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Abstract

The Bernoulli displacement model is the random Schrödinger operator hω,λ = h0+Vω on ℓ2(Z)
in which each cell of two neighbouring sites carries one single-site potential λ 6= 0. The potential sits
on the left or on the right site of the cell according to an independent Bernoulli variable ωk. Nichols
and Stolz determined the almost-sure spectrum Σλ for 0 < |λ| ≤ 2. They conjectured (Oberwolfach
Report 55/2009; J. Spectral Theory 1 (2011), Conjecture 6.2) that Σλ = σ(hω∗,λ) ∪ σ(hω1,λ) for
every λ 6= 0, where the configurations ω∗ and ω1 give potentials of period four and two. For |λ| > 2
this means that Σλ consists of exactly six bands. We prove the conjecture. In fact, the inclusion

σ(hω,λ) ⊂ σ(hω∗,λ) ∪ σ(hω1,λ) =
{
E ∈ R : |E(E − λ)− 2| ∈ [0, 2] ∪ [|λ|,

√
λ2 + 4 ]

}
holds for every configuration ω, not only almost surely. The proof uses the reduction of Nichols and
Stolz, under which hω,λ(hω,λ − λ)− 2 becomes a direct sum of two discrete Schrödinger operators
with potentials ±s, where sk = λ(ωk − ωk+1). It combines this reduction with an elementary
Schur-complement argument. The argument works because s never takes the same nonzero value
at two neighbouring sites. This is an unrefereed note.

1 Introduction
We follow Nichols and Stolz [NS11, §2.6]. Fix λ ∈ R \ {0}. For a configuration ω = (ωk)k∈Z ∈ Ω :=
{0, 1}Z let Vω : Z → {0, λ} be the potential which, on each cell Ck = {2k, 2k+1}, equals λ at the site
2k + ωk and 0 at the other site. Let

hω = hω,λ = h0 + Vω, (h0u)(n) = u(n− 1) + u(n+ 1),

on ℓ2(Z). Nichols and Stolz use the cells {2k + 1, 2k + 2}; this is a translation and does not change
any spectrum. Their kinetic term is (hNS

0 u)(n) = −
∑

|m−n|=1 u(m) [NS11, p. 125], the negative of
our h0. This change of sign does not matter either, because the unitary u(n) 7→ (−1)nu(n) maps h0
to −h0 and commutes with Vω, so h0 + Vω and −h0 + Vω have the same spectrum for every ω. We
write ∆ := h0 for the same operator when it acts on the auxiliary spaces of Section 3.

In the Bernoulli displacement model the ωk are independent with P (ωk = 0) = p ∈ (0, 1). The
family is ergodic, so there is a closed set Σλ with σ(hω,λ) = Σλ for almost every ω [NS11, §2.4]. Two
periodic configurations play a special role. The first is ω∗, with ω∗

k = 0 for even k and ω∗
k = 1 for

odd k; its potential is 4-periodic with period (λ, 0, 0, λ). The second is ω1, with ω1
k = 1 for all k; its

potential is 2-periodic with period (0, λ). Nichols and Stolz proved the following [NS11].
∗Mercury Software GmbH. Email: alper@mercurycodelab.com. GitHub: https://github.com/AlperTheKing.

Unrefereed preprint. CC BY 4.0.

1

mailto:alper@mercurycodelab.com
https://github.com/AlperTheKing
https://creativecommons.org/licenses/by/4.0/


• The extremal configuration ω∗ gives the edges of the almost-sure spectrum: inf Σλ =
minσ(hω∗,λ) and supΣλ = maxσ(hω∗,λ) [NS11, Thm. 2.2, Cor. 2.4].

• The central gap (G−, G+) of σ(hω∗,λ) is a gap of σ(hω,λ) for every ω [NS11, Thm. 2.6].

• If 0 < |λ| ≤ 2, then Σλ = [E−, E+] \ (G−, G+) = σ(hω∗,λ) ∪ σ(hω1,λ) [NS11, Cor. 2.7 and the
preceding paragraph]; see also [SV09, p. 2986].

For |λ| > 2 they wrote that they could not handle this case and stated the following conjecture, first
in the Oberwolfach report [SV09, p. 2986] and then in [NS11, p. 151].

Conjecture 1.1 (Nichols–Stolz [NS11, Conj. 6.2]). For every λ 6= 0, Σλ = σ(hω∗,λ) ∪ σ(hω1,λ).

They note that for |λ| > 2 this would mean that Σλ consists of exactly six bands separated by five
nonvanishing gaps, and they report numerical evidence for this computed by J. Baker. The question
is also record OWR-4138-001 of the UnsolvedMath dataset [ula26]. The Oberwolfach report describes
the model by the cell length L1 = 2 and the single-site potential q = λδ1; this is the model above.
The report and the corpus record write the extremal configuration as ν∗, with ν∗k = δ1((−1)k). This
is ω∗ shifted by one cell, ν∗k = ω∗

k+1, so σ(hν∗,λ) = σ(hω∗,λ). Put

x(E) := E(E−λ)−2 =
(
E−λ

2

)2
−
(
2+

λ2

4

)
, Sλ :=

{
E ∈ R : |x(E)| ∈ [0, 2]∪[|λ|,

√
λ2 + 4 ]

}
. (1)

Theorem 1.2. Let λ ∈ R \ {0}.

(a) σ(hω,λ) ⊂ Sλ for every ω ∈ Ω.

(b) Sλ = σ(hω∗,λ) ∪ σ(hω1,λ).

(c) For every p ∈ (0, 1), Σλ = Sλ = σ(hω∗,λ) ∪ σ(hω1,λ). In particular, Conjecture 1.1 holds.

(d) If |λ| > 2, then Σλ is the union of six pairwise disjoint nondegenerate compact intervals, which
are listed in Proposition 5.1.

Part (a) is a deterministic statement: no configuration has spectrum in the gaps of Sλ. The
proof has two parts. The first is the reduction that Nichols and Stolz used for the central gap [NS11,
proof of Thm. 2.6]. Under this reduction x(hω) is unitarily equivalent to (∆ + s) ⊕ (∆ − s) with
sk = λ(ωk − ωk+1), and their positive solution gives the one-sided bound [NS11, (32)] that they need
for the central gap. We reproduce both steps in Section 3. In our convention the positive solution
bounds ∆ ± s from above by

√
λ2 + 4, and the two-sided bound σ(∆ ± s) ⊂ [−

√
λ2 + 4,

√
λ2 + 4 ]

follows from the symmetry u(k) 7→ (−1)ku(k) (Lemma 3.4). The second part is Lemma 4.2. It is a
direct consequence of a standard fact about self-adjoint block operator matrices (Lemma 4.1), and it
applies because s never takes the same nonzero value at two neighbouring sites. This excludes the
four remaining gaps, which correspond to |x| ∈ (2, |λ|).

Conjecture 6.3 of [NS11], which asks for thin (for example Lifshitz-type) tails of the integrated
density of states at the eight band edges of Σλ other than E± and G±, is not addressed here. Propo-
sition 5.1 identifies these eight edges explicitly. We also mention work on the spectral type of related
models, which does not concern the set Σλ. Localization for one-dimensional discrete random word
models, a class that contains this model, was proved by Damanik, Sims and Stolz [DSS04]. Accord-
ing to its title and available summary, Chulaevsky’s paper [Chu23] concerns localization for lattice
displacement models. Localization for block-factor potentials is proved in [DGK25].
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2 The two periodic spectra
For a potential V , solutions of u(n + 1) + u(n − 1) + V (n)u(n) = Eu(n) satisfy (u(n + 1), u(n))⊤ =
T (V (n)) (u(n), u(n− 1))⊤ with

T (v) =

(
E − v −1

1 0

)
, T (a)T (b) =

(
(E − a)(E − b)− 1 −(E − a)

E − b −1

)
.

If V has period N , Floquet theory gives σ(h0 + V ) = {E ∈ R : |trM(E)| ≤ 2}, where M(E) is the
product of the N transfer matrices over one period [Tes00]. The trace does not depend on the choice
of the starting site, because it is invariant under cyclic permutations.

Lemma 2.1. σ(hω1) = {E : |x(E)| ≤ 2} and σ(hω∗) = {E : λ2 ≤ x(E)2 ≤ λ2 + 4}. Consequently
Sλ = σ(hω∗) ∪ σ(hω1).

Proof. Write w = E(E − λ) = x+2. For ω1 the period is (0, λ) and trT (λ)T (0) = w− 2 = x. For ω∗

a period, up to cyclic permutation, is (0, λ, λ, 0). With B = T (λ)T (0) and B′ = T (0)T (λ) we get

tr
(
T (0)T (λ)T (λ)T (0)

)
= tr(B′B) = (w − 1)2 − E2 − (E − λ)2 + 1 = w2 − 4w + 2− λ2,

since E2+(E−λ)2 = 2w+λ2. This is the discriminant D(E) = E4−2λE3+(λ2−4)E2+4λE+2−λ2
computed in [NS11, §2.6.1]. In terms of x it equals x2 − 2 − λ2, and |x2 − 2 − λ2| ≤ 2 means
λ2 ≤ x2 ≤ λ2 + 4. The union of the two sets is {E : |x| ≤ 2 or |λ| ≤ |x| ≤

√
λ2 + 4} = Sλ.

If |λ| ≤ 2 then Sλ = {E : |x(E)| ≤
√
λ2 + 4}. This is the set [E−, E+] \ (G−, G+) of [NS11,

Cor. 2.7], with

E± =
λ

2
±

√
2 +

λ2

4
+

√
λ2 + 4, G± =

λ

2
±

√
2 +

λ2

4
−

√
λ2 + 4, (2)

the preimages of x =
√
λ2 + 4 and of x = −

√
λ2 + 4.

3 The reduction of Nichols and Stolz
For ω ∈ Ω define s = s(ω) : Z → R by

sk = λ(ωk − ωk+1), k ∈ Z. (3)

Up to the sign of s, which is irrelevant below, this is the potential qω of [NS11, §5.1]. We write ∆ for
the operator (∆f)(k) = f(k− 1)+ f(k+1) on ℓ2(Z), and ∆± s for ∆ plus multiplication by ±s. The
following is the computation in [NS11, proof of Thm. 2.6].

Proposition 3.1. There is a unitary U : ℓ2(Z) → ℓ2(Z) ⊕ ℓ2(Z), which depends on neither ω nor λ,
such that for every ω ∈ Ω

U
(
hω(hω − λ)− 2

)
U∗ = (∆+ s)⊕ (∆− s).

Consequently
x
(
σ(hω)

)
= σ(∆ + s) ∪ σ(∆− s), (4)

and in particular E ∈ σ(hω) implies x(E) ∈ σ(∆ + s) ∪ σ(∆− s).
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Proof. Let V ′ = Vω − λ/2. Then V ′(n) = ±λ/2, so V ′2 = λ2/4, and

hω(hω − λ) =
(
hω − λ

2

)2
− λ2

4
= h20 + h0V

′ + V ′h0.

Let (Su)(n) = u(n − 1). Then h0 = S + S∗ and h20 = S2 + S∗2 + 2. The operator h0V ′ + V ′h0 has
matrix elements V ′(m) + V ′(n) for |m− n| = 1 and 0 otherwise. Hence

hω(hω − λ)− 2 = S2 + S∗2 + J, J =
∑
n∈Z

τ(n)
(
〈δn+1, · 〉δn + 〈δn, · 〉δn+1

)
,

with τ(n) = Vω(n)+Vω(n+1)−λ. Each cell carries the values 0 and λ once, so τ(2k) = 0. Moreover
Vω(2k + 1) = λωk and Vω(2k + 2) = λ(1− ωk+1), so τ(2k + 1) = sk.

The pairs Pk = {2k + 1, 2k + 2} partition Z. Define Uu = (u+, u−) by

u±(k) =
u(2k + 1)± u(2k + 2)√

2
, k ∈ Z;

this is a unitary map. The operator S2 maps δ2k+1 to δ2k+3 and δ2k+2 to δ2k+4. So S2 + S∗2 acts
in the same way on the two sequences (u(2k + 1))k and (u(2k + 2))k, and U(S2 + S∗2)U∗ = ∆ ⊕∆.
The operator J acts inside each pair Pk by the matrix

( 0 sk
sk 0

)
, whose eigenvectors (1,±1)/

√
2 have

eigenvalues ±sk. So UJU∗ is multiplication by s on the first summand and by −s on the second.
This proves the identity. Since hω is bounded and self-adjoint, the spectral mapping theorem gives
σ(x(hω)) = x(σ(hω)). Together with σ(A⊕B) = σ(A) ∪ σ(B) this gives (4).

Remark 3.2. Identity (4) gives only one direction for a given energy. Every point of σ(∆+s)∪σ(∆−s)
is x(E) for some E ∈ σ(hω), but in general not for both preimages. Take the domain wall ωk = 0 for
k < 0 and ωk = 1 for k ≥ 0. Then s = −λδ−1. The operator ∆+ µδ0 has spectrum [−2, 2] together
with one simple eigenvalue sign(µ)

√
µ2 + 4, with eigenvector r|n|, where r+1/r = sign(µ)

√
µ2 + 4 and

|r| < 1. Hence each of x0 = ±
√
λ2 + 4 is a simple eigenvalue of exactly one of ∆±s and lies outside the

spectrum of the other. So ker(x(hω)− x0) is one-dimensional, and x(σ(hω)) = [−2, 2] ∪ {±
√
λ2 + 4}.

Let E,E′ be the two preimages of x0. Since |x0| > 2, any of E,E′ that lies in σ(hω) is an isolated
point of σ(hω), hence an eigenvalue. For self-adjoint hω, ker(x(hω)−x0) = ker(hω−E)⊕ker(hω−E′).
By (4) at least one of E,E′ lies in σ(hω), and by the dimension count at most one does. So exactly
one of E+, E− and exactly one of G+, G− lie in σ(hω). Numerically, matching decaying solutions for
λ ∈ {−3, 1, 5/2, 3, 5} shows that the infinite wall has the eigenvalues E− and G− for λ > 0 and E+

and G+ for λ < 0; on long finite domain walls with λ = 3 the numerics also pick E− and G−. Only
the implication stated in Proposition 3.1 is used below.

Lemma 3.3. For every ω, sk ∈ {−|λ|, 0, |λ|}, and no two consecutive entries of s are equal and
nonzero. (In fact the nonzero entries of s alternate in sign.) Moreover s(1− ω) = −s(ω).

Proof. If sk = sk+1 6= 0, then ωk − ωk+1 = ωk+1 − ωk+2 = ±1. This forces ωk+1 to be both 0 and
1, which is impossible. If sk 6= 0 and j > k is the next index with sj 6= 0, then ω is constant on
{k + 1, . . . , j}, so ωj = ωk+1 and ωj+1 = ωk; hence sj = −sk. The last claim is clear from (3).

The next lemma contains the bound [NS11, (32)], which Nichols and Stolz prove with the positive
solution [NS11, (35), (36)]. They state the one-sided bound that they need for the central gap; the
two-sided form follows from the symmetry R in the proof below. We include the short argument.

Lemma 3.4. For every ω, σ(∆± s) ⊂ [−
√
λ2 + 4,

√
λ2 + 4 ] and σ(∆ + s) = −σ(∆− s).

4



Proof. Let z = (
√
λ2 + 4 + λ)/2 > 0. Then 1/z = (

√
λ2 + 4 − λ)/2, so z + 1/z =

√
λ2 + 4 and

z − 1/z = λ. Define ψ > 0 on Z by ψ(0) = 1 and ψ(k + 1) = ψ(k) z2ωk+1−1. Then

ψ(k + 1) + ψ(k − 1)

ψ(k)
+ sk = z2ωk+1−1 + z1−2ωk + λ(ωk − ωk+1).

For (ωk, ωk+1) = (0, 0) and (1, 1) this is z+1/z; for (0, 1) it is 2z−λ; for (1, 0) it is 2/z+λ. In all four
cases it equals

√
λ2 + 4, so (∆ + s)ψ =

√
λ2 + 4ψ pointwise. For a finitely supported f : Z → C and

u = ψf this gives ((
√
λ2 + 4−∆− s)u)(k) = ψ(k − 1)(f(k)− f(k − 1)) + ψ(k + 1)(f(k)− f(k + 1)),

and summation by parts gives the ground-state identity⟨
u, (

√
λ2 + 4−∆− s)u

⟩
=

∑
k∈Z

ψ(k)ψ(k + 1) |f(k + 1)− f(k)|2 ≥ 0.

Such u are dense, so ∆+s ≤
√
λ2 + 4. Applied to 1−ω, this gives ∆−s ≤

√
λ2 + 4 by Lemma 3.3. The

unitary (Ru)(k) = (−1)ku(k) satisfies R∆R∗ = −∆ and commutes with s, so R(∆+s)R∗ = −(∆−s).
This proves σ(∆ + s) = −σ(∆− s) and ∆± s ≥ −

√
λ2 + 4.

4 The four inner gaps
The following fact is standard. For much finer results on self-adjoint block operator matrices whose
diagonal parts have separated spectra see [LMMT01, KMM04, Tre08]; the lemma also follows from
the spectral inclusion property of the quadratic numerical range [LMMT01, Tre08]. We include the
short Schur-complement proof.

Lemma 4.1. Let H = H1 ⊕ H2, and let H =
(

A B
B∗ D

)
be a bounded self-adjoint operator on H. If

A ≥ a and D ≤ d with d < a, then σ(H) ∩ (d, a) = ∅.

Proof. Let t ∈ (d, a). Then D−t ≤ −(t−d) < 0, so D−t is invertible and −(D−t)−1 ≥ 0. The Schur
complement Σ(t) = A− t− B(D − t)−1B∗ = (A− t) + B

(
−(D − t)−1

)
B∗ satisfies Σ(t) ≥ a− t > 0,

so it is invertible. The factorization

H − t =

(
I B(D − t)−1

0 I

)(
Σ(t) 0
0 D − t

)(
I 0

(D − t)−1B∗ I

)
exhibits H − t as a product of three invertible operators.

Lemma 4.2. Let L > 2 and let q : Z → R be bounded. Let S ⊂ Z contain no two consecutive integers,
and suppose that q ≥ L on S and q ≤ 0 on Z \ S. Then σ(∆ + q) ∩ (2, L) = ∅.

Proof. Decompose ℓ2(Z) = ℓ2(S)⊕ ℓ2(Q) with Q = Z \S. Distinct points of S are not neighbours, so
〈δm,∆δn〉 = 0 for m,n ∈ S. Hence the S–S block of ∆+ q is multiplication by q|S ≥ L. For u ∈ ℓ2(Q)
we have 〈u, (∆ + q)u〉 ≤ 〈u,∆u〉 ≤ 2‖u‖2, because q ≤ 0 on Q and ‖∆‖ = 2. So the Q–Q block is at
most 2. Now apply Lemma 4.1 with a = L and d = 2.

Corollary 4.3. If |λ| > 2, then for every ω

σ(∆± s) ∩
(
(−|λ|,−2) ∪ (2, |λ|)

)
= ∅.

Proof. Take q = s and S = {k : sk = |λ|}. By Lemma 3.3, S contains no two consecutive integers,
and s ∈ {0,−|λ|} off S. Lemma 4.2 with L = |λ| gives σ(∆ + s) ∩ (2, |λ|) = ∅. The same argument
with q = −s and S = {k : sk = −|λ|} gives σ(∆ − s) ∩ (2, |λ|) = ∅. The statement for (−|λ|,−2)
follows from σ(∆± s) = −σ(∆∓ s) (Lemma 3.4).
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Remark 4.4. The hypothesis on S in Lemma 4.2 cannot be dropped. For L > 2 the operator ∆ +
L(δ0+ δ1) has the eigenvalue L−1+1/(L−1) ∈ (2, L), with the ℓ2 eigenvector u(n) = rn−1 for n ≥ 1
and u(n) = −r−n for n ≤ 0, where r = 1/(L − 1). Numerically, random potentials with values in
{−L, 0, L} that allow neighbouring +L sites have many eigenvalues in (2, L).
Remark 4.5 (a dynamical view; not used). The gap (2, |λ|) of ∆+s can also be seen with an invariant
cone field. Let λ > 0; the case λ < 0 reduces to this one, because ω 7→ 1− ω together with λ 7→ −λ
leaves s unchanged. Let x ∈ (2, λ). For solutions of (∆ + s)u = xu the ratios rk = u(k + 1)/u(k) ∈
R∪{∞} satisfy rk = x− sk − 1/rk−1. Let P = [1,+∞], and let N = [x− λ− 1− η, x− λ+ η], where
η > 0 is so small that N ⊂ (−∞, 0). Assign to the index k the interval Ck = N if sk = λ and Ck = P
otherwise. We claim that rk−1 ∈ Ck−1 implies that rk lies in the interior of Ck.

• If Ck−1 = P , then 1/rk−1 ∈ [0, 1]. So rk lies in [x− 1, x] when sk = 0 and in [x+ λ− 1, x+ λ]
when sk = −λ; both lie inside P because x > 2. When sk = λ, rk lies in [x−λ−1, x−λ], which
is inside N .

• If Ck−1 = N , then sk−1 = λ, so sk ∈ {0,−λ} by Lemma 3.3. Since rk−1 < 0, we get rk > x, and
rk is bounded above; so rk lies inside P = Ck.

Such a locally constant, strictly invariant cone field gives uniform hyperbolicity of the transfer ma-
trices (a standard cone criterion; cf. [Yoc04, ABY10]), and uniform hyperbolicity excludes x from
the spectrum (see e.g. [Zha20, DF22]). We only sketch this as a cross-check; the proof above avoids
dynamical tools.

5 Proof of the main theorem
Proof of Theorem 1.2. (a) Let E ∈ σ(hω). By Proposition 3.1, x(E) ∈ σ(∆ + s) ∪ σ(∆ − s). By
Lemma 3.4, |x(E)| ≤

√
λ2 + 4. If |λ| > 2, Corollary 4.3 gives |x(E)| /∈ (2, |λ|). If |λ| ≤ 2 this interval

is empty. In both cases E ∈ Sλ.
(b) This is Lemma 2.1.
(c) Since 0 < p < 1, both values 0 and 1 have positive probability. By the periodic support theorem

[NS11, Thm. 2.3], the spectrum of every periodic configuration is contained in Σλ; in particular
σ(hω∗) ∪ σ(hω1) ⊂ Σλ. Conversely, Σλ = σ(hω) for almost every ω, and σ(hω) ⊂ Sλ by (a). By (b),
Σλ = Sλ = σ(hω∗) ∪ σ(hω1).

(d) This is Proposition 5.1 below.

For |λ| ≤ 2 the proof of (a) uses only Proposition 3.1 and Lemma 3.4, so it reproduces the argument
of Nichols and Stolz for [NS11, Thm. 2.6, Cor. 2.7]. The new input for |λ| > 2 is Corollary 4.3.

Proposition 5.1. Let |λ| > 2 and c = 2 + λ2/4. Consider the x-intervals

J1 = [−
√
λ2 + 4,−|λ|], J2 = [−2, 2], J3 = [|λ|,

√
λ2 + 4 ],

and for i = 1, 2, 3 the E-intervals

I±i =
{λ
2
±

√
c+X : X ∈ Ji

}
.

Then x−1(Ji) = I−i ∪ I+i and Σλ =
∪

i(I
−
i ∪ I+i ). The six intervals are nondegenerate, compact and

pairwise disjoint, and they are ordered as I−3 < I−2 < I−1 < I+1 < I+2 < I+3 . Explicitly, with E±, G±
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as in (2),

I−3 =
[
E−,

λ
2 −

√
c+ |λ|

]
, I+3 =

[
λ
2 +

√
c+ |λ|, E+

]
,

I−2 =
[
λ
2 −

√
λ2

4 + 4, min{0, λ}
]
, I+2 =

[
max{0, λ}, λ

2 +

√
λ2

4 + 4
]
,

I−1 =
[
λ
2 −

√
c− |λ|, G−

]
, I+1 =

[
G+,

λ
2 +

√
c− |λ|

]
.

The five gaps are the central gap (G−, G+), where x < −
√
λ2 + 4; the two preimages of (−|λ|,−2),

between I±1 and I±2 ; and the two preimages of (2, |λ|), between I±2 and I±3 .

Proof. By (1), x(E) = (E − λ/2)2 − c. Since c2 − (λ2 + 4) = λ4/16 > 0, we have c >
√
λ2 + 4,

so c + X > 0 for every X ∈ J1 ∪ J2 ∪ J3. Hence each such X has exactly the two preimages
λ/2±

√
c+X, and x−1(Ji) = I−i ∪I+i with I−i < λ/2 < I+i . For |λ| > 2 the intervals J1 < J2 < J3 are

nondegenerate and pairwise disjoint, and X 7→
√
c+X is strictly increasing. This gives the ordering

and the disjointness. The explicit endpoints follow from c − 2 = λ2/4 and c + 2 = λ2/4 + 4. By
Theorem 1.2(c), Σλ = Sλ = x−1(J1 ∪ J2 ∪ J3).

band λ = 3 λ = 5

I−3 [−1.3028, −1.1926] [−1.1926, −1.1401]
I−2 [−1, 0] [−0.7016, 0]
I−1 [0.3820, 0.6972] [0.6972, 0.8074]
I+1 [2.3028, 2.6180] [4.1926, 4.3028]
I+2 [3, 4] [5, 5.7016]
I+3 [4.1926, 4.3028] [6.1401, 6.1926]

Table 1: The six bands of Σλ for λ = 3 (compare [NS11, Fig. 2]) and λ = 5, rounded to four decimals.

6 Concluding remarks
Theorem 1.2 shows that Σλ does not depend on p ∈ (0, 1), and that every configuration has its
spectrum inside the six bands (two bands if |λ| ≤ 2). Individual spectra can be smaller, as for ω1

itself or for the domain wall of Remark 3.2. The eight band edges of Σλ other than E± and G±, at
which Conjecture 6.3 of [NS11] predicts thin tails of the integrated density of states, are

λ

2
±

√
λ2

4
+ 4, 0, λ,

λ

2
±

√
2 +

λ2

4
+ |λ|, λ

2
±

√
2 +

λ2

4
− |λ|.

That conjecture remains open.

Verification. The proofs above are complete without computer assistance. The claims were also
checked as follows. None of these computations is used in the proofs.

1. Programs of the finder, all in exact rational arithmetic unless stated otherwise.

• reduction_exact.py checks the identity of Proposition 3.1 on rings of K = 3, . . . , 8 cells,
for all ω ∈ {0, 1}K and λ ∈ {3, 5/2,−7/3, 1, 8/3} (2520 cases).

• positive_solution_exact.py checks the four local cases and the ground-state identity of
Lemma 3.4 for λ = t− 1/t with t ∈ {2, 3, 4, 7/2, 11/5}.
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• periodic_words_exact.py works in the original model, independently of the proof. It
takes each value λ ∈ {3, 5, 8/3, 21/10,−3, 12} and each of the 2615 periodic configurations
with period at most 14 cells (binary necklaces). For each of them it checks that the
Floquet discriminant is a polynomial in x(E) whose modulus exceeds 2 on the open intervals
2 < |x| < |λ|. It certifies this by Descartes’ rule of signs with bisection, and negative
controls check that the test does detect spectrum when the intervals are widened.

• random_numeric.py (floating point) finds no eigenvalue in the gaps for random configura-
tions on rings of 800 sites, and it finds eigenvalues in (2, L) when neighbouring +L sites
are allowed.

2. An independent verifier re-derived every step by hand, reran the programs above (the necklace
check up to 11 cells) with the same results, and wrote separate code.

• An exact inertia test of Lemma 4.2 on 3600 random admissible Dirichlet segments. The
number of negative pivots always equals |Q|, as the Schur-complement proof predicts.

• Floquet–Bloch numerics in the original model for random periods of 3 to 40 cells and
λ ∈ {2.2, 3, 4, 7,−5}.

• All words of at most 12 cells for λ = 3 at three Bloch phases (24,570 matrices).
• The domain wall of Remark 3.2.

3. The author reran all programs of item 1, including the necklace check up to 14 cells, with identical
results. The author’s program paper_checks.py checks the trace identities of Lemma 2.1
exactly, as polynomial identities. It also checks the band formulas of Proposition 5.1 and Table 1
(in floating point), the example of Remark 4.4 (exactly), and the domain wall of Remark 3.2.

4. A second independent referee re-checked every step by hand and wrote separate programs before
reading those above.

• ref2_exact.py (exact rational arithmetic) works in the original model, for all 2615 binary
necklaces with at most 14 cells and the seven values λ = 8/3, 15/4, 24/5, 21/10, −8/3,
3/2, 9/20, two of which satisfy |λ| ≤ 2. It certifies by Sturm sequences in x that no energy
of the periodic spectrum has x(E) in any of the x-intervals |x| >

√
λ2 + 4 (the central

gap and the exterior of [E−, E+]) and 2 < |x| < |λ| (the four inner gaps, when |λ| > 2).
The test is exact because

√
λ2 + 4 is rational for λ = t − 1/t. The same program checks

the reduction of Proposition 3.1 at the level of Floquet discriminants for every necklace,
and the identity of Proposition 3.1 exactly on rings of 3 to 7 cells (1240 cases). Negative
controls are detected.

• ref2_numeric.py (floating point) repeats the random-ring and random-period tests, re-
computes Table 1 from Floquet–Bloch spectra, and checks the domain wall of Remark 3.2
and the example of Remark 4.4.

Scope and priority. Theorem 1.2 proves Conjecture 6.2 of Nichols and Stolz [NS11], which is the
question in the Oberwolfach report [SV09] and in record OWR-4138-001 of [ula26], for every λ 6= 0
and every p ∈ (0, 1). The reduction (Proposition 3.1) and the outer bound (Lemma 3.4) are due to
Nichols and Stolz. Lemma 4.1 is standard. What we add is the observation that Lemma 4.1 applies
to the reduced operators because of Lemma 3.3, which excludes the four remaining gaps and gives
the inclusion of Theorem 1.2(a) for every configuration. Experts may well regard this as easy once
the reduction is in hand. Conjecture 6.3 of [NS11] is not addressed. We searched arXiv, Crossref,
OpenAlex, zbMATH and Semantic Scholar, and ran three independent web searches. A second referee
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repeated the arXiv, OpenAlex, Semantic Scholar, Crossref and zbMATH checks and ran one more web
search; nothing new was found. OpenAlex lists three works citing [NS11]: two papers of H. Krüger on
skew-shift operators, which concern a different question, and Chulaevsky’s paper [Chu23]. The full
text of [Chu23] is behind a paywall, and we have still not read it. Its title and available description
indicate a localization result for lattice displacement models with Bernoulli displacements, not a result
on the almost-sure spectrum. The thesis of R. Nichols [Nic10] predates [NS11], which still states the
conjecture as open; we did not read it. We found no proof or disproof of the conjecture. This negative
search is not a proof of priority.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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