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Abstract

J. Fillman asked (Oberwolfach Report 46/2017) whether, for the continuum Fibonacci potential
V,, built from two bump functions fo, fi € L?[0,1) on unit cells, the spectrum of the separable
operator —A + MV, () + A2V, (y) on L?(R?), which is the sum o(Ly,v,) + 0(Lx,v,) of two one-
dimensional spectra, contains a half-line for all A1, Ao > 0. We give a partial answer. For locally
constant bumps f; = ¢;x[o,1) the answer is yes for all real A1, Az (Theorem A). For Ay = Ay this
is a theorem of Damanik, Fillman and Gorodetski (J. Funct. Anal. 2021); our proof uses their
Proposition 4.2 and their construction of curve pieces as their proof does, together with a two-set
version of their abstract Bethe-Sommerfeld lemma; the windows that carry thick Cantor parts of
the one-dimensional spectra do not depend on the coupling. For bumps of bounded variation whose
difference h = fo — f1 is absolutely continuous with A’ of bounded variation we prove that the
Fricke-Vogt invariant at energy t> is sin® ¢ |h(1)e?* — h(0)[2/(16t*) + O(t~°), with the same error
bound for the t-derivative (Theorem C). If moreover h(0)+h(1) # 0, this verifies the two hypotheses
on the invariant in Proposition 4.2 of Damanik-Fillman—-Gorodetski, one of which they name as
the main obstacle for general bumps, and the half-line follows for all real couplings (Theorem B).
Theorem B is conditional: it assumes the assertion of their Remark 4.25, not proved there, that
their construction of the curve pieces and its itinerary property extend to general bumps. Bumps
with h(0) + h(1) = 0, which include all continuous potentials V,,, and all other bumps outside
the hypotheses of Theorem B, for instance bumps whose difference is not absolutely continuous,
remain open. This is an unrefereed note.

1 Introduction

1.1 The question
For a real potential V € L? (R) let Ly = —% +V on L?(R). In his abstract in the Oberwolfach

loc,unif

Report 46/2017, Fillman [Fil17] considers the potentials
V() :Z((l—wn)fo(:r—n)—|—wnf1(ac—n)), fo, f1 € L*[0,1), (1)
nez
where w is the Fibonacci sequence

Wn = X[1—a,1)(namod 1) (n € Z), o — \/52—1 @)
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(the source prints the interval as [1 —«); we read it as [l —«, 1), the coding of [DFG21, Remark 1.3(c)]).
For two potentials, the separable operator L%)VQ = —A + Vi(z) + Va(y) on L?*(R?) has the spectrum

o(Ly,) = o(Ly;) + o(Ly,), a Minkowski sum [Fill7, p. 2798], [DFG21, (1.2)]. Fillman asks [Fil17,

p. 2798]: if V,, is given by (1)—(2), does U(LE\?VW,/\QVW) contain a half-line for every A1, A2 > 07 This is
record OWR-15951-003 of the UnsolvedMath dataset [ula26].

The bumps fo, fi are arbitrary in the source, so a complete positive answer must cover every
pair (fo, f1) and every pair of couplings. All spectra here are bounded below; a half-line means a set
[El, OO)

1.2 Results

We use the notation of Damanik, Fillman and Gorodetski [DFG21]: for real g4, g5 € L?[0,1), £(ga, gp)
is the common spectrum of the operators —Ci‘l—;g + V,,, where V,, carries g,,, on [n,n + 1) and w runs
through the Fibonacci subshift over {a,b} [DFG21, (3.7)]; a is the more frequent letter. In (2) the
symbol 1 plays the role of a, so o(Lyy,) = E(Af1,Afo) (Section 2). Following [DFG21] we write
¥ = X(0, x(0,1))- The Fricke-Vogt invariant I(E) of a pair (ga, gs) is defined in Section 2.

Theorem A. Let fo = coxjo,1) and f1 = cix|o,1) with co,c1 € R. For all A1, A2 € R the spectrum

U(Lg\zl)vw,/\sz) contains a half-line; equivalently, ¥, +X,, contains a half-line for all pi, ps € R. The
proof uses [DFG21, Proposition 4.2] and the construction of the curve pieces in [DFG21, p. 13] as
the proof of [DFG21, Theorem 3.4] does, for two families of windows, with two consequences of that
construction stated in Section 4: the hulls of the Cantor sets are the windows, and the cut parameters
satisfy o, f < /4.

Theorem C. Let gq,gp: [0,1] — R be of bounded variation, and assume that h := g, — g, is absolutely
continuous and that h' is of bounded variation. Then fort > 1

_ sin#[h(1)e?! — h(0)[*

1) = L) + RO, L() — ,

[R(t)| +|R'(1)] < Ct2,

where C' depends only on upper bounds for ||galloo, ||gslloos Var gq, Var gy, ||h'||ec and Varh'.

Theorem B (conditional). Let fy, f1: [0,1] = R be of bounded variation, such that h := fo — f1 is
absolutely continuous, h' is of bounded variation, and

Jo(0+) + fo(1=) # f1(0+) + f1(1-). (3)

Let A1, A2 € R, and assume statement (P) of Section 4 for the curves of initial conditions of the pairs
(Ajf1,Ajfo) with Aj # 0. Then U(Lgi)vw,Asz) contains a half-line.

Statement (P) says that the construction of the curve pieces of [DFG21, p. 13|, with property (4)
of [DFG21, Proposition 4.2], applies to the given curve; for general bumps it is asserted in [DFG21,
Remark 4.25] but not proved there (Section 4). Under (3), Corollary 5.4 turns Theorem C into
hypotheses (2) and (3) of [DFG21, Proposition 4.2], the hypotheses on the invariant; DFG name (3)
as the main difficulty for general bumps. Hypothesis (1) holds for every pair of bumps (Lemma 5.3).
For cg # c1, Theorem A is a special case of Theorem B, but for constant bumps the inputs of Section 4
are those of DFG’s own proof. Both theorems use DFG’s statement that the cut parameters «, 8 are
small for a large iterate of the trace map.

For two couplings we use Lemma A (Section 3), a two-set version of [DFG21, Lemma 2.3], and
Lemma E (Section 4): the windows that carry thick Cantor sets come from the free curve, not from



the coupling, so they are aligned for any two couplings. We also supply three details that the proof
of [DFG21, Theorem 3.4] leaves implicit: the hull of each Cantor set is its window; a second family of
windows is needed and is handled by a reflection; and the cut parameters satisfy «, 5 < 7/4. Open
(Section 7): pairs with fo(0+)+ fo(1—) = f1(04) + f1(1—), among them all pairs with continuous V,;;
pairs whose difference is not absolutely continuous, such as f1 =0, fo = Xx|o,1/2), or has a derivative
that is not of bounded variation; and bumps not of bounded variation.

1.3 Relation to earlier work

For A\ = A2 and constant bumps the half-line is [DFG21, Theorem 3.4]; the survey [DF20, Theo-
rem 8.4] states it for d-fold sums. Question 1 of [DFG21] asks whether the results of [DFG21] hold for
general bumps (and general cell lengths) with equal couplings; Theorem B with A} = Ay answers its
half-line part, conditionally on (P), for the bumps of Theorem B and unit cells. The characterization
of the spectrum by bounded trace-map orbits is [DFG14, Proposition 6.3]. For general bumps, Fillman
and Mei show I(E) = O(E~/?) in the proof of [FM18, Theorem 1.3]; Theorem C gives the leading
term for the bumps considered here. Fillman and Tidwell [FT23] prove half-lines in sums of the form
g|F] + g[F) for one thick set F; Lemma A treats two sets for g(z) = 2 and uses their Lemma 3.2.
The gap lemma of Newhouse [New70, New79] enters through [DFG21, Lemma 2.1], which is [DG11,
Lemma 6.2]. The strongly coupled regime with one bump equal to zero is studied in [DEF*26].

2 Preliminaries

Letters. The density of the n with na mod 1 € [l — a,1) is @ > 3, so in (2) the symbol 1 is the
more frequent one. With 1 — a, 0 — b, the sequence (2) is the element of the Fibonacci subshift €
used in [DFG21, Remark 1.3(c)] (see also the coding in [DFG21, Section 6]), and AV, carries A\f; on
the a-cells and Afy on the b-cells. By [DFG21, (3.7)] and the Minkowski-sum formula,

U(L(Ai)vw,,\ng) = X(Mf1, A fo) + E(A2f1, A2 fo). (4)

Exchanging fy and f; replaces h by —h and leaves (3) unchanged, so the letter convention does not
affect Theorem B.

Bounded variation. A function on [0,1] of bounded variation is taken in its representative that
is right-continuous on [0, 1) and left-continuous at 1; Var is its total variation, and (0+) = 1(0),
(1—) = 9(1). An absolutely continuous h is identified with its continuous representative, so for
h = fo — fi in Theorem B we have h(0) = fo(0+) — f1(0+), (1) = fo(1—) — fi(1—), and (3) reads
h(0) + h(1) # 0.

Lemma 2.1 (aperiodicity). Let ga, gy € L?[0,1) with g, # gy (on a set of positive measure), and let
V' carry g, on [n,n+1) for somew € Q. Then V is not periodic: there is nop > 0 with V(-+p) =V
almost everywhere. In particular [DFG21, Assumption 3.1] holds.

Proof. The set P of periods p € R with V(- +p) =V a.e. is a subgroup of R, and it is closed because
s +— V(- + )| is continuous into L?(J) for every bounded interval J. Suppose P # {0}. If P = R,
then all difference quotients of V' vanish, V is a.e. constant, and g, = gp. Otherwise P = c¢Z with
¢>0. Let ®(s) = V(s +)|p1) € L*[0,1); @ is continuous, c-periodic, and ®(n) = gu,, € {ga,gs} for
n € Z. If ¢ is irrational, {n 4 jc:n,j € Z} is dense in R, so ®(R) lies in the closed set {gq, g }; as R
is connected, ¥ is constant, so V is a.e. constant, a contradiction. If ¢ = p/q is rational, the integer
p > 1 is a period, so0 gu,., = gu, and hence wy 4, = wy, for all n; but no element of the Fibonacci
subshift is periodic. O



Transfer matrices and the trace map ([DFG21, Section 3], [DFG14, Section 6]). For real
g € L'0,1] and E € C let My(FE) be the matrix that maps (u(0),%'(0)) to (u(1),u/(1)) for the
solutions of —u” + gu = Eu; it is entire in E and has determinant 1. For a pair (g4, gp) put

Tl = %tr Mg, , To = %tr My, , 1= %tr(Mngg“)’

Y(E) = (z1,70,7_1)(E) (the curve of initial conditions), and I'(t) = ~(¢?) for t > 0. The trace map
T(z,y,2) = 22y — z,2,y) preserves G(z,y,2) = v2 + y? + 22 — 22yz — 1; the Fricke-Vogt invariant
of the pair is I(E) = G(v(E)). For g, = g» = 0 one obtains the free curve 1I(¢) = (cos 2t, cost, cost).
Let QF be the set of p € R? with G(p) > 0 and bounded forward orbit (T%p);>o [DFG21, p. 13].

Proposition 2.2 ([DFG14, Proposition 6.3]). If g, # gp, then X(ga, gp) is the set of E € R for which
(T*~(E))k>0 is bounded. In particular, if t >0 and T'(t) € QF, then t2 € X(ga, o)

In [DFG14, Section 6] the statement is made under aperiodicity and irreducibility. Aperiodicity
holds by Lemma 2.1. Irreducibility in the sense of [DFG14, Section 4] holds with ¢ = 1, since two
concatenations of unit cells that agree on [0, 1) begin with the same piece and g, # gp; for two letters
the property for which irreducibility is assumed also follows from aperiodicity [DFG21, Remark 3.3].
For a closed set S C R write S¥/2 = {t > 0:¢?> € S}, and for F C [0, 00) write F(?) = {s?: s € F}.

3 A two-set Bethe—Sommerfeld lemma

A Cantor set C C R is a compact, perfect, nowhere dense set; its hull is hull C' = [min C, max C],
and its gaps are the bounded components of hullC'\ C. We use Newhouse thickness as in [DFG21,
Section 2]: for an ordering U = (U, ),>1 of the gaps and an endpoint u of Uy, the bridge B(U,u) is
the component of hullC'\ (U U--- U U,) that contains u, and 7(C) = supy,inf,, ., |BU,u)|/|Uy|. We
use the following consequence of the gap lemma of Newhouse [New70, New79].

Lemma 3.1 ([DFG21, Lemma 2.1], proved as [DG11, Lemma 6.2]). Let C, K be Cantor sets with
T(C)1(K) > 1, such that no gap of C is longer than diam K and no gap of K is longer than diam C'.
Then C + K = [min C' + min K, max C' + max K.

Lemma 3.2. Let C be a Cantor set with hullC = [z, y].

(a) If £ > 0, then C® is a Cantor set with hull [2%,y?] and 7(C?) > £ +(C).

v
(b) ([FT23, Lemma 3.2]) If 7(C) > 8 > 0, every gap of C has length at most (y —z)/(1 + 25).

Proof. (a) s — s% is an increasing homeomorphism of [z,y] onto [2,%?]; it maps the gaps of C

bijectively and in order onto those of C?), and bridges onto bridges. For an interval P C [x,y] we
have 2x|P| < |P®)| < 2y|P|, so each ratio |B|/|U| changes at most by the factor z/y. (b) If a gap
U had |U| > (y — x)/(1 4+ 28), one of the two components of [z,y] \ U would have length less than
Bly —x)/(1+28) < B|UJ; in every ordering the bridge at the endpoint of U on that side lies in this
component, so 7(C) < . O

Lemma A (two-set Bethe-Sommerfeld lemma). Let Fy,Fy C [0,00) be closed. Suppose that for

i = 1,2 and all integers k > ko there are Cantor sets K/,’C C F; with hull K? = [%2, yi], and constants
0<a<A, B, D, such that fori=1,2 and k > kg:

(a) yi <ai,,, A<yi—ai <Banda} , —yi <a;

(b) |zj, — x| < D;



(c) T(K}) — 00 as k — o0.
Then F1(2) + FQ(Q) contains a half-line.

Proof. Write X! = (%)%, Y = (y¢)? and f(,’{ = (K})@. By (a), Th_ . — x) > A, so xj, — oo; we may
assume m}c > 1. Fix N > 1 with 2N A > a. Since xl2+1 12 < B+a, (b) gives for |l — k| < N, 1 > ko:
=D

J

By Lemma 3.2(a) and (a), 7(K%) > (1 — B/yl)m(KL) — co.

Step 1. For all large k and all [ with |l — k| < N: K} + K? = [X! + X?, Y + YV?]. Indeed,
diam I?,i = (y; — 1) (y}+z}) > 24z}, and by Lemma 3.2(b) with 8 = 7/2 every gap of I?f has length
at most diam IN(IQ/(1+T(I~(I2)) < 2B(z+ )/(1+7’(K2)), which is less than 2Ax}. for large k, uniformly
in the 2N + 1 values of [. In the same way the gaps of I?,i are shorter than diam 1?12 > 2A(x), — B),
and T(ké)T(f{?) > 1. Apply Lemma 3.1.

Step 2. Let Uy = fik]\iN[Xl + X2, Y1 + Y2] a subset of F( ) 2(2) by Step 1. Both endpoints
increase with [, and the intervals for [ and I+ 1 overlap if X7, Y2 <Y! - X{!. By (a) and (5) the
left side is (x7,; — y7) (27,1 + y7) < 2a(x}, 4+ E), and the right Side is at least 2Ax;. As a < A, for
large k we get Uy = [pg, qx] with p, = X} + X2y and ¢ = Y} + Yk2+N'

Step 3. pr+1 < qi for large k, i.e. X/,iH—Ykl < Yk2+N—X,§+17N. The left side is at most a(2y;+a) <
a(2z}, 4+ 2B + a). The interval [23,, v,y ] contains the 2N disjoint hulls of K2 | _y,..., K7, v,
so it has length at least 2N A, and by (5) vz, v + 27 1_y = 2(x} — Z); the right side is at least
4N A(z}, — E). Since 4N A > 2a, the inequality holds for large k.

Step 4. Let k1 be such that Steps 1-3 hold for k > k;. The sequence pj, increases to co. Given
E > pg,, let k > ki be the largest index with py < E; then E < pry1 < ¢k, so E € Ug. Hence

[Pry, 00) € FP 4+ . 0

[I]

x,lﬂ, y,i, x%, leE[x}g—E llg—i- + N(B+a)+ B. (5)

With Fy = F5, K,i = K,% and N =1 this is the argument of [DFG21, Lemma 2.3], which uses the
pairs (n,n) and (n,n + 1).

4 The input from Damanik—Fillman—Gorodetski

Windows. For small I > 0, DFG use a Markov partition R},...,R$ of T|s,, St = {G = I},
formed by pieces of stable and unstable manifolds of eight periodic points (of periods 2 and 6) near
the singular points of Sy, and put R’ = ;> R} [DFG21, pp. 12-13]. For an integer m the curve
T (I1([27n, (2n+1)x])) runs from (1,1,1) to (1, -1, —1), and each component of its intersection with
an element of the partition connects one stable boundary with another. Removing the first and the
last component and pulling back by T leaves I = II([27n + a, (2n + 1)7 — B]) with a = a(m) > 0,
B = B(m) > 0, which are small when m is large [DFG21, p. 13]. Since II(27(2n + 1) — s) = 1I(s), the
same curve is II([(2n 4+ 1)7 + 8, 2m(n + 1) — «]); DFG mention this second parametrization, with the
upper end printed as 27n — a.

(C-small) We fix m so large that 0 < «, 8 < w/4. This uses only DFG’s statement that the
removed pieces are small for large m. (The reason: II([0,7]) is the image of the diagonal segment
from (0,0) to (%, %) under the semiconjugacy of the torus automorphism (6, ¢) — (6 + ¢, 6) [DFG21,
pp. 8, 12], whose 6m-th iterate expands the segment by a factor comparable to (#)67”, while the
removed components have bounded length.)

Proposition 4.1 ([DFG21, Proposition 4.2]). Let T',, be curves in R3 parametrized by J, = [27n +
Qn, (2n + 1)1 — B,] with o, — «, B — B, such that (1) T, converges to II in the C? topology; (2)



G(Tn(t) >0 on Jy; (3) |LG(Ty(t))| < CG(Ly(t) with C independent of n; (4) for all k > 0 the
images T*(T,)) meet ezactly the same sets R, in the same order, as TF(I). Then K, = {t € J, :
I, (t) € Qt} is a Cantor set for all large n, and 7(K,) — oo.

DFG prove this for curves satisfying (1)-(4) (Sections 4.1-4.4 of [DFG21]). For the curve I' of a
pair (gq,gy) they choose the pieces I'y, so that the To™-images connect points of the boundaries of
the same R as T0™(II) [DFG21, p. 13], and in their model they obtain (4) from this construction
[DFG21, p. 23]; (4) is understood in this sense below. We formulate the input for a curve I" as follows.

Statement (P) for I'. There are ng and numbers ay,, !, = a, By, 8, = B (n > ng) such that, with
JL =200 4 an, (2n + D)7 — B, J2=[2n+ )71+ 6, 2n(n+1) — )],

the curves I'| j1 and I',(s) = T'(27(2n + 1) — ), s € [27n + ), (2n + 1)7 — B3], have property (4) of
Proposition 4.1, and 7™ maps the endpoints of these curves into the stable boundary of the Markov
partition of the level surface through them.

For DFG’s model (0, px[o,1)), (P) is the construction that the proof of [DFG21, Theorem 3.4] uses;
for the second family we use the same construction in the second parametrization, transported by the
reflection s — 27(2n+ 1) — s. For general bumps, DFG write that “a modified version of property (1)
and property (4) can be established” in the general case by the same argument [DFG21, Remark 4.25];
this is not proved in [DFG21], and Theorem B assumes it in the form (P). For unit cells no modification
is needed for property (1): by Lemma 5.3, every pair of bumps has the free curve II itself as its high-
energy limit, whereas for cells of lengths £, £, the limit would be (cos({, + £3)t, cos £4t, cos £pt). The

choice of the pieces involves I' only through its 7°™-image near 7% (II), which is controlled by the
C' distance between I' and II on the windows.

Lemma 4.2 (hulls). Assume (P) for T' and G(I'(t)) > 0 at the endpoints of J} and J2. Then T maps
these endpoints into Q7T .

Proof. Let p be such a point and I = G(p) > 0. By (P), T%"p lies on the stable boundary of the
Markov partition of T'|g,, which consists of pieces of stable manifolds of the eight periodic points
[DFG21, p. 13]. So the forward orbit of p converges to a periodic orbit and is bounded. O

Proposition 4.3. Let g, # g» and let T’ be the curve of (ga,gp). Put d = min(a, 8)/4 and assume
(H1) TO)(t) =TI (t) = 0 as t — oo, for r =0,1,2;
(H2) there is to such that G(I'(t)) > 0 for all t > to with dist(t, 7Z) > d;
(H3) there is C' such that |%G(I‘(t))] < CG(I'(t)) for the same t;
(P) statement (P) for T.

Then there are n1 and Cantor sets Kl c Y(garg5)? (5 = 1,2, n > ny) with hull K = J and
7(K3,) — 00 as n — oo.

Proof. For large n all of ay, B,,al, B, exceed 2d, so JL, J2 C {t > to : dist(t,7Z) > d}. The
curves I'[ 1 satisfy (1) of Proposition 4.1 by (H1), (2) and (3) by (H2) and (H3), and (4) by (P). So
K} ={te J} :T(t) € Q"} is a Cantor set for large n with 7(K}) — oo; its hull is J;} by Lemma 4.2,
and K} c ©1/2 by Proposition 2.2. The map s — 27(2n+1) — s is an isometry onto .J? that preserves
dist(-,7Z), and II(27(2n + 1) — s) = II(s). Hence the curves I'}, satisfy (1) by (H1), (2) and (3) by
(H2) and (H3) (the derivative only changes sign), and (4) by (P). Proposition 4.1 gives Cantor sets
K! with 7(K!) — oo, and K2 :=27(2n+ 1) — K/, = {t € J2 : T'(t) € O} has the same thickness,
hull J2 by Lemma 4.2, and lies in »1/2 by Proposition 2.2. O



Both families are needed: [DFG21, Lemma 2.3] asks for hulls I,, with |I,,| > A > a > dist(I,, Ip+1),
while with the first family alone consecutive hulls have length about @ — a — 8 and distance about
T+ a—+ .

Lemma E (two couplings). Let two pairs (g4, g;), i = 1,2, satisfy the conclusion of Proposition 4.5,
with the same m, a, B. Then $(gt, gi) + (g2, g2) contains a half-line.

Proof. For the i-th pair put K, = K} and K3 ; = K2. As n — oo the hull lengths tend to
L =7 —a— 3, and the distances between consecutive hulls tend to 23 (between J} and J?) or 2a
(between J2 and J} . ,); the left ends of the k-th hulls of the two pairs differ by oy, — a2 or 8} — B2,
which tends to 0. Let ¢ = 2max(a, 3). Since a, 8 < 7/4, we have g < w/2 < L. With § = (L — g)/3,
A=L-0,a=g+6< A, B=mand D = 1, hypotheses (a)—(c) of Lemma A hold for k > ko with
F; = %(g!, gg)l/ 2 which is closed. Lemma A gives a half-line in F1(2) + F2(2), which is contained in

% (9ar93) + (92, 93)- O

5 The invariant at high energy

Complex coordinates. Identify R? with C. Every real 2 x 2 matrix X acts as z — az + (Z for
unique o = (X)), ¢ = ¢(X) € C; explicitly o = J11EX2 i X12oXo1 gpd ¢ = XoXo 4 X2t X We
write ¢(X) = —Ima(X). Then £ tr X = Rea, det X = |a> — |¢|?, || X|| = |o| + |¢| (operator norm),
and

(a1,¢1) - (a2, G2) = (araz + C1C2, a1le + C1ae). (6)
The rotation R(p) = ( %% Sn¢) — o/ J—= (0 1) is (e7™ 0), and n = (99) is (&, %).
sin ¢ cos ¢ 10 10 272

Lemma 5.1. For A, B € SL(2,R) with x = %tr(AB), Yy = %trA, z= %trB,

G(z,y,2) = |a(A)(B) — q(B)C(A)])* — (Im{(A)¢(B))*.

Proof. Write qa,Ca,.... By (6), x = Re(asap + (a(g) = yz + b with b = —qagp + Re(Calp). Then
G = (yz+b)*+y’+22=2(yz+b)yz—1 = b~ (1-y*)(1-2%), and 1~y = ¢5 —[Cal*, 1-2* = ¢} ~[(s[?
since the determinants are 1. Expanding, G = ¢4[(s|* + ¢3[¢al? — 29495 Re(CalB) + (ReCalp)? —
|Ca|?|¢|?, which is the claim because |[Ca|?|¢(B]? = (Re{aB)? + (Im(alB)>. O

The rotating frame. For real g € L1[0,1] and k € C\ {0} let Mg(k) = DyM,(k*)D;;" with
Dy, = diag(1,1/k). Since Dk(g_ok2 é)D,;l = kJ+4{n, we have My(k) =Y (1), where Y’ = (kJ 4+ ¥n)Y,
Y (0) = 1. Conjugation does not change traces, so by Lemma 5.1 the invariant of a pair is, for k£ > 0,

I(k2) = |QaCb - QbCa‘Q - (Im 5a<b)2v Ga = Q(Mga (k))a Ca = C(Mga(k))v ete. (7)

Variation of constants gives the Dyson series: with A,,, = {1 > s; > -+ > s, > 0} and Ty = R(k),

~ 1
My(k) = Z T, T = = g(s1) - g(sm) R(k(1 — s1)) nR(k(s1 — s2)) - --nR(ksp,) ds. (8)
m>0 Am
The arguments of the rotations are k times non-negative numbers with sum 1, and |[R(¢)| = e/™ ¢!,

|In|| = 1; hence || T, | < e|1m"’|(HgH1/|k|)m/m!. For real k we use the form T, = R(k)W,, with

1

Wm:k7m A

9(s1) - g(sm) N(s1) -+ N(sm)ds,  N(o)=R(—ko)nR(ko) = (%, Le**).

m



For real k, [N (o) = 1 and [9N(0)]| = 0 < 1, 50 [Wonll < (gl /K™ /m! and [l < (m/k +
m)(lglh /K)" /ml. By (6),
. . 1 1 4
Wi= (50 gpFuh). <) = gz [ el as )

where Q = [ g, Fy(k) = [ g(s)e?**ds, ¢ = g(Go — Hy), Go(s) = [y g, Ho(s) = [, g: indeed
C(N(s1)N(s2)) = (251 — eihsz),

Oscillatory integrals. For v of bounded variation on [0, 1] and real w # 0, integration by parts
(Riemann—Stieltjes) gives

! Tws V( )

[ e as| < T Vi) = )]+ )]+ Vo < 2+ Vare. (10)

wl

Proposition 5.2. Let g: [0,1] — R be of bounded variation. There is C, depending only on bounds
for ||glleo and Var g, such that for k > 1, with ¢ = q(My(k)) and { = ((My(k)):

(C1) |q —sink| + |0rq — cosk| < C/k;

(02) ¢ = g Fy(k) + py (k) with |py] + |j] < C/k;

(C3) |Fyl <V(9)/(2k), | Fg| < V(sg)/k, and || +|0k¢] < C/?.

Proof. By (6), a(R(k)X) = e *a(X) and ((R(k)X) = e*¢(X). The bounds on W,, give ||Wsa| +
HakWZQH < C//{Q and HW23H + H(3kW23H < C/k?’, where sz = Zmzj Wm. (Cl): a(W) =1+
% + O(k72), so ¢ = —Im(e *a(W)) = sink — %cosk + O(k=2), and the same holds for the k-
derivatives, with O(k~1) for the derivative of the middle term. (C2): p, = e~ (C(Wa) + ((W>3))
and |((X)| < || X]||. The function ¢ is of bounded variation, since Go — Hy is Lipschitz with |Gy —
Holloo < |lglli and Var(Go — Ho) < 2|gll1. By (10) with w = 2k, [((W2)| < V(¢)/(8k?), and
WCW2) = —55 [ 0e?™ + 5 [ 2is o(s)e?**ds is O(k™) by (10) for ¢ and s¢. (C3): (10) with
w = 2k for g and for Fy(k) = fol 2is g(s)e?™*s ds; then (C2). O

Proof of Theorem C. We write k for t. Let g, = sink + €4, g, = sink + &p; by (C1), |e| + l€’| < C/k.

. . . —ik
Then quCp — qpCa = sink (¢ — Ca) + €alp — €1Ca- By (C2) and linearity, ¢, — (o = G Fn(k) + pp — pa-
Since h is absolutely continuous,

B — () L
Fr(k) = 22 7ML Lk k)= —— | B(s)e2*sq
(k) s o) =g [ e,
and (10) for &’ and sk’ gives |r| + |r'| < C/k% As 3% - 50 = 112

sink e (h(l)e%k — h(O)) ik

4k? ’

e

2k

QWG =G = Atpe, A= pe = sink(“r+0=pa ) +eaCo—50Ga.

Each term of p, is a product of a factor that is O(k~!) together with its derivative (52 gzﬂk , €a, €p) and
a factor that is O(k~2) together with its derivative (r, (4, (p), or is sink (pp — pa); 50 |ps«| + |0k < C/K3.
Also |A| + || < C/k?, |A|? = L(k), and by (7)

I(K*) = L(k) + 2Re(Apy) + |ps|* — (Im Ga(p)?,

where the last three terms and their derivatives are O(k~%), O(k=%) and O(k=8) by (C3). The
constants depend only on the quantities listed in Theorem C. O



For g, = 0, g» = px[p,1) the leading term is L(t) = p?sintt/(4t%), the leading term of the
exact formula I(t?) = p?sin® ¢ sin®\/t2 — pu /(4¢%(t* — p)) [DFG21, (3.11)] (stated there for the pair
(1X[0,1),0); I is symmetric in the two pieces).

Lemma 5.3 (property (1) for all bumps). Let gq, gy € L*[0,1] be real and T their curve. There is C
such that [T (t) =TI ()| < r1C/(t — 1) fort > 2 and r = 0,1,2.

Proof. For |[Imk| <1 and |k| > 1, (8) gives Hﬂg(k) —R(E)| < e(elldh/IFl — 1) < C1/|k| for g = ga, gb-
Hence |zo(k?) —cos k|, |x_1(k?) —cos k| and |21 (k?) — cos 2k| are at most C/|k| there, using Mgbﬁga -
R(2k) = (M, —R(k))M,, +R(k)(M,, —R(k)) and | tr X| < 2| X||. The functions z;(k%) and II(k) are
entire in k, and for real t > 2 the disc of radius 1 about ¢ lies in the region {|Im k| <1, |k| > t—1 > 1}.
Cauchy’s estimates give the claim. O

Corollary 5.4. In the setting of Theorem C assume h(0)+ h(1) # 0, and let 0 < d < /2. There are
to and Cq such that for all t > to with dist(t,nZ) > d:

sin® d (h(0) + h(1))?
s SEAOOLOP
Proof. We have |h(1)e?® — h(0)|? = (h(1) — h(0))? + 4h( Yh(1)sin?t. If h(0)h(1) > O this is at least
sin?t [(h(1) — h(0))2 +4h(0)h(1)] = sin? t (h(0) + h(1))?; if R(0)h(1) < 0 it is at least (h(1) — h(0))% +
4h(0)h(1) = (h(0)4h(1))2, which is at least sin?# (h(0)+h(1))%. So L(t) > sin®t (h(0)+h(1))%/(16t*),
and |sint| > sind when dist(¢,7Z) > d. Also |L/(t)] < C/t*. By Theorem C, I > L — C/t> > L/2
and |I'| < |L'| 4 C/t5 < C'/t* < Oyl for large t. O

‘ < CyI(t2).

6 Proofs of Theorems A and B

Proof of Theorem A. Let W, be the potential of the pair (0, x[p,1)). Then AV, = Ac1+A(co—c1) Wy, so
B(Ac1X(o,1)s AC0X[0,1)) = Ac1+X)\(cy—e1)> and by (4) the spectrum of Lf\zl)vw,AQVw is (AM1+X2)c1+2,,+3,,
with p; = Aj(cog — ¢1). It suffices to show that ¥, + X,, contains a half-line. If g1 = 0, then
Yo = [0,00) and ¥g + X, = [min¥,,, 00); likewise if 10 = 0. Let p # 0 and let I be the curve of
(0, x[0,1y)- (H1) holds by Lemma 5.3; DFG obtain it from the asymptotics of [PT87, Theorem 1.3]
and Cauchy estimates [DFG21, Section 4.5]. For (H2) and (H3) we use the exact formula I(t?) =
p?sin? ¢ sin?\/t2 — pu /(4t%(t* — 1)) quoted in Section 5 and its logarithmic derivative

2t cot /t 2t

t2—,u, 2—p

d
o log I(t?) = 2cott — = +

([DFG21, Section 4.5], where the last term is printed as 2¢/v/t? — X; boundedness holds for either
form). Since \/t? — p =t — & + O(t™?), we have dist(\/t*> — p, 7Z) > d/2 when dist(t,7Z) > d and ¢t
is large; so I(#?) > 0 and both cotangents are bounded there. Statement (P) for I is the construction
used in the proof of [DFG21, Theorem 3.4] (Section 4), and (0, x(,1)) is aperiodic by Lemma 2.1.

By Proposition 4.3, every u # 0 satisfies the conclusion of Proposition 4.3 with the same m, «, 8, and
Lemma E gives the claim. O

Proof of Theorem B. In DFG’s letters the pair is (g4, g5) = (Af1, Afo), and gp — go = Ah. Let X # 0.
Then Ah is absolutely continuous with derivative of bounded variation, and A(h(0) + k(1)) # 0; in
particular h is continuous and not identically zero, so g, # ¢». (H1) holds by Lemma 5.3, (H2)
and (H3) by Corollary 5.4 with d = min(«, 5)/4, and (P) is assumed. So Proposition 4.3 applies
to (Ajfi,Ajfo) whenever A; # 0. If A\jA2 # 0, Lemma E and (4) give the half-line. If A\ = 0, then
¥(0,0) = [0, o0) and the sum is [min 3 (Ag f1, A2 fo), 00); likewise if Ao = 0. O



Examples of pairs (fi, fo) in Theorem B: (0,1 + ), (cos 2w, 2%), every pair of C? functions with
(3), and pairs with common jumps such as (x[0,1/2) X[0,1/2) + Z)-

7 What remains open, and numerical illustrations

The open part. The question stays open for pairs with A(0) + k(1) = 0, for pairs of bounded
variation whose difference h is not absolutely continuous (for example f; = 0, fo = Xo,1/2), Which
satisfies (3)) or has a derivative that is not of bounded variation, and for bumps that are not of
bounded variation. If V,, is continuous, then, since the words aa, ab and ba occur in w, fi1(0+) =
f1(01=) = fo(0+4) = fo(1-), s0 h(0) = h(1) = 0.

Why the method stops: if A(0) + h(1) = 0, the leading term of Theorem C is L(t) =
h(1)?sin?(2t)/(16t*). If h(1) # O it vanishes at the points of % + mZ, which lie inside every
window because «, 8 < 7/4; if h(0) = h(1) = 0 it vanishes identically and Theorem C only gives
I(t?) = O(t™°). In both cases Corollary 5.4 fails, and hypotheses (2)—(3) of Proposition 4.1 cannot
be obtained from the leading term; for some such pairs, among them (0, sin 7z), hypothesis (2) itself
fails on the windows (see (ii) below). This is a limitation of the method, not evidence against a
half-line. If h has an interior jump, Fj, acquires further terms of order 1/t and the leading term of
Theorem C is no longer correct; we do not treat this case.

Numerical illustrations (tested, not used in any proof). (i) Computations of I from its
definition by traces in high-precision arithmetic (Taylor recursions with about 78 correct digits; for
piecewise linear bumps, Airy and trigonometric matrices at 40 digits) give bounded values of |I — L| t°
and |I' — L'|#® for ten pairs with h(0) + k(1) # 0, couplings between —2 and 40 and 25 < ¢ < 286,
and bounded |I — L|#> for four pairs on both families of windows up to ¢+ ~ 1011, among them
(X[0,1/2)> X[0,1/2) + T). A separately written Taylor solver at 60 digits gives the same for six pairs up
to t ~ 410, among them (0,1 — 3z), with h(0)h(1) < 0, and (0,1 + |z — 3|); there t1I(¢?) exceeds the
bound of Corollary 5.4 by a factor of about 2. Wrong leading terms (factor 1/8, or +h(0) for —h(0))
give values growing like ¢, and so does the leading term of Theorem C for f1 =0, fo = 1+ x[1/2,1),
where h has an interior jump. (ii) For h(0) + h(1) = 0 the bound |I — L|t5 = O(1) persists, but
I has deep minima or zeros. For (f1, fo) = (0,1 — 2z) the first-order part of (} is proportional to
e™(sinu/t+cosu/t?), u =t —t., t. € § +7Z, which vanishes near u = —1/¢; there I is about t~°/16,
and on the window [40m + 0.15, 417 — 0.15] the supremum of \% log I| is about 3.2 - 104, against 13
to 27 for three pairs with h(0) + h(1) # 0; an equally spaced grid of step 0.02 misses this minimum,
whose width is of order ¢t=2. If f;{ = 0 and fp is symmetric about %, the transfer matrix of fy has
equal diagonal entries, so (j is purely imaginary and I(t?) = sin?t (Im(,)2. For fo = sinmz and
fo = z(1 —x) the computed Im ; changes sign near t, in every window examined (33 <t < 256), so [
vanishes there: hypothesis (2) of Proposition 4.1 fails as well, and % log I is unbounded. (iii) In double
precision the trace definition of I suffers from cancellation: with the solver of the first computations
its absolute error reaches about 4 - 10713 for 127 < ¢t < 256, more than I itself near the zeros of L
when h(0) + (1) = 0; formula (7), used by the programs of the first version, avoids this. (iv) For
periodic approximants (Fibonacci words of lengths 144 to 377) the sums of the spectra for two different
couplings, of either sign and also for pairs with ~2(0) + h(1) = 0, have no gaps from a low energy up to
the top of the computed range in all seven cases tried, while each one-dimensional approximant has
gaps up to the top. Such computations cannot distinguish a half-line from gaps at arbitrarily high
energies.
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8 Computations and reproducibility

No theorem, proposition or lemma of this note depends on a computation. The program
check_note.py of the reproducibility package (standard library, a few seconds) checks the ex-
act parts: the polynomial identity behind Lemma 5.1; the coordinates of J, n, R(y), (6), N(o)
and ((N(s1)N(s2)) in rational arithmetic at rational points of the unit circle, and (9) by quadra-
ture; the algebra of the proofs of Theorem C and Corollary 5.4; the leading term against [DFG21,
(3.11)] and the logarithmic derivative of (3.11); the constants of Lemma E; and, as an illustration,
(I — L)t> for four pairs up to t ~ 60, with I computed both by traces and by (7). The package
also holds the programs, with recorded outputs, of the first version (original/), of the two verifi-
cation runs (verification_run_A/, verification_run_B/) and of the further run described below
(independent_run_2/), and a README.md with command lines and running times.

Verification. The results were first obtained, with proofs, together with the programs in original/.
Two independent verification runs, both Al-assisted, followed; each read the source and the closest
papers and wrote its own programs. The first run re-derived Lemma A, Proposition 5.2, Theorem C,
Lemma 5.3 and Corollary 5.4, Lemma E and the details of Section 4, compared the quotations with
the sources, read the proof of [DFG21, Proposition 4.2] and found no use of the curves beyond its
hypotheses (1)-(4), and computed I with exact Airy and trigonometric matrices and with an ODE
solver. The second run computed I from its trace definition in high-precision arithmetic with wrong
leading terms as controls, checked Lemma 5.1 exactly on 200 random pairs in SL(2,Q), computed
sums of periodic approximants, re-ran the programs of the first version (identical outputs), checked
the bibliography and repeated the literature search. Neither run found an error in a proof. The
corrections they required were made: the exact quotation of [DFG21, Remark 4.25] and why unit
cells need no modification; aperiodicity (Lemma 2.1); the dependence on [DFG21], made visible in
the statements and the abstract; pairs with non-absolutely continuous difference in the open part; a
constant in Lemma 5.3; the description of the numerical values, with lower bounds in place of two
coarse-grid values; and unequal cell lengths mentioned only with [DFG21, Question 1]. Neither run
re-proved the hyperbolic estimates of [DFG21, Proposition 4.2], the construction of the pieces for
curves other than DFG’s, or the smallness of «, 3.

A further independent verification run, also Al-assisted, then examined the text of this note, with
programs of its own (folder independent_run_2/ of the package). It re-derived all proofs line by
line, among them Lemma 2.1, Lemma A, Lemma E, Proposition 5.2, Theorem C, Lemma 5.3 and
Corollary 5.4; compared every quotation with the source and with both versions of [DFG21]; checked
Lemma 5.1, the coordinates of Section 5, (9) and [DFG21, (3.11)] symbolically; computed I from its
trace definition at 60 digits with a Taylor solver of its own; re-ran 24 programs of the package from
the archive, which reproduced their recorded outputs; and repeated the literature search. It found
no error in a proof and no earlier answer to the question. It found that the invariant vanishes inside
the windows for the symmetric bumps of Section 7 (ii), and it required eleven corrections, which
were made: the comparison with the journal version of [DFG21]; the misprint in DFG’s logarithmic
derivative; the description of the numerical values in Section 7; the complete list of open cases; the
remark on irreducibility after Proposition 2.2; the descriptions of check_note.py and of the package;
the record of this run; and a weaker priority statement for Proposition 5.2. This run did not re-prove
the hyperbolic estimates of [DFG21, Proposition 4.2] either.

Scope and priority. The note answers Fillman’s question [Fil17] for constant bumps (Theorem A)
and, conditionally on (P), for the bumps of Theorem Bj; the general question stays open. Theorem A
for \; = A is [DFG21, Theorem 3.4]; Proposition 4.1, the construction of the pieces, [DFG21, (3.11)]
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with its logarithmic derivative and Lemma 3.1 are from [DFG21] (with [DG11, New70, New79));
Proposition 2.2 is [DFG14, Proposition 6.3]; Lemma 3.2(b) is [FT23, Lemma 3.2]. Proposition 5.2 is a
quantitative form of standard high-energy asymptotics of the fundamental solutions, obtained from the
first two terms of the Dyson series; we do not claim it as new. To our knowledge Lemma A, Lemma E
with the extension to two couplings, Theorem C, Corollary 5.4 and the conditional Theorem B are
not in print. We read [Fill7] in the open PDF; [DFG21] in the arXiv version v1 of 12 January 2020,
whose page numbers we use, and in the journal version, which we compared with v1 in the parts used
here (Lemmas 2.1 and 2.3, Section 3, the construction preceding Proposition 4.2, Proposition 4.2,
Section 4.5, Remark 4.25 and Question 1): the texts agree, and so does the numbering; Section 6
of [DFG14], Section 3 and Theorem 1.6 of [FT23|, the proof of [FM18, Theorem 1.3] and [DF20,
Theorem 8.4] in their arXiv versions; and the abstract of [DEF26]. The list of open problems in
[DF25, pp. 1035-1037] was not accessible to us; [New70, New79, DG11, PT87| are used as quoted in
[DFG21]. Searches on 18 October 2026, repeated in part by the last verification run: arXiv (authors
of [DFG21, FM18, FT23] and related authors; Fibonacci with half-line, Bethe-Sommerfeld, separable,
sums of Cantor sets, Fricke-Vogt), Crossref, zbMATH, the works citing [DFG21] in OpenAlex (4) and
Semantic Scholar (5) and citing [DFG14] in Semantic Scholar (25), and five web searches. No printed
answer to the question was found in the sources searched, which include [DFG21, DFG14, FM18,
FT23, DF20, DEF*26] and these citing works; a search that finds nothing is not a proof of novelty,
and no priority is claimed.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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