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Abstract

A loose embedding of a metric space (X,d) in RY | in the sense of Chirvasitu, is a continuous
map ¢ such that |px — py| = |pz’ — ¢y’'| if and only if d(z,y) = d(2’,3’). In his abstract in an
Oberwolfach report of 2019, Chirvasitu asked whether a compact metric space all of whose finite
subspaces are loosely embeddable in R, for one fixed N, is itself loosely embeddable there, and
whether every compact Riemannian manifold with its geodesic distance satisfies this hypothesis.
We answer both questions negatively, the first in the reading in which the conclusion asks for a
loose embedding in the same RY, which is the reading of the problem record we work from. For
every N > 1 we construct a countable compact metric space all of whose finite subspaces are
loosely embeddable in RY but which is not loosely embeddable in RY. This does not answer
Chirvasitu’s later Question 2.1 of arXiv:2101.01242, which asks only for a loose embedding in some
finite-dimensional Euclidean space: our example for N = 1 is loosely embeddable in R?, and that
question remains open. For the second question we prove that every flat torus of dimension at
least 2 has, for every N, a finite subset that is not loosely embeddable in RY. This proof is non-
constructive: for general N it gives no explicit finite subset and no bound on its size (for N < 2 we
give an explicit four-point subset of the hexagonal torus). The argument also shows that no flat
torus of dimension at least 2 is loosely embeddable in any Euclidean space, whereas round spheres
and real and complex projective spaces are. The key lemma for tori is the flat-torus analogue of a
theorem of Heitzig on maps between Euclidean spaces that preserve equality of distances, and its
proof follows his method. The definitions and the questions are Chirvasitu’s. We found no printed
answer to either question in the sources searched; a search that finds nothing is not a proof of
novelty. This is an unrefereed note.

1 Introduction

1.1 The questions

Definition 1.1 (Chirvasitu [Chil9, Chi21, Chi22]). Let (X, d) be a metric space. A loose embedding
of X in R" is a continuous map ¢: X — R" such that, for all z,y,2",7y' € X,

oz — py| = |z’ — pyf| = d(z,y) =d(@,y).
X is loosely embeddable (LE) in R™ if it has a loose embedding in R™.

This is the definition on p. 2860 of [Chil9] and Definition 2.2 of [Chi21]; Definition 0.1 of [Chi22]
states it in an equivalent form. Numbers cited from [Chi21] are those of arXiv:2004.09962v2, the arXiv
version that carries the journal DOI; numbers cited from [Chi22] are those of arXiv:2101.01242v1. The
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first arXiv version of [Chi21] and the journal version of [Chi22] number their statements differently

(see the bibliography). Taking 2’ = ¢’ shows that a loose embedding is injective; for finite X continuity

is automatic. Equalities and inequalities of distances are preserved, their order need not be. Loose

embeddings arose from quantum isometry groups: by a slight generalisation of [Gos15, Corollary 4.9],

compact metric spaces that are LE in some R™ have quantum isometry groups [Chi21, Theorem 0.1].
For a metric space X and N > 1 write

H(N): every finite subset of X, with the restricted metric, is LE in RY.

The first two of the four questions in Chirvasitu’s abstract [Chil9, p. 2860] are the following.

Question 1.2. Let (X,d) be a compact metric space satisfying H(N) for some N. Is X loosely
embeddable in RY, for the same N?

Question 1.3. Does every compact Riemannian manifold, with its geodesic distance, satisfy H(N)
for some N7

Reading. The first question of the abstract ends by asking whether X is itself “uniformly em-
beddable” in RY. This word is not defined in the abstract; the only notion defined there is loose
embeddability, and in its hypothesis N is called “uniformly-chosen”. In the introduction of [Chi22]
the phrase “uniformly loosely embeddable” refers to finite subspaces that are LE in spaces of uni-
formly bounded dimension. We read “uniformly embeddable” as a slip for “loosely embeddable”,
as the problem record does: record OWR-17288-004 of the UnsolvedMath collection [ula26], listed
there as open, asks whether X “is itself loosely embeddable there”, that is, in the same RY. This is
Question 1.2. The second question of the abstract asks whether every compact Riemannian manifold
satisfies “the hypothesis of the preceding question”; this is Question 1.3 (the record writes “have this
property”). The other conceivable reading, that H(N) implies loose embeddability for such manifolds,
would be satisfied vacuously by a manifold that fails H(N) for every N; the wording of the source
rules it out. As in [Chi22, Definition 1.1], Riemannian manifolds are taken connected, so that the
geodesic distance is finite.

Chirvasitu also posed both questions in writing: as Questions 3.16 and 3.17 of the first arXiv
version of [Chi21] (arXiv:2004.09962v1, April 2020), together with a weak form of loose embeddabil-
ity under H(N) (Theorem 3.19 there); in the second version this material was moved to [Chi22],
where the questions are Questions 2.1 and 2.2 of Section 2. Question 2.2 of [Chi22] is Question 1.3.
Question 2.1 of [Chi22] has the hypothesis of Question 1.2, but asks only whether X is LE in some
finite-dimensional Euclidean space [Chi22, Definition 0.1]. A negative answer to Question 1.2 need
not answer Question 2.1 of [Chi22].

1.2 Results

Main Theorem. (a) For every N > 1 there is a countable compact metric space that satisfies H(N)
and is not loosely embeddable in RN (Theorems A and B). So Question 1.2, in the reading in which
the conclusion asks for a loose embedding in the same RN, has a negative answer for every N > 1.
This does not answer [Chi22, Question 2.1], which asks only for a loose embedding in some finite-
dimensional Euclidean space: the example for N = 1 is loosely embeddable in R? (Proposition 5.1),
and [Chi22, Question 2.1] remains open.

(b) No flat torus R™/A of dimension n > 2, with its geodesic distance, satisfies H(N) for any
N (Theorem C). In particular the square torus R%/Z? does not, and Question 1.3, which is [Chi22,
Question 2.2/, has a negative answer. The proof of (b) is non-constructive: for general N it gives no
explicit finite subset that is not loosely embeddable in RN and no bound on its size.

(¢) No flat torus of dimension at least 2 is loosely embeddable in any FEuclidean space (Corollary D).



For N = 1 the example is X1 = {p,x1,29,...} with d(p,zx) = 27F, d(zp, 2141) = 27F and
d(zj,z) = 279 + 2% for k > j + 2; a loose embedding in R would have to double |pzy — ¢p| at
each step (Section 3). For N > 2 we glue regular simplices with centres so that, by an elementary fact
on equidistant points in RY, the edge lengths of a loose embedding in RY must grow geometrically
(Section 4); that every finite subset is LE in RY is proved by a genericity argument, not by an explicit
map. For flat tori we pass from loose embeddings of finite subsets to a continuous non-constant map
whose chord lengths depend only on the distance (Lemma 6.1), and show with the translations of
the torus and a character expansion that such a map is constant (Lemma 6.2, the flat-torus analogue
of a theorem of Heitzig [Hei02] for maps between Euclidean spaces, proved by his method). For the
hexagonal torus four points with equal mutual distances give an explicit finite witness for N < 2
(Proposition 6.3); for the square torus and for N > 3 we know no explicit witness. On the positive
side, the circle, round spheres and real and complex projective spaces are LE in a Euclidean space
and so satisfy H(N) for a suitable N (Section 7).

1.3 Known results used or compared

Finite metric spaces are LE in some Euclidean space [Chi21, Remark 2.4], by [DM90, Corollary 3]; so
H(N) is a condition on the dimension only. Countable compact spaces containing regular simplices of
every size are not LE in any R¢ [Chi21, Example 2.3]; they fail H(N) for every N, unlike our examples.
Generic 0-dimensional compact metric spaces, and those with an injective distance function, are LE
in R [Chi21, Theorem 3.1 and Proposition 3.3]; our examples are 0-dimensional but have designed
equal distances. The circle is LE in R? [Chi22, Lemma 1.2]; a compact Riemannian manifold contains
no arbitrarily large regular simplices [Chi22, Proposition 1.3] and no arbitrarily long flags of median
hyperplanes [Chi22, Theorem 1.6]. Flat tori, being compact Riemannian manifolds, satisfy these
necessary conditions; Theorem C rests on a global obstruction instead. Under H(N) a compact
Riemannian metric space is weakly LE in RY [Chi22, Theorem 2.4]; we do not use this theorem.
Heitzig [Hei02, Theorem 1] proved that a continuous map R™ — R", m > 2, with |z —y| = |z —w| =
|hx — hy| = |hz — hw| is a similarity; his Lemma 1 writes such a map on a monoid with a left-
invariant distance function as an orbit of a homomorphism into the motions of R”. Lemma 6.2 is
the analogue of his theorem for flat tori; Steps 1-2 of its proof are his Lemma 1 in our setting, and
Steps 3-5 follow the route of his proof (representation by motions, trigonometric expansion of the
squared chord, independence of the direction). His theorem does not apply to tori directly, because
the distance of a flat torus is a function of |z — y| only locally. Standard tools are used without
further reference: ultrafilter limits, the extension of isometries between subsets of a Euclidean space,
the decomposition of continuous unitary representations of compact abelian groups into characters,
and the identity theorem for real-analytic functions.

We found no printed answer to either question in the sources searched (the arXiv, Crossref and
zbMATH Open databases, the citation data of Semantic Scholar and OpenAlex, and web searches;
see the paragraph “Scope and priority” in Section 9). A search that finds nothing is not a proof of
novelty.

2 Preliminaries

For a metric space (X, d) let D(X) = {d(z,y) : x,y € X} be its set of distances, and |- | the Euclidean
norm.

Lemma 2.1. Let (X,d) be a metric space.

(a) A continuous map ¢: X — R™ is a loose embedding if and only if there is an injective function



¢: D(X) — [0,00) with |px — @y| = ®(d(x,y)) for all z,y € X. Then ®(0) =0, ®(¢t) > 0 for
t > 0, and ¢ is injective.

(b) The restriction of a loose embedding of X to a subset'Y is a loose embedding of Y. Hence, if
every finite subset of X is contained in a subset that is LE in RN, then X satisfies H(N); and
if X is LE in RN, then X satisfies H(N).

(¢) If ¢ is a loose embedding and o(u) = NAu + b with A > 0, A orthogonal and b € R", then oo ¢
is a loose embedding.

Proof. (a) If ¢ is a loose embedding, ®(d(z,y)) := |px — ¢y| is well defined by the implication “<” of
Definition 1.1 and injective by “=-". Conversely such a ® gives both implications. ®(0) = |px—pz| =0,
and ®(t) # ®(0) for ¢ > 0 by injectivity; so pz # @y for z # y. (b) and (c) are immediate from
(a). O

Lemma 2.2. Let N > 1 and let Py, ..., Py € RN be pairwise at distance S > 0.

(a) The vectors P;— Py, 1 <i < N, form a basis of RN. No N +2 points of RN are pairwise at the
same positive distance.

(b) If Q € RN and |Q — P;| = R for 0 <1i < N, then Q is the centroid of Py, ..., Py and R = cnS,

where

—( N )1/2 0<cy <212
CN — 2N—|—2 5 CN .

Proof. (a) By 2u-v = |u|> + |v|> — |[u — v|?, the Gram matrix of P| — Py,..., Py — Py is %2([ +J),

2
where J is the all-ones matrix. Its eigenvalues are %2 and %, So it is positive definite and the
vectors are linearly independent. If there were a further point Py, at distance S from Py, ..., Py,

the same computation would give N + 1 linearly independent vectors in RY.

(b) The equations |Q — P;|> = |Q — Py|?, 1 <i < N, read 2Q - (Py — P;) = |Py|> — | P;|?; by (a) their
normals are linearly independent, so they have exactly one solution. The centroid G = ﬁ > y Pj is

a solution: G — Py = ﬁ >_j>1(Pj — o), so by the Gram matrix

1
(N +1)2

52 N
2 o I 2
(NS+NW'U )_2 5 5%

G — P> = 5

and the same computation with P; in the role of Py gives the same value for |G — P;|?. Hence Q = G
and R = cnS. O

3 The case N =1

Let X1 = {p,z1,x9,...}, with the symmetric function d that vanishes on the diagonal and, for
1 <j <k, is given by

d(p, J;k) = 2_k’ d(xja xj-i-l) = 2_j’ d(ﬂ?‘],l‘k) = 2_J + 2_k_1 (k > .] + 2)

Lemma 3.1. (a) d is a metric on X1, and X1 is compact, with p as its only accumulation point. (b)
The only equalities between distances of distinct pairs of points of X1 are

d(p, z1) = d(xp, 2ppq) = 277 (k>1). (3.1)



Proof. (a) For j < k we have 277 < d(z;,z)) < 277 + 27%~L_ For a triangle p,z;, 2} with j < k:
d(xj, 2) <279 +2751 < d(p, x;) +d(p, xx); d(p, x5) = 277 < d(xj, x1); and d(p, x1) < 277 = d(p, z;).
For a triangle z;, zj, 2 with i < j < ki d(zi,2p) = 270+ 271 <270 4 279 < d(xy, ) + d(xj, 7);
d(ziy ;) <270+ 27971 < 270 4 277 < d(z;, 1) + d(wj, 71); and d(wj,xp) < 277 +27F71 < 270 <
27" < d(w;, ;). So the triangle inequality holds, and d is positive off the diagonal. Since d(p, zy) — 0,
every xj is isolated, x; — p, and every sequence in X7 has a convergent subsequence.

(b) The values 27% are taken exactly by the pairs (p, z) and (2, 2r41). A value 277 42751 with
k > j + 2 has exactly two digits 1 in its finite binary expansion, at the distinct positions j and k + 1;
so it is not a power of 2, and it determines (7, k). O

Theorem A. X is a countable compact metric space that satisfies H(1) and is not loosely embeddable
in R.

Proof. X1 is not LE in R. Let f: X1 — R be a loose embedding; by Lemma 2.1(c) we may assume
f(p) = 0. Put gy = f(zx). By (3.1), lgk+1 — gk| = |gkl, s0 gr+1 € {0,295} Since f is injective,
gre1 # 0= f(p); hence g = 2¥"1g; with g1 # 0, and |gx| — co. But x;, — p and f is continuous, so
g — f(p) =0, a contradiction.

X1 satisfies H(1). Let Yx = {p,z1,...,2x} and define f(p) = 0, f(zx) = 2¥~1. The image
distances are 2871 for (p,zy) and 271 — 2k=1 = 2k=1(20=F _ 1) for (zy, ), k < [; all are positive.
Comparing 2-adic valuations and odd parts, 25~ = 2+ ~1 only if k = /; 2k=1(ol=F 1) = 2’“"1(21/_’“/—
1) only if (k,1) = (K',1'); and 281 (2!=F—1) = 29~ L only if j = kand [ = k+1. So the equalities between
image distances of distinct pairs are exactly the instances of (3.1) inside Yk, and by Lemma 3.1(b) f
is a loose embedding of Y in R. Every finite subset of X lies in some Yx, so X satisfies H(1) by
Lemma 2.1(b). O

Remark 3.2. The programs of Section 9 also check an explicit loose embedding defined directly on an
arbitrary finite F* C X;. Split {k : z; € F'} into maximal runs R; < --- < Ry of consecutive integers,
with first elements a,; let m + 1 be the length of the longest run and M > 2™%3 any integer (for
example a power of 2). Put f(p) = 0 and f(xy) = M""'2¥=% for k € R,. Each image distance is
|32, L. M7= for an integer vector L of one of the forms 2%e,, (2 — 2%)e, with i < i, or 2"¢,s — 2e,
with < 7’ (0 < i, < m, e, the unit vectors). If ¢ # 0 is an integer vector with all |¢,| < M/2,
then > ¢, M"~1 # 0: for the largest r with ¢, # 0, |, M" 1| > M1 > L. Mjgjl_l. Hence no
image distance is 0; and since the coefficients of L1 F Lo are at most om+l < Af /4 in absolute value,
two image distances are equal only if Ly = +Ls. Vectors with different numbers of non-zero entries
are not equal up to sign. For vectors with two non-zero entries the positive entry sits at the larger
index, so L1 = £ Ly forces the same pair. For one non-zero entry both vectors are positive multiples
of the same e,, and the valuation argument of the proof above leaves only the instances of (3.1). So
f is a loose embedding of F. For F' = Y it is the map used in the proof. (The argument uses only
2mtl < M /2, so M > 2m+2 suffices as well.)

4 Every N > 2

Fix N > 2 and let ¢ = ¢y be the constant of Lemma 2.2.

Gadgets. For k > 1 let Gy, = {vkp,..., vk N, cr} with the metric di(vki, vk ;) = 27k for i # j
and dy(ck,vri) = 2751 (the only triangle inequalities to check are 27% < 2. 27K+l and 27k+1 <
27k+1 1 27%) The pairs {vk,i, vk ;} are the edges and the pairs {ci, vy ;} the radii of Gj. Edges of G},
and radii of Gy have the same length 2k,

Heights. Choose for every gadget point a € Gy a number e(a) = 27%(1 4+ 6,) with 0, € [0, %) such
that the family {1} U {e(a)} is linearly independent over Q. This is possible: enumerate the gadget



points as aj,ag,...; once O4,,...,0, , are chosen, the Q-span of 1,e(ay),...,e(an—1) is countable,
and we choose 0, so that e(a,) lies outside it. (An explicit choice is 6, = 1(\/Ga — |/Za)) With
pairwise distinct primes q,; then e(a) is a rational number plus 2_k_1\/q>a, and the independence
follows from that of 1 and the square roots of distinct primes [Bes40]. Only the existence is needed.)

The space. The blocks are {p} and the gadgets Gj. Put h(a) = 27 for a € G and h(p) = e(p) = 0.
Let Xy = {p} U}~ G with

d( b) dk(a,b), a,b € Gy,
a,b) =
e(a) + |h(a) — h(b)| + e(b), a,b in different blocks.

Pairs in different blocks are called cross pairs.

Lemma 4.1. (a) d is a metric on Xy, and Xy is compact, with p as its only accumulation point.
(b) The classes of pairs of distinct points with equal distance are

E; = {edges of G} U{radii of Gj11} (j > 1), Ey = {radii of G1}, (4.1)
with the distances 277, and the singletons {{a,b}} of the cross pairs.

Proof. (a) For distinct a, b in one gadget Gy,
le(a) —e(b)] < 2771 < 27% < di(a,b) < 27 <e(a) + e(b). (%)

Let x,y, z be distinct; we show d(z, z) < d(z,y) + d(y, z). If all three lie in one gadget, dj, is a metric.
If z, z lie in one block and y in another, then the block is a gadget (if the block is {p} then x = z), and
d(z,z) < e(z)+e(z) < d(z,y)+d(y, z) by (x). If z, y lie in one block and z in another, then h(x) = h(y)
and e(z) < d(z,y) + e(y) by (x), so d(z, 2) < d(z,y) + e(y) + [h(y) — h(2)| + e(2) = d(z,y) + d(y, 2);
the case y,z in one block is symmetric. If the three blocks are different, the claim follows from
|h(z) — h(2)| < |h(z) — h(y)|+ |h(y) — h(z)| and e(y) > 0. A cross distance is at least e(a) +e(b) > 0,
or e(a) 4+ h(a) > 0 if the other point is p. Finally d(p,a) < 3-27% for a € G}, and each gadget is
finite; so every point other than p is isolated, and every sequence has a convergent subsequence.

(b) Every distance has the form g + >, nqe(a) with ¢ € Q and integers n,: inside a gadget it is
2% or 27*+1: for a cross pair it is e(a) +e(b) + |h(a) — h(b)|, with e(p) = 0. By the linear independence
of {1} U{e(a)}, two such expressions are equal only if the rational parts and all coefficients n, agree.
The e-part of a cross pair is non-zero and is the sum of e over the gadget points of the pair, which
determines the pair. So no cross distance equals another distance, and the distances inside gadgets
are 277 exactly on E;, 7>0. O

Theorem B. For every N > 2, Xy is a countable compact metric space that satisfies H(N) and is
not loosely embeddable in RV .

Proof. Xy is not LE in RY. Let ¢ be a loose embedding of X in RY. By (4.1) all edges of G}, have
one image length S}, positive by injectivity, and all radii of Gj, one image length Ry,. The points ¢(vy ;)
are pairwise at distance Sy and ¢(cg) is at distance Ry, from all of them, so R = ¢Sy, by Lemma 2.2(b).
Edges of G and radii of Gg11 lie in Ey, so Sy = Ri11 = ¢Sk41. Hence S = ¢~ E=1 G, - 0o, while
Sk < diam ¢(X ) < oo because ¢(Xy) is compact.

Xn satisfies H(N). Fix K > 1 and let Yg = {p}UG1U---UGk. Fix a regular simplex P, ..., Py
in RV with edge 1 and centroid 0; then |P;| = ¢ by Lemma 2.2(b). Put Ui = P; and ¢, = 0. The
parameter space II = SO(N)X x (RN)E+1 with points 7 = (Un, ..., Uk, tp, t1,...,tKk), is a connected
real-analytic manifold. Let S(a) € {p,1,..., K} be the block of a, put w, = 0 and w, = ¢ *Ua for
a € Gy, and define @z (a) = tg(4) + Wa-



Inside G, |orvk,i — Qv | = ¢ F and | orVk,i — PrCE| = ¢ | P;| = ¢7**1. So for every 7 the pairs

of Ej in Yx have image length ¢/ (0 < j < K), and these values are distinct because 0 < ¢ < 1. Call
7 good if (i) no cross pair of Y has image length in {0} U {c™7 : 0 < j < K}, and (ii) distinct cross
pairs of Y have distinct image lengths. If 7 is good, ¢, is injective; two pairs inside blocks have
equal image lengths exactly when they lie in the same class E;, and by (i) and (ii) no cross pair shares
its image length with another pair. By Lemma 4.1(b) these are exactly the equalities of distances in
Y, so ¢, is a loose embedding of Y.

Each failure of (i) or (ii) is the vanishing of one of finitely many functions h: II — R, each
a polynomial in the matrix entries and the coordinates, hence real-analytic. We show that no h
vanishes identically; then each zero set is closed with empty interior, by the identity theorem, so is
their finite union, and a good 7 exists. Let e be a unit vector and s € R.

(1) A cross pair {a,b} with blocks k # [ and squared image length C € {0} U{c™% : 0 < j < K}:
h = |ty —t; + wq — wp|?> — C. With U and the other translations fixed and ¢, = se, h — oo as
s — 00.

(2) Cross pairs {a,b}, {a’,t'} with different sets of blocks {k,1} # {k',I'}: h = |t —t; +wa —wp|? —
|[tx —ty +wqe —wy|?. One of the two sets contains a block index not in the other, say k ¢ {k',1'};
with ¢, = se and the other translations 0, the first term grows like s? and the second is constant.

(3) Distinct cross pairs with the same blocks, labelled so that a,a’ lie in block k and b, b in block .
With w = w, — wy, and W' = wy — wy,

h=t,—t +w?® =ty —ty +0')? =2(tx — 1) - (w — ) + [w|* — W%,

a non-constant affine function of t; as soon as w # w’ for the chosen rotations; and w — w' =
(Wq —wg) — (wp —wy ). If a=d, then b # ¥, sol is a gadget, and w—w' = wy —wy, # 0 because
0, Py, ..., Py are distinct and ¢~'U; is invertible; the case b = V' is symmetric. If a # o’ and
b # b, both blocks have two points, so both are gadgets, and w, — wy = U, wp — wy = U
with non-zero vectors a = ¢ *(a — &), o/ = ¢ (b —1V). Take Uy = I, and Uy = I if a # o;
otherwise let Uy be the rotation by the angle 7 in a plane containing «, which exists because
N > 2, so that Upa = —a # /. Then w # w'.

So Yk is LE in R for every K. Every finite subset of Xy lies in some Yy, and Xy satisfies H(N)
by Lemma 2.1(b). O

This half of the proof is a genericity argument: it shows that almost every parameter 7 gives a

loose embedding of Y, but it does not exhibit one. Section 9 lists exact checks of explicit parameters
for N =2,3.
Remark 4.2. For N = 1 the construction fails, because the rotation step in (3) is not available:
X! = {p} U, G built in the same way with N = 1 does not satisfy H(1). Indeed, by Lemma 2.2(b)
for N = 1 and the classes F}, a loose embedding of G UG41 in R maps Gy onto {u, u+ %, u+S} and
Gr41 onto {u/, v + S, u' + 25} for some u, v and S > 0; the differences (v’ +iS) — (u+ %S) coincide
for (i,7) = (0,0),(1,2), so two distinct cross pairs have equal image length. This is why Theorem A
uses a different space.

5 What Theorems A and B do not answer

Theorems A and B answer Question 1.2 in the reading “loosely embeddable in the same R™V”. They
do not answer [Chi22, Question 2.1], which under H(N) asks only for a loose embedding in some
finite-dimensional Euclidean space.



Proposition 5.1. X is loosely embeddable in R?.

Proof. Identify R? with C. We choose g1,92,--- € C and put ¢(p) = 0, ¢(zx) = gr. Let Y} =
{p,x1,..., 2} and let (I) be the statement that ¢y, is a loose embedding of Yj,. Put g1 = 1; (I1)
holds. Suppose that g, ..., gx satisfy (I;). The circle Cy = {z : |z — gr| = |gx|} passes through 0 and
2¢x, and along each of its arcs from 0 to 2g; the modulus |z| runs continuously from 0 to 2|g|; so the
open arc set Ay, = {z € Cy : $|g| < |2 < §|gx|} is infinite.

Let z € Ck and gg+1 = 2. The pairs of Yy through z;11 get the image lengths |z|, |z — gx| = |gk]|
and |z — g;] (j < k). By (3.1) the only equality of distances in Yy, that involves a pair through
ZTgt1 1s d(zg, xp11) = d(p, zk), and it holds for the images since |z — gx| = |gr — 0|; moreover (p, z) is
the only pair of Y3 with image length |gx|, by (Ix). Hence (Ij41) holds as soon as z ¢ {0,91,...,9x}
and the numbers |z|, |z — g;| (j < k) are pairwise distinct and distinct from the finitely many image
lengths of pairs of Yj,. Each of these finitely many conditions excludes at most two points of Cj: the
equations |z| = v and |z — g;| = v (v > 0, j < k) describe circles whose centres 0, g; differ from the
centre g, of Ci, and |z| = |z — gj|, |z — gi| = |z — g;] (i < j < k) describe lines. Choose gi11 € Ay
outside the excluded points. Then (1) holds and |gri1| < 7|gxl-

The resulting ¢: X1 — C is injective and satisfies the condition of Definition 1.1 for any two pairs,
since any two pairs lie in some Yy. It is continuous: the zj are isolated, and |gx| < =k 5 0 =

o(p)- O

So X7 satisfies H(1), is not LE in R, and is LE in R?: it is not a counterexample to [Chi22,
Question 2.1]. For N > 2 we have not decided whether Xy is LE in some Euclidean space, and we
make no claim about it. [Chi22, Question 2.1] is not answered in this note.

6 Flat tori

6.1 Elementary facts

Let A C R™ be a lattice, n > 2, and T = R"/A with the flat metric; write [z] for the class of
x € R™. Its geodesic distance is d([z], [y]) = minyea |z — y — v|; it is invariant under the translations
[z] = [z 4+ a]. Let A1 be the length of a shortest non-zero vector of A.

(T1) If |z| < A1/2, then d([z],[0]) = |z], since |z —v| > Ay — |z] > |z| for v € A\ {0}. Hence points of
a ball of radius A1 /4 in R™ have, in T, their Euclidean mutual distances.

(P1) For z,y € T and k > 1 there are 2o = x, 21,..., 2, = y with d(z;_1,2;) = d(z,y)/k: take lifts
Z,y with | — g| = d(z,y) and the classes of the equally spaced points of the segment between
them; then d(z—1,2;) < d(x,y)/k and d(z,y) < >, d(zi—1, 2), so all steps equal d(z,y)/k.

(P2) Let lp = A\/8. For Il € (0,lp) and s € (0,2] there are a,b,c € T with d(a,b) = s and
d(c,a) = d(c,b) = l: take a Euclidean isosceles triangle with apex 0, legs [ and base s in a plane
of R™, and apply (T1).

(P3) T has no isolated points.

6.2 From finite subsets to a continuous map

Lemma 6.1. Let (M,d) be a compact metric space and ly > 0 such that (P1), (P2) (with this ly) and
(P3) hold for M. If M satisfies H(N), then there are a continuous non-constant map v: M — RN
and a function ®: D(M) — [0, 00) with |z — y| = ®(d(x,y)) for all x,y € M.



Proof. Normalisation. Fix p € M and, by (P2), points ag, by with d(ag,by) = to := lo; let Ag =
{p,a0,bo} and let F be the set of finite subsets of M containing Ag. For F' € F choose a loose
embedding ¢r of F'in RN and put v¥r = (pr — 0r(p))/|¢r(ag) — ¢r(by)|, a loose embedding of F
by Lemma 2.1(c). By Lemma 2.1(a) there is an injective ®r: D(F) — [0,00) with |¢pz — Yry| =
Pp(d(z,y)) on F, and ¢r(p) = 0, Pr(to) = 1.

Uniform bound. Let x,y € M, t =d(z,y) > 0and k = [t/tg], sot/k < to. Take 2, ...,z for (x,y)
by (P1), and by (P2), with | = ¢tg and s = t/k, points a, b, ¢ with d(a,b) = t/k and d(c,a) = d(c, b) = tp.
Let S(z,y) be the finite set formed by Ay, x, y, the z; and a,b,c. If FF € F contains S(z,y), then

k

[Wra — Yyl < Jrzion — Yrz| =kOp(t/k) < k(lYra — Yrc| + [prc — Ypb|) = 2k,

i=1

and 2k < C := 2(diam M/t + 1).

Limit. The sets Fqo = {F € F : F O A}, A C M finite, have the finite intersection property
(FaNFp = Faup); let U be an ultrafilter on F containing all of them. For x € M we have
[VF(7)| = [Yrz — Ypp| < C for F' € Fgp ) € U (and Yp(p) = 0), so the limit o (z) = limy Yr()
exists in the closed ball of radius C. If d(z,y) = d(2,y’), then |[Ypx — Ypy| = |Yrpz’ — Ypy’| for all
F € Fiaya gy, and in the limit [z —y| = [a’ — Py|. So (d(z,y)) := [z — y| is well defined,
and ®(tp) = limg, 1 = 1; in particular ¢ is not constant.

Continuity. For | € (0,1] and s € (0,21, (P2) and the triangle inequality in RY give ®(s) < 2®(1).
Suppose that ®(s,) > ¢ > 0 for some s, € D(M) with s, — 0. For every [ € (0,ly] choose n with
sp < 2l; then ®(I) > ¢/2. So any two distinct points of M at distance at most [y have images at
least £/2 apart. By (P3) a ball of radius lp/2 in M is infinite; its images would be infinitely many
e/2-separated points of a bounded subset of RY . which is impossible. Hence ®(s) = 0as s — 0, and
1) is uniformly continuous. O

We do not use Theorem 2.4 of [Chi22] (weak loose embeddability in R under H(N)); Lemma 6.1
proves directly the weaker statement needed here, with the conclusion “non-constant” in place of
“injective”.

6.3 Maps of flat tori whose chords depend only on the distance

Lemma 6.2. Let T = R"/A, n > 2, with its geodesic distance d. If ¢: T — RY is continuous and
|vax — y| depends only on d(z,y), then ¢ is constant.

Proof. Step 1. Translations are isometries of T', so |¢(z+a) — ¢ (y+a)| = [z —y| for all z,y,a € T.

Step 2 (this step is [Hei02, Lemma 1] in the present setting). Let W = aff ¢»(T) and m = dim W; if
m = 0 there is nothing to prove. Choose xy, ...,z € T such that ¥(zg),..., ¥ (xy,) is an affine basis
of W. For a € T the families (¢)(x))zer and (¢(x + a))zer have equal mutual distances by Step 1, so
some isometry A, of RV satisfies A4 (z) = 9 (z + a) for all z. It maps W onto aff (T +a) = W; its
restriction B, to W is the unique affine map of W with B,¢(x;) = ¥(x; + a). Two affine maps of W
that agree on ¢(T') are equal, hence B,y = B,Bp and By = id; and a — B, is continuous, since in
barycentric coordinates \;(w) with respect to the ¢ (x;) we have Bg(w) = >, Ai(w)¥(x; + a).

Step 3. Let w* = [ (a)da (normalised Haar measure). Then w* € W, and Byw* = [, (a +
b) da = w*, because affine maps commute with averages. Let V = W — w*, a linear subspace of
RN, Then p(a)u = B,(w* +u) —w* defines a continuous orthogonal representation p of T on V, and
Y(a) — w* = p(a)v with v = ¥([0]) — w*.

Step 4. The complexification of p is a continuous unitary representation of the compact abelian
group T on V ® C; it is the orthogonal direct sum of subspaces Vg, £ in a finite subset = of the dual



lattice A* = {¢ : £ - A C Z}, on which p([z]) acts as multiplication by ¢*™¢%, Writing v = Dcez Ve
with ve € Ve, we get

K(2) = [([2]) = (0)I* = Y _[e*™% — 1P|og|* = Y 2(1 — cos(2E - 2)) g

¢e= ¢e=

So K is a trigonometric polynomial on R™: real-analytic, A-periodic, with K (0) = 0.

Step 5. By (T1), K(z) = ®(|z])? for |z| < A\1/2, where ® is the function with |[tyz—1y| = ®(d(x,y)).
For @ € SO(n) the real-analytic function z — K(Qz)— K (z) vanishes on this ball, hence on R™. Since
SO(n) acts transitively on each sphere {|z| =7} (n > 2), K(z) = k(|z|) for a function k: [0,00) — R.

Step 6. Fix v; € A with |v1| = A;. For r > 0 and |z| = r, periodicity gives k(|z+v1|) = K(z+v1) =
K(z) = k(r). As z runs over the sphere of radius r, which is connected since n > 2, |z + v1]| takes
every value in J(r) = [|r — A1, r + A1]. Hence k is constant, equal to k(r), on J(r). For r = 0,
J(0) = {A\1} and k(M) = k(0) = K(0) = 0. Every r € [0,2A1] has Ay € J(r), so k(r) = k(A1) = 0. If
k=0 on [0,jA1] for some j > 2 and r € [jA1, (5 + 1)A1], then J(r) contains r — Ay € [(5 — 1)A1, j\1],
so k(r) = k(r — A1) = 0. By induction k£ = 0, hence K = 0 and 9 ([z]) = ¥([0]) for all z. O

6.4 Flat tori fail the hypothesis

Theorem C. Let T = R"/A be a flat torus of dimension n > 2 with its geodesic distance. For every
N > 1 some finite subset of T is not loosely embeddable in RN . So T satisfies H(N) for no N. The
proof is mon-constructive: for general N it gives no explicit finite subset and no bound on its size.

Proof. T is compact and satisfies (P1)—(P3) with Iy = A\;/8. If T satisfied H(N), Lemma 6.1 would
give a continuous non-constant ¢ with |z — ¢y| = ®(d(x,y)), contradicting Lemma 6.2. O

The square torus R?/Z? is a compact connected Riemannian manifold, so Theorem C answers
Question 1.3 negatively; this is also a negative answer to [Chi22, Question 2.2], which is the same
question.

Corollary D. No flat torus of dimension n > 2 is loosely embeddable in any RN .

Proof. A loose embedding is continuous and injective, hence not constant, and its chord lengths
depend only on the distance (Lemma 2.1(a)); Lemma 6.2 excludes this. O

At the start of Section 2 of [Chi22] the author writes that he does not know whether compact
Riemannian metric spaces are always LE; for flat tori of dimension at least 2, Corollary D answers
this negatively. The abstract of [Chi22] presents its results as evidence that Riemannian metric spaces
admit loose embeddings into finite-dimensional Euclidean spaces; Corollary D shows that flat tori of
dimension at least 2 do not. For n = 1 Step 5 of the proof of Lemma 6.2 is empty, and indeed the
circle is LE in R? [Chi22, Lemma 1.2].

For N < 2 an explicit finite witness exists on one flat torus.

3

Proposition 6.3. Let w; = (1,0), we = (%,—), A = Zwy + Zwy and T = R%/A (the hexagonal

2
torus). The four points [0], [(%,0)], (3, ?)], (2, %)] are pairwise at distance 5. Hence they form a

subset of T that is not LE in R?, and any three of them form a subset that is not LE in R.

Proof. |mwy + nws|?> = m? + mn +n? > 1 for (m,n) # 0, so \; = 1. The four points are [w/2]

for w € {0,wy,wq,w1 + wa}, and the difference of two of them is [u/2] for a non-zero u € A whose

class modulo 2A is that of wy, wa or wy + wa. Now d([u/2],[0]) = $min{|v/| : v/ € u+ 2A}. Every

u' € u+ 2A is a non-zero vector of A, so |u/| > 1, and the three classes contain the unit vectors
w1, wo and wy — wy. So all six distances equal % A loose embedding would map the four points (or
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three of them) to points pairwise at the same positive distance, which is impossible in R? (or R) by
Lemma 2.2(a). O

We know no explicit witness for the square torus, or for N > 3.

7 Manifolds that are loosely embeddable

By Lemma 2.1(b) a compact Riemannian manifold that is LE in RY satisfies H(N). The following
manifolds with their standard metrics are LE by classical maps; in each case the chord length is a
strictly increasing function of the geodesic distance.

o The round sphere S™ of radius o (for n = 1 this is [Chi22, Lemma 1.2]): the inclusion in R**!
has chord 2psin(6/2p) at geodesic distance 6 € [0, mp|. So S™ satisfies H(n + 1).

« RP" with the quotient metric of the unit sphere, for which d([z], [y]) = 6 = arccos |z -y| € [0, T]:
the map x — x2 ! into the real symmetric matrices with the Frobenius norm has |zzT —yyT|> =
2 —2(z-y)? = 2sin? 0. So RP" satisfies H(("HQM)

o CP" with the Fubini-Study metric normalised to diameter 7, for which d([z],[y]) = 0 =
arccos |(z, y)|: the map x + zx* into the Hermitian matrices has |xz* — yy*|? = 2 — 2|(z, y)|?

2sin? 0. So CP" satisfies H((n + 1)?).

Thus Question 1.3 has a negative answer because of flat tori, while round spheres and real and
complex projective spaces satisfy the hypothesis. We did not examine quaternionic projective spaces,
the Cayley plane, compact symmetric spaces of higher rank or non-homogeneous metrics.

8 Conclusion

In the reading of the problem record, both questions of [Chil9] have negative answers. For every
N > 1 there is a countable compact metric space that satisfies H(N) and is not loosely embeddable
in the same RY (Theorems A and B); and no flat torus of dimension at least 2 satisfies H(N) for
any N (Theorem C, by a non-constructive proof), nor is it loosely embeddable in any Euclidean
space (Corollary D). The negative answer to the first question concerns only the conclusion “in the
same R™V”. Chirvasitu’s [Chi22, Question 2.1], which under H(N) asks for a loose embedding in some
finite-dimensional Euclidean space, remains open; X7 is not a counterexample to it (Proposition 5.1).
Further questions left open here: whether Xy, N > 2, is LE in some Euclidean space; explicit finite
witnesses for Theorem C on the square torus or for N > 3, and bounds on their size; and which
compact Riemannian manifolds satisfy H (V) (Section 7). The other two questions of [Chil9] (loose
embeddability of every compact metric space in ¢?, and quantum isometry groups of all compact
metric spaces) are not treated.

9 Computations and reproducibility

No proof in this note depends on a computation. The programs test the explicit constructions on
finite instances; they are in the folder reproducibility/ of the source archive, with their recorded
outputs. All of them run in a few seconds.

The program of this note, check_note.py (standard library, about three seconds), uses exact
arithmetic only: rationals, the field Q(v/2,+/3) and the Gaussian rationals. It checks (A) the metric
axioms of X7 on {p,x1,...,216} and the pattern (3.1) on {p,x1,...,240}; (B) that the doubling map
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is a loose embedding of Yx for K < 40, and that the map of Remark 3.2, with M = 2™*3 and
with M = 2™+ is a loose embedding of all 2047 non-empty subsets of {p,z1,..., 210} and of 2000
random subsets of {p,x1,..., x40} (with M = 2™ it fails, as a control); (C) Lemma 2.2 for N < 12;
(D) the triangle inequality on {p} UG U---UGg for N = 2, 3,4 with rational heights in three regimes,
and the pattern (4.1) there, with the heights treated as independent symbols; (E) that the maps
x of the proof of Theorem B, with rational rotations (Cayley transforms) and rational translations,
realise the pattern of Y5 for N = 2 and of Y for N = 3 exactly (the first random parameter worked
in both cases); (F) Remark 4.2; (G) the construction of Proposition 5.1, with points in Q(¢), on
{p,x1,...,z14}; (H) Proposition 6.3; (I) the two matrix identities of Section 7 on 200 pairs of rational
unit vectors each. All checks pass.

The programs with which the results were first obtained (original/): chain_N1.py (exact) checks
the metric and the pattern of X; on {p,z1,...,214} and the map of Remark 3.2 with M = 2m+4
on all 2047 non-empty subsets of {p,z1,...,z10} and on 3000 random subsets of {p,x1,...,z40};
gadget_N.py is a numerical test at 60 digits of X5 and X3 with six gadgets and the explicit heights
of Section 4: the triangle inequality, the pattern (4.1) and the maps of Theorem B with random
rotations on 400 random finite subsets for each N and on {p} UG U---UGy.

Verification. Two independent verification runs, both Al-assisted, examined the first written ver-
sion of these results. Each re-derived every proof, ran the two original programs again from copies,
with identical outputs, and wrote its own programs; these are in the folders verification_run_A/ and
verification_run_B/. The first run checked the map of Remark 3.2 exactly on all 8191 non-empty
subsets of {p, x1,...,z12} and on 5000 random subsets of {p,x1, ...,z }, tested X numerically for
N = 2,3,4 (with Lemma 2.2 exactly) and the construction of Proposition 5.1 at 60 digits, and com-
pared the statements about [Chil9, Chi21, Chi22] with these texts. The second run checked the map of
Remark 3.2 exactly on the same 8191 subsets and on 1500 random subsets of {p, x1,..., 260}, and the
maps of Theorem B for N = 2,3 exactly in Q(v/2,v/3), with rational rotations, on {p} UG;U---UGy
and on random subsets of {p} UG U --- U Gs; it found the witness of Proposition 6.3 and checked
it exactly, checked the bibliographic data and repeated the literature search. Neither run found a
mathematical error. The corrections they required concern the presentation and have been made: the
scope of the answer to Question 1.2 is stated in the abstract, the introduction, the Main Theorem
and the conclusion; Step 6 of the proof of Lemma 6.2 is written out; the block {p} is treated in the
proof of Lemma 4.1(a); the constant M of Remark 3.2 is stated for the text and for the programs;
the bibliographic data were checked; and Proposition 6.3 was added. In writing the note, the proofs
of the finite-subset halves of Theorems A and B were arranged through the truncations Yx and
Lemma 2.1(b); for Yx the map of Remark 3.2 is the doubling map, and the genericity argument is
the one checked by the runs, applied to Yx. The exact program of this note checks the finite parts
again.

A further independent verification run, also Al-assisted, then examined the text of this note itself.
It read the sources again from their PDF files, re-derived every proof of the note line by line, wrote
its own programs (folder independent_run_2/), and ran all programs of the source archive again
from an extracted copy; every output was identical to the recorded one. Its programs check, exactly,
the map of Remark 3.2 with M = 2™*3 and with M = 2™*2 on all 8191 non-empty subsets of
{p,z1,...,212} and on 2000 random subsets of {p,z1,...,x60}, and by brute force the integer loose
maps of {p,x1,...,24}; at 60 digits, the metric and the pattern of Xy and X3 with six gadgets
and the explicit heights, and the maps of Theorem B with random rotations on Ys (N = 2), on Y5
(N = 3) and on 300 random subsets of Y3 for each N; and, exactly, Proposition 6.3, the construction
of Proposition 5.1 in Q(¢) on {p,x1,...,x12}, Lemma 2.2 for N < 12 and the identities of Section 7.
It found no mathematical error. The corrections it required concern citations and credit and have
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been made: the numbers cited from [Chi21] are those of its second arXiv version; the first appearance
of both questions, in arXiv:2004.09962v1, is credited; the theorem of Heitzig [Hei02], which this run
found, is cited with its relation to Lemma 6.2; and the list of renumberings in the journal version of
[Chi22] is completed.

Scope and priority. The note answers Question 1.2 negatively in the reading “loosely embeddable
in the same RY”, which is the reading of the problem record, for every N > 1, and Question 1.3
(=[Chi22, Question 2.2]) negatively. It does not answer [Chi22, Question 2.1], and Theorem C is non-
constructive. The definitions and both questions are Chirvasitu’s: in [Chil9], in the first arXiv version
of [Chi21] and in [Chi22]; the known results we use or compare are listed, with their sources, in the
introduction. Lemma 6.2 is the analogue for flat tori of Heitzig’s theorem [Hei02, Theorem 1] on maps
between Euclidean spaces, and its proof follows his (see Section 1); it differs in that the squared chord
is known to be radial only near 0, which Step 5 extends by real-analyticity, and in that Step 6 uses
the periodicity. The underlying mechanism, that an orbit of a group of isometries spanning a finite-
dimensional space yields a trigonometric polynomial, is classical in spirit (the screw functions of von
Neumann and Schoenberg [vNS41]). The literature on helical immersions (for example [Sak82, Sak86],
and later papers by Hong and by Pak and Sakamoto) concerns smooth isometric immersions whose
chord length depends only on the arc length; we know it only from bibliographic data and search
snippets and did not read it. Corollary D and Theorem C are not stated in [Hei02]; Corollary D may
be known or folklore, although we found it nowhere.

What was read: the abstract [Chil9] (in the PDF file of the report) and the record [ula26]; the
arXiv version vl of [Chi22] completely, and its journal version (the copy in the NSF Public Access
Repository) for the numbering and the questions; of [Chi21], the introduction, Sections 2 and 3 and the
statements cited in arXiv:2004.09962v2, and the statements cited and the section with the questions
in v1; the preprint [Hei02] completely. We did not read [Gosl5, DM90, Bes40, vNS41]: what we
say about [Gos15, DM90] is taken from [Chi21, Chi22], [Bes40] is used only for the optional explicit
heights, and [vNS41] only for the remark above.

The searches were made on 20 October 2026: queries to the arXiv API (the author Chirvasitu
with the words embedding, metric, distance or isometry; the phrases “loose embedding”, “loose embed-
dings” and “loosely embeddable”; and, in the later verification run, the phrases “equality of distances”,
“distance patterns” and “quantum isometry” with embedding, and “flat torus” with chord, of which
the first found [Hei02]), to Crossref, to zbMATH Open and to the citation lists of Semantic Scholar and
OpenAlex, and a few web searches. No printed answer to either question was found in these sources.
Semantic Scholar lists only [Chi22] as citing [Chi21], and no work citing [Chi22]. OpenAlex counts
two works citing [Chi21] and Crossref one. OpenAlex refused the list of citing works (HTTP 429, in
both searches), so the second work counted there was not identified. A zbMATH Open search for
documents citing either paper gave no result. We found no citing work that addresses the questions.
A search that finds nothing is not a proof of novelty, and no priority is claimed beyond the statement
that we found no prior answer.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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