Seigal’s Conjecture on Gram Determinants of Real Binary Tensors
Fails for n > 4
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Abstract

For a real tensor of format 2 x --- x 2 with n factors, let d; be the determinant of the Gram
matrix MZMlT of its i-th flattening M;. Seigal called the set of tuples (dy,...,d,) of tensors in
the Frobenius unit ball the Gram locus, described it for n = 3, and conjectured that for n > 4 it
is cut out of the cube [0,1/4]™ by a single polynomial inequality @1 > Q2 (Linear Algebra Appl.
2018, Conjecture 1.5; Oberwolfach Reports 2017). We point out that this conjecture is false for
every n > 4. For instance, (9/100,9/100,9/100,6/25) satisfies @)1 > 500 Q2 but is not the Gram
tuple of any real or complex tensor in the unit ball, and the counterexamples form a set with
nonempty interior. This is a short corollary of known results: by theorems of Domanov, Stegeman
and De Lathauwer (2017), and of Higuchi, Sudbery and Szulc (2003) for complex tensors, plus an
elementary step from the unit sphere to the unit ball, the Gram locus is the set of d € [0,1/4]"
with Zj# \/1 —4d; — V1 —4d; < n —2 for all i. From this we obtain the correct n-ary form
of Seigal’s theorem for n = 3, a union of two basic semialgebraic sets given by explicit integer
polynomials, and we show that for no n > 3 is the Gram locus the nonnegativity set of a single
polynomial inside the cube (for n = 2 it is). We also correct a misprinted inequality in Seigal’s
theorem for n = 3. This is an unrefereed note.

1 Introduction

Let n > 2 and let A = (az),c0,1}» be a real tensor of format 2 x - - x 2 (n factors). Its i-th flattening
M; is the 2 x 2"~ matrix whose rows are indexed by z; and whose columns are indexed by the
remaining indices. Following Seigal [Seil8], put

d; = det(M;MT),  G(A) = (di, ..., dn), B:{A: ||A|;2:Zagg1}.

The set G(B) C R™ is the Gram locus. Each G; = M; M} has trace ||A|?, and its eigenvalues are
the squared higher-order singular values of A in mode i; so G(B) encodes the feasible higher-order
singular values of binary tensors, which were asked for in [HU17].

Seigal proved that the convex hull of G(B) is the polytope {d € [0,1]" : d; < >z dj for all i}
[Seil8, Theorem 1.3], and introduced the polynomials

n

Q1=H<Zdj—di>, szé I[I v+ +en/dn).
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The product defining ()2 is invariant under every sign change of a /d;, so ()2 is a polynomial in d;
it is 1 times a square. For n = 3 she showed [Seil8, Theorem 1.4] that inside the cube G(B) is the
union of {Q1 > @2} and of the set where @1 < Q2 and

(di — ) + 3(di+dj) < & forall {i,j} C {1,2,3}, 1)
and she conjectured [Seil8, Conjecture 1.5] that the second set is not needed for larger n:
G(B)={d€[0,1]": Qi(d) > Q2(d)} for every n > 4. (2)

In her Oberwolfach abstract [Seil7] the general form of the Gram locus is described as “concisely ex-
pressed as the non-negativity of a single polynomial”, with a reference to this conjecture. The question
appears as record OWR-15428-003 of the UnsolvedMath dataset [ula26], with the status “partially
solved”. Seigal’s thesis [Seil9, Chapter 4] restates the conjecture unchanged as Conjecture 4.9, and
Theorem 1.4 as Theorem 4.8; it cites [DSL17] only for necessary inequalities between the largest
higher-order singular values.

We show that (2) is false for every n > 4, and that no single polynomial inequality can describe
G(B) inside the cube when n > 3. The starting point is the following description of the Gram locus.
It is a reformulation, in Seigal’s coordinates, of theorems of Domanov, Stegeman and De Lathauwer
[DSL17, Theorems 4 and 5] (for real and complex tensors, with I = 2) and of Higuchi, Sudbery and
Szulc [HSS03] (for complex tensors, in the language of quantum states; see also [Bra04]). We include
short proofs in Section 2. Throughout, for d € [0, i}" we write

r; =+/1—4d; € [0,1], pi(d):er—Ti.
J#i
Theorem 1.1 (after Domanov—Stegeman—De Lathauwer and Higuchi-Sudbery—Szulc). For every
n > 2 we have G(B) = G(0B) and
GB)={de0,7]": pi(d)<n—2 fori=1,...,n}.
Every point of G(B) is the Gram tuple of a tensor of norm one with nonnegative entries.

Corollary 1.2. For every n > 4, the set of points d € [0, 1]" with Q1(d) > Q2(d) and d ¢ G(B) has
nonempty interior, so (2) is false. Explicit such points are:

(a) forn =4, d = (13 155> 195> 5 ), where Q1(d') = 107811 - 1078 > 500 Q2(d');
orn > 5, the point (d',0,...,0);
b) f 5, th it (d’,0 0

(c) form =4 and 0 < x < %, the point (x,z,x,3x — ). These points tend to 0, and for every

constant ¢ > 0 they satisfy Q1 > ¢ Q2 once x is small enough.

No real or complex tensor of norm at most one has these Gram tuples. They violate the inclusion
{Q1 > Q2} C G(B), while the random test of [Seil8, Section 3] probes only the opposite inclusion
(Remark 3.7).

For the correct analogue of [Seil8, Theorem 1.4] put, for n > 3 and d € [0, 1]",

N, = H (n—2—zn:5jrj), M; = H (n—2—25jrj> (1<i<mn).
j=1

ee{£1}" ee{x1}n—1 i

Both products are invariant under each sign change r; — —r;, so they are polynomials in r%, cey T2

with integer coefficients. Substituting 7’]2- = 1 — 4d; makes N,, and M; polynomials in d with integer
coefficients, of degrees 2"~ and 2" 2.



Theorem 1.3. Let n > 3. Then
G(B)={d€[0,1]" : No(d) <0} U {d€[0,1]": No(d) >0, My(d) >0,...,M,(d) > 0}.

Forn = 3 one has N3 = —512 (Q1—Q2) and My, = 16((d;—d;)*+5 (di+d;)—<) for {i,j, k} = {1,2,3}.
Hence [Seil8, Theorem 1.4] holds with “> 37 in place of “< 7 in (1).

The inequality “< 1—36” in (1) is a misprint (Remark 4.2): Seigal’s proof yields “>", and with “<”
the statement is false. The union in Theorem 1.3 cannot be replaced by a single inequality. Let U be
the interior of the convex hull of G(B), that is, the set of d € (0, 1)" with d; < > jzi dj for all i.

Theorem 1.4. Let n > 3. There is no polynomial F' € R[dy,...,d,] such that
GB)NU ={deU: F(d) >0}.

In particular, inside the cube G(B) is not the nonnegativity set of a single polynomial, not even together
with the linear inequalities d; < Z#i d;j. Forn=2,G(B)={de|0, i]Q : —(dy — d2)? > 0}.

What is new. The exact locus is known in substance: for I = 2, [DSL17, Theorems 4 and 5]
describe exactly which squared multilinear singular values occur, [HSS03] does the same for complex
tensors of norm one, and Corollary 1.2 follows in a few lines. Yet we found no source that states the
locus in Seigal’s coordinates. On the contrary, the authors of [DSL17] remark that their result was
independently proved for real 2 x - - - x 2 tensors in Seigal’s preprint, and Kramer [Kral9, Section 1.4]
repeats this, although [Seil8, Theorem 1.3] gives only the convex hull of G(B) and (2) contradicts
[DSL17, Theorem 4]. The explicit refutation, Theorems 1.3 and 1.4 and the correction of the misprint
are, as far as we found, not in the literature.

2 The Gram locus

For c € [0, 1] let f(c) = (1 —+/1 — 4c), the smaller eigenvalue of a positive semidefinite 2 x 2 matrix

with trace 1 and determinant c. It is an increasing bijection [0, 1] — [0, 3] with inverse h(A) = A(1—)),
and r(c) = v/1 —4c=1—-2f(c). More generally, a positive semidefinite 2 x 2 matrix with trace t > 0

and determinant ¢ < ¢?/4 has smaller eigenvalue

2c
et)=i(t—VE—de)= —F
p(e,t) 2( ) Ve de
and y(c, 1) = f(c). Let P, be the polytope of all A € [0, 1]" with \; < >_jzi Aj for all i. For a tensor
A we write u; for the smaller eigenvalue of G; = MZMZT .

Lemma 2.1 ([DSL17, Theorem 4], [HSS03]). For every real tensor A and every i, p; <3, ,; ;. The
same holds for complex tensors, with G; = M; M.

In the notation of [DSL17], with ¢ = || A||?, the largest squared multilinear singular value of mode
iis 02 =t — p;, and their inequality Dkt 02 < (n—2)t+ o? is exactly p; < > ki M- We give a
short direct proof.

Proof. Take i = 1 and let t = ||A||%. For j > 2 choose O; € O(2) with OjGjO]T = diag(t — 15, 1),
and replace A by (I ® Oz ® -+ ® O,)A. This multiplies M; on the right by an orthogonal matrix, so
G1 does not change, and it conjugates G; by O; for j > 2. So we may assume that Zw:wj:l az = u;
for every j > 2. The rows of M are v = (agy)y and w = (a1y)y, y € {0,1}"7 1. Let u = (up,u1) be



a unit vector orthogonal to (ago...0,@10..0). Then, by the Rayleigh principle, the choice of u and the
Cauchy—Schwarz inequality,

w < u'Giu= Z(uoaoy + ulaly) = Z(uoaoy + uraiy) 2 < Z aoy + aly ) < Z Z a = Z,uj,

Y y#0 y#0 J=2 wx;=1
where the last inequality holds because every = with (xg,...,x,) # 0 has z; = 1 for some j > 2. For
complex tensors the same argument works with unitary O; and ||2. O

Lemma 2.2 (case I = 2 of the construction in the proof of [DSL17, Theorem 5]). For every A € P,
there is a real tensor A with nonnegative entries, ||A|| = 1 and G; = diag(1 — Aj, A;) for all j. In
particular G(A) = (h(A1), ..., h(An)).

Proof. First, 2\ = ;- wig 1k for weights wx > 0 onsets K C {1,...,n} with |K| > 2and ), wg =
2max; A\; < 1. To see this, put y = 2, let m be an index with y,,, maximal, and S = E#m Yi = Ym-
If ym = S, take wy,, ;3 = y; for j # m. Otherwise the support K of y has at least three elements
(if |[K| < 2, the inequality y,, < S forces y,, = S). Subtract wlg with w = min{minjcx y;, (S —
ym)/(|K| —2)} > 0. The new vector is nonnegative, still has its maximum at m, and still satisfies
ym < S, because this inequality decreases by (|K|— 2)w < S — y,,. Either the support shrinks or
equality y,,, = S is reached, so the process ends after at most n steps. Each step lowers the maximum
by the weight it uses, so the total weight is the initial maximum 2 max; A;.

For |K| > 2 let Ux be the uniform distribution on the strings x € {0,1}" of even weight that
are supported in K. Each j € K has z; = 1 for exactly half of them. Hence p = (1 — ), wk) dp +
>k Wk Uk is a probability distribution on strings of even weight with Pr,(z; = 1) = A; for all j. Put
az = /p(z). Then [|A| =1 and (Gj)11 = Prp(z; = 1) = Aj. The off-diagonal entry of G; is a sum
of products aza, over pairs x,z’ that differ only in coordinate j; one of the two has odd weight, so
every product vanishes. O

The tensors of [DSL17] are likewise supported on a parity class. The only ingredient not stated
in [DSL17, HSS03] is the passage from the unit sphere to the unit ball.

Lemma 2.3. If [|[A|| <1 and d = G(A), then d € [0, 3" and f(d;) < > i f(dj) for every i.

Proof. Let t = ||A||?; we may assume ¢t > 0. Then 0 < d; = detG; < t2/4 < L and p; = p(d;, ).
Let m be an index with d,, maximal and assume d,,, > 0 (otherwise d = 0). For i # m the claimed
inequality is clear, since f(d;) < f(dy) and f(d,,) is one of the summands. For 0 < ¢ < d,;, and

T > 2y/d,, consider
R (T):iu(c’ﬂ _ e Tt ”72 Adm
¢ /J“(dmn T) d’m T+ VT
Since = log(T + VT 40) = 1/v/7%2 — 4c is increasing in ¢, the function R, is nondecreasing in .
By Lemma21 1 <zj¢m d;(t). As 2y/dy, <t <1 alsol <3, Rg (1), which is the claim for
1=m. O

Proof of Theorem 1.1. Write h(P,) for the image of P, under A — (h(A1),...,h(A\,)). Since f is
increasing with inverse h, a point d € [0, 1]" lies in h(P,) if and only if f(d;) < ZJ i f(dj) for all .
With f(d;) = (1 —r;)/2 this reads p;(d) < n — 2. By Lemma 2.3, G(B) C h(P,). By Lemma 2.2,
h(P,) € G(9B) C G(B). =

Remark 2.4. (a) By Lemma 2.1 the same argument applies to complex tensors in the unit ball, so
they have the same Gram locus (with G; = M;M}).



(b) In the coordinates A\; = f(d;), the smaller eigenvalues of the G; for tensors of norm one, the
Gram locus is P,, and Seigal's Q1 describes it: G(B) = {d € [0,1]" : Q1(f(d1),..., f(dn)) > 0}.
Indeed, for A > 0 any two factors ¢; = Z#i Aj — A; and ¢ of Q1(A) satisfy ¢; + ¢ > 0, so at most
one factor is negative, and if one is, no other vanishes. The map d — A\ is not polynomial, and
Theorem 1.4 shows that this cannot be repaired.

3 Counterexamples to Conjecture 1.5

For d = (a,a,a,b), pair the two linear forms in the definition of Qo that differ only in e4: with
k = &1+ 3+ €3 their product is (kv/a+ vb)(kv/a—vb) = k*a —b, and k = £3 once each and k = +1
three times each. This gives

Qi(a,a,a,b) = (a+ b)3(3a — b), Q2(a,a,a,b) = %(9@ — b)2(a —b)°. (3)

( 9 9

100> T00° T00° 25) lies in the open cube (0 ,%)4 and in the convex

Proposition 3.1. The point d =
hull of G(B). It satisfies

33\3 3 107811 1/57\2/15\6 2368521
= (550) 106 = 105 @D =50i50) (55) = 1510
@) = (150) 100 108 @(d) = 5\100) (100 1.28- 1012

so Q1(d") > 582Q2(d"), but d' ¢ G(B).

Proof. The values follow from (3) with a = 180, b= 120%, and d = 12640 < 2—07 gives the convex-hull
inequalities. Since 1-4-35=(3)?and 1 —4- 5 = (1)% we have (f(d)); = (5, 15> 190 2) and
g(

pa(d)=3-2—1 =21 >2 By Theorem 1.1, d ¢ G(B). O

The boundary point (100, 180, 180, 100) h(107 105 110, 130) is attained by the tensor 4/7/10egooo +
v/1/10 (e1001 + €101 + €oo11) of Lemma 2.2; as dy grows to % the point leaves G(B) at once, while

Q1>5-107*>4-107% > Q, by (3).
Lemma 3.2. Let 2 < m < n, let d € [0, %]m, s = Zj d;, and let d = (d,0,...,0) € [0, %]” Then

Ql((i) = Q1(d) s"™ and Qg(ci) = %(QQQ(d))Zn_m, where on the right Q1, Q2 are the polynomials for
m variables. Moreover f(d) = (f(d),0,...,0).

Proof. For i < m the i-th factor of ()1 is unchanged, and for i > m it equals s. Each of the 2" linear
forms in Q2(d) coincides with the form for its first m signs, so every form of the m-variable product
occurs 2"~ times. Finally f(O) =0. O

Proposition 3.3. For 0 < z < 75 the point d(z) = (z,z,z, 3z — x?) lies in (0, %)4, satisfies Q1 > Q2,
and is not in G(B).

Proof. With a =z, b = 3z — 22, (3) gives Q1 = 2°(4 — 2)® and Qo = +2%(6 + 2)2(2 — )5, so
Q1 —Q2=2"|(4—2)> - 326 +2) (2—95)6

with (4 — 2) > (3)3 > 60 and 123(6 + 2)2(2 — 2)5 < 1($)3(5)%2° < 0.69 on (0, 5]. Also
3z — 22 < % there. Let r; = v/1 —4x and ry = /1 —4b = V1 — 122 + 422. The point is outside
G(B) if py = 3r1 —ry > 2, that is, 3r; —2 > ry. For 0 < x < 35—6 we have 71 > %, so both sides are

nonnegative, and since (3r; — 2)? — 72 =4 (3 — 6z — 2% — 3r1) and 3 — 62 — 22 > 0,

3r—2>71y <= 3—6x—2>>3r < (3—6z—2?)?—9(1—42) =302 +122% + 2* > 0,

which holds for z > 0. O



Proof of Corollary 1.2. (a) is Proposition 3.1. (b) Let n > 5 and d=(d,o0,. .,0). By Lemma 3.2,
fld)s = % > 13—0 = > x4 f(d)j, so d ¢ G(B). Put ¢ = 2Qz(d') = (15070) (100) < 3.8-107%. Since
2n=4 >n —3and 0 < ¢ < 1, Lemma 3.2 gives

51 q n—4 1 n—3 1 271,74 ,

4 — - > - =
Qi) =) () > Tgnt = Lam e Le? T = Quld),
because Q1(d') > q/2 = Q2(d') and 55 > ¢. (c) is Proposition 3.3; the claim about ¢Qs follows
from Q1 = 2°(4 — 2)3 and Q2 = O(x ).AFor the interior: at d (with d = d’ if n = 4) the inequalities
Q1 > Q2 and py > n — 2 are strict (pa(d) — (n —2) = é), and both sides are continuous on the cube.

So all points of (0, 1)" close to d are counterexamples. O

Remark 3.4. A second example, where the numbers 1 — 4d; are not squares, is d* = (5307 530, 530, 1107010).

Here Q1(d*) = (£35)3 105 = 110937519 - 1072 and ¢* = 2Q2(d*) = (£2%)2(14:)6 < 2.6 - 1077, and
pa(d*) = 34/19/25 — \/79/250 > 2, as one checks by squaring twice: (932 —4 — ) = 1603010 > 0
elmd (%)2 > . For the padded points (d*,0,...,0), Lemma 3.2 gives Q1 = Q1(d*)0.351"*
50" 3 > @9, because Q1(d*) > ¢*/2 and 0.351 > ¢*.

Remark 3.5. The failure is not confined to small regions. A Monte Carlo computation (4-10% uniform
points per dimension, floating point) puts the fraction of the cube occupied by {@Q1 > Q2} \ G(B) at
about 13.6%, 7.6% and 3.0% for n = 4, 5,6, while it found no point of G(B) \ {Q1 > Q2}. For n =3
the roles are reversed: {Q1 > Q2} C G(B) by Theorem 1.3, and G(B) \ {Q1 > Q2} fills about 1.1% of
the cube.

Remark 3.6. Seigal explains (2) by noting that {Q1 > @2} is the connected component of the
complement of {Q1 = @2} in the cube that contains the points (3 —€,...,T —€) [Seil8, Sec-

4
tion 3]. This reading does not rescue the conjecture, since d’ lies in that component. On the path
d — (1007 180, 25, 26) = (3,...,1) = (3,..., 1) all points have the form (a, a,a,b), and the bounds
at+b>3,3a—b> 35, 0<9a— b <2 and |a — b < £ hold (the four quantities are affine on each

segment). So (3) gives Q1 > (35)%135 > 8-107% and Q2 < £ - 2%(£2)5 < 2.3-107° along the path.

Remark 3.7. Seigal’s test checks that Gram tuples of random tensors satisfy @1 > Q2 [Seil9, Sec-
tion 4.2], that is, the inclusion G(B) C {Q1 > Q2}. It fails for n = 3, at the point (%,%,i) of
Remark 4.2. For n = 4,5,6, none of about 5 - 10° random points h(\) of G(B) (A uniform in P,) has

@1 < Q2, and for n = 4 the largest value of Q2/Q1 we found on G(B) is 52172, at (1 11 1.0).

Problem 3.8. Is G(B) C {d: Qi(d) > Q2(d)} for everyn > 47

4 The correct analogue of Theorem 1.4

For e € {£1}" and r € [0,1]" let Le(r) =n — 2 — . g7, so that N, = [[. L.. Write Ly = Ly 1)
and let 4, = n—2+1r; — Z#i rj = L4 + 27; be the form L. for the vector ¢ with a single —1, in
position i. By Theorem 1.1, d € G(B) if and only if ¢; > 0 for all i.

Proof of Theorem 1.3. If € has k > 2 entries —1, then L. > (n—2) — (n— k) + ijsjzfl r; > 0, with
equality only if £ = 2, r; = 0 for the two indices with ¢; = —1 and r; = 1 for the others. Hence
Ny =Ly -1[;4 - R with R>0on [0,1]", and R = 0 only at points d with two coordinates % and the
others 0; these lie in G(B). Similarly M; = K;S;, where K; =n — 2 — Z#i rj = Ly +7; and S; is
the product of the factors of M; with at least one minus sign. A factor with k£ > 1 minus signs is at
least k — 1+ > rj > 0,50 5; >0, and S; = 0 forces r, = 0 for some a # ¢ and r; = 1 for all

j & {i,a}.

jIEj:—l



Let d € G(B), so all ¢; > 0. If Ly <0, then N,, <0. If Ly > 0, then N,, > 0 and K; > 0, hence
M; > 0, for all i.

Let d € [0, 1]"\ G(B), so £,, < 0 for some m. For i # k we have {;+{;, = 2(n—2) —2 > izikTi = 0
hence ¢, > 0 for all & % m. Moreover Ly = £, —2r,, < 0and R > 0, so N, > 0. Also K,,, =
by — Ty < 0. If Sp, = 0, then 7, = 0 and r; = 1 for j ¢ {m,a}, which gives £, = r, > 0, a
contradiction. So S,, > 0 and M, < 0. Thus d lies in neither of the two sets. O

Proposition 4.1. For n =3, N3 = —512(Q1 — Q2) and My, = 16((d; — d;)* + §(d; + dj) — =) for
{i,j,k} ={1,2,3}.

Proof. For any , the product of z—eory—e3rg over (g2,e3) € {£1}2is ((z—r2)*—713) (z+72)*—73) =
2t —202% 4+ 6% with o =73 +73 and 6 = r3 —r3. For x = 1 Fr; we have 22 = a F B with a = 1 + 72
and 8 = 2rq, and the product becomes U F V with U = o? 4+ 82 — 20a + 6% and V = 28(a — o).
Hence N3 = U? — V2. Put ¢; = djzidj—diand E =37, d? — 23 i<;didj. Substituting rjz =1-—4d;
gives a — o = 4cy, U = 16(cy + E) and V? = 256(1 — 4d;)c3, so

N3 = 256(E* + 2c1 E + 4dyc}) = 256(E* 4 2¢1(E + 2dyc1)) = 256(E® — 2c1cac3),

since E' + 2dyc1 = (d2 — d;:,)2 — d% = —coc3. Now Q1 = creaceg, and Qo = %EZ: the same computation
with « = v/dy and r; replaced by y/d; shows that the four forms with £ = 1 in )2 have product
d3 —2(dg + d3)dy + (d2 — d3)? = E, and the four with e; = —1 give E again. So N3 = —512(Q1 — Q2).
Finally
Mk = (1 — (Ti + T‘j)Q) (1 — (Ti — T‘j)Q) = (1 — ’I“Z-2 — 7']2-)2 — 41”127“]2 = 16(di — dj)Q + S(dl + dj) - 3. D
With Proposition 4.1, the case n = 3 of Theorem 1.3 is [Seil8, Theorem 1.4] with the inequality
in (1) reversed; this gives an independent proof of the corrected statement, based on [DSL17].

Remark 4.2 (the misprint in [Seil8, Theorem 1.4]). The inequality “< " in (1) appears in the arXiv
preprint, in the accepted manuscript, in the published version, in the zbMATH review and in [Seil9,
Theorem 4.8]. As printed, the statement is false in both directions. The tensor (ego + €111)/v/2 has
G; = %I, SO (i, i, i) € G(B); there Q1 — Q2 = 6%1 — 5%2 = —5—12 < 0, and the left side of (1) equals
i > 1%, so the printed statement excludes this point. Conversely, (é, ﬁ, ﬁ) satisfies Q1 < Q2 and
(1) for all pairs, so the printed statement includes it, although it violates di < dy + ds and is not
even in the convex hull of G(B). The proof in [Seil8] obtains the second region by requiring the three
polynomials (d; — d;)? + %(dz +d;) — % to be positive, which is the corrected inequality. On the grid
{0, 1—12, ..., 1}3 of values of r (2197 points, exact arithmetic), the printed version disagrees with G(B)
at 772 points and the corrected version at none.

5 No single polynomial

Proof of Theorem 1.4. For n = 2 and any real 2 x 2 matrix M we have det(MM7T) = det(M)? =
det(MT M), so G(B) lies on the diagonal d; = da; by Theorem 1.1 it is the whole segment, which is
{d € [O, %]2 : —(dl — d2)2 > 0}.

Let n > 3 and suppose F' exists. The map o(r) = ((1 — 7’]2-)/4)]- is a homeomorphism from (0, 1)"
onto (0,3)™; let V = ¢~1(U), an open set. Put F = F o, a polynomial in r that is even in every r;.
Let IT = {r : £;(r) > 0 for all i}. By Theorem 1.1, for 7 € V we have F(r) > 0 if and only if r € II.
The proof uses two kinds of points.

Facet points. For 0 < § < — let P =(1-90,...,1 =81~ (n—1)5). Then £,(r’) = 0 and
01(r) = (2n—4)5 > 0 for k < n. With d = ¢(r%) one finds >, d;—d, = (n—1)(n—2)6%/4 > 0, and

j<n



the other inequalities defining U hold as well, so % € V. Hence, for each i (permute the coordinates),
the set Z; = {r € V : 4;(r) =0, {i(r) > 0 for k # i} is a nonempty open subset of the hyperplane
H; ={¢; =0}.

Points on Ly =0. On Hy = {Ly = 0} we have ¢; = 2r;, so Hy N (0,1)" lies in the interior of II.
The point r* = (”;2, e _2) lies on Hy, and o(r*) has equal positive coordinates, so it lies in U.
Hence Hy NV is a nonempty open subset of H contained in the interior of II.

Step 1: ¢; divides F. Let p € Z;. Then p € II, so F( ) > 0. For small s > 0 the point p — se;
lies in V and has ¢; = —s < 0, so F(p — se;) < 0. By continuity F(p) = 0. Thus F vanishes on a
nonempty open subset of H;, hence on H;, and the affine form ¢; divides F'. (In particular F 0. )

Step 2: equal multiplicities. The sign changes r; — —r; leave F invariant and permute the 2"
affine forms Lc transitively. Since n —2 # 0, no two of these forms are proportional. As R[r] is a
unique factorization domain, all L. divide F with the same multiplicity & > 1, and F = IL Lk G,
where no L. divides G.

Step 3: k is odd. Neither G nor a form L, = ¢, vanishes identically on H,, as none of them is
divisible by £,,. So their zero sets in H,, are nowhere dense, and there is p € Z,, where u = G ] Lotln Lk

does not vanish. Near p, F' = £Fu and u has the sign of u(p). Points near p with £, > 0 lie in V NI,
where F' > 0, so u(p) > 0. Points near p with £, < 0 lie in V \ II, where F' < 0, so (—1)*u(p) < 0.
Hence k is odd.

Step 4: contradiction. Asin Step 3, choose p € H; NV where uy = G HLE¢L+ LF does not vanish.
Near p, F = L fu+ with &k odd, so F takes negative values arbitrarily close to p. But a neighbourhood
of p lies in V and in the interior of II, where F' > 0. This contradiction proves the first statement. If
G(B) had one of the two other forms, then intersecting with U would give a description that we have
just excluded. O

The obstruction is the hyperplane ) ;T =mn — 2, a component of the zero set of N,, crossing the
interior of the Gram locus. Similarly, G(B) NU is not the closure in U of a set {F' >0} NU.

Verification. The claims were checked as follows. (1) A self-contained program by the author,
verify_paper.py (standard library only, a few seconds), recomputes every number and identity of
the note from the definitions in exact arithmetic. Products over sign vectors of sums of square roots
(Q2, Ny, M;) are evaluated by an exact recursion, without closed forms; with polynomial coefficients
the same recursion yields (3), Proposition 4.1 and the expansion of Ny. It checks Theorem 1.3 at 4,750
exact points (n = 3,...,6, including points on facets and on L; = 0), Lemma 2.2 for 230 random
rational A € P,,, n < 8, all bounds of Section 3 and the grid of Remark 4.2, and it tests Lemmas 2.1
and 2.3 in floating point. A second program gives the Monte Carlo estimates. (2) Earlier programs,
written with a separate exact polynomial library, produced the same values; their expansion of Ny is
byte-identical. (3) A first independent verification run, itself Al-assisted, re-derived the proofs line
by line and recomputed the claims with separately written code: Q2 in multiquadratic number fields,
Proposition 4.1 by exact evaluation on a grid, Theorem 1.3 at 7,000 exact points, Lemma 2.2 by
linear programming and by numerical inversion of the Gram map, and the distance from d’ to G(B)
by optimization over the unit ball (it equals the distance to h(FPy), about 0.0233). It found that an
earlier justification of the polygon failure in Proposition 3.3 was invalid, although the conclusion was
correct; the argument given here is the corrected one. (4) A second independent verification run, also
Al-assisted, read the sources again, re-derived the proofs line by line and recomputed the claims with
its own code; it expanded Q2, Ny, M; fully (so (3) and Propositions 3.3 and 4.1 become polynomial
identities), found a box of radius 1073 around d’ of counterexamples (interval arithmetic) and reran
all earlier programs, with identical outputs. All programs and outputs are in the source files.



Scope and priority. Theorem 1.1 is due to [DSL17] and, for complex tensors, to [HSS03]; Kramer
[Krdal9] relates the feasibility problem for tensor singular values to the quantum marginal problem
and cites [HSS03] for qubits. We only translate these results into Seigal’s coordinates; Lemma 2.3 is
the one step we did not find stated. The arXiv preprint (its only version), the accepted manuscript
(PubMed Central, PMC6051437), the version of record (read in the publisher-typeset copy on the
author’s web page) and the thesis [Seil9] all state the conjecture without qualification. The zbMATH
review restates it without comment. OpenAlex and Semantic Scholar list, besides [DSL17, Kral9,
Seil9], three works that cite [Seil8| for other purposes. Searches of Crossref, OpenAlex, Semantic
Scholar, zbMATH, the arXiv API and the web found no statement that the conjecture is false, and
no occurrence of Theorems 1.3 and 1.4 or of the correction in Remark 4.2. We did not search the
quantum-information literature systematically; since the polygon inequalities are well known there,
the observation may have been made informally. This negative search is not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the coun-
terexamples and the arguments, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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