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Abstract

Let My = C and M; = S?, with complete metrics g, of constant curvature x € {0,1}. Every
complete smooth metric of nonnegative curvature on M, can be written uniquely as ¢*(e~2%g,,),
where ¢ is an orientation-preserving diffeomorphism fixing 0 and 1 (and oo if K = 1) and u is a
smooth function. Work of Belegradek, Hu and Banakh shows that the map (u, ) — ¢*(e?g,) is
a homeomorphism when metrics and functions carry the topology of C**¢ convergence on compact
sets and diffeomorphisms that of C**1+< convergence, with 0 < a < 1. Belegradek asked whether
this remains true for & = 0, and expected that it does not. We show that it fails for every integer
k > 0 and on both surfaces: the map is a continuous bijection whose inverse is discontinuous at
every point, also on the subspace of positively curved metrics. For k = 0 this follows from an
elementary spiral construction. For k > 1 we use diffeomorphisms . = z + 2" H_(|2|?) whose
Beltrami coefficient is approximately ez¥*1/z, regularized at the scale e~1/¢. They converge to
the identity in C*, while their (k + 1)-st derivative at 0 tends to —2(k + 1)!. The main work is to
choose the conformal factors so that the metrics converge in C* and keep nonnegative curvature;
for k = 1 this needs an additional C'-small conformal correction. The conformal factors then fail
to converge in C* as well. This is an unrefereed note.

1 Introduction

Let My = C and M; = S? = CU{oc}, with the metrics go = |dz|? and g1 = 4|dz|?/(1+]|z|?)? of constant
curvature k € {0,1}. Let D(M,) be the group of smooth orientation-preserving diffeomorphisms of
M, that fix 0 and 1 if k = 0, and 0, 1 and oo if kK = 1. Let R>o(Myx) (resp. R>o(My)) be the
set of complete smooth Riemannian metrics on M, with Gauss curvature K > 0 (resp. K > 0),
and let O>o(M,) (resp. O=o(M,)) be the set of smooth functions u with e~?“g, in R>o(M,) (resp.
Rs0(M,)). Since K (e~2g,;) = e*“(k + Ay, u), the set O>0(5?) consists of the u with Ay u > —1; by
a theorem of Belegradek and Hu [BH15, Theorem 1.1], O>((C) consists of the smooth subharmonic
u with a(u) := lim; o max,|—, u(z)/logr < 1.

By the uniformization theorem, and for x = 0 the theorem of Blanc and Fiala [BF41] that a
complete nonnegatively curved plane is conformally equivalent to (C, gg), every g € R>o(M,) can be
written uniquely as g = p* (e 2%g,) with ¢ € D(M,;) and u € O>¢(M,) [BH15, BB18, Bell7]. Thus

I Os0(My) X D(My) = Rxo(My),  T(u, ) = ¢* (e *"gx), (1)

is a bijection, and it restricts to a bijection O~ x D — R~q. Following [BB18], for 0 <~ < oo the C?
topology on a set of smooth maps, functions or tensors is the topology of uniform C7 convergence on
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compact sets, and a superscript records it: RL,(M,), O, (M) and D'T(M,) carry the C7, C7 and
C7*! topologies. With these topologies II,; is a continuous bijection O (M) x DV (M) — R (M)
[BB18, (8.3), (9.2)]. It is a homeomorphism when v = oo or v ¢ Z: for My = C this is [BH15,
Theorem 4.1] (for C**7 with 0 < v < 1, as stated in arXiv v3 of [BH15]; by [BB18, proof of
Theorem 8.4] the published statement wrongly assumed integer exponents, cf. the erratum [BH16]),
and for M; = S? it is [BB18, Theorem 8.4]. The key analytic input is the theorem of Earle and Schatz
[ES70] that solutions of the Beltrami equation depend continuously, in Hoélder norms, on the Beltrami
coefficient. In the Oberwolfach report [Bell7, p. 149], which writes the map with the pushforward
¢« in place of ¢* (this makes no difference; see the paragraph after Theorem 1.1), Belegradek asked
whether the map is a homeomorphism, explained that it is one for the C™® topologies with 0 < a < 1,
and wrote “we expect this to fail when o = 0”; the same expectation is stated in [BB18, Section 1]. So
the open case is that of integer smoothness. (If the parameters carry the C*° topology and the metrics
the C* topology with k finite, IIy is not a homeomorphism for a trivial reason [BH15, Section 1]; the
question concerns the matched topologies above.) The question is record OWR-15208-008 of the
UnsolvedMath dataset [ula26].
We confirm this expectation.

Theorem 1.1. Let k € {0,1} and let k > 0 be an integer. The continuous bijection
I,.: O%(M,) x D M,) — RE (M)

s not a homeomorphism: its inverse is discontinuous at every point. More precisely, for every g =
I, (u, p) € R>o(M,) there are metrics g; = I (u;, 0;) € R>o(My), | €N, such that g — g in the CF
topology and the following hold.

(a) If k = 0: each g; is isometric to g and coincides with g outside a fized compact subset of the
chart C C M, w; = u, and ¢; does not converge to o in the C* topology.

(b) If k > 1: ¢ — @ in the C* topology, but ¢; does not converge to ¢ in the C**1 topology, and
w; does not converge to u in the C* topology. If g is not flat, then moreover every g; coincides
with g outside a fixed compact subset of the chart C C M.

If g € Rso(My), then all g; can be chosen in Rso(M,). Consequently the restriction O’;O(M,.;) X
DML M) — RE (M) is not a homeomorphism either, and its inverse is discontinuous at every
point.

For k > 1 the loss is sharp: the inverse is continuous into OF~ 18 x Dk for every 8 € (0,1)
(Remark 7.1). Since u; fails to converge on its own, the answer stays negative for any topology on
D(M,) if kK > 1, and at flat metrics also for k¥ = 0 (Remark 7.2 and Proposition 7.3).

Pullback and pushforward. The Oberwolfach report writes the parametrization with the push-
forward: there g = o, (e~ 2"g,), the map is (u, p) — @+(e 2"g.), and the homeomorphism property is
stated for g, u and @, varying in the C™ topology [Bell7, p. 149]. We follow [BH15, BB18]|, which
use the pullback. The two formulations are equivalent. Indeed ¢, = (p~1)*, so the map of the report
is Tl o (id x inv) with inv(p) = ¢!, and inv is a homeomorphism of D?(M,) onto itself for every
integer j > 1, because D’(M,) is a topological group [BB18, Sections 8 and 9]. (For the sequences
constructed below, which differ from a fixed diffeomorphism only on a fixed compact subset of C, the
continuity of inv that is needed is elementary.) Hence Theorem 1.1 holds verbatim for the map of
the report, with =1 and gpfl in place of ¢ and ¢; and with the same u and u;. Finally, o.(e”2"g,)
involves the differential of ¢!, so letting ¢, vary in the C™® topology corresponds to ¢ € C™The
(compare [BB18, Section 1]); for & = 0 and r = k this is the topology of D*+1(M,).



The analytic mechanism behind Theorem 1.1 is classical. Writing a metric as A|dz + pdz|?, the
diffeomorphism ¢ solves the Beltrami equation d¢ = ¢, and the passage from p to Oy is governed
by the Beurling transform. This operator is bounded on the Holder spaces C*+® with 0 < a < 1 (see
[AIMO09, Chapter 4]), but not on C¥, just as Schauder estimates fail at integer exponents (see [GTO1,
Chapter 4]). For k = 0 the failure is visible already for isometric metrics: spiral diffeomorphisms
(Section 3) converge uniformly to the identity with pullback metrics converging in C°, while their
differential at 0 is a fixed rotation. For k > 1 the maps p. = id + . of Section 4 have Beltrami
coefficient ~ £2¥*1/Z near 0, cut off at the scale § = e~1/. Their (k + 1)-st derivative at 0 contains
the term elogd? = —2. The main difficulty is to keep the curvature nonnegative. For k& > 2 this
follows from C? convergence. For k = 1 the curvature of the pulled-back metrics is of order —¢/§ near
0, and we add a radial, C''-small conformal correction whose Laplacian is large and positive near 0
(Section 5.2).

What is new. We found no earlier treatment of the integer case. The case k = 0 is an elementary
observation, and the analytic mechanism is classical, as explained above. What we add is a construc-
tion for £ > 1 that stays inside the complete metrics of nonnegative curvature (for k£ = 1 this needs
the correction of Section 5.2), and the fact that the inverse is discontinuous at every point, for both
surfaces.

Organization. Section 2 collects notation and four lemmas. Section 3 treats & = 0. Section 4
constructs the maps ¢, and proves the needed estimates. Section 5 controls the curvature. Section 6
proves Theorem 1.1, Section 7 contains remarks, and Section 8 reports numerical sanity checks, which
are not part of the proofs.

2 Notation and preliminaries

We write z = 2 + iy, d = §(8, — i0y), 0 = 3(dp +i0y) and A = 02 + 92 = 409. For a function f
(complex valued, or a tuple of functions) and j > 0 let |D’ f(z)| = max|q—; [0% f(2)|, the maximum
over multi-indices o € N2, and for a set Q C C let [ fllex (@) = max;<k supg |D7 |, as in [BB18, (2.1)].
Then |99 f| < |D™*I f|, and by the Leibniz rule |D’(fg)| < >oi< (z)]le\ |Di~tg|. Tensors on M,
are handled through their coefficients in the chart z of C C M,; all our sequences of metrics, functions
and maps differ from a fixed one only on a fixed compact subset of this chart, except in Section 6.3,
where M,. = C. D denotes the closed unit disc.

Beltrami form. Every Riemannian metric on a planar domain can be written uniquely as \|dz +
pdz|? with A > 0 and |p| < 1. If 4 = a + ib, its coefficients in E dx? 4 2F dx dy + G dy? are

E=M1+|p?+2a), F=2X, G=X1+|u?*-20a). (2)
Lemma 2.1. Let ¢ be an orientation-preserving local diffeomorphism between planar domains with
dp # 0, and let py, = dp/0p. Then @*|dw|? = |0p|?|dz+pu, dz|*. If U,U’,w are smooth real functions
with U' o o = U + log |0¢| + w, then

" (e_QUl\dw\Q) = e U2 4y 4, dz )%

Proof. dp = 0pdz + dpdz = O¢ (dz + py dz), and ©o* (e 2V |dw|?) = e=2V"*¢|dl?. O



Lemma 2.2. There is a universal constant C' with the following property. Let p be smooth with
lul < 1/2 on a planar domain, and let v = |dz + pdz|>. Then

K, = 4Re(0°n) + Ru, |R1| < C(|ul |D?ul + [Duf?),
Ay f=Af+ Ry, |Ry| < C(|ul |D*f| + [Dul | Df])

for every smooth real f, where A, is the Laplace-Beltrami operator of . Moreover K(e %fy) =
e (K, + A, f).

Proof. The last formula is the conformal change formula K(e?*?v) = e 29 (K, — A,0) with o = —f.
By (2) with A =1 we have E =1+ |u|? +2a, F = 2b, G = 1 + |u|? — 2a and EG — F? = (1 — |u|?)2.
Brioschi’s formula expresses K as (EG — F?)72 times the difference of the determinants of

—1By+ F,y—3Gw iE, F,—1iE, 0 LE, la,
Fy = 5Gq E F and i, E F
3Gy F G fc. P

Expanding along the first rows gives K, = (—3Ey, + Fuoy — 3Go)/(EG — F?) + q/(EG — F?)?,
where ¢ is a sum of products of two first derivatives of F, F', G with coeflicients that are polynomials
in E,F,G. Since |u| < 3, the functions E, F,G are bounded, EG — F? > 2 and |DE| + |[DF| +
|IDG| < C|Dul; hence |q| < C|Dpu|?. Next, —1Ey, + Foy — $Goo = aaz — ayy + 2bgy — 2A[p?,
and agy — ayy + 2bgy = Re((0y — i0y)?n) = 4Re(0?w). The bounds |Alpf?| < C(|p||D?u| + [Dul?),
|4Re(9%p)| < 4|D%u| and [(1 — |pf*)™2 — 1] < C|u|? give the formula for K,. For the Laplacian,
Ayf=(1—|pu*10;((6Y + N¥)9; f), where \/detyy~! =1+ N and

1 2|p? - 2a —2b
= N|<C DN| < C|Dpl.
1— |pf? ( —9% 2/l +2a) IN| < Clul, | | < C|Dyl
Expanding the derivative gives the bound for Ra. O

Lemma 2.3. Let g = Il.(u, ) and h = U (u,id) = e 24g.. Let hy = I (uz,v;) and put g = ©*h;.
Then g; = Il (u, 4y 0 ), and g; is isometric to hy. Moreover g — g in the C* topology if hy — h in
the C* topology, and for every j > 0, ¥y 0 @ — ¢ in the C? topology if and only if 1y — id in the CJ
topology.

Proof. (¢ o ¢)* = ¢*¢*, and 9 o ¢ lies in D(M,). Pulling back by the fixed diffeomorphism ¢ is
continuous in the C* topology, since ¢ maps compact sets to compact sets and its derivatives are
bounded on them. Right composition with ¢ or ¢! is continuous in the C7 topology for the same
reason (chain rule). O

We also use two elementary facts. First, a smooth metric on C that coincides with a complete
metric outside a compact set is complete, since the two metrics are uniformly equivalent. Second, if
¢ € D(M,), v is smooth and ¢’ = ¢'*(e~2"g,.) is complete with K > 0 (resp. K > 0), then e~ 2%g,
is isometric to ¢', so v’ € O>o(M,) (resp. Os¢) and I1;(g") = (v, ¢).

Lemma 2.4. Let k > 1, Q = D, let F be smooth near Q, and let [} — F and &, — id in C*(Q),
where ®(Q) C Q. Then Fyjo ®; — F in C*(Q).

Proof. Write Fjo®, —F = (F|— F)o®;+ (Fo®, — F). By the Faa di Bruno formula, |G o ®[|cx(g) <
Cr(1+ Hq)lnck(Q))kHGuck(Q), so the first term tends to 0. In the Faa di Bruno expansion of D7 (Fo®;),

j < k, the factors (D' F)o®; converge uniformly to D*F (uniform continuity), D®; — I and D*®; — 0
for 2 < i < k; hence D?(F o ®)) — D’ F uniformly. O



3 The case k = 0: spirals

Fix a smooth nondecreasing S: R — [0,1] with S =0 on (—o00,0], S =1 on [1,00) and 0 < S’ < Cs.
For 0 <e <1 let

as(r) = S(f—: log 217) (r>0), as(0) =1, pe(z) = zelelzl),

Proposition 3.1. Let h = e 2%g,, € R>o(My). Then ¢. € D(M,), p. = id on {|z| > %}, and
@:(2) = €'z on {|z| < Le7Ve}; in particular |0p.(0) — 1| = |e! — 1| > 0.95. The metric h. = pih =
IL.(u, :) is isometric to h, coincides with h outside {|z| < 1}, and ||he — hllco(qlz1<1/2y) < Ce, with
C depending only on u and Cg.

Proof. The function a.(|z|) is smooth on C \ {0} and equals 1 on {|z| < 1e7%/¢}, so it is smooth;

it vanishes on {|z| > 1}. Since |¢.(2)| = |z|, the map z > ze~*(?) is a smooth inverse. Hence
@e is a diffeomorphism of C, equal to the identity near 1 and near oo, fixing 0. With r» = |z| and
t =ral(r) = —5'(clog 5), so that [t| < Cge, one computes

8905 = ¢l (1 + %)v 5905 = e % %7 |8905’2 - ‘590€|2 =1

So . preserves orientation, and ¢, € D(M,). Moreover |u,| < Cge/2 and ||0pc|? — 1| < CZe?/4.
Since S(z) < Cgx for > 0, for |z| < 1 we get |p-(2) — 2| < |2]ac(|z]) < Cge|z|logﬁ < Cge/(2e).
In the chart, h = e ?V|dz|? with U = w if K = 0 and U = u + log(1 + |2|?) — log2 if x = 1. By
Lemma 2.1, he = e 2U°%|0p.|?|dz + p, dz|?, and by (2) its coefficients differ from those of h by at
most C(|U o . — U|+|0¢:|* — 1| + |uy|) < Ce on {|2z| < 3}. Finally h. = ¢z (e72g,) = I (u, @) is
isometric to h. O

4 Log-twisted maps

In this section and the next, & > 1 is fixed, as are numbers 0 < a < b < 1 and a smooth x: [0,00) —
[0,1] with x =1 on [0,a?] and x = 0 on [b?,00). For 0 < ¢ < 1 let § = ¢~'/¢ and

H<s>=—/:o f(fff (s20),  $(z) =vu(z) =eFH(2P), g =id+ .

We write p = p(z) = |z| + 0. In this section C, C; denote constants that depend only on k, a, b, x
(and on j), never on €.

Lemma 4.1. The function 1 is smooth, 1) =0 on {|z| > b}, and

B ) Sh+2

o = e x(|2| )m7 (3)
2 2

o = ez® (k+ I)H(\z\z) + m] (4)

On [0,a?] we have H(s) = log(s + 6%) — cs, where ¢ = log(a® + §2) + f;; x(t)dt/(t + &%) satisfies
les| < Co, with Cy depending only on a,b.

Proof. H'(s) = x(s)/(s+6%) and H = 0 on [b?, 00). On [0, a?] the formula for H follows by integration;
it extends smoothly to s > —d2, so H(|z|?) is smooth near 0, and elsewhere it is smooth because
|z|2 > 0. Using 928! =0, 9|22 = 2, 0zF! = (k +1)2* and 9|z|?> = Z gives (3) and (4). Finally
|log(a? + 62)| < 2|logal 4+ 1 and 0 < ffj xdt/(t+82) < 2log(b/a). O

5



For m € R let S™ be the class of smooth F: R? — C with |D/F(¢)] < Cj(1+ [¢[)™7 for all j > 0.

Lemma 4.2. Polynomials of degree at most m lie in S™; (14 [¢[*)7 € §% for o € R; ™ - S8™ C
SmEM  and £(C) = log(1 + |¢|?) satisfies |DIE(C)| < C;(1+|¢|)™7 forj > 1. If F € S™ and § > 0,
then f(z) = 6™F(2/6) satisfies | DI f(2)] < C;(|z| + 5)m 7.

Proof. The first claim is clear. By induction on j, D7(1 + [¢|?)? is a linear combination of terms
P(¢)(1+[¢[*)?~% with i < j and P a polynomial of degree at most 2i — j; since 1+ |¢|? > (14 (¢])?,
this gives the second claim. The third follows from the Leibniz rule, and the fourth from D¢ = 2¢(1+
I¢]?)~! € S~ (componentwise). Finally D’ f(z) = 6™ (DJF)(z/8) and 6(1 + |z|/0) = |z| + 6. O

Lemma 4.3 (Estimates). There is g € (0, 1] such that for 0 < & < g¢ and p. := 9Y/(1 + ) the
following hold.

(i) On {|z| < a}: |DIOY| < Cjep*=I for all j > 0.

(ii) On {|2| < a}: |DIOY| < Cjep*~I (1 +log 1) for 0 < j <k, and |DIO| < Cjep*™7 for j > k+1.
(iii) On {a < |z| < b}: |DIy| < Cje for all j > 0.
(iv) 109] + 09| < 1 on C, and ||| cr(c) < Ce.

(v) On {|z| < a}: |Diuc| < Cjep*=7 for 0 < j < k. On {a < |z| < b}: |Dip:| < Cje for all j.
Hence ||pellcr(cy < Ce.

(vi) If k = 1, then on {|z| < a}: |D?uc| < Ce/p and |D?*(p. — 0¢)| < Ce.
Proof. Choose ¢ so small that 6 < (1 —a)/2. Then on {|z| < a} we have § < p < 1, and therefore

elogl <clogh=1  p"(1+logl)<1 (m>1), (5)

the second because t — t(1 + log 1) increases on (0, 1] to the value 1.
(i) On {|z| < a}, OY = e6¥F1(2/6) with F1(¢) = ¢*2(1+[¢|?)~! € S¥, and Lemma 4.2 applies.
(ii) On {|z| < a}, (4) and Lemma 4.1 give

¢*l¢r?

k
1+\C|2€S'

oy =e(k+ l)zkA —e(k+ 1)652’k + €5kF2(Z/5), A= log(|z|2 + 52), (¢ =

The last two terms are bounded by Cjept~7, because |Diz¥| < C|z|F=1 < CpF~? for i < k, D'zF =0
for i > k, and |cs| < Cp. For the first term, A = log 6% + £(z/6), so |D™A| < Cypp~™ for m > 1 by
Lemma 4.2; and |A] < 2log% +1log 2, since p?/2 < |2|> + 2 < p? < 1. By the Leibniz rule D7(2*A) is
a combination of the products D?z¥ - DI='A with i < min(j, k). The product with i = j occurs only
if j < k; it contains the undifferentiated logarithm and is bounded by C|z|[*=7|A| < Cp*=7(1 + log %)
The products with i < j are bounded by Cp*~?p=U=" = Cp*F=7. This proves (ii). For j > k + 1 no
logarithm survives, because Diz* = () for ¢ > k.

(iii) For s € [a?, b?] we have H(s) = — f x(t)dt/( t+ 62), and all s-derivatives of this function are
bounded on [a 2,b2] uniformly in 5 6 (0,1], since t > a® > 0. Hence |D7¢)| < Cje on {a < |z| < b}.

(iv) On {|z| < a}, (i), (ii) and (5) give |01 < Cep? < Ce and |0r)] < Capk(l —|—log%) < Ce (here
k > 1is used). Together with (iii), [9y| + |9y < Ce < 1 after shrinking . Next, on {|z| < a},
|| < elz/FHL(|A| + Co) < Cep(1 + log%) < Ce. For 1 < j < k, every derivative 0% with |a| = j
is a derivative of order j — 1 of 9,0 = 9 + 9 or of Gy = (I — J), and by (i), (ii) and (5),
|DI=1oy| + | DI~1oy| < Cep®~I+1(1 + log 1) < Ce. With (iii) this gives [|[¢]|cr(c) < Ce.



(v) Let f =0vy and R = (14 f)~1, so that |f| < i and j. = 01 - R. By the Faa di Bruno formula,
for m > 1, D™R is a linear combination of terms (14 f)~1="D™1 f... D" f with r > 1, m; > 1 and
mi+---+m, =m. On {|z] < a} and for m < k, (ii) and (5) give

D™ f| < Ce(1+ log 5)p ™ < 20p"7™ < 20p™™, (6)

hence |D™R| < Cp~™ for 0 < m < k. This is where elog(1/p) < 1 is used: each factor D™ f
carries its own factor e, which absorbs its logarithm. By the Leibniz rule Dj le is a combination
of the products D'dy - DI7'R, and by (i), for j < k, |[Dip.| < CY,;ep""p~U7) = Ceph~J. In
particular D¥ . contains no logarithm: each of its terms has exactly one factor D?d1, which is free
of logarithms and carries the factor €, and the factors D™ f, which may contain log %, are bounded
by (6). On {a < |z| < b} the bound follows from (iii) and |f| < %, and pe =0 on {|z| > b}.

(vi) Let k =1 and |z| < a. By (i), (ii) and (5),

|0y| < Cep, |DIY| < Ce, |D*0| < Ce/p,
[f| < Cep(1+1logt), [Df|<Ce(l+logt) <2C, |D*f|<Ce/p.

Hence |R| < 2, |DR| < C|Df| and |D*R| < C(|D?*f| + |Df] ) < C(e/p+1). Therefore |D?p.| <
C(|D?0v| + |DOY||DR| + |0¢||D?R|) < Ce/p. Next, p. — Y = =0y - f - R, and D*(0¢ fR) is a
combination of the products Do D2 f D' R with i1 + i3 + i3 = 2. Using the bounds above and
e(1+1log p) < 2, each of the six products is at most C; for example | D20 |f||R| < Ce?(1+log p) <

Ce and |Dow||Df||R| < Ce. O

Lemma 4.4. For 0 < ¢ < ¢q, @ is a diffeomorphism of C that equals the identity on {|z| > b},
maps {|z| < b} onto itself and ﬁxes_O and 1; it extends to a diffeomorphism of S? fixing co. Thus
¢e € D(My;) for k= 0,1. Moreover 0p:/0p: = pie and e — id|ck(c) < Ce.

Proof. The real differential of 1 at a point is the real-linear map v — 9¢ v + 9 ¥, whose norm is
01| +]0¢| < 1 by Lemma 4.3(iv). Hence |p-(p)—p<(q)| > 2|p—q|, and the Jacobian |14 |*>—|dyp|> >
(%)2 — (%)2 is positive. So . is an injective, orientation-preserving local diffeomorphism, and it is
proper because it is the identity outside a compact set. Its image is therefore open and closed, i.e.
all of C. It is the identity on {|z| > b}, so by bijectivity it maps {|z| < b} onto itself. It fixes 0
because 1(0) = 0, and 1 because b < 1. The last two claims follow from dp. = 1+ d%, dp. = O and
Lemma 4.3(iv). O

Lemma 4.5. If 0 < € < min(eg, 1/Cy), then
" (pe—id)(0) = e (k+1)! (log 6°—c5) = —(k+1)! (24¢ecs), 9" (log|dp:|)(0) = 5 O (p-—id)(0).
Consequently, for every closed disc Q 3 0, ||pc—id|[cr1(g) > (k+1)! and || log [O¢c||lcr gy > (k+1)!/2.

Proof. On {|z| < a} we have f := 0y = 2¥q(|z|?) with ¢(s) = &[(k + 1)(log(s + 6%) — cs +s/(8+ 52)],
which is smooth for s > —§2. By the Leibniz rule, 9¥(2*¢(|2|?))(0) = k! q(0), since every other term
contains a factor 9°zF with i < k, which vanishes at 0; and 9%(z¥q(|z|?)) = 2¥0%q(|z|?) vanishes
at 0. Hence 9F14(0) = 9% f(0) = k!q(0) = e(k + 1)!(logé? — cs5), and logd? = —2/e. Next,
log(1+ f) = f + f?6O(f) with © holomorphic on {|f| < 1}. Since f? = szqQ, every term in
the Leibniz expansions of 0%(f20(f)) and 0*(f20(f)) contains a derivative of 22¥ of order at most
k < 2k, which vanishes at 0. Thus 8"log(1 4+ f)(0) = k!q(0) and 9" log(1 + f)(0) = 0. Since
log [0¢:| = 3(log(1+ f) +log(1+ f)) and O"F = 9*F, we get 0% log |d¢.|(0) = 3k!q(0). The lower
bounds follow from [0¥F| < |DFF| and |2 + ecs| > 1. O

Thus p. — 0 and . — id in CF, while dp. 4 1 in CF: the estimate ||0p — 1||cr < ||ullor fails.



5 Keeping the curvature nonnegative
Let U be a smooth real function on a neighbourhood of D with

AU >c¢p>0 onD, (7)
and let h = e~2V|dz|?, so that K(h) = e?V AU > 0 on D.

Proposition 5.1. Let k > 1. There are smooth real functions w. on C, supported in {|z| < b}, which
vanish if k > 2 and do not depend on U, such that the following holds for some €1 > 0 depending on
k,a,b, x, the auziliary data of Section 5.2 and U. For 0 < e < gy

(a) |lweller(cy < Ce, with C independent of U;
(b) the metric g. = e 2V=2e|dz + p. dz|? satisfies K(g.) >0 on D, and g- = h on {b < |z| < 1};

(c) |lge — h”ck(ﬁ) < Cype, with Cy depending on k,a,b, x and HUHC'@(E)} and, if k =1, also on the
auziliary data X, B, w,bw,ag,bg of Section 5.2 and on A, through w,.

Proof of (c¢) and of the last claim in (b). On {|z| > b}, pe = 0 and w. = 0. By (2), the coefficients of
ge —h are e 2U[e 2% (14 |u.|2 £ 2 Re p1.) — 1] and 2e 72V =22 Tm y.. So (c) follows from Lemma 4.3(v),
part (a) and the Leibniz and Faa di Bruno formulas. O

5.1 The case k> 2

Here w. = 0. Since k > 2, part (c) gives ||ge — h||02®) — 0. By Brioschi’s formula, K is a continuous

function of the 2-jet of the coefficients on the set where EG — F? > 0, and the 2-jets of » on D form
a compact subset of this set. Hence K(g.) — K (h) uniformly on D, and K(g-) > 0 on D for small ,
because K (h) > e?minUc,

5.2 The case k = 1: a positive correction

For k = 1, C! convergence does not control the curvature. Indeed, near 0 the leading term 4 Re(9%01))
of K(|dz + pie dz|?) has size about /8 and is negative on half of every small circle. We compensate
with a radial conformal factor. Fix numbers

0<ay <by, <ag<bg<bh, ay < a,

a smooth xy,: [0,00) — [0,1] with x, = 1 on [0,a2] and x, = 0 on [b2,00), and a smooth 5 > 0
supported in [a%, b%] with [ 8 =1 (the auxiliary data). Let A =16. For 0 < ¢ < g¢ define

5+ 262 > 5 + 207
o) = xulo) s — o), o= [ vl s e

W’(s):i:/:p(t) a, W(s) :—/OO Wit dt,  we(z) = W(|2]).

Lemma 5.2. The function w, is smooth, radial and supported in {|z| < bg}, and, with C depending
only on the auziliary data:

(i) Aw. = Aep(|z]?) > —CAe on C;

(i) on {|z| < aw}, we = Aey/|z|? + 02 + const, hence Aw, = As(|z|> + 26%)(|z|? + 62)73/2 and
|D2w€| < CAE/I[);



(Z'L’L) |UJ5‘ + ]Dw5| < CAe on (C, and Hw5||02({|2|2aw}) < CAe.

Proof. Differentiation shows [7(t + 252)(t + 6%)73/2dt = 25(s 4+ 62)~ /2. Hence 0 < ¢, < 2by, and
fooop = cy—cw B = 0. Let Q(s) = fo p. Since p = 0 on [bﬁ, o0), @ vanishes there, so W’
and W vanish on [b%, o0). On [O,aw] we have Q(s) = 2s(s + 62)"1/2, W'(s) = %(5 + 62)~1/2 and
W (s) = AeV/s + 02 +const; this formula extends smoothly to s > —d2, so w is smooth, and (ii) follows
by a direct computation and Lemma 4.2 (applied to (14 |¢|?)/2? € S'). For a radial function W (|z|?)
we have OW = W'z and AW = 4(W' 4 sW") = 4(sW’)’, which equals Aep because sW' = %Q;
and p > —c¢ysupfS > —2b,supB. This proves (i). For (iii): if s < a% then 8 = 0 on [0,s], so
0 < Q(s) <2s(s+0%) Y2 and 0 < W(s) < 45(s+62)7V2% if s > a% then |Q(s)| < 2¢, and

2
[W'(s)| < Asbw/a%. Since |Dw.| = 2|W'(s)||z| and |w:(2)| < f‘zllag |W'], the first bound in (iii) follows.
On [a2), 00) the functions p and @ and their derivatives are bounded uniformly in §, hence so are W’
and W (up to the factor Ae), which gives the second bound. O

Lemma 5.3. For z€ C and § > 0,

4)82 23 ‘ < | 2|2 + 262

|12+ 6217 7 (|27 + 62)%/2
Proof. A direct computation gives 02(23/(|z|> + 6%)) = 2(2|z|* + 662|z|? + 66*)/(|2|* + 6%)%. Put
|z|?> = 062, The claim becomes 01/2(0 —|— 30+3) < ( 2)( )3/2, and after squaring it follows
from the identity (o + 2)%(c +1)3 — (02 + 30 + 3)? = 01 + 403 + T0% + To + 4. O

Proof of Proposition 5.1 for k= 1. Part (a) is Lemma 5.2(iii). Let v = |dz + p. dz|?. Since |u| <
2|0¢| < 3, Lemma 2.2 gives

e 20Ut K (g.) = Ky + A (U + w.) = 4Re(8pe) + AU + Aw. + Ry + Ry, (8)

with |Ri1| < C(luel| D?pie| + | Dpee|?) and [Rp| < C(|pel|[D*(U + we)| + [Dpel | D(U + we))).

On {|z| < ay}. Here x = 1, s0 O = £23/(|2]* + 6%). By Lemma 4.3(v),(vi), |uc| < Cep, |Dpe| <
Ce, |D?us| < Ce/p and |D?*(ue — 0¢)| < Ce; by Lemma 5.2, |Dw.| < CAe and |D?*w.| < CAe/p.
Hence |R1| < Ce? and |Rz| < C’e, where C’ depends also on HUHCQ(E). By Lemma 5.3,

3 |z‘2—|—252

41D?*(pe — V)| > —8e—n—
| D" (pe — OY)| 2 8(’Z|2+52)3/2

4Re(0%u) > 45‘82 — Ce.

Exi
Since Aw. = 16¢(|z|? + 26%)(|z|> + 52)*3/2 there, (8) and (7) give 6*2(U+“’5)K(g€) >cg—C'e.

On {ay, < |z| < b}. Here p > ay, so Lemma 4.3(v),(vi) give |pue| + |Dpe| + |D?ue| < Ce/ay, and
Lemma 5.2 gives ||we||c2((|2)>a,}) < CAe and Aw. > —CAe. Hence e 2UHw) K (g.) > ¢ — C"e.

On {b < |z| <1} we have g. = h. So K(g-) > 0 on D once ¢ < €1 := min(eg, co/(2C"), co/(2C")).
O

6 Proof of Theorem 1.1

6.1 The case £ =0

Let g = Hy(u,p) and h = e 2g,. With g, = 1/(I + 1), Proposition 3.1 gives h; = Iy(u,¢:,) €
R>0(M,), isometric to h (so in Rwg if h is), equal to h outside {|z| < 3}, with & — h in C°, while
e, (0) = e for all [, so ¢, /4 id in C!. Lemma 2.3 transfers this to g; = ¢*h; = H(u, @, © p),
which is isometric to g and equals g outside ¢! ({|z] < 3}).
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6.2 The case k > 1, g not flat

By Lemma 2.3 we may assume ¢ = id, i.e. ¢ = h = e~ ?%g,; the general case follows by pulling back
with . In the chart, h = e72V|dz|?> with V = w if K = 0 and V = u + log(1 + |2|?) — log?2 if k = 1.
Since K (h) > 0 and h is not flat, the open set { K (h) > 0} is non-empty; choose a point p € C\ {0, 1}
in it and ro > 0 such that the closed disc B = {|z — p| < ro} does not contain 0 or 1 and K(h) > 0
on B. In the coordinate ¢ = (z — p)/ro we have h = e~2V|d¢|? with U(¢) = V(p + ro¢) — log g, and
AU = 73(AV)(p +ro¢) > 0 on D, so (7) holds for some ¢y > 0. For 0 < ¢ < min(eq,e1,1/Cp) let @,
e and we be as in Sections 4 and 5 (in the variable (), and define U! by

Ulo®. =U +log |0®.| + w..

This is a smooth function that equals U outside {|(| < b}. Let p.(2) = p+roP((z —p)/r0), extended
by the identity outside B, and let u. be the smooth function on M, that equals u outside B and
satisfies u. —u = (UL = U)((z — p)/ro) on B. Then ¢. € D(M,) by Lemma 4.4, and by Lemma 2.1
the metric g. := I, (ue, ¢c) equals, in the coordinate ¢ on B,

O (e 2% |d¢[?) = eV |d¢ + pie dC),

and g. = h outside B. By Proposition 5.1, K(g.) > 0 on B and K(g.) = K(h) > 0 elsewhere;
ge is complete because it equals h outside B. Hence g. € R>o(Myx) (and g € R>o if h € Rxo),
us € O>0(M,), and 1171 (g:) = (ue, ¢c). Now let € = g, — 0.

e g, — h in the Cck topology, by Proposition 5.1(c) (Changlng coordinates from ¢ to z multiplies
the coefficients by 7y 2 and their j-th derivatives by 7“0 ), and g., — h is supported in B.

e ., —id in C*, since ¢, —id = rotb((z — p)/ro) and ||| o < Ce (Lemma 4.3(iv)).
o ©e, A id in C*1 since |0F (g — id)(p)| = o ¥|0* 14 (0)| > 7 ¥ (k + 1)! by Lemma 4.5.

e u, / uin CF. Otherwise, along a subsequence, U, — U in C*(D). Since ®., — id in C*(D)
and ®.,(D) = D, Lemma 2.4 gives U/, o ®;, — U in C*(D), that is, log|0®¢,| + we, — 0. As
we, — 0 in C* (Proposition 5.1(a)), this contradicts || log 09|l oy = (k+1)!/2 (Lemma 4.5).

This proves (b) for non-flat g. Every metric in R>((S?) is non-flat by the Gauss-Bonnet theorem, so
this completes the case k = 1.

6.3 The case Kk =0, k> 1, g flat

By Lemma 2.3 we may assume g = h = e 2%gg. Since h is complete and flat and C is simply connected,
(C, h) is isometric to the Euclidean plane. An isometry ¢: (C,h) — (C, go) is conformal for gg, hence
1(z) =Xz +cor AMZ+c,and h = 1*gy = |A|?go. So u is a constant c.

Let v = $log(l + |2]?) and, for 0 < ¢t < 1, Uy = ¢ + tv and hy = e 2Vtgy. Then AU, =
2t(1 + |2?)72 > 0, so K(hy) > 0; h; is complete, because a curve from {|z| < R} to infinity has
hi-length at least e f (1+7r2)~ t2dr = oo; and hy — ¢ in the C* topology as t — 0. On D we
have AU; > t/2. For | € N put ¢; = 1/l and apply Sections 4 and 5 to U = Uy,, centred at 0 (which is
allowed: ¢ fixes 0, and it is the identity near 1 because b < 1), with a parameter ¢; chosen so that

0<g < min(sg, 1/Co, e1(Uy,), 1/l) and CUtlsl <1/l

This gives ¢; = id + 9, w; = we,, w defined by w; 0 ¢ = Uy, + log |0py| + wy, and g = Tlo(w, ¢1),
Wthh equals e 2V =2 |dz 4 p.,dz|> on D and hy, outside D. As in Section 6.2, g; € R(C) and
I, ' (g1) = (w, ¢1). Note that g, < 1/1, so &; — 0; the second and third claims below use this.
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e ¢ — ¢ in the C* topology: for a compact Q C C, lgi—gllergy < ||gl—htl||Ck®)+||htl—g\|ck(@ <
1/14 o(1).

e ¢ — id in C* but not in C**1: |¢; — id|| o« < Cey, where C does not depend on [ because ).
does not depend on U; and |[0¥T1(y; —id)(0)| > (k + 1)! by Lemma 4.5.

e u; /4 ¢y in CF: otherwise, along a subsequence, u; o ¢; — ¢, in C* (D) by Lemma 2.4; since also
Uy, — co and |Jwi]|cr < Cep — 0 with C independent of | (Proposition 5.1(a)), we would get
log |01 — 0 in C*(D), contradicting Lemma 4.5.

Pulling back by ¢ (Lemma 2.3) completes the proof of (b), and of Theorem 1.1. O

7 Remarks

Remark 7.1 (Sharpness). Let k¥ > 1 and 8 € (0,1). The identity map REO(M,Q) — R];OHB(M,Q)
is continuous, because on a closed disc || f||gk-145 < C||f|lcr. Since k — 14 3 ¢ Z, the map
It R%HB — (’);Hﬁ x DF*P is continuous [BH15, Theorem 4.1], [BB18, Theorem 8.4 and (9.2)].

Hence 11! is continuous from Réo into (’)I;BHB x DF+P: only the endpoint exponents are lost. Con-
sistently, in Theorem 1.1(b) we have ¢; — ¢ in C*. For k = 0 there is no such statement.

Remark 7.2 (Other topologies on the diffeomorphisms). For k£ > 1, the sequences of Theorem 1.1(b)
have g; — g in C* while u; 4 u in C*. So the map g +— u (the first component of 1) from Réo to
(’)’go is discontinuous at every point, and II is not a homeomorphism for any topology on D(M,). For
k = 0 the spirals leave u unchanged, and their pullbacks ¢?g, converge to g, in CY. At flat metrics
the following example shows that the u-component is discontinuous for k£ = 0 as well.

Proposition 7.3 (Smoothed cones). For 0 < ¢ < % let n = e /e, B =¢/(1 —¢), 6 = n'th,
A(s) = (s+7%) /(1 +n?) and

pe(z) = 2 A(2)P2, we(w) = §log(jwl® +6).

Then u: € O=0(C), v € D(C), and g- = Hp(ue, pe) satisfies supc |ge — go| < Ce (coefficientwise,
with a universal C), so ge — go uniformly on C. However us(0) = —1/(1 —¢) and |0¢-(0)| < e t; in
particular us /4 0 in C° and pgo 4 go in C°.

Proof. Au. = 2e6%(Jw|?> +6%)72 > 0, and e~ 2sgg = (Jw|? + 62)~¢|dw|? is complete since ¢ < 1 (radial
lengths diverge); so ue € Oso(C). The map ¢, is radial, z — 2zF(|z|?) with F = A%/? smooth
and positive, and r +— rF(r?) is a strictly increasing bijection of [0,00) (its logarithmic derivative
is 1+ Bt > 0, where t = |z|?/(|z|> + 1?)); hence ¢, is a diffeomorphism of C, and it fixes 0 and 1.
One computes dp. = F(1 + %) and dp. = F%%, 50 |0pe| < |O¢e|; thus . preserves orientation,
¢- € D(C), and by Lemma 2.1 g. = \|dz + pdz|? with |u| = % < f/2<eand

log \ = —elog(sAﬂ—HSQ) +BlogA+210g(1+%), s = |z

We use B —e—ef =0. If s > 0%, then A >n?, so sA® > 7?28 =62 and 1 < (s +n?)/s < 2; writing
log(sAP462) = log s+81og A+log(1462/(sAP)) gives log A = log(A/s)—elog(1+6%/(sAP))+2log(1+
%) = 0(e). If s <n?, then A/n? € [(1+1?)71,2] and sA® < 2562, 50 log(sA® + §2) = log 6% + O(1)
and BlogA = Blogn? + O(B), whence log\ = 2logn (3 — e — B) + O(¢) = O(e). The implied
constants are universal. So |\ — 1| < Ce and |u| < ¢, and (2) gives the uniform bound. Finally
4(0) = logd = —(1+ ) = —1/(1 - £) and [9p=(0)] = (12/(1 + 72))%/2 < 5B = e~ 1/0). 0
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By Lemma 2.3 (and multiplication by the constant e=2¢) the same holds at every flat metric on

C.

Remark 7.4 (Variants and scope). (i) [BB18] also considers the map (8.1) there, DYT1(5?) x I'(S?) —
RY(S?), (p,u) — p*(e"?“g1), on all smooth metrics on S2. The constructions of Sections 3 and 4
and Section 6.2, with w. = 0, at any point p ¢ {0,1,00} and without the curvature step, show
that its inverse is discontinuous at every point for every integer v > 0. (ii) We do not treat RP?
which is also covered by [BB18, Theorem 8.4] for non-integral exponents; an equivariant version of

the constructions should work, but we have not written it out. Nor do we treat the spaces R>\(5?)
with A # 0.

8 Computations

The proofs above do not use any computation. As sanity checks, the sequences of Sections 3 to 5
were evaluated numerically for the model metrics U = 3log(1 + |2|?) (k = 0, K (k) = 2/(1 + |2[?))
and U = log(1 + |2|?) — log2 (k = 1, the round sphere), with a = 0.2, b = 0.9, a,, = 0.1, b, = 0.3,
l[ag,bg] = [0.35,0.9] and A = 16. The cut-offs are steps and a bump in |z| = /s: with S(t) =
e (et 4 e /0-) for 0 <t < 1,8 =0on (—00,0] and S =1 on [1, c0),

A(s) = 1_3(\25_—61&)’ Yuo(s) = 1_5(2/5:;:”)7 B(s)=cS(T)(1-5(7)), 7= \b/;__;l:,

with ¢z > 0 chosen so that [ = 1. All derivatives were computed by exact truncated Taylor
arithmetic (no finite differences) on log-polar grids that resolve §/100 < |z| < 0.95; below, min K
denotes the minimum over such a grid. Table 1 shows typical values.

koK 2 lpe —idlex llge = hllorm) 0" (pe —id)(0)  minK(g)

1 0 002/001 0.0158/0.0079 0.893/0.395 —3.9503 / —3.9752 0.438 / 0.930
1 1 002/001 0.0158/0.0079 3.656/1.645 —3.9503 / —3.9752 0.655 / 0.826
2 0 0.02/0.01 0.0560/0.0280 0551 /0276 —11.851/-11.926 1.034 / 1.051
2 1 0.02/001 0.0560/0.0280 2.204/1.102 —11.851/-11.926 0.874 /0.937
3 0 002/001 0311/0156 3.511/1.755 —47.404 / —47.702 1.051 / 1.051
3 1 002/001 0311/0156 14.04 / 7.021 —47.404 / —47.702  0.922 / 0.961

Table 1: Numerical values (sanity checks) for the maps of Section 4 and the metrics of Section 5. The
C* distances decrease approximately linearly in ¢ (for k& = 1 the metric distances contain terms of
order £2 from e~2%= since Ae is not small); the values of 97! (p. —id)(0) agree with —(k-+1)!(2+¢ccs)
of Lemma 4.5 to all printed digits and tend to —2(k + 1)!.

For the tested values ¢ € {0.02,0.015,0.01} the minimum of K(g.) over the grid is positive for
k=1,2,3 and kK = 0,1. For k =1, kK = 0 and the larger values ¢ = 0.04,0.03 a negative minimum
occurs in the outer annulus a,, < |z| < b. This is the smallness condition of Proposition 5.1 at work.
On that annulus the proof gives e 2U+w) K (g.) > AU — "¢, where C" depends on the cut-offs, the
radii, A and [|U|| 2, but not on €, so K(ge) > 0 once ¢ is below a threshold of order ¢o/C" (this is &1
in the proof). Two terms contribute comparably to C"": the negative part —Aec,, S of Aw., and the
term 4 Re(0?0¢) that comes from the transition of x; at the negative minimum found in the second
independent run described below (k = 1, K = 0) they are about —27¢ and —21e. Hence the value of
€ below which the numerics show K > 0 depends on the cut-off shapes and on U. The program of
item 2 below (its first parameter set) and the second independent run use the same radii but other
cut-offs, steps and a bump in |z|? built from e~/# (the same in both), and both find a negative
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minimum already at € = 0.02 (about —0.008 and —0.009 for £ = 1, k = 0, in the outer annulus); for
these cut-offs the second run finds C"" ~ 45-48 for all tested ¢ between 0.001 and 0.04 and all tested
U, and with steeper cut-offs built from e~1/%” it finds C"” ~ 240 and negative minima at e = 0.02 and
0.01 (for k =1, and for k = 2 with k = 0). For smaller AU the threshold is smaller: in the chart of
Section 6.2 at the point % of the round sphere with ry = 0.3, where AU = 0.16 at the minimum, that
run finds negative values in the outer annulus for ¢ = 0.02,0.01,0.005 and positive ones at ¢ = 0.0025
(k =1), and for k = 2 negative values at ¢ = 0.02 and 0.01. This does not contradict Proposition 5.1,
which asserts positivity only for ¢ < e;. Without the correction w,, the minimum of K for k =1 and
e = 0.01 is about —2 - 10*2, which shows that the correction of Section 5.2 is needed. The spirals of
Section 3 give ||hs — hljco = 0.49,0.22,0.10 for € = 0.2,0.1,0.05 (k = 0), and the smoothed cones of
Proposition 7.3 give supc | log A|/e € [1.00,1.18] for 0.005 < & < 0.2.

Verification. The claims were checked as follows.

1. The programs behind Table 1 use exact Taylor-jet arithmetic. They also check Lemma 5.3, the
Jacobian of the spirals, and that (K, — 4 Re d?u)/t? stays bounded for g = O(t) (Lemma 2.2).

2. A first independent verification run, which was Al-assisted, re-derived every step of the proofs,
re-ran these programs with byte-identical outputs, and recomputed K (g.) by a separate method:
finite differences and the formula K(g.) = eZVA¢;|dZ|2V with V' = U + log|9¢.| + we, in 36
configurations, together with a 60-digit spot check at the scale d; it found K > 0 throughout.
A further program, written for the release, computes K(g.) as the curvature e’ AF of the
conformal metric e=2F|dw|? with F = V o ¢-!, inverting . by Newton’s method and using
120- to 238-digit arithmetic near 0 (down to |z| = §/100); it uses neither Taylor jets nor
Brioschi’s formula, and its cut-off functions differ from those above. For k = 1,2,3, k = 0,1,
e € {0.0125,0.008,0.005} and two sets of cut-offs it finds K(g.) > 0 at every grid point; for
¢ = 0.02 the same holds except for k = 1, k = 0, where values down to —0.14 occur in the outer
annulus, so that ¢ = 0.02 is not yet small enough for these cut-offs. At z = —2§, for k =1 and
e = 0.02, it gives K(g.) ~ 3.6 - 10, and K ~ —4.1 - 10** without the correction w.. It also
checks Lemma 2.2 with the curvature computed from the Riemann tensor, the formulas (3), (4),
the values in Lemma 4.5, and Propositions 3.1 and 7.3.

3. A second independent verification run, also Al-assisted, re-derived every step of the proofs and
wrote its own programs from the definitions in this note (included in the release): truncated
Taylor jets in 56- to 480-digit decimal arithmetic, the radii above, and cut-offs that are steps
and a bump in |z|? built from e~1/* (for comparison also from e~1/%*). It computes K (g.) from
the Christoffel symbols and, separately, as eZVASOHde V; the two agree to a relative error below
2-107°! at every grid point, and a third code path (finite differences and Brioschi’s formula)
agrees with them to 2 - 10720 at 224 points, including |z| = §/3,6,55 and all cut-off annuli.
It confirms the values in Lemma 4.5, the approximately linear decay of the C* distances, the
inequalities of Lemmas 2.2 and 5.3 on test data, and Propositions 3.1 and 7.3, and it estimated
the constant C" as described above. It also re-ran the programs of items 1 and 2 from the
source archive of the release: the outputs of item 1 were reproduced byte for byte, and those of
item 2 up to timing fields.

Scope and priority. Theorem 1.1 answers the question of [Bell7, p. 149] in the precise setting
of [BB18, (8.3), (9.2), Theorem 8.4]: » € DF1 v € OF g € R¥, all with uniform convergence on
compact sets, for My = C and M; = S? and every integer k > 0, both for R>o0 and for R~o. The
answer is negative. The report writes the map with the pushforward ¢, in place of the pullback ¢*; as
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explained in the paragraph after Theorem 1.1, this does not change the answer, because ., = (¢~ 1)*
and inversion is a homeomorphism of D**!(M,). By Remark 7.2 and Proposition 7.3 the answer
stays negative under other natural choices of topology on the diffeomorphism group, except that for
k = 0 we have treated only flat metrics in that setting. For what we do not treat see Remark 7.4. We
read the Oberwolfach report, the arXiv versions of [BB18] (v2) and [BH15] (v3), and later papers of
Belegradek; we did not read the erratum [BH16] itself and rely on the account of it in [BB18, proof
of Theorem 8.4]. In September 2026 we searched arXiv (Belegradek’s author listing and keyword
queries), OpenAlex (all works citing [BH15], [BH16] or [BB18]), zbMATH and the web, and found no
treatment of the integer case. This negative search is not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the coun-
terexamples and the arguments, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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