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Abstract

M. Gerhold asked for a concrete description of the vacuum distributions p; of the operators
Ay + At + p; + p: on the monotone Fock space, that is, of the sum of the two faces of bi-monotone
Brownian motion (Oberwolfach Rep. 15 (2018)); the same question closes his paper on bi-monotone
Brownian motion, where the even moments of p1 are identified as #PPyq(2n)/n! with the numbers
1,4,48,928,24448, ... of bi-monotone pair partitions, for which no explicit or recursive formula was
known. We give a partial answer: we do not find a closed formula, and the question remains open;
we prove structural facts. (1) The measures u; are the dilations by v/t of one measure 1 = py; this
scaling is implicit in the source. (2) The compression of the operator to the orthogonal complement
of the vacuum has norm at most /6, while the operator itself has norm ¢ > v/6. Hence the edge
c of the support of p is an isolated atom: p = w(d. + 6_.) + po with g carried by [—v/6,/6].
This is proved without computation. Enclosures in exact rational arithmetic (computer-assisted)
give ¢ = 2.585826606048204448 ... and w = 0.251331654638419314 ..., so the two atoms carry
more than half of the mass. (3) The Boolean cumulants of y are k, 12 = 4(B™1) for an explicit
linear operator B on polynomials in three variables and an explicit linear functional. This gives
all moments exactly in polynomial time; the table of the source (eleven values) is extended to
msoe. (4) Computer-assisted, exact: p has mass in (2.01148,2.01149) and in (2.001,2.003), so
o is not carried by [—2,2]. Ounly observed numerically, and not proved: further spectral points
accumulating at +2 that look like atoms, a nearly flat density of total mass about 0.49 on [—2, 2],
Jacobi parameters tending slowly to 1, and the absence of a linear recurrence with polynomial
coefficients for the moments within the sizes searched. An explicit formula for p, the nature of its
part in [—/6, /6], and a formula for the numbers #PP.(2n) remain open. This is an unrefereed
note.

1 Introduction

This note gives a partial answer to a question of M. Gerhold about the law of the sum of the two
faces of bi-monotone Brownian motion. The question asks for a concrete description of a family of
probability measures. We prove structural facts: they are the dilations of one measure; the edge of
its support is an isolated atom; the two atoms at the edges carry more than half of the mass; the
moments can be computed exactly in polynomial time; and there is more mass just above the point
2. We do not find a closed formula, and the question itself stays open.

1.1 The problem

Forn > 0 let A, = {(t1,...,tp) € R : t; < --- < t,}; the set Ag consists of the empty tuple A.
Let A be the disjoint union of the sets A,,, with Lebesgue measure on each of them. The monotone
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Fock space is T = L?(A) = D..>0 L3(A,) [Mur97, Lu97], [Gerl7, Definition 3]. Its vacuum vector
is the function which is 1 at A and 0 elsewhere, and the vacuum state is a — (2, aQ)). For f € L?(R),
[Gerl7, Definition 4] defines four bounded operators on I': for g € I and t = (t1,...,t,) € A, with

n>1,
t1

(N (Ng) ) = f(t1) glta, ... tn),  (A(f)g)(t) = f(m)g(T,te,... ty)dr,
iy (1)
(P () #) = g(t1, - tn1) Ftn), (p(F)g)(t) = t F(M)gts, ... ta,7)dr,

and (\*(f)g)(A) = (p*(f)g)(A) = 0, (A(£)g)(A) = (p(£)g)(A) = [ F(7) g()dr; the last formula is
the reading of the definition for n = 0 which makes A(f) and p(f) the adjoints of A\*(f) and p*(f),

as the source states (see Lemma 2.1). In words: if t; < --- < t,, are the positions of n particles, then
A*(f) creates a particle below all others, A(f) removes the lowest particle, p*(f) creates a particle
above all others, and p(f) removes the highest one. For ¢ > 0 put A\; = A(1j94)), pt = p(1}g,) and

by = X+ M\t + pf + pr

This is a bounded self-adjoint operator. Its vacuum distribution py is the unique compactly supported
probability measure on R with [ 2™ du(z) = (Q, ) for all n > 0.

The pair (A\; + ¢, pf + p¢) is the bi-monotone Brownian motion of Gerhold [Gerl7, Ger23]; its two
components, the faces, are the monotone and the antimonotone Brownian motion. In the Oberwolfach
report [Gerl8] the operators b; are introduced, and it is said that they are not arcsine distributed, in
contrast to each face alone. The abstract ends with the statement that it is “an open problem to give
a concrete description of the corresponding probability measures” [Gerl8, p. 1355]. The paper [Gerl7]
ends in the same way, for ¢ = 1: “It would be nice to have an explicit formula of this probability
measure.” This is the question we study. It is record OWR-16163-011 of the UnsolvedMath collection
[ula26], where it is listed as open.

What the source knows. We refer to [Gerl7] in the numbering of its arXiv version.

(i) Each face alone has the arcsine law: the vacuum distribution of A} 4+ A\, and of p} + py, is the
arcsine law of variance ¢, which has the density 7—1(2t — z2)~1/2 on (—v/2t, v/2t) [Mur97, Lu97].

(ii) The pairs of faces over consecutive intervals are bi-monotonely independent, and the increments
are stationary [Gerl7, Theorems 4.1 and 4.2].

(iii) A central limit theorem for bi-monotone independence [Gerl7, Theorem 6.5] gives the mixed
moments of the two faces [Gerl7, Theorem 7.1], and in particular

[ amie) = L) )
[Gerl7, Corollary 7.2] (there the formula is printed with n in place of 2n). Here PPy (2n) is the set
of bi-monotone pair partitions of {1,...,2n} with arbitrary pattern [Gerl7, Definition 8]: a partition
mof {1,...,2n} into n pairs, a total order on its blocks and a map d: {1,...,2n} — {¢,r} such that,
whenever a < b < ¢, the points a, c lie in a block V' and b lies in another block W, one has V > W if
d(b) =r and V < W if §(b) = £. The paper lists

#PPo(2n) =1, 4, 48, 928, 24448, 811776, 32460032, 1516774912,

3
81064953344, 4876115246080, 325959895390976 )

for n = 0,...,10 and states that no explicit or recursive formula for these numbers is known to its
author.

Two normalisations should be kept in mind. The variance of y; is 4¢, not ¢ (Lemma 2.2). And
wy only sees the functions supported in [0,¢], which form an invariant subspace containing ; all
statements below about the norm and the spectrum of b; refer to the restriction of b; to this subspace.



1.2 Results

Let H = L?>(A N [0,1]*) be the space of the functions in I' which are supported in [0,1], let b be the
restriction of by to M, let u = pq, and let m, = [ 2™ dp.

Theorem 1.1 (one measure up to dilation). For every t > 0 and every Borel set A C R, p;(A) =
w(A/Vt). The measure p is symmetric, has variance mo = 4, and is carried by [—4,4].

The scaling is implicit in the source, where it is used in the proof of [Gerl17, Theorem 7.1]; we
state it only because it reduces the question to one measure, and we make no claim of novelty for it.

For the main result let @ be the orthogonal projection of # onto Q=+, and let bg be the compression
QbQ, regarded as an operator on Q. The Boolean cumulants ki, ks, ... of u are defined by my =
Z;V:l kjmpy_j for N > 1 [SW97]; the odd ones vanish.

Theorem 1.2 (the edge of the support is an isolated atom). (a) [|bg|| < V6.

(b) There are numbers ¢ > /6 and w € (0, §) such that
p=w (5(: + 5—0) =+ po,

where po is a symmetric positive measure of total mass 1 — 2w with supp ug C [—\/6, \@]
Moreover ¢ = maxsupp p = ||b||, the number c is a simple eigenvalue of b, and the spectrum of
b meets (v/6,00) only in c.

(c) The function K(z) = 3,5, kanz' 7" extends to an analytic function on C\ [—v/6,/6], all ko,
are positive, c is the only solution of z = K(z) in (v/6,00), and

w = 1_1K,(c) = (1 +3 (20— 1) ko c_2”>_1.

n>1

(d) (computer-assisted, exact rational arithmetic) From the moments my,..., myq, computed di-
rectly from the definition of the four operators,

2.58579 < ¢ < 2.58604, 0.25001 < w < 0.25313.
From the moments my, ..., mspg, computed with Theorem 1.3,

2.58582660604820444863151523603 < ¢ < 2.58582660604820444863151523668,
0.251331654638419314530505656 < w < 0.251331654638419314530505699.

In particular 2w > % the two atoms tc carry more than half of the mass of .

(e) Foreveryt >0, ut = w (6, 7+0_. 7)+Hot, where o (A) = po(A/V/t) is carried by [—+/6t, v/6t],
and the norm of by on the functions supported in [0,t] is c\/t.

Parts (a), (b), (c) and (e) are proved without any computation: the proof of (a) rests on an explicit
positive function and on the sign of one quintic polynomial, which is read off from a factorisation
of its derivative (Proposition 5.3), and the proof of (b) uses, besides (a), only the numbers mg = 4,
my = 24 and mg = % of Lemma 2.2. Part (d) depends on programs, which evaluate the two-sided
bounds of Lemma 9.1 at rational points in exact rational arithmetic; see Section 9. Figure 1 shows

what is proved about pu.



atom, mass w = 0.2513. .. atom, mass w

no mass in (\/6, c) \
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Figure 1: What is proved about p (schematic; the heights of the atoms and the shaded bar are not
to scale with each other, and the bar does not represent a density). The atoms at +¢, ¢ = 2.5858 .. .,
have mass w = 0.2513... each; the rest of the mass lies in [~v/6,v/6] (Theorem 1.2). Below: the
interval [2,2.014] enlarged. The measure u gives positive mass to each of the two black windows and
to their mirror images (Theorem 1.4); the grey bar is the window (2.0011,2.0024).

Theorem 1.3 (a polynomial model for the Boolean cumulants). For an integer a > 0 put mq(u) =
(a‘/‘Q) (u/2)¥? if a is even and my(u) = 0 if a is odd; for u > 0 these are the moments of the arcsine

law of variance w. On the polynomial ring P = Q[z1,x3,s| define linear maps M,U, R, D, B and a
linear functional (-) by

Mf_(l'1+$3)f,
U (x§a55°) Z / umeg(u) mg(1 —u) du) :c3,

j+k=b—1
7,k>0

(Rf)(z1,23,8) = f(as,21,1=5), D=RUR, B=M+U+D,
1
(z825s) = / smg(s) mp(l — s)ds.
0
Then

kpto =4 (B"1) for all n > 0.
More precisely, there is a linear map I1: P — Q+ C H with bQ = 21I(1) and

bII(f) =(Bf)+2{HQ  (feP). (4)

Consequently my, ..., my can be computed exactly with O(N®) arithmetic operations on rational num-
bers whose numerators and denominators have O(N?) binary digits.

The variable s is the position of the oldest particle present, which we call the pivot; r1 and x3
are spectral variables for the particles below and above it (Section 8, Figure 2). The exact program
of this note computed ko, ..., k3gg and my, ..., msps in this way; Table 1 lists the first values. By (2)
the integers n! ma, continue the table (3) of the source: for n = 11,...,16 they are

23971543733582336, 1923281730204625408, 167173129086919363584,
15648863483303987358208, 1569520108422792156830720, 167912198237160007914904576.
These six values, and the values up to n = 22, were also obtained directly from the definition of the

operators, without Theorem 1.3 (Section 2). The complete lists are in the reproducibility package
(Section 12).



n - Moy kon nl'ma, = #PPy(2n) n! ko,
0 1 - 1 _
1 4 4 4 4
2 24 8 48 16
3 464/3 80/3 928 160
4 3056/3 304/3 24448 2432
5 33824/5 6112/15 811776 48896
6 2028752/45 25328/15 32460032 1215744
7 94798432/315 448864/63 1516774912 35909120
8  633319948/315 212924 /7 81064953344 1226442240
9 7618930072/567 53017256 /405 4876115246080 47503461376
10 181897263053/2025 892403651/1575 325959895390976 2056098011904
11 93638842709306/155925 128002786598/51975 23971543733582336  98306140107264

Table 1: Exact moments and Boolean cumulants of u. The fourth column for n < 10 is the table (3)

: P 4 7 11 414 16868 .
of [Ger17]. The Jacobi parameters of y begin with 4, 2, 3, &, 15, 385, 15039 (Section 11).

Theorem 1.4 (more of the measure just above 2; computer-assisted). Fach of the following intervals
has positive u-measure:

(a) (2.01148, 2.01149) and (2.001, 2.003);
(b) (2.011485, 2.011486) and (2.0017, 2.0018).

The same holds for the mirror images of these intervals. In particular the measure g of Theorem 1.2
is not carried by [—2,2], and the spectrum of b meets each of these intervals.

Part (a) uses the moments my, ..., msos of the exact program of this note. Part (b) uses the
moments my, ..., Mmss¢ computed by the second of the independent verification runs described in
Section 12, with its own implementation of Theorem 1.3; this part is due to that run, and its program
and output are in the package. In both parts the proof is the exact evaluation of one rational number,
a localizing form of the truncated moment problem in the sense of [CF00] (Section 10).

In addition we show that the two norms in Theorem 1.2 are determined by the two measures alone:
||b]l = max supp g, and ||bg|| = maxsupp v for the spectral measure v of bg at bQ2/2 (Proposition 7.1).
Hence [|bg|| = limy, (kan+2/k2,)/2, and 2.1019907 < ||bg|| < v/6 (Corollary 7.2).

1.3 The mechanism, and related work

The mechanism is classical. With respect to the decomposition # = CQ @& Q-+ the Cauchy transform
of p is given by a Schur complement, G(z) = 1/(z — K(z)) with K(z) = (b, (z — bg) ~'bQ), and K is
the generating function of the Boolean cumulants of Speicher and Woroudi [SW97]. A zero of z— K (z)
outside the spectrum of the compression is an eigenvalue of the full operator, as in the theory of rank-
one perturbations [Sim95]. The simplest example is the family of measures with Jacobi parameters

(0,1,1,...), for which K is 6 times the Cauchy transform of the semicircle law of variance 1: an
elementary computation shows that for # > 2 they have two atoms, at £6/+4/6 — 1, of mass % each.

See Cohen and Trenholme [CT84] for orthogonal polynomials with constant recursion coefficients,
and Bozejko and Wysoczanski [BWO01] for the transformation of measures which multiplies K by a
constant; the case § = 4 is a first approximation of x (Remark 8.3). What is new in this note is not
the mechanism, but the proof that it applies to b, namely the bound ||bg|| < v/6 < (mg/ma4)'/?, the
polynomial model, and the rigorous numbers.



Credits. The monotone Fock space and the arcsine law of monotone Brownian motion are due
to Muraki [Mur97] and Lu [Lu97]. Bi-monotone independence, the realisation on the monotone
Fock space, the central limit theorem, the moment formula (2), the table (3) and the question are
due to Gerhold [Gerl7, Ger23, Gerl8|; independence for pairs of faces goes back to Voiculescu’s bi-
freeness [Voil4]. Gu, Hasebe and Skoufranis [GHS20] define two notions of bi-monotonic independence.
Their “type II” is the notion of the source, found independently, as they say; they do not pursue it.
Their central limit theorem concerns “type 1”7, which is a different object: for unit variances and full
correlation the two faces of their limit have the joint law of (X, X) with X arcsine distributed, so
the law of the sum is 2x arcsine, with sixth moment 160 instead of 4—?)4. For partial sums of position
operators on the monotone Fock space over £2(N), a monotonically independent family, Crismale and
Lu [CL20] show that the norm is the right endpoint of the support of the vacuum distribution, which
is a discrete measure there; Corollary 7.2(a) is a statement of the same kind for b.

What we found, and what we could not read. In the sources we could read we found no description
of p, of its support, of the norm of b or of atoms, and no recursion for the numbers #PP(2n), which
are not in the OEIS [OEI26]. The thesis of VarSo [Var21], to which the outlook of [Ger26] points,
applies a necessary test for positivity to symmetric two-faced universal products (partition-induced
products and g-deformed families): its Section 6.4 reports computations, for these products, of the
moments up to order 10 and of the Hankel determinants Ay, ..., As of the sum of the two faces under
the standard Gaussian functional. The bi-monotone product is not symmetric and is not among
them; it occurs there only as an example of a two-faced product and as the model for a product of
pointed representations, and the law studied here, its moments, support or atoms do not occur. One
source could not be consulted, because automated access was refused: the published version [Ger23|
of [Gerl7]; the arXiv version, of which only one version exists, was read in full. No statement of this
note about novelty depends on the published version, and a search that finds nothing is not a proof
of novelty; see “Scope and priority” in Section 12.

1.4 What stays open

The question of Gerhold stays open: we have no closed formula for p, for its Cauchy transform, or for
the numbers #PP(2n), and we do not know the nature of 1. The numerical picture of Section 11
suggests that pg consists of atoms +c¢; with ¢ decreasing to 2 and of an absolutely continuous part
on [—2,2] with a nearly flat density; none of this is proved, beyond the two windows of Theorem 1.4,
in which we do not know that p is atomic. We do not know whether the generating function of the
moments is D-finite, nor whether c is algebraic. In the polynomial model the question becomes one
linear functional equation for a function of two variables, which we could not solve (Remarks 8.4
and 8.5).

2 The operators on the Fock space over [0, 1], and the first moments

Inner products are linear in the second argument. Forn > 0let S, = {t e R": 0<t; < --- <t, < 1};
its volume is 1/n!. Then H = @,y L*(S»), and we write g = (gn)n>0 for the components of g € H;
the number gy = g(A) is the vacuum component, and g, is the n-particle component. By 1, we
denote the function which is 1 on S,, and 0 on the other components; thus 1o = Q and ||1,, [ = 1/n!.
From now on

N =N1py), A=Mpy), P =p"py) p=p0py), b=A"+A+p"+p.



Lemma 2.1. The four operators leave ‘H invariant. For g € H,n>1 and t = (t1,...,t,) € Sp,

V) = gltarntn)y  (Ag)(E) = /0 Cg(rt .. ) dr,
1 (5)
(PO = 9t s tar), (pg)() = / gt1, ..t dr,

and (\*g)(A) = (p*g)(A) =0, (A\g)(A) = fo 7)d7r. The operator X is the adjoint of \*,
and p is the adjoint of p*. Moreover

IVl = lg(A)P + 3 / f lg(®)? dt < |lg],

n>1

17%l2 = g2+ 3 / (1—ta) lg(t)2dt < glI>

n>1

(6)

Hence b is a bounded self-adjoint operator on H with ||b|| < 4. All four operators map non-negative
functions to non-negative functions.

Proof. The formulas (5) are (1) for f = 1jy 1) and g supported in [0, 1], and they show that the images
are again supported in [0, 1]. For g,h € H,

(h, \*g) Z/ glta, ... tp)dt = Z/ / dT)()ds,

n>1

where for m = 0 the inner integral runs over [0,1]. This is (Ah,g); in particular the value of Ah
at A is forced by adjointness. In the same way [|[A\*g|? = 3, s, lg(ta, ... t,)|?dt is the first
expression in (6): below a configuration with lowest point ¢; a new particle has room ¢;, and below
the empty configuration it has room 1. The statements for p* and p follow with the unitary reflection
(Jg)(t1,...,tn) = g(1 —ty,...,1 —t1), for which JA*J = p* and JAJ = p. O

Lemma 2.2. (a) Let V be the unitary operator on H which multiplies the n-particle component by
(=1)™. Then VbV = —b and VQ = Q. Hence m,, =0 for odd n, and u is symmetric.

(b) b2=2-17, b1, =2Q0+2-19, blo=1;+2-13.

(c) my=4, myg=24, mg= 4%4, and mg/my = % > 6.
Proof. (a) Each of the four operators changes the number of particles by one. Therefore m, =
(VQ,0"vQ) = (=1)"my,. A compactly supported measure is determined by its moments, so pu is
invariant under x — —x.
(b) Both creation operators map 1, to 1,41. By (5), AQ = pQ =0, (A\11)(A) = (p11)(A) =
Jydr =1, (\2)(t1) = t1 and (p1la)(t) = 1 — 1.
( ) By (b), 0?Q =4Q+4-13 and b3Q = 8-11+4 (1; +2-13) = 12-1; +8-13. Since b is self-adjoint,
= [|bFQ12, so that mg =4, my =16 + 12 = 24 and me = 144 4+ & = 484 O

These values are 4/1!, 48/2! and 928/3!, in agreement with (2) and (3). The computation can
be continued mechanically: bV is a finite family of polynomials on the simplices S,,, and (5) maps
monomials to combinations of monomials. The exact program of this note obtains mg,...,mqq in
this way, “directly from the definition”, as we shall say; for n < 10 the numbers n!msg, so obtained
are those of (3).



3 Scaling: proof of Theorem 1.1

For t > 0 let Hy = L?*(A N [0,t]*) be the space of the functions in ' supported in [0,#]. As in
Lemma 2.1, H; contains 2 and is invariant under A}, A¢, p;, pt, so i is the vacuum distribution of the
restriction of b; to H;. Define

Up: He = H, (Urg)(s1, ..., sn) = "% g(tsy,... tsy).

By the substitution © = ts on each simplex, U; is unitary, and U2 = Q. For g € Hy, n > 1 and
s €8y,
(UAig)(s) = t"? g(tsa, ..., tsn) = VE(XN'TUig)(s),

and both sides vanish at A. Hence U\ = VtA*Uy, and in the same way Up; = \/fp*Ut. On H; the
operator ); is the adjoint of \}; taking adjoints, and using that U; is unitary, we get Uiy = VA Uy
and Up; = Vi pU;. Therefore

Upb U7t =Vt b, (7)
and (,07Q) = t"/2m,, for all n. So y is the image of p under z — v/tz. The symmetry of p and
mg = 4 are in Lemma 2.2, and p is carried by [—4, 4] because ||b|| < 4. O

Remark 3.1. The two faces are strongly correlated: (A\* 4+ X)Q2 = (p* + p)Q = 1;. Hence the difference
A; + At — p; — pt annihilates the vacuum and has the vacuum distribution dg, while the sum has
variance 4t. We only study the sum, which is what the question asks for.

4 The Schur complement at the vacuum, and Boolean cumulants
Let P be the orthogonal projection onto C2 and Q =1 — P. Put

E=bQ=2-1, |&PP =4,  bo=0QbQ|,. .

Since (2,6Q) = 0 and Pby) = (bQ,¢) €, the operator b has the block form

b= <2 <§I; >> with respect to H = CQ @ Q. (8)
Q

Let v be the spectral measure of by at the unit vector £/2; it is a probability measure on [—||bg||, [|bg||]-
Let

dv(x)

5
Z—XT

F(z) =z— K(2).

22—

6= [P — @ -ne),  KE =6t =1 [
Lemma 4.1. (a) Let z € C\ o(bg). Then z — b is invertible if and only if F(z) # 0, and in this

case (Q, (z —b)71Q) = 1/F(2). If F(z) = 0, then the kernel of z — b is spanned by the vector
QO+ (2 — bo)le.

(b) G(2) =1/(z — K(z)) for all z € C\ R.
(¢) The Boolean cumulants of p are k1 =0 and

kni2 = (§,058) = 4/35” dv(x) (n>0).

The measure v is symmetric and different from &§g. Hence k, = 0 for odd n, koy, > 0 for all
n>1, and K(z) =35, konz' =27 for |2] > bl

8



Proof. (a) Write ¢ = aQ+1 and n = Q4+ 0 with ¥,0 L Q. By (8) the equation (z — b)p = 7 is the
system

ZO[—<§71/}>:B, (Z_bQ)w_O‘f:H

The second equation is equivalent to 1 = (z —bg) (0 +a€), and with this the first becomes F(z) a =
B+ (& (2 —bg)~t0). If F(2) # 0, there is exactly one solution ¢ for every 7, so the bounded operator
z — b is bijective, hence invertible, and for n = Q we get a = 1/F(z). If F(z) = 0 and n = 0, the
solutions are a (2 + (2 — bg) ~L€).

(b) The spectra of b and bg are real. For z ¢ R the operator z — b is invertible, so F'(z) # 0 and
G(z) =1/F(z) by (a).

(c) For [z[ > [[bg|l the Neumann series gives K(z) = >, -o(¢, b5§>z_”_1, and for |z| > b

—N-1

we have G(2) = > nsomnz Comparing coefficients in G(z)(z — K(z)) = 1 gives my =

E].V (&, bé_2f) mpy—; for N > 1. These relations determine the Boolean cumulants recursively, since

kx occurs in the N-th relation with the coefficient mg = 1. The operator V' of Lemma 2.2 commutes
with @, so VbgV = —bg, and V& = —&; hence [2"dv = (=1)" [2"dv, and v is symmetric. Finally
boé = 2Qbly; = 415 by Lemma 2.2(b), so ky = |[bg&||> = 8 > 0. Thus v # o, and therefore
f$2ndl/ > 0 for all n. ]

By Lemma 2.2(c) and the definition, ko = mg = 4, ky = my—k2 = 8 and kg = mg—2koks—kj = %,
in agreement with ks = ||bg&||2.

5 A positive supersolution and the Schur test

In this section we prove [|bg|| < /6. For a family h = (hy,)n>0 of non-negative measurable functions
hy, on S, with hg =0 put, forn > 1 and t € S,

t1 1
(Th)n(t) - hn—l(t27 e atn) + hn—l(tla v 7tn—1) + / hn+1<T7 t) dr + / hn—i—l(t: T) dr. (9)
0 tn

This is the action of b on h according to (5), with the vacuum component removed.
Fix a number 4 > 0 and a continuous function ¢: [0,1] — (0,00), and let ¢(r) = (y + 2r)~'/2 for
r>0. Forn>1and t €S, define

=[Ta(ti—t;) A<i<n),  halt) =) elty) Pi(t), (10)
j=1

i#]
and hg = 0. Thus hy = ¢, and every h,, is positive, continuous and bounded.
Lemma 5.1 (supersolution). Assume that for all s € [0,1]
S

1
o(1)q(s —7)dr < /7 p(s) and / o(1)q(t — s)dr < /7 p(s). (11)

0

Then (Th)n(t) <21+ hp(t) for alln > 1 and allt € S,

Proof. Let Q(r) = [y q= m — \f so that 1/q(r) — Q(r) = /v for all » > 0. Consider first the
“lower half” L hn—1(t2,. .., tn) + fo n+1(7,t) d7 of (9).

(i) Removing ¢; from the conﬁguratlon removes exactly the factor ¢(t; — t1) from P;(t) for j > 2.
Hence hp—1(t2,. ... tn) = 32559 ¢(t;)Pj(t)/q(t; — t1); for n = 1 both sides are 0.



(ii) For 0 <7 < ty,
Py 1 (T, b1, ) = @(T) HQ(ti —7)+ > e(ty) Pi(t) alt; —7),

and [i' q(t; — 7)dr = Q(t;) — Q(t; — ta).
(iii) Adding (i) and the 1ntegral of (ii) over 7 € [0, t1], the coefficient of ¢(t;)P;(t) is 1/q(t; —t1) —
Q(tj —t1)+Q(tj) = /7 +Q(tj) = /v +2t; for j > 2, and Q(t1) = /v + 2t; — /7 for j = 1. Therefore

L= ZWJ OV +2t — Vret)Pi(t) + /Olw(T)HQ(ti—T)dT-

(iv) The function ¢ is decreasing, and t; — 7 > t; —t; > 0 for 7 < ¢;. Hence [[;_, q(t; — 7) <
q(ti —7) [[;50 a(ti —t1) = q(t1 — 7) P1(t), and by the first inequality in (11) at s = #; the last integral

is at most /7 ¢(t1)P1(t). Thus L < 7. o(t;)Pi(t)y/v + 2¢;.

(v) The “upper half” of (9) consists of the second and the fourth term. In the same way, with the
second inequality in (11) at s =t,, it is at most >, o(;) P;(t)\/7 + 2(1 — t)).

(vi) By concavity of the square root, /7 + 2s + /7 +2(1 — s) < 2y/y+ 1 for s € [0, 1]. O
Lemma 5.2 (Schur test). Let hg = 0, let h,: S, — (0,00) be measurable for n > 1, and let k > 0

be such that (Th), < kh, almost everywhere on S, for every n > 1. Then |1, b)) < k||¢||? for all
Y € O, and consequently ||bg| < k.

Proof. For w' € Sp11 let w’ € S, and /. € S, be the configurations obtained by removing the lowest,
respectively the highest, point of w’. Let ¢ € QF, so that 19 = 0. Since A\ and p are the adjoints of
A* and p*,

($,b6) = 2Re(th, (\* + p)g) = 2Re Y / Dt (@) (n (W) + n(w) o’
n>1

For w € {w’,w/ } we use

hn (W) 2 g1 (w')
hny1(w) hn(w)

All terms are non-negative, so sums and integrals may be interchanged. The first terms on the right

give
Z/ ’wm |2 h‘m 1(w—)+hm 1(W+) dw

m>2 o (w)

2 [Yn1()] [ ()] < [Wni1(@)? + [¢n(w)

In the second terms we write w’ = (7,w) or W’ = (w, ) and integrate over 7 first; they give

Z/ [ (w m( )(/OWI hmH(T,w)dTJr/; hm+1(w,7)d7) dw.

m>1

Because hyg = 0, the sum of the two expressions is >, me [Vm|? (Th)m/hm < &k ||¢||?. The last
statement holds because bg is self-adjoint and (b, bgi) = (1, byp) for 1 € Q-+, O

No integrability or boundedness of h is needed in Lemma 5.2.
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Proposition 5.3. (a) (Certificate A) For v = 2 and ¢ = 1 the condition (11) holds. Hence
ol < 24/5/3 = 2.5819. ..

(b) (Certificate B) For v = § and ¢(s) = 1+ 2(2s — 1)? the condition (11) holds. Hence [|bg| <
V6 =2.4494. ..

Proof. In both cases (1 —s) = ¢(s), so the substitution 7 + 1 — 7 turns the second inequality in (11)
at s into the first one at 1 — s. It suffices to prove the first. The bounds then follow from Lemmas 5.1
and 5.2 with kK = 2y/1 + 7.

(a) Here [; q(s — 7)dr = /7 + 25 — /7, and this is at most /7 if and only if s < 3y =1.

(b) For v = 3 we have ¢(r)/\/7 = 2(1 + 4r)"%/2. Divide the first inequality in (11) by /7, put
r = s — 7, and substitute y = /T + 4r, so that 2(1 + 4r)~Y2dr = dy. With Y = /I +4s € [1,/5]
the inequality becomes E(Y') > 0, where

p0 = () - [ ()

Now gp(y24_1) =1+ 23—0(}/2 —3)? and @(Y2;y2) =1+ %(A —y?)? with A =Y? -2, and

Y
/1 (A-y)Pdy=A2Y -1)-ZY*-D+iy°-1)=2v° - v*-§y3 4 Uy? 44y - 8.

Therefore
E(Y)=-2Y 4+ 3yt+ 2y _8y2 8y + 20 E(Y)=-2(Y-2)(Y’-Y?-5Y —2). (12)

For 0 <Y < +/5 the cubic factor is negative, because Y3 — Y2 —5Y —2 =Y (Y2 —5) — (Y2 +2). So
E decreases on [1,2] and increases on [2, /5], and

[Iln\i/%]E:E(Q) +24+77%7%+25009 0>0 O

Remark 5.4. (1) The constant in Lemma 5.1 is attained in the limit. If all n points of t approach one

point s € (0, 1), the formula in step (iii) gives L/h, — v +2s — 1 (/7 — [5 £ sa(s (s =1)(V7als —
7))"~'dr), and the integral is O(1/n). With the upper half, the limit of (Th),/hy is /7 + 25 +
Y+2(1—s) —2,/7/n+O0(n"2), and for s = & this tends to 2¢/T+ 7 as n — oc. So for this family
h the constant cannot be improved, and a smaller bound needs a smaller -, which (11) limits. The
package contains floating-point tests of Lemma 5.1 on random configurations; they are not part of
the proof, and no margin should be read from the largest ratios they report.
(2) One face. The same test applies to \* 4+ \ alone, now on all of H: for hy,(t) = [[;(2 — 2t;) "/,
n >0, one finds hy,_1(to, ..., t,) + fo na1(7, 1) dT = /2 hy(t) for n > 1 and fol hi = v/2 hg, because
fgl (2—27)"Y2dr =2 - \/—7275 This gives | A\* + || < /2, the edge of the arcsine law of variance
1, so the test is sharp there. Here A is unbounded. For one face there is no gap between the operator
and its compression: decomposing Q1 by the position s of the highest particle, which A can only
remove when it is the last one, one sees that Q(A* + A\)@ is a direct integral over s € [0, 1] of copies
of /s (A\* + )); its norm is again v/2. This is consistent with the absence of atoms in the arcsine law.
(3) Where h comes from. In the language of Section 8, h,, is a sum over the possible pivots t;: the
pivot has weight ¢(t;), and every other particle is weighted by a function of its distance to the pivot.
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6 The atom: proof of Theorem 1.2(a), (b), (c), (e)

Part (a) is Proposition 5.3(b). Let x = /6.

Step 1. By (a) the spectrum of by, and with it the support of v, lies in [—k,k]. So K(z) =
4 [dv(z)/(z — z) is analytic on C\ [—k, k], and by Lemma 4.1(c) it equals Y, <, konz! 72" for |2| > &,
with all &y, > 0. B

Step 2. On (k,00) the function F(z) = z — K(z) is real, F'(2) =1+ 4 [dv(z)/(z — z)? > 1, and
F(z) — 400 as z — +o00. Hence F' has at most one zero in (k, 00).

Step 3. A real number z > k does not belong to o(bg). By Lemma 4.1(a), such a z belongs to
o(b) if and only if F(z) = 0.

Step 4: the zero exists. Let ¢ = maxsupp p. Since p is symmetric, it is carried by [—c,¢|, and
therefore mg = [2? - 2*du < ¢®my4. By Lemma 2.2(c), ¢ > mg/mg = % > 6 = k2. The measure
e is the spectral measure of b at Q, so suppp C o(b); thus ¢ € o(b) N (k,00). By Steps 2 and 3,
¢ is the unique zero of F' in (k,00) and o(b) N (k,00) = {c}. Since VbV = —b (Lemma 2.2), also
o(b) N (—o0, —k) = {—c}. Hence

o(b) C [—k, kK] U{—c,c}, |Ib]| = ¢ = max supp p.

Step 5: ¢ is an atom of u, not only an eigenvalue of b. By Lemma 4.1(a) the eigenspace of b
for the eigenvalue c is spanned by v = Q + (¢ — bg) ~'¢&; in particular the eigenvalue is simple. Since
(c—bg) e L Q,

@) =1 ol =1+ e bo) e = 14 [ 10— Fo)

The spectral projection of b for the set {c} is the orthogonal projection onto the eigenspace Cuv.
Therefore

X L S S o
wimnl{e) = e = g = 1w~ (L @ D) >0

n>1

the series converges because ¢ > k. (Equivalently, G = 1/F is meromorphic on C\ [k, k] with simple
poles exactly at ¢, and w is the residue of G at ¢.) By symmetry pu({—c}) = w.

Step 6. Put pg = p — w(de + 0_). By Step 4 the support of u lies in [—k, k] U {z£c}, so ug is the
restriction of p to [—k, k]: a symmetric positive measure of mass 1 — 2w. Finally 2wc? < [2%dp =4
gives w < 2/¢* < 1. This proves (b) and (c).

Part (e) follows from (b) and (7). O

7 Positivity: the norms are determined by 1 and v

The measures p and v only see the cyclic subspaces generated by () under b and by £ under bg.
A priori the norms of b and by could be larger than the largest points of the supports of p and v.
Positivity excludes this.

Proposition 7.1. Let A be a bounded self-adjoint operator on L?(X,m), for a o-finite measure space
(X, m), which maps non-negative functions to mnon-negative functions. Let & € L?*(X,m) be non-
negative, and let r be the largest absolute value of a point in the support of the spectral measure of
A at &. Assume that the functions v for which there are N > 0 and constants Cy,...,Cn > 0 with
] < Ziv:o Cr A¥€q almost everywhere are dense in L*(X,m). Then ||A|| = r.
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Proof. The operator A maps real functions to real functions, and |Ay| < Aly| almost everywhere for
every 1): for real ¢ this follows from —|¢| < ¢ < |4, and in general from |Av| = sup,y Re(e? Aq)) =
supy A Re(e?1p) < Alsp| with @ in a countable dense subset of [0,27]. Let 1 be as in the hypothesis
and n = >, CrA¥&. Then |A™p| < A"|¢p| < A™p for all n, and for the spectral measure o of A at
1 we get

2
/»TZ” doy(z) = [|[A™]* < |A™|” =D CrCi (&, A7 TFHgg) < (Z Cld"k> €0l 72"
ol k

If oy gave a positive mass p to {|z| > r + e} for some ¢ > 0, the left-hand side would be at least
p (r+¢)?", which is impossible for large n. So the spectral projection E of A for R\ [~r, r] annihilates
a dense set of vectors. Hence E =0, 0(A) C [—r,r| and ||A|| < r. The inequality r < || A|| is clear. [

Corollary 7.2. (a) ||b]| = maxsupp u.
(b) ||bg|l = maxsuppv. The sequence kani2/kan, n > 1, is non-decreasing, and its limit is ||bg|?.
() bol? > kio/ks = 32 > 4, and 2.1019907 < (ksos/ks01)*/2 < ||bg| < V6.

Proof. (a) Apply Proposition 7.1 to A =bon H = L*(| |5 Ss) and & = Q. By Lemma 2.1 the four
operators preserve non-negativity, so b"Q) > (A*)"Q = 1,. Every bounded function ¢ with finitely
many non-zero components satisfies [1)| < > ||| 02, and these functions are dense. By the
symmetry of p, r = maxsupp p.

(b) Apply the proposition to A = bg on Q+ = L2(| |+, Ss) and & = € = 2 - 1;; now bg_lf >
(A)"~1¢ =21, for n > 1. This gives ||bg| = maxsuppv =: r. Let s, = [2?"dv = ko,12/4. By the
Cauchy-Schwarz inequality s2 < s, 15,41, SO Sp41/8n is non-decreasing. It is bounded by 72, and
its limit is lim,, s}/n =r2,

(c) The first ratio is (6112/15)/(304/3), from Table 1. The second is an exact rational number,
computed with Theorem 1.3; the inequality ksos/ksoa > 2.10199072 is checked in exact arithmetic.
The upper bound is Theorem 1.2(a). O

So ||bg|| > 2 follows already from the table (3) of the source. In Section 11 we quote the value
2.10199076 . . . for maxsupp v = ||bg/||. It is the largest node of Gauss quadrature rules for v, computed
in floating point; such a node is a lower bound for max supp v, and the value is stable over the range
computed. It is a numerical value; what is proved is Corollary 7.2.

8 The pivot model: proof of Theorem 1.3

8.1 The two one-sided systems

A polynomial vector is an element of H with finitely many non-zero components, each of which is a
polynomial in the positions of the particles; its coefficients may depend polynomially on a parameter
s. For s € [0,1] let Hjg 5 and H | 1) be the subspaces of functions supported in [0, s] and in [s, 1]. On
Hio,s let )\2‘ ) and \(4) be the operators (1) for f = 1p 4: they create and remove the lowest particle,

and (A¢ fo 7)dr. On Hj, ) let p( $)* and p(®) be the operators for f = Ljs1): they create
and remove the highest partlcle and ( 3) 9)( f g(T)dr. Put

Xo =Xyt onHoyg,  Yo=p" 4o on Hyy.

Let g, (w) = (w? — 2u)_1/2 = >0 Mak(u) w~2=1 4 formal power series in w~! whose coefficients
are polynomials in w.
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1

Lemma 8.1 (product formula). Define formal power series in w™" by

Es(w)(t1,...,tn Hgtl 0717'[05], E;(w)(tl,..., ) = g1-s( Hgl —t,(w) on 7‘[[571}.

Their coefficients are polynomial vectors, and for all a,b > 0
XeQ=[w N E(w),  Y)Q=[w " E(w).
Consequently:
(i) (9, X2Q) = mqy(s) and (Q,Y2Q) = my(1 — s);
(ii) for s < s' and a configuration o in (s',1], (Y2Q)(s',0) = > jik=b1 Mu(l =) (Yjﬂ)(a),
(ili) for s’ < s and a configuration T in [0,s"), (XgQ)(7,8") =37, o1 mu(s) (XSJ;Q)(T).
The sums run over j,k > 0 and are empty for b =0, respectively a = 0.

Proof. The n-particle component of Es(w) is O(w™""1), so the coefficient e, of w=2~! is a polyno-

mial vector with at most a particles, and eg = ). The operators act coefficientwise. We claim that
XsEs(w) = w Es(w) — Q; comparing coefficients, this says Xge, = €441, hence e, = XQ. Coefficient-
wise 0y, (w—(w?—2u)/?) = g, (w), and w—(w?—2u)'/? vanishes at u = 0, so fg gu(w) du = w—1/g(w).
For n > 1 this gives

Ny Es)(t) = Es(ta, ... tn) = js((:v)), (Ao Es)(t) = Es(t)/o 1 g-(w) dr = Ey4(t) (w - tw))’
with sum w By(t). At A we get (A Ea)(A) = gs(w) [ g-(w) dr = wgs(w) 1 and (N E)(A) = 0.

This proves the claim. The computation for Yy is the mirror image, with fti g1—r(w)dr = w —

1/g1-, (w).

(i) The vacuum components of Es(w) and El(w) are gs(w) and ¢g1_s(w). (ii) By definition
El(w)(s',0) = gi—s(w) - El,(w)(0); take the coefficient of w™°~!. (iii) is the mirror image:
Es(w)(r,s") = gs(w) - Eg(w)(7). O

For s = 1, part (i) is the arcsine law of one face.

8.2 The lift and the intertwining relation

A marked configuration (7;s;0) consists of a point s € [0, 1], a configuration 7 in [0,s) and a con-
figuration o in (s,1]. For a function F' of marked configurations define 7(F') € H by w(F)(A) =0
and

n
W(F)(tl,,tn):ZF(t<], t]7t>])7 t<j:(t17"'7tj—l)7 t>j:(tj+17-"atn)'
j=1

We use functions of the form F(7;s;0) = c(s) As(7) A5(0), where c is a polynomial and A € Hjq 4,
Al e H|s,1) are polynomial vectors depending polynomially on s.
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Lemma 8.2. For F(r;s:0) = o(s)Ay(7) AL(0) as aboue,
br(F) = m(c(XsAs) Ay) + m(c As (Y AL)) + m(UeF) + w(DeF)
+ 2(/01 c(u) Ay(A) A (A) du) Q, (13)
where
UeF)(risia) = Lo [ o) Au(A) A1 (5,0) du,
(DeF)(r;5:0) = Liy_n) / o) Ay(r, ) AL (A) du.
Proof. Let n > 1 and ¢ € S,. By (5),

N (E))(8) = 7(F)(ta, . tn) = 3 elty) Ay (b, .., tj-1) A} (t5)).

Jj=2

Since (X("S)As)(t<j) is Ag(ta,...,tj—1) for j > 2 and 0 for j = 1, this is 7(c (ATS)AS)A;)(t). Next,
Am(F))(t) = fotl 7(F)(r,t)dr. In w(F)(,t) the marked point is either one of the t; or the new point
T:
T(F)(r,t) = Y elty) Ay (1,1<5) Af (t5) + (1) Ar(A) AL(2).
j=1

The integral of the j-th term over 7 € [0,#1] is c(t;) (Ar;)Ar;)(t<j) 4} ;(t>;); for j =1 this uses that
the vacuum component of A(4)A; is Jo As(T)dr. The integral of the last term is (Ue F)(A;t1;t>1),

which equals 7(UeF)(t) because U oF Vanlshes unless its lower configuration is empty. At the vacuum,
(N7(F))(A) =0 and (A7 (F fo u)du = fol c(u)Ay(A)AL(A) du. Hence

1
AN+ X 7 (F) =7m(c(XsAs) A,) +m(UeF) + (/0 c(u) Ay (A)AL(A) du)Q.

The mirror computation gives the same for p* + p, with Y5 acting on A’ and DeF in place of UeF":
in 7(F)(t,7) with 7 > ¢, the term with marked point 7 is ¢(7)A-(¢t)AL(A), and its integral over
T € [tn, 1] is (DO F)(t<n;tn; ). O

For a,b,c > 0 let F,p.(7;5;0) = s¢(X2Q)(7) (Y2)(0), and define the linear map I1: P — Q-+ by
M(z§as?) = m(Fupe),  thatis  T(zfabs®) Zt (X7 Q) (t<)) (Y Q)(ts).

For a polynomial f =" fape x‘fxgsc we write Fy = ) fapeFap.e, so that II(f) = w(Fy). For example
II(1) = 1; and II(z1) = II(z3) = 12; the map II is not injective.

Proof of Theorem 1.3. The intertwining relation. Apply Lemma 8.2 to F' = F,; .. The first two
terms of (13) are m(Fyi1p.c) + m(Fapii,e) = (M 2¢28s¢). By Lemma 8.1(i) and (ii), the latter with
(s,s’) replaced by (u,s),
S
UeF)(risi ) = 1oy [ utma(w) (V0)(5,0) du
0

Sty Y ([ mawma - ) d) (7790,

j+k=b—1
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Since 1;—py = (X2€Q)(7), this is the function Fy for the polynomial f = U(x$28s¢), so m(UeF) =
(U (2¢255%)). In the same way, by Lemma 8.1(i) and (iii),

(Do F)(7;8;0) = 1{g—ny Z (/Sl u’mp(1 — u) my(u) du> (XI) (7).

j+k=a—1

The polynomial 3 ;.\, 4 (fsl ump(1—u)mg (u) du)xf is RUR(x$24s¢): indeed R(x§x4s¢) = 2424(1—
s)¢, then U gives > .\, 4 (Jo @ = w)mp(u)my(1 — ) du):z:3., and applying R and substituting
u + 1 — u gives the polynomial above. So m(DeF) = II(D(x¢x4s)). Finally the coefficient of Q in
(13) is 2f01 uCmg (u)my(1 — u) du = 2(x¢x8s). This proves (4) for monomials, hence for all f € P,
and bQ =2-1; = 2II(1).

The cumulants. By induction on n > 0,

n—1
b0 = 2T(B"1) + 4> (B/1) b0
j=0

for n = 0 this is b2 = 2I1(1), and applying b and (4) gives the statement for n + 1. The vectors II(f)
are orthogonal to €. Taking the vacuum component we get my = ZZ]\LQ 4(B*=21)my_; for all N > 1.
These are the relations which define the Boolean cumulants, and they determine them; hence k1 = 0
and k; = 4(B*21) for i > 2.

Complezity. Give z1 and 3 the weight 1 and s the weight 2. The maps M, U and D raise the
weight of a polynomial by at most one: for U, a monomial of U(x¢2%s°) is a multiple of z3s¢ with
j+tk=b—-lande<c+§+ % + 1, and R does not raise the weight. So B"1 is a combination of
the O(n3) monomials of weight at most n. In U(z¢x%s¢) the exponents a and ¢ enter only through
umg(u), a multiple of ut®/2. Summing first over a, one applies U to a polynomial of weight at
most n with O(n*) operations: there are O(n?) pairs (b,c + %), O(n) values of k, and O(n) terms in
the expansion of (1 — u)k/ 2. The maps M, R and the funct10nal cost no more. Thus ks, ..., ky cost
O(N?®) operations, and the moments follow from the cumulants with O(N?) operations.

The size of the numbers. With (1 — u)*/? and (1 — s)c expanded, each of the maps M, U, R
sends a monomial of weight at most n to at most (n 4 1)2 monomials. Their coefficients are 1 for
M, +(§) for R, and for U the numbers :I:(a/2) (k/z) (k{2) divided by 2(@+*)/2(c + & + i+ 1). The
numerators are at most 4”. The denominators divide L,, = 2" lem(1,...,n + 1), because a+k<n
and c+ 5 +i+1<n+1,and L, < 20() by Chebyshev’s estimate of lem(1,...,m). Hence, if f
has weight at most n and Af has integer coefficients with sum of absolute values A, then AL, Bf
has integer coefficients with sum of absolute values at most 20" A; for D = RUR the three maps are
applied in turn, and only U divides. The functional divides in the same way as U. By induction, all
numbers which occur up to the n-th step, the values (B’1) included, have the form p/(Li--- Ly11)
with integers p of O(n?) binary digits, and Lj--- L,11 has O(n?) binary digits. In the last step,
my = Zj kjmn_j, all terms are non-negative and at most 4N and n!ma, is an integer by (2); so
the numbers there are of this size as well. O

8.3 Remarks on the model

Remark 8.3 (without U and D: a semicircle). For fixed s the functional f +— [ fd(as ® a1—s), with
v, the arcsine law of variance u, gives x¢x4 the value mq (s )mb( s). Integrating the product density
over s € [0,1] gives 3 [(72y/(u — 23)(2 — 2% — u))fldu = 5 for 23+ 23 < 2 (with u = 2s): under (-)
the pair (1, 23) is uniformly distributed on the disc of radius v/2. Hence x; + x3 has the semicircle
law of variance 1, and ((x; + 23)?") is the n-th Catalan number. If U and D are dropped from B,
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A* creates, A removes p* creates, p removes

l pivot (oldest particle), position s l
} ® ° - O * * |
0 s 1
lower system on [0, s]: X, z1 upper system on [s, 1]: Y5, x3

Figure 2: The pivot picture. A word in the four operators acts on the particles like on a double-ended
queue ordered by position. The particles below the oldest one, the pivot, were created by A* after it
and form a system on which only A*, A act; those above it form a system on which only p*, p act. A
monomial a:cfargsc stands for the state with lower system X2 and upper system YSbQ. The pivot can
be removed by A only when the lower system is empty (the map U), and by p only when the upper
system is empty (the map D); then the next oldest particle becomes the pivot, and Lemma 8.1(ii),
(iii) express the new state in the same form.

one therefore gets K(z) = 4 Gs.(z) with the Cauchy transform G of the semicircle law, that is, the
measure with Jacobi parameters (4,1,1,...) of Section 1.3, with atoms at +4//3 of mass % The
terms U and D move the atoms to +¢ = 4+2.5858... and lower their mass to 0.2513...; the true

Jacobi parameters begin with 4, 2, %, %, .

Remark 8.4 (the shape of the resolvent). Since RMR = M, RUR = D and R? = 1, the map B
commutes with R, and R B"1 = B"1. Let & = ano 27 "=1B"1, a formal power series in 2! with

coefficients in P; then K (z) = 4(®) and (2 —21 —23) ® =1+ U® + D®. Here U := U®P depends only
on (x3,s), and D® = RU®. So

o - 1+Z/{(LII3,S;Z)+U(1,‘1,].*S;Z)7 Yo S48t +28—|—%82+8x§ L

Z— T — T3 22 23 z4 ’

with a single unknown series U in two variables, determined by the linear equation U = U®. A closed

formula for p would follow from a solution of this equation. We could not solve it.

Remark 8.5 (a solvable sector; tested, not proved). The polynomial x; — z3 lies in the kernel of II.
On it the resolvent of B appears to be explicit:

V(=232 =25 — /(2 —21)2 —2(1 — s)

Z—x1 — T3

Z 2B (@ — a3) =

n>0

as formal power series in z~!. This identity was tested to order 12 by an exact program of the package;
it is not proved here, and it is not used.

Remark 8.6 (integrality, and a faster formulation). (1) For all computed n the numbers n!ms, and
n! ko, are integers (for n < 153 in the files of this note, for n < 280 in those of the second verification
run). For nlmay, thisis (2). For n! ks, it would follow from a decomposition formula which is stated,
without proof, in the remark at the end of Section 5 of [Gerl7]: by it, n!ka, is the number of
irreducible bi-monotone pair partitions of {1,...,2n}, which an enumeration by the third verification
run confirms for n < 8. We do not use this.

(2) The second verification run reorganised the computation. Write B"1 = »__, Fy[a, b](s) r§xb

with Fp[a,b] € Q[s], and let (%) be denoted by C;. With

g(u) = Y Fala,b)(u) Copa (u/2)*2, Hj(s) :/Oszgjwm(u) Ci (134" du,

a even >0
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one has U(B"1) = Y, H;(s)#§ and D(B"1) = ", H;(1 — s) 27, and (B"1) is the integral over [0, 1]
of Dy cven 96(5) Cp2 (%)b/ 2. This takes O(n?) operations in Q[s] per step. The program of that run
computed ko, ..., ksgo in a few minutes; its values agree with those of the program of this note on the
common range ks, ..., k3og-

9 Exact enclosures: proof of Theorem 1.2(d)

Lemma 9.1 (remainder bounds). Let ki > ||bg||, let J > 0 be an integer and z > k4. Put

J J
K;(2) :Zk2j+2272j71, Dj(z) = 1+Z(2j+1) kojio 2 72 ty(2) = kojyaz 272,
3=0 j=0
and ej(z) = tJ(z)(Z(iJ_Jlri) + Z(Zf;_)g). Then
K@)+ 2 <K@ <K+ 2 PG - D) £ e

Moreover F is increasing and F' is decreasing on (K, 0).

Proof. For |z| < k4 we have Ziz = Zfigl x"z_"_l—l—%. Integrate against 4v. The odd moments
of v vanish and 4 [ 2% dv = kgj 1o (Lemma 4.1), so K(2) = Kj(2) +4 [22+2:7272(z — 2)"Ldv ().
The factor z2/%2 is non-negative and L < on the support of v; this gives the bounds

Z+Kky — zZ2—T — Z—K4
for K. Similarly

2J+1 o L
_ _ Z (i + l)xiz_i_Q 4 (2 + 3) x2/+2,-27-3 . 220 +3,—2J-3
(Z — $)2 P s— (Z I .T)Q )

. . 2J+3
which is the derivative with respect to x of the identity Zix = Zfzjar 2gizmitlg % Integrating

against 4v and using |z|?/*3 < k2?72 and L < ZJM gives the bound for F'(z) = 1+4 [(z —

z)~2dv. Finally F > 0 and F”(2) = =8 [(z — x)73dv < 0 on (K, o0). O

Proof of Theorem 1.2(d). Let ry = 33. Since k2 = 28 > 6, we have ky > v/6 > [bgl|| by Theo-
rem 1.2(a). By Lemma 9.1,

@) o gy < Fup(2) = 2 — Ky(z) — ts(2)

FIO(Z)EZZ—K](Z)—ZiﬁJr < P

(z > Ky).

Suppose that z_ < z, are rational numbers larger than £, with Fyp(2-) < 0 < Fio(24) and D j(z4) >
ej(z4). Then F(z_) <0 < F(z4),s0 z_ < ¢ < z4, because c is the only zero of the increasing function
F. Since F’ is decreasing, F'(z4+) < F'(¢) < F'(2-), and with w = 1/F’(c),

1 1
2 <c<zy, <w < :
Dj(z-) +es(z-) Dj(z4) —es(z4)
For rational z all quantities here are rational numbers which are computed exactly from ko, ..., kojy4.
From my,...,my one obtains ko, ..., ky by the defining relations, so J = (N — 4)/2 can be used:

J =20 for N = 44 and J = 151 for N = 306. The exact program of this note finds suitable z4
by bisection and then verifies the inequalities Fyp(2-) < 0 < Fjo(z4) and evaluates the bounds in
exact rational arithmetic. Its results are in Table 2; the intervals stated in Theorem 1.2(d) are these,
rounded outward. O]
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moments or cumulants used J enclosure of ¢ enclosure of w

mo, ..., Myq, from the definition 20  (2.585794744, 2.586036944) (0.250011133, 0.253121332)

mo, ..., Mg, model, first run 78  width 8.8-1071° width 3.2-10713
mg, ..., Mgy, Mmodel 98 width 2.2 - 10718 width 9.7 - 10717
mo, . . ., M3pg, model 151  width 6.4-1028 width 4.2 - 10726
ka,. .., kseo, model, second run 278  width 9.0 - 107°! width 1.0 - 10748

Table 2: Enclosures of ¢ and w with k4 = %. Rows 1, 3 and 4: the program of this note. Row 2:
the first verification run, with the cumulants of its own implementation of Theorem 1.3; its intervals
are 2.585826606048203 < ¢ < 2.585826606048213 and 0.25133165463828 < w < 0.25133165463861.
Row 5: the second verification run. “Model” means that the moments come from Theorem 1.3. The
intervals of rows 3 to 5 are nested and contain the numbers displayed below.

What each line depends on, and what was reproduced. The first line of Theorem 1.2(d) depends
on Theorem 1.2(a), on the moments my, ..., myq computed directly from the definition, and on the
evaluation just described; it does not depend on Theorem 1.3. All three verification runs reproduced
it with their own programs for the moments and for the bounds (2.58579474 < ¢ < 2.58603695 and
0.25001113 < w < 0.25312134 in the first run). The second line depends in addition on Theorem 1.3
and on the long run of the program of this note. The second and the third run reproduced both
intervals from their own cumulants ko, ..., k3gg; the first run reproduced the cumulants up to kigo,
which confirms 14 significant digits of ¢ and 12 of w (row 2). From its cumulants up to kseo the second
run obtained

¢ = 2.5858266060482044486315152361168415078092428079979.. . .,
w = 0.25133165463841931453050567432858126056719804 . . .

The statement 2w > % is certified by the first line only with a small margin: w > 0.2500111

exceeds % by 1.1- 10~°. This needs the constant v/6: with the constant 21/5 /3 of Certificate A the

same 44 moments give only 0.0717 < w < 0.6145, and with mg, ..., mq2 and k4 = % the lower bound
is 0.2493. From the moments my,...,m4s, which the second run computed from the definition, it
obtained w > 0.25072. With the moments of Theorem 1.3 the margin is large.

10 More of the measure above 2: proof of Theorem 1.4

Lemma 10.1. Let 0 < a < b and p(x) = (2? — a®)(x? — b?). If there is a real polynomial q with
1) = [ ple) oo du) <0,
then pu((a,b)) = p((=b,—a)) > 0. For an even polynomial q(z) =, ¢;z*',

I(q) = Z 0iqj (Maitojra — (a® + b*) mairajro + a®b* maiiaj). (14)

Z"j
Proof. The polynomial p is negative exactly on (a,b)U(—b, —a). If u((a,b)) = 0, then u((—=b,—a)) =0
by symmetry, so p > 0 p-almost everywhere and I(q) > 0 for every real polynomial q. O

In the language of the truncated moment problem, ¢ — I(q) is the localizing form of the moment
sequence (my,) for the polynomial p [CF00]: a measure carried by the set {p > 0} has a positive
semidefinite localizing form, so one polynomial g with I(q) < 0 certifies that p is not carried by this
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window (a, b) K moments used computed by I(q)/ | ¢*du

(2.0114, 2.0116) 100  myg,...,magg note; second run = —1.55- 1077
(2.01148, 2.01149) 152 mg,...,m304 note; second run  —3.97 - 10710
(2.001, 2.003) 152 mg,...,m304 note; second run  —7.31-1076
(2.011485, 2.011486) 278 myg,...,mss56  second run —3.43-10712
(2.0017, 2.0018) 278  mo,..., M550 second run —3.63-1078
(2.0011, 2.0024) 278  mg,...,Ms56 second run —6.77-10°6

Table 3: Window certificates. In each row I(gq) < 0 for the polynomial g described in the text; the
sign is decided on exact rational numbers, and the last column is a floating-point value of the quotient,
for orientation. “Note; second run”: computed by the program of this note from its moments, and
again by the program of the second verification run from its own moments, with the same value.

set. For rational a,b and rational coefficients ¢; the number I(q) is rational and is computed exactly
from the moments by (14); if ¢ has degree K — 2, the moments up to mag enter.

Only the sign of I(q) matters; how ¢ is found does not. The programs choose ¢ = (P —
Pr(r))/(z? — r?), where Py is the monic orthogonal polynomial of even degree K for yu, computed
exactly from the moments, and 2 is a rational approximation of the zero of Pk, as a polynomial in
22, in the window (a?,b?). The results are in Table 3.

Proof of Theorem 1.4. By Lemma 10.1 and Table 3, rows 2 and 3 for part (a) and rows 4 and 5 for
part (b). All moments beyond myg come from Theorem 1.3. The statement about py holds because
the windows lie in (2,v/6), and the statement about the spectrum because supp p C o(b). O

Two attempts gave no conclusion, that is, I(g) > 0 for the polynomial g constructed in this way:
the window (2.0011,2.0024) with K = 152, and the window (2.0004,2.0009) with K = 278.

11 Numerical observations and questions

Nothing in this section is proved, except where a theorem is quoted. The Jacobi parameters (i
of 1 were computed exactly from the exact moments, 51, ..., 8153 by the program of this note and
B1, ..., 0280 by the second verification run. The observations come from floating-point computations
with them, with 60 to 270 digits.

We recall the notions [Gau04]. The monic orthogonal polynomials of the symmetric measure p
satisfy Pyi1(x) = 2 Pg(z) — B Pr—1(z) with S > 0. The zeros of Pk are the eigenvalues of the K x K
Jacobi matrix with zero diagonal and off-diagonal entries v/31, ..., +/BK_1; they are the nodes of the
Gauss quadrature rule with K points and lie in the convex hull of supp . The measure v of Section 4
has the Jacobi parameters 52, 83, ..., and 81 = ko = 4.

Observation 1: Jacobi parameters. Exactly, £1,...,08s = 4, 2, %, %, %, %, %, %.
Further values are in Table 4. The S seem to decrease to 1, slowly. The quantity k(8 — 1) is about
0.142 at k ~ 150 and is still decreasing, to 0.138 at k = 280; a limit is not determined by the data.

Observation 2: Gauss nodes above 2. See Table 4. The second node has converged: ¢y ~
2.011485694658159583 with weight ws =~ 0.0031285045345. Theorem 1.4 proves that p gives posi-
tive mass to (2.011485,2.011486); it does not prove that ¢y is an atom. The third node has settled
near 2.0017597, with weight about 2.016- 104, inside the window (2.0017,2.0018) of Theorem 1.4. A
fourth node is near 2.00065 and is still moving, and a fifth has just passed 2 at K = 280.

Observation 3: the part in [—2,2]. The total weight of the Gauss nodes in [—-2, 2] is between 0.4902
and 0.4907 for all K from 100 to 280; it increases slowly with K and drops when a node passes the
point 2 (at K = 154 and at K = 277). A rough density, obtained from the continued fraction of G
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k 10 20 50 100 150 200 240 280

Bk 1.030482 1.010177 1.003106 1.001467 1.000947 1.000702 1.000579 1.000493
k(Br —1) 0.3048 0.2035 0.1553 0.1467 0.1420 0.1404 0.1389 0.1381

node K =100 K =153 K =200 K =280 weight at K = 280
second 2.0114856926  2.0114856947 2.0114856947 2.0114856947 0.0031285

third 2.001463 2.001744 2.001759 2.001760 0.000202

fourth (1.99739) (1.99998) 2.00048 2.00065 0.000058

fifth (1.99914) 2.00002 0.000073

weight in [—2,2] 0.49045 0.49066 0.49047 0.49041

Table 4: Numerical data, not proved. Above: Jacobi parameters of p (exact rationals, rounded).
Below: Gauss nodes larger than 2 and their weights, apart from the largest node, which agrees with
¢ and w to all digits shown in Theorem 1.2(d) for every K > 100; a node in parentheses is still below
2. The last row is the total weight of the nodes in [—2,2].

cut after K levels and closed with the tail 8 =1, is 0.132 at z = 0, 0.130 at 0.5, 0.125 at 1, 0.119 at
1.5, 0.110 at 1.75 and 0.101 at 1.9, for all K between 100 and 280. It is nearly flat and does not seem
to vanish at £2.

Observation 4: the compression. The largest Gauss node of v is 2.101990760466021919875, with
weight 0.0998095879805, for all K from 100 to 280. By Corollary 7.2 this is a numerical value for
lbg|| = maxsupp v, and it suggests that v has an atom there.

Observation 5: truncations. The first verification run computed eigenvalues of piecewise constant
Galerkin truncations of b, of dimension up to 107, which use neither moments nor any of the results
above. The largest eigenvalue is 2.58548 and increases with the dimension (extrapolated: 2.58581);
the vacuum weight of its eigenvector is 0.25171 (extrapolated: 0.25135); the largest eigenvalue of the
truncated compression is 2.0955 (extrapolated: 2.100), and no second eigenvalue of a truncated b
exceeds 1.98. This agrees with Theorem 1.2 and Corollary 7.2, at this lower accuracy.

Observation 6: searches that found nothing. The sequences may,, 1! may, may/(2n)!, kap, n!kay,
and some variants satisfy no linear recurrence of order r» with polynomial coefficients of degree at most
d for (r,d) = (4,27), (8,14) and other pairs with » < 14, on 154 terms (program of this note), and for
(r,d) = (2,89), (4,52), (8,28), (14, 16), (24, 8) and other pairs with » < 24, on 281 terms (second run).
For these sizes the statement is exact (full column rank modulo a prime); it says nothing beyond them.
No integer polynomial of degree at most 10 with coefficients up to 10* was found which vanishes at c,
¢, w or 1/w, and no integer relation with coefficients up to 100 between ¢, ¢? or w and the numbers
1,m m2,v/2,v3,10g2,e", e ™, e™/2; the second run searched in addition with e, Euler’s constant and
Catalan’s constant, with coefficients up to 1000 and 44 digits.

Questions. (1) Find a closed formula for p, or for its Cauchy transform; this is the question of
Gerhold. (2) Is it true that

= Z wi; (0¢,, +0—¢,) + o(z) dz
k>1

with ¢ = ¢1 > ¢a > ¢3 > ... decreasing to 2 and a continuous density ¢ on [—2,2]?7 The data suggest
co ~ 2.0114857, c3 ~ 2.00176, Y, 2wy, ~ 0.5096 and p(0) ~ 0.132. Proved are only the first atom, the
gap (V6,¢), and the two windows of Theorem 1.4. (3) Does k(S — 1) converge, and to which limit?
For a perturbation of the free Jacobi matrix of Coulomb type, decaying like 1/k, one expects infinitely
many eigenvalues accumulating at the edge; as a heuristic, the ansatz ¢, — 2 ~ o?/(k — ko)? fitted
to cg, 3 gives o &~ 0.069, ko ~ 1.36 and ¢4 ~ 2.0007. (4) Is the generating function of the moments
D-finite? Is c algebraic? Is there a recursion for #PPy(2n)? (5) Solve the equation of Remark 8.4,
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and prove the identity of Remark 8.5.

12 Computations and reproducibility

What depends on computation. Theorem 1.1, Theorem 1.2(a), (b), (c), (e), Theorem 1.3, Proposi-
tion 7.1 and Corollary 7.2(a), (b) are proved without computation. Theorem 1.2(d), the second lower
bound in Corollary 7.2(c) and Theorem 1.4 are computer-assisted: each is the exact evaluation of
finitely many rational numbers, in exact rational arithmetic, from exact moments. The moments
mo, ..., Mmqq are computed directly from the definition of the operators; all higher moments rest on
Theorem 1.3. Section 11 contains numerical observations only.

The reproducibility package has five parts.

The programs of this note (folder original/), with their recorded outputs. The program
moments_fock.py computes my,...,myq from the definition, and moments_sphere.py implements
Theorem 1.3. Complete runs of the latter exist up to mogg. The run which produced ko, ..., k306
was stopped at a time limit, after 28 minutes; it had printed every cumulant as soon as it was
known, and the file of the moments up to mggg was rebuilt from this record. Its first 101 lines are
identical with the complete run to msggg, and the second verification run recomputed all values up to
k3os. The programs enclose_atom.py and window_certificate.py produce Theorem 1.2(d) and
Theorem 1.4(a); certificate_B.py checks the positivity of (12) a second time, by Sturm’s theorem.
The complete lists are in original/outputs/moments_sphere_upto_N306.txt (up to mgps) and
verification_run_B/outputs/c_fast_N560.txt (cumulants up to ksep).

The programs of the first two independent verification runs, with their recorded outputs (folders
verification_run_A/ and verification_run_B/), and those of the third run, which examined the
final text (folder independent_run_2/); see the next paragraph.

A program written with this note (writing_stage/check_paper.py). It recomputes, from the
recorded files, the numbers printed in this note, among them Table 1, the quintic (12) and its minimum,
the inequalities of Corollary 7.2(c) and the intervals of Theorem 1.2(d).

Re-runs. When this note was written, the programs of the package with a running time below ten
minutes were run again, one process at a time; among them are the fast implementation of Theorem 1.3
by the second run (six minutes for ko, ..., ksep), the enclosures of Table 2 and the window certificates
of Table 3 (seven minutes each for K = 278). The outputs agree with the recorded ones, and the
third verification run repeated the quick re-runs from the archive with the same result. Not run
again: the run of the program of this note to mggg, the long run of the first verification run to ki¢o,
its truncations of large dimension, and the counts of the second run for 2n = 18,20. The package
explains how the programs of this note run with the standard rational type of Python only.

Verification. The results were first obtained, with proofs and with the programs in original/.
Three independent verification runs, all Al-assisted, followed. Each wrote its own programs, those
for the moments before reading the programs of the note. The first two examined the first written
version of the results, and neither saw the report of the other; the third examined the text of this
note.

The first run compared the statement with the two sources and re-derived, line by line, Lemmas 2.1,
2.2 and 4.1, the proof of Theorem 1.1, Lemmas 5.1 and 5.2, both certificates, the argument of Section 6,
Lemmas 8.1 and 8.2 with the proof of Theorem 1.3, and Lemmas 9.1 and 10.1. It found no gap.
It required two corrections in the preliminaries, which are made here: the identity (6) had been
stated without the vacuum term, and the reason for ko, > 0 in Lemma 4.1(c) had been omitted.
It contributed the proof of Proposition 5.3(b) through the factorisation of E’, the observation that
meg/myg > 6 suffices in Step 4 of Section 6, and Proposition 7.1. Its programs gave: the moments
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mo, . .., myq from the definition, identical with those of the note; the numbers #PPy(2n) for n < 6
by enumeration; cumulants from its own implementation of Theorem 1.3, equal to those from the
definition up to k44 and to those of the note up to kigo; a symbolic test of Lemma 8.1 and of (4) on 39
monomials, which fails, as it must, when D is removed; the truncations of Observation 5; and rows 1
and 2 of Table 2.

The second run recomputed all numbers. It obtained the moments by three routes: by counting
the partitions in the definition of the source (n < 10, the complete table (3)), from the definition of
the operators (my,...,m4g), and from Theorem 1.3 with two implementations (to k46 and to ksgp).
They agree with each other, with the table of the source, and with all 154 moments and 153 cumulants
of the note. It tested (4) on 455 monomials, reproduced the enclosures of Theorem 1.2(d) and rows 1
to 3 of Table 3 with its own programs and moments, certified the positivity of the quintic (12) in two
further ways, added row 5 of Table 2 and rows 4 to 6 of Table 3, and extended the Jacobi parameters
to k = 280. It read the proofs of Lemmas 4.1, 5.1, 5.2, 8.1 and 8.2 and of Theorem 1.3 and found
no error. It required six corrections, which are made here: 2.10199076. .. is presented as a numerical
value for max supp v, which Proposition 7.1 identifies with ||bg|; the OEIS was queried directly; the
thesis [Var21], which that run could not obtain, has since been read; the credits of Section 1.3 were
added; no margin is quoted for the numerical tests of Lemma 5.1; and the limit of k(/;—1) is described
as not determined.

The third run read the two sources again and compared the definitions, the numbering and the
quotations with this text. It checked all proofs of this note line by line, among them those of Propo-
sition 7.1 and Corollary 7.2, which no run other than the first had seen; it found no error, and one
proof which was incomplete, that of the last statement of Theorem 1.3. It examined what had been
added when this note was written: the formulas for the measures with Jacobi parameters (6,1,1,...)
in Section 1.3 and Remark 8.3 (confirmed); the statement on the size of the numbers in Theorem 1.3
(correct; its proof is now written out); Remark 8.6(1) (confirmed, also by the enumeration mentioned
there); and what is said about [Var21], of which it read Sections 6.4 and 6.5 in a copy provided by
the author of this note, about [GHS20] and about [BWO01] (confirmed). With its own programs it
recomputed the moments from the definition of the operators (my, ..., m44) and the cumulants from
two implementations of Theorem 1.3 (to k122 and to kse2; equal to all values in the files of the pack-
age), the numbers #PP.(2n) for n < 8 by enumeration, every entry of Tables 1 to 4, the intervals of
Theorem 1.2(d), the first from its own moments from the definition, Corollary 7.2(c), and the numbers
of Section 11 except the truncations of Observation 5 and the last search of Observation 6. For the
two windows of Section 10 without conclusion it found other polynomials ¢ with 7(q) < 0; they are in
the package and are not used here. It required four corrections, which are made: the proof of the size
statement in Theorem 1.3; the range in Observation 3, which had been given as found for the four
values of K of Table 4; the number mg in the sentence after Theorem 1.2; and the reference [CL20].
The program check_paper.py confirms the printed numbers.

Scope and priority. The note gives a partial answer to the question of [Gerl8, Gerl7]: it does not
describe p by a formula. It proves that the measures u; are dilations of one measure, a fact implicit
in the source; that p has two atoms at the edges of its support which carry more than half of its
mass; that the rest of u lies in [~v/6,/6] and is not carried by [—2,2]; and that the moments are
given by an explicit polynomial model. A closed formula, the nature of the rest of x, and a formula
for #PPy(2n) remain open. No priority is claimed for Theorem 1.1, for the mechanism of Section 4,
or for anything contained in the sources quoted in Section 1.3. For the other results we say only that
we did not find them in the literature we could read.

What was read: [Gerl7] in the arXiv version, of which there is only one, in full; its Definitions 3,
4 and 8, Theorems 4.1, 4.2, 6.5 and 7.1 and Corollary 7.2 were compared with our statement by all
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three verification runs. The abstract [Gerl8], in the file of the report on the publisher’s site. Of
[GHS20], in the arXiv version, the passages on the two types in the introduction, the subsection on
type II and the example on the central limit distribution; what we say about its law for full correlation
is a computation from the formula of that example. Of [Ger26], in the arXiv version, the outlook
section. Of [BWO1], in the copy on Numdam, the definition of the ¢-transformation and its effect
on the Boolean cumulants; of [CL20], the abstract. The works [Mur97, Lu97, SW97, CT84, Sim95,
Voil4, CF00, Gau04] are cited for standard facts or for context; they were not read for this note.
The bibliographic data of all references were checked with Crossref, zbMATH or arXiv. Of the thesis
[Var21], Sections 6.4 and 6.5 were read in full, and the rest was searched for the words bimonotone,
Brownian, Hankel, central limit and Gerhold. Not consulted, because automated access was refused:
the published version [Ger23]. The record [ula26] states, with a literature check dated 21 August 2026,
that the published version does not contain the requested description; we could not confirm this.

The searches were made on 10 October 2026: queries to arXiv (for bi-monotone, bimonotone,
bi-monotonic and monotone Fock space, also together with eigenvalue, atom and norm, for two-faced
central limit theorems, and for the papers of the author of the question), to zbMATH (the same terms;
24 entries for “monotone Fock space”), to Crossref, the lists of works citing [Gerl7] and [GHS20] in
OpenAlex (seven and nine records: titles, available abstracts, and for several of them keyword searches
in the arXiv sources), eight web searches, and direct queries of the OEIS [OEI26] for the sequence
(3), for four of its subsequences, and for the sequence 4,16, 160, 2432,48896 of the numbers n! ka,.
The third verification run repeated the queries to arXiv, zbMATH, Crossref, OpenAlex and the OEIS.
Nothing was found on the law of the sum, its support, its norm, atoms, a Cauchy transform, a
recursion or a generating function. MathSciNet was not used, and the texts of the citing works were
not read beyond keyword searches. This negative search is not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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