zxx,xyx} for a < % and P = {zx} for
s<a<?;
D) ;

. . . 1 - _ . _
(c) exists if and only if « <1+ 1, if s >3 and o ¢ (2 —271%,2); one can take P = {zz,zyx}.

For s >3 and 2 — 2716 < o < 2 the question remains open.

alphabet a set P exists mno set P exists open

one letter every « - -

two letters l<a<?2 every non-integer o > 2 -

s > 3 letters 1<a§1+% 1+%<a§2—2*16,andevery 22716 <2
non-integer o > 2

all alphabets (U) never every non-integer o > 1 —

Table 1: The answer to Problem 1.1 in the two readings (Theorems 1.2 and 1.3).



1.3 Method, credit and limits

By Lemma 2.2, a set P exists over X if and only if the set of words of critical exponent at least « is
closed under nonerasing endomorphisms of ¥*. A negative answer is therefore certified by one word x
and one nonerasing morphism o with ce(z) > a > ce(o(z)), and a certificate over s letters is one over
every larger alphabet and in reading (U). Theorem 1.2 follows from a certificate (Proposition 3.1) in
which a letter of a periodic word is inflated into many new letters; the number of letters grows as «
approaches an integer from above, so it does not settle any fixed alphabet. This argument is elementary
and may coincide with the ideas of Currie and Cassaigne mentioned in [Shal0], or be folklore; we
claim no priority for it. The fixed-alphabet results use the Thue-Morse word, its desubstitution
(Lemma 4.2, proved here) and the square-free ternary words obtained from it by counting the letters
1 between consecutive letters 0, a classical construction of Thue [Thul2] (see [Ber]); the source itself
mentions this trick in connection with its Problem 39 [Shal0, p. 2232].

Three statements on explicit binary words (Lemmas 5.2 to 5.4) and 29 ternary certificates (Propo-
sition 6.1(b)) are finite statements decided by exact computation (Section 7). The open window
remains because these certificates form an infinite sequence of which only finitely many have been
computed (Remark 6.2). No printed answer to Problem 1.1 was found in the sources searched (listed
in Section 7); a search that finds nothing is not a proof of novelty.

2 Patterns and morphisms

Positions in a word w = wowy - - - wp_1 are numbered from 0. An integer p > 1 is a period of w if
w; = Wi4p for 0 < i < n—p (so every p > n is a period); per(w) is the least period of a non-empty
word, and the critical exponent of a finite non-empty word z is

ce(z) = max{|f|/per(f) : f a non-empty factor of z}.

For a period p we call |f|/p the ratio of a factor f with period p; thus ce(x) is the largest ratio of a
factor of & with some period. For the two-sided periodic word M?% of a non-empty word M the same
notions apply to its finite factors.

Lemma 2.1. Let a > 1. A word z has an occurrence of an a-power if and only if ce(x) > «.

Proof. A factor which is an exact p/g-power with p/q > « has length p and period g, so its least period
is at most ¢ and its exponent is at least p/q > «. Conversely, if a factor f has |f|/per(f) > a > 1,
then |f| > per(f) and f is an exact |f|/ per(f)-power. O

Lemma 2.2 (closure criterion). Let ¥ be an alphabet, « > 1, and Lo = {x € ¥* : x # ¢, ce(x) > a}.
There is a set P of patterns such that, for every x € ¥*, x € L, if and only if some factor of x
matches a pattern of P, if and only if 0(La) C Ly for every nonerasing morphism o: ¥* — X*.

Proof. Suppose P exists, let © € L, and let o be nonerasing. Some factor f of z equals h(pg) with
po € P and h nonerasing. Then o(f) = (0 0 h)(po) is a factor of o(x) that matches pg, since o o h
is nonerasing; so o(x) € L,. Conversely, suppose L, is closed, and let P be L, itself, each word
read as a pattern over a copy of ¥.. Every x € L, matches itself. If a factor f of x equals h(p) with
p € L, and h nonerasing, then h, read on 3 and extended by the identity to the letters not in p, is a
nonerasing endomorphism of £*, so f € L, by closure, and x € L, because ce(z) > ce(f). O

Corollary 2.3. Let a > 1, let x be a word over an alphabet X and o a nonerasing endomorphism of
X* with ce(x) > a > ce(o(x)). Then no set P as in Problem 1.1 exists over any alphabet ¥’ D X, nor
in reading (U).



Proof. Extend o to ¥ by the identity; it remains nonerasing, and L, over X' is not closed. Apply
Lemma 2.2; a set P in reading (U) would in particular work over X', O

We call such a pair (z,0) a certificate for the interval (ce(o(x)),ce(x)]: it rules out every « in this
interval. If @ = m is an integer, L,, is closed, since o(y™) = o(y)™; this is the reason for excluding
integers.

3 The universal reading
Throughout, « = k+ f with k= |a] >1and 0 < 8 < 1.

Proposition 3.1. Let k > 1 and 1 < r < q < N be integers, let ay,...,an be distinct letters,
x = (ay- --aq)kal ---ayp, and let o be the morphism with o(aq) = aqaq+1---an and o(a;) = a; for

i #q. Then ce(x) =k+r/q and ce(o(x)) =k +r/N.

Proof. Since r < g, the letter a, does not occur in the final block a; - - - a,, so o(z) = Y*a; ---a, with
Y =a;---ay. Thus o(z) is a prefix of Y*, and in Y* two positions carry the same letter if and only
if their distance is a multiple of N. A factor f of o(z) with a period p < |f| satisfies fo = fp, so
N |pand |f|/p < |o(x)|/N =k +r/N; a factor without a period smaller than its length has ratio 1.
The word o(z) itself has period N and ratio k +r/N. The same argument with ¢ in place of N gives
ce(x) =k+r/q. O

Proof of Theorem 1.2. Let q be an integer with ¢ > 1/(1—f) and r = [Bq]. Then 1 <r < fq+1<q
and r/q > . Let N be an integer with N > r/3; then r/N < 8 < r/q, so N > q. By Proposition 3.1,
ce(x) =k+r/qg>a>k+r/N =ce(o(x)), and Corollary 2.3 applies. O

This argument is elementary; it may be folklore or coincide with the ideas of Currie and Cassaigne
mentioned in [Shal0], and we claim no priority for it.

The certificate uses N > r/5 > 1/ letters. Over a fixed alphabet of s letters it is available only
when N < s, and it cannot exist for & < 1+ 1 (Proposition 4.1(b) below).

4 Fixed alphabets: general constructions

Proposition 4.1. Let 3 have s letters.
(a) If s =1, the set P = {211} works for every a > 1.
(b) If1 <a<1+1 theset P={zx,zyz} works.
(c) If s=2 and 3 < a <2, the set P = {xx} works.

Proof. (a) A non-empty unary word a™ has ce(a™) = n, so ce(a™) > « if and only if n > [«], if and
only if a” has a factor matching z/*l. (b) A factor h(zz) or h(zyz), with h nonerasing, contains
the first letter of h(x) twice, and conversely a factor awa (a a letter) is h(xx) if w is empty and
h(zyx) otherwise. So a word has a factor matching P if and only if some letter occurs twice in it. If
so, take two equal letters at minimal distance d; the factor awa between them has d distinct letters
a,wo, ..., W4—2, S0 d < s, and it has period d and ratio (d+1)/d > 1 +% > «. If no letter is repeated,
every factor has ratio 1 < . By Lemma 2.1 this is the claim. (¢) The square-free binary words are
the factors of 010 and 101; their critical exponent is at most % < a. Every other binary word contains
a square and has critical exponent at least 2 > a. O



Let p be the Thue-Morse morphism 0 +— 01, 1 + 10 (on other letters a — ab, b — ba). The
following desubstitution property is standard (compare [AS03, Lot97]); its consequence that p™(0) is
overlap-free is due to Thue [Thu06] (see [Ber]). We include the short proof.

Lemma 4.2. Let w be a binary word and f a factor of pu(w) with a period p and |f| > 2p. Then p
is even and w has a factor with period p/2 and ratio at least |f|/p. Consequently, for n > 1, every
factor f of u™(w) with a period p and |f| > 2p has 2" | p, and w has a factor with period p/2"™ and
ratio at least |f|/p. In particular ce(p™(w)) < max(2,ce(w)), and p™(0) is overlap-free.

Proof. p(w) is a product of the blocks 01 and 10 starting at even positions, so two equal adjacent
letters of p(w) start at an odd position. Let f start at position ¢ of u(w), and L = |f| > 2p+ 1.

If p were odd: for 0 < i < L —p—2, f; = fiy1 would imply fi+p = fitp+1, two pairs of equal
adjacent letters starting at the positions ¢ 4+ ¢ and ¢t + ¢ + p of different parity. Hence the prefix of f
of length L —p > p 4 1 alternates, and f, # fo because p is odd, against the period p.

So p = 2p/. If t is odd, the letters of p(w) at the even positions t — 1 and ¢t — 1 + p are the
complements of those at ¢t and t + p, which are equal; so f extended by one letter to the left still
has period p and a larger ratio. We may therefore assume ¢t = 2a. If L is even, f = u(g) with
g = Wq -+ Wayr/2—1, and since the first letter of u(c) is ¢, the relations fo; = fairp give gi = gigp:
g has period p’ and ratio (L/2)/p" = L/p. If L is odd, f is p(wq - weq(1—3)/2) followed by the
letter woy(r—1)/2, and the same argument shows that g = wg - w,4(1—1)/2 has period p’ and ratio
(L+1)/p> L/p.

The ratio stays larger than 2, so the statement can be iterated n times. A factor of p"(w) with
ratio larger than 2 thus produces a factor of w with at least the same ratio, which gives ce(u™(w)) <
max(2, ce(w)); for w = 0 there is no factor of ratio larger than 1, so x™(0) has no factor f with

|fI > 2per(f). H

Proposition 4.3. Let k > 2 and n > 1. For x = (01)*0 and the morphism 0,(0) =0, 0,,(1) = p"(0)
with its first letter deleted, ce(z) = k+ 3 and ce(o,(x)) = k+27". Hence there is no set P over two
letters for k < a < k + %

Proof. x is a prefix of (01)¥, in which equal letters are at even distance; so a factor with a period
p < |f] has p even and ratio at most (2k+1)/2, attained by z. Since 0,,(01) = " (0) and p"(0) begins
with 0, u = oy, (x) = u™(0%)0 is a prefix of u™(0**1). A factor of u with a period p and length larger
than 2p has 2" | p by Lemma 4.2, hence ratio at most |u|/2" = k+27"; all other factors have ratio at
most 2 < k; and u has period 2". So ce(u) =k+ 27" Fork <a <k+ % choose n with 27" <a —k
and apply Corollary 2.3. O

Proposition 4.4. Let k> 2 and 0 < B < 1, and let j > 0 and an even r > 2 satisfy 27 /(27 + 1) >
B > 27/(277" +1). Over the letters a,b,c let T = p?(a) and let U be p*7(a) without its last 27
letters, so that (/7" (a) = UT. For x = (Tc)*T and the morphism o(a) = a, o(b) = b, o(c) = cU,
ce(z) =k +27/(27 + 1) and ce(o(x)) =k + 27 /(277" +1). Hence over s > 3 letters there is no set P
for any non-integer o > 2.

Proof. Such j and r exist since 2//(27 + 1) — 1 and 27/(2/%" + 1) — 0. As p?(a) = abba ends with
a, so does " (a) for even 7, and p/*"(a) = p? (4" (a)) ends with p/(a) = T. Now o(z) = (TcU)*T is
a prefix of V¥ with V = TcU, |V| = 277" + 1, and ¢ occurs in V* exactly at the positions congruent
to |T'| modulo |V|]. Let f be a factor of o(z) with period p. If f contains no ¢, it is a factor of T" or
of UT = 17*7(a), which are overlap-free by Lemma 4.2, so its ratio is at most 2. If f contains c at
position ¢ and |V| { p, then neither ¢ + p nor i — p is a position of f (it would carry a c at distance p
from another ¢), so |f| <i+p < 2p. If [V] | p, the ratio is at most |o(z)|/|V] = k + 27 /(27" + 1),
and o(z) attains it. Since k > 2, this is ce(o(z)). The same three cases for z, a prefix of (T'¢)*, give
ce(x) = k+27/(27 +1). For a = k + 8 apply Corollary 2.3. O



Proposition 4.5. Let s > 3. For 1 <r < q < N < s, the certificate of Proposition 3.1 with k =1
uses N < s letters and rules out every a € (1 4+r/N,1+r/q]. The union of these intervals is (%, %]
for s =3 and (1+ 1,1+ 23] for s > 4.

s
Proof. For s =3 only (r,q, N) = (1,2, 3) occurs. Let s > 4. Each interval lies in (1+ %, 1+ z:—%], since

r/N>1/sandr/q < (¢—1)/q < (s—2)/(s—1). The intervals (1+{,1+ 35|, r=1,...,58—2, cover

this range: their right ends increase, and % < 7,_’;1, i.e. (r+1)%2 < rs, holds for r < s — 3 because

r+2+1<s. O

5 The binary alphabet above exponent two

Proposition 4.3 covers (k, k + %] For the remaining ranges we use a family of words derived from the
Thue—-Morse word.

Gap words. For a binary word z beginning with 0, write z = 01¢101°2-.-01°¥ and call y(z) =
ereg - -en its gap word, a word over the digits. Let F consist of the one-letter word 2 (N = 1), of
G = v(p™(0)) for n > 2 (N = 2"1) and of H,, = v(u"(001)) for n > 1 (N = 3-2""1). For example
Gy =20, Hy =120, G3 = 2101, Hy = 202101. For a word E = e; ---en over {0,1,2} put

7(E)=010%21---0°¥1,  M(E)=A“BA®B---A“B,  A=001, B=010010011,

so that M(E) = o(7(E)) for the morphism o(0) = A, o(1) = B. In the two-sided word M (E)? we
index the blocks A°B by ¢ € Z (with e,y = e;) and call the starting position d; of the B that ends
block t designated; thus d; — d—1 = 9+ 3e; € ]9, 15].

Lemma 5.1. Let E € F with N = |E| > 2.
(i) Every letter of E is 0, 1 or 2, and e; +---+enx = N; hence |7(E)| = 2N and |M(E)| = 12N.

(ii) E” contains no square uu with N { |u|. In particular consecutive letters of EZ are distinct, and
every factor of EZ of length less than 2N is square-free.

Proof. Let z = p™(v) with v =0 and n > 2, or v = 001 and n > 1, so that F = v(z) and 2% has gap
sequence EZ. The word 2% is a product of blocks 01, 10, so it has no factor 000 or 111, and z has
|z|/2 letters 0 and |z|/2 letters 1. This gives (i). A square uu with |u| = ¢ in E? gives a factor X X0
of 2%, where X begins with 0, contains exactly ¢ letters 0, and has length ¢. This factor has period ¢
and length 2¢+ 1, and it is a factor of p"(v™) for large m. By Lemma 4.2, 2™ | £ and v™ has a factor
with period ¢/2" and ratio larger than 2. If v = 001, then 3 | £/2™: in (001)™ the letters 1 sit at the
positions congruent to 2 modulo 3, so for a shift p’ # 0 (mod 3) the comparison of positions 7 and
1+ p/ fails at least once among any three consecutive 7; a factor with period p’ > 2 thus has length at
most p’ + 2 < 2p’, and 000 does not occur. In both cases |z| divides ¢, so the window X of length ¢
of the |z|-periodic word 2% contains exactly (¢/|z])N letters 0, that is, N | ¢. The last two assertions
follow, since a square inside a factor of length less than 2N has |u| < N. O

The following three lemmas are finite statements about explicit words, proved by exact computa-
tion (Section 7).

Lemma 5.2. For all (a,b) € {0,1,2}2, the word B occurs in BA*BA’B only at the positions 0, 9+ 3a
and 18 4+ 3a + 3b. Consequently, for every two-sided sequence (e;) over {0,1,2}, every occurrence of
B in --- A®*BA“+1B ... starts at a designated position.



Proof. The first statement is checked by computer for the nine pairs. For the second, let an occurrence
start at ¢ with d;_1 <1 < d;. It ends before d; + 9, so it lies in the stretch BA®*B that starts at d;_1,
a prefix of BA®“BA®+1B; hence i = d;_1. O

Lemma 5.3. For every square-free word w = wy -+ - w14 over {0,1,2} and every p < 42, every factor
of BAY1BA"2B - .. A¥14B with period p has length at most 8p/3.

There are 456 such words; the largest ratio is exactly %, attained for p = 3.

Lemma 5.4. Let E € F with N <6, that is, E € {2,Go, H1,G3, Hy}, and M = M(FE). Then M is
primitive, and every factor of M” with a period p that is not a multiple of |M| has ratio at most %.

Reduction to a finite computation. Let m = |M|. Whether MiZ = MZZ_H, depends only on ¢ and p
modulo m. If, for some p with m { p, it held for all 4, then M would equal a non-trivial conjugate of
itself and hence be a proper power. For primitive M let r, be the longest run of consecutive ¢ with
MZ-Z = Mizﬂj, computed on the cyclic word; then the longest factor with period p has length p + 7,
and since r;, depends only on p modulo m, the largest ratio for p = p’ (mod m) is (p’ + r)/p’ with
1 < p’ < m. The computation of these m — 1 numbers gives the lemma (here m < 72). Alternatively,
by the theorem of Fine and Wilf [FW65] a factor with period p, m 1 p, and length at least p + m
would have period ged(p, m) < m and contain a conjugate of M, which would be a proper power; so
such factors are shorter than p 4+ m, their ratio is less than 1 +m/p < 2 if p > m, and for p < m they
lie in M3. Both computations give the maximum %, attained for p = 3. 0
Lemma 5.5. Let E € F with N > 8 and M = M(E). Every factor f of M” with a period p that is

not a multiple of |M| satisfies |f| < 8p/3.

Proof. Suppose |f| > 8p/3.

Case p < 42. The prefix f’ of f of length [8p/3] + 1 < 110 has period p. If it starts at a position
1 with d;_1 <@ < dy, it ends before d; + 109 < dy13 + 9, since dy113 —dy > 13-9. So f’ is a factor of
BA%B---A®+13B and e;--- €413 is a factor of EZ of length 14 < 2N, square-free by Lemma 5.1(ii).
Lemma 5.3 contradicts |f'| > 8p/3.

Case p > 42. Write f = M%[s,s + L). Call t admissible if s < d; and dy +p+9 < s+ L. For
admissible t the copy of B at d; lies in f together with its shift by p, so B occurs at d; + p, which is
designated by Lemma 5.2: d; +p = d;). The admissible ¢ form an interval [ta, tp) Of integers.

Suppose first that some ¢ is admissible. If t and ¢+ 1 are admissible, the stretch M%[dy, d;1+9) =
BA“+1B is repeated at distance p. A designated position j strictly between d ) and d,(41) would
carry a copy of B inside the repeated stretch, and shifting it back by p would give an occurrence of B
strictly between d; and d¢41, against Lemma 5.2. So ¢(t + 1) = ¢(t) + 1 and e,(4)41 = er+1. Hence
©(t) =t+q on [ty tp] for a fixed ¢ > 1, eyqq = €y, for t, < u < tp, and p = dy, 44 — d, is the sum of
the g consecutive gaps 9+ 3ey, to < u < t,+q. If N | ¢, this sum is (¢/N)| M|, against the hypothesis;
so N f g. The factor es,+1 - e4,+q of EZ has period ¢ and length t, — t, + ¢; by Lemma 5.1(ii) it
contains no square of period ¢, so t, —t, < ¢ — 1. Then d;, — d;, is a sum of at most ¢ — 1 of the
q gaps that make up p, and each gap is at least 9, so dy, —d;, < p—9. Since t, — 1 and ¢, + 1 are
not admissible and consecutive designated positions differ by at most 15, we have d;, — s < 14 and
(s+L—-—p—9)—dy <14. Adding, L —p—9 < p+ 19, that is, L < 2p + 28.

If no ¢ is admissible, the integer interval [s,s + L — p — 9] contains no designated position, so it
has at most 14 elements: L < p + 22.

In both cases L < 2p + 28 < 8p/3 because p > 42, a contradiction. ]

Proposition 5.6. Let k > 2. For every a € (k,k + 1) there is no set P over two letters.



Proof. Let E € F, x = 7(E)*7(E)~, where w™ denotes w without its last letter, and o(0) = A,
o(1) = B. The word x has period |7(E)| and length (k + 1)|7(E)| — 1, so ce(x) > k+ 1 — 1/|7(E)|.
Since 7(E) ends with 1, o(x) = M*M' with M = M(E) and M’ equal to M without its final B; this
is a factor of MZ of length (k+1)|M|—9. A factor of o(z) whose period is not a multiple of | M| has
ratio at most & 5 (Lemma 5.4 for N < 6, Lemma 5.5 for N > 8); a factor whose period is a multiple of
| M| has ratio at most |o(z)|/|M| =k +1—9/|M|. By Corollary 2.3 every « in

Jg = (max( kE+1-9/|M|), k+1— 1/|T(E)H

is ruled out. For N > 2, Lemma 5.1(i) gives JE = (max( k+1—32).k+1— 5] and for E = 2,
|7(E)| =3 and [M| =15, so Jo = (max(5,k+ 2),k+ 3]. The sizes N > 2 1nfare 2,3, 4 6,8,12,.
and consecutive ones satisfy N/ < %N , hence 37 > ﬁ: consecutive intervals (k+1— 4 N k+1— ]
overlap or touch, and their union is (k + %, kE+1).

If k > 3, then § < k + 2, the maxima disappear, and (k,k + %] (Proposition 4.3), J» = (k +
2 k+ 2 and (k+ 3,k +1) cover (k,k+1). If k = 2, the intervals Jg with N > 2 cover (% 3),
Proposition 4.3 covers (2, 3], and the certificate z = 00100100, ¢(0) = 0, o(1) = 101101, with
o(z) = 001011010010110100, ce(z) = § and ce(o(z)) = Z,covers(%,g]. O

For N < 24 and k = 2, 3,4 the computation gives exactly ce(x) = k+1—1/|7(F)| and ce(o(z)) =
max(5,k + 1 —9/|M|); for example E = Gs, k = 2 gives ce(z) = 2 and ce(o(z)) = 2.

6 Three or more letters below exponent two

By Corollary 2.3, certificates over three letters serve every alphabet with s > 3 letters. Let Ny = 3,
and let N1 < Ny < --- < Nag be the numbers 27 (2 < j < 16) and 3-2/ (1 < j < 14), so that Ny = 4,
No =6, N3 =8, Ny =12, ..., Nog = 65536. For N = N;, i > 1, let Ey be the word G,, or H,, of
Section 5 with N letters, written over {a,b,c} by 0 — a, 1 + b, 2 — ¢. Since p"(0) for n > 3 and
1™(001) for n > 2 begin with 011, En begins with ¢; write Ey = cuy and xny = uycuy, a word of
length 2N — 1. Let og(a) = a, oo(b) = be, op(c) = bac.

Proposition 6.1. Quver three letters:

(a) x = aba and o(a) = a, o(b) = be, o(c) = ¢ give o(x) = abca, ce(x) =
x = abacaba and o(a) = a, o(b) = b, o(c) = cbe give o(x) = abacbcaba, ce(x)

So every a € (%, %] is ruled out.
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(b) For 1 <1i <29, ce(zy,) =2—1/N; and ce(oo(zn,)) =2 —1/N;_1. So every a € (5,2 — 271]
is ruled out.

Proof. (a) can be checked directly. (b) The word zy is a factor of E% of length 2N — 1, square-free by
Lemma 5.1(ii); so a factor with period p has length at most 2p—1, and also at most 2N —1, and its ratio
is at most 2 — 1/N, attained by xy itself. The values ce(og(zn;)) were computed exactly (Section 7).
The certificates rule out the intervals (2 — 1/N;_1,2 — 1/N;], whose union is (3,2 — 2719]. O

Proof of Theorem 1.3. (a) is Proposition 4.1(a). (b) For 1 < a < 2 use Proposition 4.1(b) (o < 3) and
(c); for non-integer @ > 2, Proposition 5.6. (c) For o < 14 1 use Proposition 4.1(b). For non-integer
a > 2, Proposition 4.4 (or Proposition 5.6 with Corollary 2.3). For 1+ % <a<2-2716if g =3,
Proposition 4.5 and Proposition 6.1 cover (3, 3], (%, 7] and (5,2 —2716]; if s > 4, Proposition 4.5
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covers (1 + %, 1+ %], which contains (1 + % %] and Proposition 6.1 with Corollary 2.3 covers
(3,227 O



Only the following values rest on computations: for s = 2, the ranges (k + %, k+1); for s > 3, the
values in (%, 2 — 2716] that Proposition 4.5 does not cover. For s > 3 the range a > 2 is covered by
the computer-free Proposition 4.4.

Remark 6.2 (the open window). Let 6(a) = b, 8(b) = ca, 6(c) = cba and let 7 be the renaming a — ¢,
b~ a, c— b; then o9 = mo 6, so ce(op(w)) = ce(f(w)). Since ©(01¢) = 01(10)¢ has the gap word
b, ca, cba for e = 0, 1,2, we have y(uu(z)) = 6(y(z)) for binary z beginning with 0 (letters renamed),
hence Fyy = 0(Ey), and 0(zx) is Fan Eon without its first three letters: a factor of EZy of length
4N — 3, square-free by Lemma 5.1(ii). Let N = N; and N’ = N;_1, so N < 3N’. Factors of 0(zy)
with a period p < N’ have ratio at most 2 — 1/p < 2 — 1/N’, and those with p > 2N have ratio at
most (4N — 3)/(2N) < 2 —1/N’. Hence the chain of Proposition 6.1(b) continues for all 4, which
would close the window, if and only if, for every ¢ and every p with N’ < p < 2N, each factor of
0(zn) with period p has length at most (2 — 1/N')p; for N’ < p < 2N’ this says that 6(zy) has no
factor udu with |u| = p — 1 and d a letter. The weaker statement that 6(zy) has no factor udu
with N — 1 < |u| < 2N — 2 is, by the same argument, equivalent to ce(og(zn)) < ce(xy), that is, to
(zn,00) being a certificate for a non-empty interval; one of the independent verification runs checked
it numerically for N < 256. It does not suffice for the chain. We have no proof of either statement for
all N. Both are statements about factors of words derived from the Thue—Morse word, and statements
of this kind can often be decided with the automatic theorem prover Walnut [Moul6, Sha22al; a proof
along these lines might close the window, but we have not tried.

Remark 6.3. The same computation for N = 98304 and N = 131072 (the next two sizes) gives
ce(xy) =2 —1/N and ce(op(zn)) =2 — 1/N’ again, with the preceding size N’, which would shrink
the window to (2 — 2717,2). These two values were found by one of the verification runs and are
reproduced by the program of this note and by the last verification run (Section 7); the statements
above keep the bound 2 — 2716, the range covered by all verification runs.

Remark 6.4. By Dejean’s theorem [Dej72], only finitely many ternary words have critical exponent
less than %. The program with which the results were first obtained enumerates them (533 words up
to renaming of the letters, the longest of length 38) together with all their factorisations into at most
three distinct blocks (168,651), and finds that for three letters and 1 < a < % the ruled-out values
are exactly (3, 7], in agreement with Proposition 4.1(b) and Proposition 6.1(a). This exhaustive
classification is a cross-check and is not used in any proof.

7 Computations, verification and scope

Computations. For a word w and a period p, the longest factor with period p has length p + 7,
where 7, is the longest run of consecutive indices ¢ with w; = wj4,; so ce(w) = max(1, max,(p +
rp)/P), an exact rational number computed with integers only. The statements that depend on such
computations are Lemmas 5.2 to 5.4, the certificate for (%, %] in the proof of Proposition 5.6 (small
enough to be checked directly), and the 29 values ce(op(xy,)) of Proposition 6.1(b), the largest for a
word of length 262,141. Each is a finite statement, reproduced by three independent implementations
in the verification runs described below, besides the programs of the note. The infinite families
(Lemmas 4.2, 5.1 and 5.5 and the propositions of Sections 3 and 4) are proved in the text; the programs
only test them on instances. The program check_note.py of the reproducibility package (standard
library only) repeats all finite checks of the note in exact arithmetic, tests its critical-exponent routine
against a direct loop and against the definition of an exact p/g-power, and tests the propositions on
many parameters; its default run takes a few seconds, the run with all 29 sizes about two minutes,
and the run of Remark 6.3 about seven minutes. The package also contains the programs with which
the results were first obtained and those of the three verification runs, with their recorded outputs.



Verification. The results were first obtained, with written proofs and programs, in a first written
version. Two independent verification runs, both Al-assisted, examined this version; each read the
source [Shal(] in the publisher’s open PDF, re-derived the proofs line by line and wrote its own
programs, and neither read the other’s report. Both found no mathematical error. The first run
checked with its own code Lemmas 5.2 and 5.3, Lemma 5.1 for N < 3072, the bound of Lemmas 5.4
and 5.5 for every word of F with IV < 192, the formulas after Proposition 5.6, the interval unions,
all 29 certificates of Proposition 6.1(b), and Proposition 3.1 and Section 4 on many parameters (up
to 1002 letters). The second run wrote a C program for the exact critical exponent, compared it
with the definition on 3,006 words, and a second one for the bound on M?% by cyclic runs; it checked
Lemmas 5.2 and 5.3, Lemma 5.1 and the cyclic bound for N < 2048, the exact critical exponents in
Proposition 5.6 for N < 512, the 29 certificates and the two of Remark 6.3, and the propositions of
Sections 3 and 4 on many parameters; it also ran its checks on deliberately wrong inputs, which were
detected, and reproduced the recorded outputs of the first-version programs.

The two runs required corrections, all of which were made: both readings are stated wherever the
status is described; Lemma 5.2 is stated for all nine pairs, so that its consequence does not depend
on Lemma 5.1; the proof of Lemma 5.4 explains why the finite computation suffices; in Lemma 5.5
the case without admissible ¢ gives L < p + 22; the page range of [Shal0] and the description of the
literature search were corrected. In writing this note, Remark 6.2 was corrected: the condition stated
in the first version gives only ce(og(zn)) < ce(xn), not the chain. The program check_note.py was
written for this note and is a third implementation of the finite checks.

The text of this note was then examined by a further independent verification run, also Al-assisted.
It downloaded and read the source again, re-derived every proof of the note line by line, and wrote
new programs (standard library only, exact integer arithmetic, with a bit-parallel computation of
critical exponents that differs from the routines above), which it compared with a computation over
all factors on 1,517 words and with the definition of an exact p/g-power on 16,263 pairs of a word and
an exponent. With them it recomputed Lemmas 5.2 and 5.3, Lemma 5.4 and the same cyclic bound
for every word of F with N < 3072, Lemma 5.1 for NV < 6144, the certificate for (%, %], the formulas
after Proposition 5.6, the certificates of Proposition 6.1(a), all 29 certificates of Proposition 6.1(b)
and the two of Remark 6.3, the identities of Remark 6.2, the interval unions and the assembly of
Theorem 1.3(c) for 3 < s < 40, the propositions of Sections 3 and 4 on many parameters (up to
10,001 letters) and the counts of Remark 6.4; all 17 deliberately corrupted inputs were detected. It
also re-ran every program of the package from the archive of the previous version; all 20 recorded
outputs were reproduced up to timing. It found no error in a statement and required corrections of
the text, which were made: in the proof of Proposition 4.1(b) a false intermediate sentence (a factor
matching zz need not begin and end with the same letter) was replaced; the discussion of the two
readings now notes that the hope to cover all & > 1 can come true only in reading (U); the abstract
no longer calls the ideas of Currie and Cassaigne unpublished; the caveat on Theorem 1.2 is repeated
after its proof; and the descriptions of the verification and of the searches were completed.

Scope and priority. The question is Shallit’s [Shal0, Problem 38]. The note answers it negatively
in reading (U) (Theorem 1.2) and, for a fixed alphabet, completely for one and two letters and
for s > 3 letters outside the window (2 — 2716 2) (Theorem 1.3); the window stays open. The
argument for Theorem 1.2 is elementary. The remark after the problem in [ShalO] credits Currie
and Cassaigne with ideas showing impossibility for restricted ranges of «; we found no write-up of
their arguments, Theorem 1.2 may coincide with them or be folklore, and we claim no priority for it.
The tools are classical: the overlap-freeness of the Thue-Morse word [Thu06] and Thue’s square-free
ternary word obtained from it by counting letters between consecutive zeros [Thul2] (we follow the
account in Berstel’s survey [Ber| for which result is in which paper; Thue’s papers were not read),
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the desubstitution of Lemma 4.2, proved here and standard (compare [AS03, Lot97], which were not
consulted for this note), the theorem of Fine and Wilf [FW65], and, for Remark 6.4 only, Dejean’s
theorem [Dej72].

What was read: Shallit’s abstract [Shal0] (pp. 2230-2236 of the report) in full, in the open PDF
of the publisher, and the parts of [Ber] that describe Thue’s results, in a text extraction; both were
read again by the last verification run. The searches were made on 19 and 20 October 2026: queries
to arXiv, zbMATH, Crossref, OpenAlex and Semantic Scholar (for patterns and fractional powers,
for Shallit’s papers on patterns, for nonerasing morphisms and powers, for Currie, Cassaigne and
patterns, for critical exponents and closure under morphisms), the lists of works citing [Shal0] in
OpenAlex and Semantic Scholar, and eight web searches; the last verification run repeated part of
them. Part of these requests were refused by arXiv, OpenAlex and Semantic Scholar with HTTP
status 429 (rate limit) or 503 and were repeated at most once. Semantic Scholar lists two works citing
[Shal0], [FLM*20] and [RSW22]; OpenAlex lists [FLM20] and a 2026 preprint on an antimorphic
Fine-Wilf theorem [Kri26]. Their titles, and the abstracts of [FLM*20] and [RSW22], show other
topics. The other works found concern the avoidance of patterns and fractional powers, not their
characterisation [CM21, RS12, PR18, Sha22b, LSW00]. No printed answer to Problem 1.1 was found
in the sources searched; a search that finds nothing is not a proof of novelty, and no priority is claimed.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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