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Abstract

For points Ay, ..., A,, A}, ..., A" in K2, where K is a field, write [X Y] for the 2 x 2 determinant
and let a(m) be the cyclic quotient [[,[Ax, Az, 1/ [[1[A%, A%, ], With indices read cyclically.
Below, Krummeck and Richter-Gebert conjectured in 2003 that > sgn(w)a(r) = 0, where the
sum runs over the permutations 7 of {1,...,n} with m; = 1. Richter-Gebert posed the problem
again at Oberwolfach in 2009. It had been proved for n = 5 and checked by computer algebra for
n = 6, and it follows from a symmetry argument when n = 0,3 (mod 4). We prove the identity
for every n > 3 and every field, assuming only that [AjA)] # 0 for i # j. Equivalently, the
associated bracket polynomial vanishes identically. The proof writes the numerator as the trace
of a product of traceless 2 x 2 matrices. The reciprocals of the denominators are Parke—Taylor
factors. They satisfy a shuffle identity, known from the Kleiss—Kuijf relations of gauge theory, and
hence are the coefficients of a Lie polynomial. Mapping this Lie polynomial into 2 x 2 matrices
over an exterior algebra, where the commutators of the generators are central, gives zero. The
same argument shows that ) _sgn(o) Mo, --- M, /([A1A,,]---[A], Aj]) = 0 for all traceless 2 x 2
matrices Ms,..., M, when n > 4, and it recovers the vanishing of the same sum without the
matrices. This is an unrefereed note.

1 Introduction

Let K be a field. For X = (z1,22) and Y = (y1,y2) in K? write [XY] = z1y2 — 22y1. For points
Xi,.... X, Y1,....Y, € K? put

(X1 Xo][XoX3] - - - [ X1 X ][ X X ]

(X1, X | i, V) =
X R N A A AR A AT

Permutations are written in one-line notation, 7 = (m1,...,m,) with m; = 7(k), and sgn(m) denotes

the sign (written o () in [BKRG03, BKSZ09]). For points A1,..., A,, Ay, ..., Al € K? let

So= Y sgn(m)a(An,...,Ag, [ AL, AL ). (1)

TESy, m1=1

Conjecture 1.1 (Below, Krummeck and Richter-Gebert [BKRGO03, Conjecture 6.1]). For all n > 3
and all points Ay,..., Ap, Ay, ... Al € K% one has S, = 0 (whenever the terms are defined, see (2);
for n <2 see Remark 1.5).
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Conventions. As in [BKRGO03, Section 6] and [BKSZ09, Problem 6], the sum runs over the permu-
tations that fix 1. Following [BKRGO3, Section 6], a permutation acts on a tuple by w(A1,...,4,) =
(Az(1)s -+ Ax(n))- The other possible reading, (Az-1(1),..., Az-1(n)), gives the same sum, because
7+ 7! is a bijection of the set of permutations fixing 1 and sgn(7~!) = sgn(r). For n > 3 every
pair {4, j} occurs as a pair of cyclically consecutive entries of some 7 with 73 = 1. So all terms of (1)
are defined if and only if

[AJAL] # 0 for all 4 # j. (2)

We assume (2) whenever S,, appears. The polynomial form in Corollary 1.3 needs no assumption.

Background. The conjecture comes from the study of phirotopes, the phase analogues of chiro-
topes for complex point configurations [BKRGO03]; see also [AD12]. For K = C and A, = A;, the
quotient « is a product of squared phases (Remark 1.6). For n = 5 the identity then becomes, up to
relabelling and a factor 2, the five-point formula (8) of [BKRGO3], which characterizes realizability for
uniform non-chirotopal rank-2 phirotopes on five points [BKRG03, Lemma 3.4]. Below, Krummeck
and Richter-Gebert proved the case n = 5 for arbitrary A;, A, € C? [BKRGO3, Theorem 5.2]. They
noted that the cases n = 0,3 (mod 4) are trivial (Remark 1.5), that the case n = 6 had been checked
with the computer algebra system Mathematica, and that the cases n € {9,10,13,14} had passed
numerical tests. In their words, “a general proof still seems to be out of reach” [BKRGO03, Section 6].
Richter-Gebert posed the problem again at the 2009 Oberwolfach workshop on discrete differential
geometry [BKSZ09, Problem 6], where the cases n = 5,6 are described as proved. The problem is
record OWR-3385-008 of the UnsolvedMath dataset [ula26].

Results. We prove the conjecture for every n > 3 (for n < 2 it is void or false, see Remark 1.5).

Theorem 1.2. Let K be a field, let n > 3, and let Ay,..., Ap, AY, ..., A, € K? satisfy (2). Then
Sp = 0.

Following [BKRGO3, Section 6], clear denominators. Let Dj, = [],; ;<,[AjA}]. For 7 with
m1 = 1 let E(m) be the set of the n pairs {7, mx+1} (with m,4+1 = 71), and let d(7) be the number of
ke{l,...,n} with 7 > mp11. Put

n
Po= > sen(m) (D) [[[AnAr] [ (454 (3)
TESy, m1=1 k=1 1<J
{i.j}¢E(m)
This is a polynomial with integer coefficients in the 4n coordinates of the points, and P, = D,S,
whenever (2) holds. Indeed, a factor [A7, A7 ] of the denominator cancels against a factor of Dy,
up to the sign —1 when 7 > 7py1.

Corollary 1.3. For every n > 3 the polynomial P, is identically zero. Hence P, = 0 for all points
in R?, for every commutative ring R.

Only two properties of the terms are used: the numerators are traces of products of traceless
2 x 2 matrices, and the denominators satisfy a shuffle identity. This gives a more general statement.
For points By, ..., B, € K? with [B;B;] # 0 for i # j and a permutation p of {1,...,n} define the

Parke—Taylor factor
1

P = B B BBl B Byl By Byl

(4)

We write 0 = (09,...,0,) for an ordering of {2,...,n}, 1o for the permutation (1,09,...,0,), and
sgn(o) = sgn(lo).



Theorem 1.4. Let n > 3 and let By,..., B, € K* with [B;B;] # 0 for i # j. Let Ma,..., M, be
2 X 2 matrices over K with trace 0.

(a) If n > 4, then
ngn )PT(10) My, My, - -- M,, = 0.

For n = 3 the sum equals PT(123) tr(MyMs) I.

(b) Consequently,
ngn PT 10) tr(MlMg'2 3 'Man) =0

for every 2 x 2 matriz My if n > 4, and for every traceless My if n = 3.

Theorem 1.2 is the case B; = A}, M; = JA;A] of Theorem 1.4(b), where J = ( % {) (Lemma 4.2).
The same method recovers ) _sgn(o)PT(lo) = 0 for n > 4 and related sign 1dent1tles (Proposi-
tion 5.2); these are not new in substance (Remark 5.3).

Remark 1.5. (a) For n = 1 the quotient « is 0/0. For n = 2 the sum has the single term
[A145][A2A1]/ (A} AL][ALAY]) = ([A1As]/[A]AL])?, which is not zero in general. So the conjecture
concerns n > 3, and the list of cases in [BKSZ09, Problem 6] starts at n = 3.

(b) Reversing a cycle, (1,m,...,m,) — (1,7,,...,m2), changes every bracket in the numerator
and in the denominator of a by the sign —1, so « is unchanged. The sign of the permutation changes
by (—1)(=D("=2)/2 which is —1 exactly when n = 0,3 (mod 4). In these cases the terms cancel in
pairs; this is the symmetry argument of [BKRGO03, Section 6]. It applies to every weight function
w(i, j) = w(j,i) in place of [A;A;]/[A;A%]. For n = 1,2 (mod 4) the signed cycle sum of a random
symmetric weight function is not zero in characteristic 0 (see the Verification paragraph), so the
conjecture depends on the special form of the weights. In characteristic 2, however, the pairing proves
the identity for every n > 3, because paired terms are then equal and 2a = 0; so the proof below
matters only in characteristic different from 2.

Remark 1.6. Let K = C, let Ay,..., A, € C? be pairwise linearly independent, and let ¢(i,j) =
[A4;A;]/][AiA;]] be the phase. Since [A; A;] = [A;4;], we have [A;A;]/[A; A;] = ¢(i,§)?. So Theo-
rem 1.2 with A = A; gives > sgn(m) [Tp_; @(m, me41)* = 0. This is the n-point analogue of the
five-point formula for realizable uniform rank-2 phirotopes that was asked for in [BKRGO03, Section 6].
We say nothing about non-realizable phirotopes.

Method and relation to the literature. The proof has three ingredients. (i) With the traceless
matrices M; = JA; Al the numerator of « is tr(My, - My,) (Lemma 4.2). (ii) The Parke-Taylor
factors satisfy a shuffle identity (Lemma 3.1). By the multilinear case of Ree’s theorem, which we prove
in Lemma 2.2, the element ) PT(1o) o of the free associative algebra is then a Lie polynomial, with
an explicit expansion in left-normed brackets (Corollary 3.2). (iii) The homomorphism ¢ — M, ® e,
into My(K) ® A(ea,...,e,) produces the sign sgn(o) and the matrix products, and in its image all
commutators of generators are central (Lemma 4.3). So it kills every left-normed bracket of length at
least 3 (Proposition 4.1).

The factor (4) is the Parke-Taylor factor of gauge theory [PT86], with [B;B;] in the role of the
spinor bracket (ij). Linear relations among Parke—Taylor factors with signs are standard in the theory
of scattering amplitudes: the Kleiss—Kuijf relations [KK89], the Bern—-Carrasco-Johansson relations
[BCJO08], and the orthogonality of Parke-Taylor vectors with respect to the Kawai-Lewellen—Tye form
[CHY14]. The last two hold only under momentum conservation or on the support of the scattering
equations; this note uses only the Kleiss—Kuijf relations. Lemma 3.1 is known: it is equivalent to the
Kleiss—Kuijf relations for Parke—Taylor factors [KK89], see [DDMO00], [KS14, Section 4] for proofs and



[FMM23, Section 2.1], [MS23, Section 5.1] for the connection with shuffles, Lie polynomials and Ree’s
theorem [Reeb8]. Corollary 3.2 is the Del Duca-Dixon-Maltoni decomposition [DDMO0O] for these
factors. We include short proofs, so that the note is self-contained and valid in every characteristic.
We did not find Theorem 1.2 or Theorem 1.4 in this literature. In physical language, Proposition 4.1
says that a colour-dressed sum of Parke—Taylor factors vanishes for n > 4 when the colour factors have
central commutators. For commuting colour factors this reduces to ) PT(lo) = 0, a consequence
of the U(1)-decoupling identity. The new ingredient for Conjecture 1.1 is the choice of colour factors
M; ® e;. Tensoring with the generators of an exterior algebra, so that products pick up the sign of
the permutation, is also the device of Rosset’s proof of the Amitsur—Levitzki theorem [Ros76].

2 Words, shuffles and Lie polynomials

Let C be a finite set of letters, and let K(C') be the free associative K-algebra on C'. Its basis is the
set of words, including the empty word 1. Let (-,-) be the bilinear form on K(C) for which the words
are orthonormal. A word is multilinear if every letter of C' occurs in it exactly once, and W C K(C)
denotes the span of the |C|! multilinear words.

For words u = uy ---up, and v = vy - - - vy the shuffle product u L1l v is the sum, over all p-element
subsets I C {1,...,p+ q}, of the word that has the letters of v in the positions I and the letters of v
in the other positions, both in their original order. If no letter occurs twice in uv, these (p;q) words
are distinct. Let Sho C We be the span of all u LLI v where u, v are nonempty and uv is multilinear.

The Lie polynomials are the elements of the smallest subspace of K(C) that contains C and is
closed under [P, Q] = PQ — QP. For a word w = wy ---wg with & > 1 the left-normed bracket is
lw] = [+ [[wr, wa], ws], ..., wg], with £[w;] = w;.

Lemma 2.1. (a) If P is a Lie polynomial, then (P,u W v) =0 for all nonempty words u and v.

(b) Let x € C and let Q and Q" be words in which each letter of C'\ {x} occurs exactly once. Then
lzQ) € We, and ([zQ],z2Q") is 1 if @ = Q" and 0 otherwise.

Proof. (a) Let §: K(C) — K(C) ® K(C) be the algebra homomorphism with é(c) = c® 1+ 1® ¢
for ¢ € C; the product on K(C) @ K(C) is (P ® Q)(P' ® Q') = PP' ® QQ’. For a word w =
wi -+ wg, expanding §(w) = [[;(w; ® 1 + 1 ® w;) gives 6(w) = >, wr ® wre, where I runs over
the subsets of {1,...,k} and w; is the subword of w on the positions in /. Extend the form by
(P®Q,u®v) = (P,u)(Q,v). Then (6(w),u ® v) is the number of sets I with w; = v and wre = v,
which is the coefficient of w in w Ll v. By linearity, (§(P),u ® v) = (P,u Ll v) for all P € K(C).
The elements P with 6(P) = P® 1+ 1 ® P include C, and they are closed under commutators: ¢§
preserves commutators, and [P 1+ 10 P, Q®1+10 Q] =[P,Ql®1+1® [P,Q] because P ® 1
commutes with 1 ® . Hence every Lie polynomial P satisfies §(P) = P ® 1 + 1 ® P, and then
(Pyulllv) = (P,u)(1,v) + (1,u)(P,v) = 0 for nonempty u and v.

(b) We have lfw; - - - wj] = Llwy - - - wj—1] wj — wj L{wy - - - wj—1]. By induction, ¢[w] is a signed sum
of the words obtained from w; by adding ws, ..., w; one at a time, each at the right end (sign +)
or at the left end (sign —). These words are permutations of w, so £[xQ] € W¢. The only one that
begins with w; = z is the word obtained by always adding on the right, namely x@Q, with coefficient
1. 0

Lemma 2.2. Let p: Wo — K be a linear form that vanishes on Sheo, and let x € C'. Then

S ew)w =3 ¢@Q) flzq], (5)
w Q



where w runs over the multilinear words and @) over the orderings of C\{x}. In particular ), ¢(w)w
is a Lie polynomial.

Proof. First we show that W¢ is spanned by She and the words that begin with x. Let w = XzY
be a multilinear word with X nonempty. The element X LLI (2Y") lies in She. Grouping its words
according to the letters in front of x gives

XW@Y)= Y Xiz(X;wY),
X=X1X2

where the sum is over all ways of writing X as a prefix X; followed by a suffix Xs. The term with X5
empty is w. All other words on the right have fewer letters in front of x than w. So the claim follows
by induction on the number of letters in front of x.

Let A and T' be the left and the right side of (5); both lie in W by Lemma 2.1(b). For s € We
we have (A, s) = ¢(s), so A is orthogonal to Shc. So is I', by Lemma 2.1(a). By Lemma 2.1(b),
(T, 2Q") = p(z@Q") = (A, zQ’) for every ordering @’ of C'\ {z}. Hence A —T' € W is orthogonal to
She and to all words beginning with x, so to all of W, and therefore A =T. O

Over fields of characteristic 0, the statement that an element with zero constant term that is
orthogonal to all u Ll v with u,v nonempty is a Lie polynomial is Ree’s theorem [Reeb8]; see also
[Reu93]. (The constant term matters: the empty word 1 is orthogonal to all these shuffles.) In
the multilinear case the argument above works over every field and gives the explicit expansion (5);
compare the basis expansion [FMM23, eq. (2.15)].

3 Parke-Taylor factors

Fix n > 3 and points Bi,...,B, € K? with [B;B;] # 0 for i # j, and define PT by (4). Let
C =1{2,...,n}. We identify an ordering o = (09, ...,0,) of C with the multilinear word os03 - - oy,
in K(C).

Lemma 3.1 (shuffle identity). Let u and v be nonempty words such that uv is a multilinear word in
the letters C. Then ) PT(10) = 0.

oculllv

Proof. If g € GLa(K) and Aq,..., A\, € K*, replacing each B; by A\;gB; multiplies [B; B;] by A\j\; det g.
Since every index occurs in exactly two brackets of the cyclic product in (4), every PT(10) is multiplied
by (det g)™1; A; %, a factor that does not depend on o. Choose g with gB; = (0,1). For i > 2
write gB; = (vi, 2); then [gB1 ¢B;] = —y; # 0. With \; = 1 and A\; = 1/y; we may therefore assume
that By = (0, 1) and B; = (1,ti) for ¢ > 2. Then [B1Bl] = —1, [BlBl] =1 and [BlB]] = t; — t;,
and the t; are pairwise distinct. For a word w = wy - - - wy, in C' without repeated letters put O(w) =
]_[f:_ll(twi+1 — tw;) "}, so that O(w) = 1 if k = 1. Then PT(lo) = —O(0), and we have to show
ZOEuLI_Iv O(U) =0.

Let F = K(z) be the field of rational functions in a variable z. For ( € F and a nonempty word w
as above with last letter ¢ and ¢ # t., put R¢(w) = O(w)/(¢ — t.), and put R¢(1) =1 for the empty
word. We claim that

Re(w) Rev) = Y Re(o) (6)

oculllv
for all words u,v such that wv has no repeated letter and all ( € F' different from the ¢, with ¢ a
letter of uwv. We use induction on the length of wv. If u or v is empty, there is nothing to prove.
Otherwise write u = v/a and v = v'b with letters @ # b. If 7 is a word not containing a, then
R¢(ta) = Ry, (1)/(¢ — tq); for nonempty 7 this is the definition of O, and for empty 7 both sides are



1/(¢ —t4). The words of uLLIv that end with a are the words 7a with 7 € v/ LLJv, and those that end
with b are the words 7b with 7 € u LLI v'. Since the t. are pairwise distinct, the induction hypothesis
applies to (u/,v) at ( =t, and to (u,v’) at ( = t3, and gives

S o) = FulL() | Ru(RLW)
oculllv C a ta C o tb
Here Ry, (v) = Ry, (V) /(te — tp) and Ry, (u) = Ry, (u')/(ty — to). By the partial fraction identity

1 1 1
+ =
(C - ta)(ta - tb) (C - tb)(tb - ta) (C - ta)(C - tb)
the right side equals Ry, (u')Ry, (v")/((¢ — ta)(¢ — t)) = R¢(u)R¢(v). This proves (6).
Now take ¢ = z and our nonempty words v = v/a and v = v'b. Multiply (6) by z and use
z/(z—t)=1+1t/(z —t). This gives

Z O(O’): ZO(U)O(U) o Z O(U)tc(a)
(

oculllv = ta)(z a tb) oculllv = tc(g)

where ¢(o) is the last letter of 0. For a nonzero f = g/h € F let deg f = deg g —deg h; then a nonzero
sum of elements of degree at most —1 has degree at most —1. Every nonzero term on the right has
degree at most —1, while the left side is a constant, and a nonzero constant has degree 0. Hence both
sides are 0. O

Corollary 3.2. In K(C), ZPT(lO’)O’ = ZPT(lQQ)é[QQ], where o runs over the orderings of

Q
{2,...,n} and @ over the orderings of {3,...,n}.

Proof. Apply Lemma 2.2 with x = 2 to the linear form ¢(o) = PT(1o), which vanishes on Sh¢e by
Lemma 3.1. O
4 Central commutators and traceless matrices

Proposition 4.1. Let A be an associative K-algebra with unit, and let ys,...,y, € A be such that
every commutator [y, Y| commutes with every yq (2 <b,c,d <n). If n >4, then

ZPT(IU) Yorlos Yo, = 0.
g

For n = 3 the sum equals PT(123) [y2, y3].

Proof. Let ®: K(C) — A be the algebra homomorphism with ®(c) =y, for c € C ={2,...,n}. The
sum is (>, PT(lo) o) = >0 PT(12Q) 2(/[2Q]) by Corollary 3.2. Since ® preserves commutators,

O (L|w]) is the left-normed commutator of Yy, ..., yu,. If k& > 3, its innermost part [[Yuw,, Yws]s Yuws)
vanishes by assumption, so ®(¢[w]) = 0. For n > 4 every word 2@ has length n —1 > 3. For n = 3
the right side is PT(123) ®(¢[23]) = PT(123)[y2, y3]- O

Lemma 4.2. Let J = (_01 (1)) and, for a column vector X € K2, let Mx = JXXT. Then XTJY =
[XY] and tr Mx =0, and for all X1,..., X, € K?

131‘(]\4)(1]\4)(2 e MXn) == [XlXQ][XQXg] ce [anan] [XnXl]



Proof. XTJY = z1y2 — woyn = [XY], and tr(JXXT) = XTJX = [XX] = 0. By associativity,
My, - Mx, = JX1 (X{JX2)(Xg JX3)---(X) 1 JX,) X, and tr(JX 1 X)) = XTJX) = [X,X4].
O

Tl’

Lemma 4.3. Let R be a commutative ring and let P,Q € My(R) have trace 0. Then PQ + QP =
tr(PQ) I

Proof. Write P = (7 4,) and Q = <f; _qz;, > A direct computation gives PQ+QP = (2pp’+qr'+r¢') I,
and tr(PQ) = 2pp’ + qr’ +rq'. O

5 Proofs of the results

Proof of Theorem 1.4. (a) Let A(V') be the exterior algebra of the vector space V with basis ea, . .., ey,
and let A = My(K) @k A(V) with the product (P ® w)(P' @ w') = PP/ @ ww'. Put y. = M, ® e.
Since e.ep, = —epe., Lemma 4.3 gives

[yb7 yc] = (Mch + Mch) X epee = tI‘(MbMC) (I X ebec).

This element is central in A, because I is central in My(K) and epe., having even degree, is central
in A(V'). Moreover Yoy - Yo, = Moy - Mo, @ €gy -+~ €5, =5g0(0) My, -+ My, ®ea---en. Forn >4,
Proposition 4.1 gives

(ngn PT(1lo) My, --Man)®eg---en:0,

and since ey---e, # 0, the matrix vanishes. For n = 3 the two terms are PT(123)MyM;3 and
—PT(132) M3My = PT(123) M3M>, because PT(132) = —PT(123); their sum is PT(123) tr(MaMs) I
by Lemma 4.3.

(b) Multiply the sum in (a) by M; on the left and take the trace. For m = 3 this gives

PT(123) tr( Mo Ms) tr(M;) = 0. 0
Proof of Theorem 1.2. Put B; = A} and M; = JAZ-A;'— for 1 <4 < n. These matrices have trace 0 by
Lemma 4.2. For every ordering o of {2,...,n}, Lemma 4.2 gives

(A1, Ay, .. Ay | AL AL, AL ) = te(M Mg, - - - M,,) PT(10).

The permutations 7 with 71 = 1 are exactly the permutations lo, and sgn(lo) = sgn(o). Hence
Sn = >_.sgn(o)PT(1o) tr(Mi M, - - - My, ), which is 0 by Theorem 1.4(b). O

Proof of Corollary 1.3. Let L be the field of rational functions over Q in 4n variables, and let A;, A} €
L? be the points whose coordinates are these variables. Then D,, # 0 in L, so Theorem 1.2 over L
gives P, = D,,S,, = 0 in L. Thus P, is the zero polynomial in Z[coordinates] C L, and it vanishes
under every specialization to a commutative ring. O

Conversely, if R is a commutative ring and the brackets [A;A}] (i # j) are units of R, then S, is
defined in R and S,, = D' P, = 0.

Remark 5.1. For n > 4, Theorem 1.4(a) with M; = JA;A] gives more than Theorem 1.2. Write the
matrix product as JA, ( Z;; [Ag, Aoy, )AL, multiply by X T on the left and by JY on the right.
This gives, for all X,Y € K2,

ngn YPT(10) [X Aoy ][AgyAcy] - [Ag, As, ][40, Y] =0  (n>4).

Theorem 1.2 is the case X =Y = A;. For n = 3 the left side equals —PT(123)[A243]?[XY], by the
three-term Grassmann—Pliicker relation; it vanishes for X =Y but not in general.



For a subset T C {2,...,n} and an ordering o of {2,...,n}, let o|p be the subsequence of the
letters in 7', and let sgn(o|r) be its sign as a permutation of 7. Since the letter 1 is the smallest and
comes first, sgn((1o)|v) = sgn(o|pn q13) for every U C {1,...,n}.

Proposition 5.2. Let n > 4. Then ) sgu(o|r)PT(lo) =0 for every T C {2,...,n}. Forn =3
the sum is 0 for T # {2,3} and equals 2PT(123) for T = {2, 3}.

Proof. Let A be the exterior algebra with generators e. (¢ € T'), and put y. = e, for ¢ € T' and y. = 1
for ¢ ¢ T. The commutators are [ep, ] = 2epe., [€p, 1] = 0 and [1, 1] = 0, and they are central. The
product Yo, - - - Yo, is sgn(o|r)er, where er # 0 is the product of the e, (¢ € T) in increasing order.
Now apply Proposition 4.1. O

Remark 5.3. Proposition 5.2 is not new in substance. Let C = {2,...,n} and T'# C. If |T| < 1, then
all the signs sgn(o|r) are 1, and >, 0 =z LU} p for any € C, where p runs over the orderings of
C\A{z}. If |T'| > 2, then

> sen(olr)o = (; sen(r)7) L (- p),

p

where 7 runs over the orderings of T and p over the orderings of C'\ T', because every ordering o of C
arises exactly once, from the pair (o|r, o|c\r). In both cases the right side lies in Sh¢, so for T' # C the
identity follows directly from Lemma 3.1, for every n > 3. The case T'= C'is ) __sgn(o) PT(1lo) =0
for n > 4. Its proof applies to every linear form on W¢ that vanishes on She (Section 6), so it shows
that > _sgn(o) o lies in She for |[C] > 3, that is, by Lemmas 2.1 and 2.2, that it is orthogonal to all
Lie polynomials in W¢. Over fields of characteristic 0 this is equivalent to the classical fact that the
sign representation of S,,_1 does not occur in the multilinear part of the free Lie algebra onn—1> 3
generators [Kly74]. Kol and Shir record the cyclic analogue, checked by inspection for n < 9 [KS14,
Section 3.2]. The proof above works in every characteristic.

6 Concluding remarks

The proof uses the brackets [A;A’] only through the shuffle identity of Lemma 3.1. So Theorem 1.4,
Remark 5.1 and Proposition 5.2 remain true when PT(1o) is replaced by ¢(o) for any linear form
¢ on W that vanishes on She; by Lemma 2.1(a) and Lemma 2.2 these are exactly the coefficient
functions o — (I", o) of the Lie polynomials I' € W. The numerators enter only through Lemma 4.3.
Neither structure alone suffices: the controls in the Verification paragraph replace one of them by
random data, and the signed sums are then nonzero for n = 1,2 (mod 4). The random denominators
in these controls are not constant, and they must not be: for constant denominators the signed sum of
the numerators is tr(M1 Sp—1(Ma, ..., Mn)) with M; = JAZ-AiT, where sj, is the standard polynomial
of degree k, and this vanishes for n > 4. For n > 5 this follows from the Amitsur—Levitzki theorem
[AL50], which gives s = 0 on 2 x 2 matrices for k > 4; for n = 4 it holds because s3 takes scalar
values on traceless 2 x 2 matrices and tr M7 = 0.

Verification. The proofs above are complete and self-contained; no step depends on a computation.
The claims were also checked by computer as follows.

1. A program by the author, check_bkrg.py (standard library only, a few seconds), does the
following.



o It evaluates S, exactly, in rational arithmetic, at random integer points for 3 <n < 11: by
a recursion over subsets for all these n, and also term by term for n < 8. It evaluates .S,
modulo the primes 261 — 1 and 23! — 1 for 3 < n < 15, three random instances each, and
over the fields Fp,, p € {3,5,7,11,13}, for 3 <n < min(p + 1,12). All values are 0.

o Controls are nonzero: the case n = 2; the unsigned sum (3 < n < 14); and, for n =
1,2 (mod 4) and n < 14, random symmetric weights, the brackets [A4;A;] over a random
antisymmetric denominator, and a random antisymmetric numerator over the brackets
[A}AL]. For n = 0,3 (mod 4) the last three vanish, as Remark 1.5(b) predicts.

o It checks Theorem 1.4 exactly for 3 < n < 9, with nonzero controls for general matrices;
Remark 5.1 for n < 8; Proposition 5.2 for n < 8 and all T'; Lemma 3.1 for all pairs (u,v)
with n < 6 and for 400 random pairs with n = 7; Corollary 3.2 for n < 7; Lemma 4.2 for
n <7, on at most 50 orderings for each n; and P, = 0 at integer points with A} = A for
4<n<T.

2. The programs used in the search, with their own code, evaluated S, modulo large primes for
3<n <14 and n=17,18, and checked Lemma 3.1 and the vanishing of the signed numerators
on random left-normed brackets for 4 <n < 7.

3. Two independent Al-assisted verification runs re-derived each step of the proof and checked the
claims with separate code.

o The first evaluated S,, modulo 261 —1 for 3 < n < 21 (a C program, with nonzero controls),
checked that > _PT(lo)o is a Lie polynomial by the Dynkin-Specht-Wever criterion for
n < 8, checked Theorem 1.4(b) for random traceless matrices for n < 8, and checked
Proposition 5.2 for n < 7.

« The second evaluated S, exactly at random integer points for 2 < n < 12, modulo 26! — 1
for 2 < n < 26, modulo 23! —1 for n < 18 and modulo 10° + 7 for n < 16, and over thirteen
finite fields IF, with ¢ < 32, among them fields of characteristic 2 and 3. It expanded
P, over Z for 3 < n < 7 and found the zero polynomial. It checked Lemma 3.1 for all
pairs (u,v) with n < 7, Corollary 3.2 for n < 7, Theorem 1.4 for n < 9, Remark 5.1 and
Proposition 5.2 for n < 8, Remark 1.6 for n < 9, and Lemma 2.2 over Fy, F3, F5 and
F; for |C| < 6. Its controls behaved as predicted (over very small fields some random
controls vanish by chance). Its reruns of the programs of items 1 and 2 and of the first run
reproduced their recorded outputs.

Scope and priority. Theorem 1.2 proves [BKRGO03, Conjecture 6.1], which is Problem 6 of
[BKSZ09] and record OWR-3385-008 of [ula26], for every n > 3 and every field; for n < 2 the
statement is void or false (Remark 1.5). The bracket polynomial form holds over every commutative
ring (Corollary 1.3). We read the problem in [BKSZ09] and the conjecture in the version of [BKRGO03]
linked from the third author’s publication list. We searched arXiv, zbMATH, Crossref and Semantic
Scholar for the problem and for works citing [BKRGO03], and made one web search. Of the citing
works listed by zbMATH (only [AD12]) and by Semantic Scholar (eight), none that we could see
mentions a proof. In the literature on scattering amplitudes we searched arXiv abstracts and read
the relevant sections of [KS14, FMM23, MS23|. As explained in the introduction, the shuffle identity,
Ree’s theorem and the Del Duca—Dixon—Maltoni decomposition are standard there, but we did not
find the identities of Theorems 1.2 and 1.4. Proposition 5.2 is not new in substance (Remark 5.3).
We did not have access to [Reeb8], [Reu93], [KK89], [Kly74], [AL50] or [Ros76]. Our references to
the first four follow [FMM23, MS23, KS14|. This negative search is not a proof of priority.



Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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