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Abstract

For a primitive 0-1 matrix A, Freslon, Gerontogiannis and Skalski computed the quantum
isometry group G of the log-Laplacian spectral triple on the Cuntz—Krieger algebra O4. They
showed that the quantum automorphism group QAut(A) is a quantum subgroup of a larger quan-
tum group G, and asked if it is one of G¥ when QAut(A) # Aut(A). We show that the answer is
negative in general. For the Cuntz algebras Oy and for A = Jy — Iy, with N > 4, the quantum
permutation group S7; = QAut(A) is not a quantum subgroup of G¥. For every primitive A with
QAut(A) # Aut(A), the canonical inclusion of QAut(A) in G does not extend to G, and the
natural action of QAut(A4) on O4 is not isometric for this spectral triple. Quantum groups such as
S]t[, M > 4, cannot sit in G through an embedding that fixes a vertex. On the other hand, for
two explicit primitive 4 x 4 matrices, the non-classical QAut(A) (the dual of the infinite dihedral
group, and the hyperoctahedral quantum group H. ;’ ) is a quantum subgroup of G%. For general
A it remains open whether S]\Z, M > 4, can sit in G through an embedding that fixes no vertex.
This is an unrefereed note.

1 Introduction

Let N > 2 and let A € My({0,1}) be primitive: some power of A has only positive entries. This is
the standing assumption of Freslon, Gerontogiannis and Skalski [FGS26]. The Cuntz—Krieger algebra
O 4 [CK80] carries a spectral triple built from the log-Laplacian of the underlying topological Markov
chain, with classical isometry group T Aut(A) [GGM25]. In [FGS26] its quantum isometry group is
computed: it is the compact matrix quantum group G, the last member of a family GQ, ¢ e NU{co}
(Definition 2.1), in which (Gg is a quantum subgroup of Gg for £ < /¢'. By [FGS26, Proposition 5.11],
the quantum automorphism group QAut(A) of the graph of A [Ban05] is a quantum subgroup of G},
and Aut(A) is one of G; just before that proposition the authors write that it is unclear whether

°C contains QAut(A). In Skalski’s abstract in Oberwolfach Report 4/2026 [Ska26, p. 230] this is
Question 1: “does the same hold for G, when QAut(A) # Aut(A)?” It is record OWR-14299906-003
of the UnsolvedMath dataset [ula26].

Quantum subgroups are defined by surjective quantum group homomorphisms (Section 2). The
question has an abstract and a canonical reading: (Qaps) is there a surjective quantum group ho-
momorphism C(GY) — C(QAut(A4))? (Qcan) does the homomorphism r: C(GY) — C(QAut(A)),
wij — pij, of [FGS26, Proposition 5.11] factor through the quotient C(GS)? A positive answer to

(Qcan) gives one to (Qaps)-
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Let Jy be the all-ones N x N matrix (written 1y in [FGS26]); Oy, is the Cuntz algebra
Opn [Cun77]. Let da(a,c) be the length of a shortest directed path from a to ¢, and Ly = 1 +
maxg.da(a,c) < N. Thus Ly =2 for Jy and Jy — Iy.

Theorem 1.1. Let A be primitive with QAut(A) # Aut(A). There is no x-homomorphism C(Gﬁ“) —
C(QAut(A)) with u;j — p;j. Hence r does not factor through C(GY) for any € > La, in particular
not through C(GF), and the action S; — 3, pi; ® S; of QAut(A) on Oy is not D-isometric.

The abstract reading needs a property of the target. A compact quantum group H has property (G)
if its polynomial algebra Pol(H) is not commutative and the coefficients of every finite-dimensional
unitary representation of H other than the identity matrix generate Pol(H) as a *-algebra. By Banica’s
fusion rules [Ban99], S;; has property (G) for M > 4 (Lemma 2.5).

Theorem 1.2. Let A be primitive, let H have property (G), and let £ € NU {oco}. There is no
surjective quantum group homomorphism m: C(Gg) — C(H) in each of the following cases:

(a) £>2 and A € {Jn, N — IN};
(b) £>La+1 and 7 fizes a vertex: m(p,,) =1 for some z;
(¢) £ > Ly and each m(ui;) is a scalar multiple of 7(p;;).

Corollary 1.3. Let N > 4 and A € {Jn,Jy — In}. Then QAut(A) = Sy # Sy = Aut(A), and no
SJD with M > 4 is a quantum subgroup of GEA for any £ > 2. In particular, Sj(] is a quantum subgroup
of G}L‘ but not of the quantum isometry group G .

By contrast, Sy x S¥ is a subquotient of G7;, [FGS26, Proposition 5.12]. Level two does not
suffice in general: for the primitive 5 x 5 matrix Ay, of Example 4.2, QAut(Apy,) = SZ' is a quantum
subgroup of Gihub but not of G‘Zhub.
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Proposition 1.4. The matrices Ap = <‘f 14 6) and Ap = | {11 ?) are primitive. QAut(Ap) is
1011

the dual of the infinite dihedral group Zs * Za, and QAut(Ag) is the quantum automorphism group

of the 4-cycle, which is the hyperoctahedral quantum group H2Jr of [BBCO7]. Neither is classical, and
each is a quantum subgroup of G, respectively G .

So (Qcan) always has a negative answer, while the answer to (Qaps) depends on A. For general
A it remains open whether a quantum group with property (G), such as S]J\}, can be a quantum
subgroup of G through an embedding that fixes no vertex (Problem 4.3). The arguments are short:
Theorem 1.1 rests on writing p.ppeq as a sum of partial isometries with orthogonal ranges and sources
(Theorem 3.1), and Theorem 1.2 combines the commutation relations forced by the partial isometry
condition with property (G).

2 Preliminaries

Conventions. We follow [FGS26, Wor87]; references to [FGS26] use the numbering of its arXiv
version 3. A compact quantum group G is a unital C*-algebra C'(G) with a coassociative unital
s-homomorphism ®: C(G) — C(G) ® C(G) satisfying the usual density conditions. A matrix v
over C(G) is a representation if ®(vij) = >, vit ® vgj. Coefficients of finite-dimensional unitary
representations span the dense Hopf x-algebra Pol(G), with counit e(v;;) = d;; and invertible antipode
S(vij) = vj;; such v decompose into irreducible ones. A group-like unitary is a unitary g with
®(g) = g ®g. A quantum group homomorphism is a unital x*-homomorphism 7: C(G) — C(H) with



Oy = (7 ® m)Pg; if 7 is surjective, H is a quantum subgroup of G [FGS26, Section 5.3]. The paper
[FGS26] also uses surjective Hopf x-homomorphisms Pol(G) — Pol(H); our non-existence proofs only
use relations between images of generators, so they apply to these verbatim, and the maps of Section 5
restrict to such homomorphisms. A magic unitary is a matrix of projections whose rows and columns
sum to 1. C(QAut(A)) is the universal C*-algebra generated by the entries of a magic unitary p
with Ap = pA, with A(pij) = >4 pik ® prj [Ban05], [FGS26, Definition 5.9]. Its abelianization is
C(Aut(A)), where Aut(A) = {0 € Sy : Agi)o(s) = Aij}; we write QAut(A) # Aut(A) if C(QAut(A))
is not commutative. Magic unitaries commute with Jy and Iy, so QAut(Jy) = QAut(Jy—In) = S]'f,,
Wang’s quantum permutation group, which is non-commutative for N > 4 [Wan98|.

A word o € [N]" is admissible if Ay, , = 1 for i < n; V} is the set of admissible words of length
n, and @ the right Perron—Frobenius eigenvector of A.

Definition 2.1 ([FGS26, Definition 3.6]). For £ € N U {00}, C(GY) is the universal C*-algebra
generated by partial isometries u;;, 4,7 € [N], with range projections p;; = u;ju;; and source pro-
jections ¢;; = ufjuij, such that (I) p and ¢ are magic unitaries with pi = @1 = qu; (II) Ap = ¢A4;
and (III) for n < £ and o, B € V}, uapg = Ua, 8, - Ua,p, is a partial isometry. The coproduct is
P(uij) = Y5 ik @ ug;j [FGS26, Proposition 3.12].

For ¢ < /' the identity on generators is a surjective quantum group homomorphism C’(Gﬁ) —
C’(Gg), so quantum subgroups of Gﬁ are quantum subgroups of GQ. The algebra O4 is generated
by Si,..., 8y with >,.5;57 =1 and S/Sg = ik 3 ; Aij5;57 [CK80], and a(S;) = >, uij ® S is an
action of GY% on O [FGS26, Proposition 4.2]. For ¢ = oo it is D-isometric in the sense of [FGS26,
Definition 3.4] and final [FGS26, Theorem 4.5]: every D-isometric action ¢ of a compact quantum
group G on 04 is (p ® id) o p4 for a unique quantum group homomorphism p: C(G%¥) — C(G).
Since the p;; are projections, u +— p gives the surjective quantum group homomorphism «: C' (Gh) —
C(QAut(A)) [FGS26, Proposition 5.11].

Lemma 2.2. In a C*-algebra: (a) for partial isometries V, W, the product VW is a partial isometry
if and only if V*V' commutes with WW™*; (b) for projections P, Q, the product PQ is a partial isometry
if and only if PQ = QP; (¢) a sum of partial isometries with pairwise orthogonal ranges and pairwise
orthogonal sources is a partial isometry; (d) projections with sum 1 are pairwise orthogonal.

Proof. (b) If PQ is a partial isometry, QPQ is a projection, so X = (1 — Q)PQ has X*X = QPQ —
(QPQ)? = 0; thus PQ = QPQ = QP. (a) Put E = V*V, F = WW*. If EF = FE, then
(W*EW)2 = W*EFEW = W*EW, so (VW)*VW is a projection. Conversely, if W*EW is a
projection, so is W(W*EW )W* = FEF = (EF)*EF; then EF is a partial isometry and EF = FE
by (b). (This criterion is also used in [FGS26].) (c) V;*'V; = Vi*(V;V;*)(V;V)V; = 0 for i # j, so
(Vi) 22V =3 V;'Viis a projection. (d) E; = Ei(Y_; Ej)E; gives 3, ,,(E;E;)"E;E; = 0. O

Lemma 2.3. (a) In C(GY), ugul = ufuy = uul;, = uj,uy = 0 for k # 1l; hence ®(p;;) =
>k Pik ®@pr; and D(qi;) = Yk Gik @ qj. Moreover (Age — Ava) qavPea = 0 for all a,b,c,d. (b) In C(GY)
with € > 2, qap, commutes with peq if Age =1 or Apq =1. If A € {Jn,In — IN}, every qqup commutes
with every peq. (c¢) If p is a magic unitary with Ap = pA, then (A, — Aj) pijpi = 0 for all 4,7, k, 1.

Proof. (a) See [FGS26, Remark 3.8 and the proof of Lemma 3.10]: for instance u;ru}; = uirqinguul; = 0;
expand @ (u;;)P(ui;)* and P(ui;)* ®(us5); and multiply the (a,d) entry of Ap = gA by qqp on the left
and by pqg on the right. (b) If A, = Apg = 1, then wugueg is a partial isometry by (III), and
Lemma 2.2(a) applies. If exactly one of them is 1, then gupped = 0 = peagap by (a). For Jy — In the
only remaining case is a = ¢, b = d, and there p,, =1 — Zy 4bPay; where each p,, commutes with g,
as Apy, = 1. (c) Multiply the (7,1) entry of Ap = pA by p;; on the left and by py; on the right. O



Lemma 2.4. (a) Let P be a magic unitary representation of a compact quantum group H. Then
i~j < P #0 is an equivalence relation on [N], Pi; = 0 if ezactly one of i,j lies in a class O,
and Po = (Pjj)i jeo s a magic unitary representation, not the identity matriz if |O] > 2. (b) If P,Q
are magic unitaries with AP = QA, and r;, ¢; are the out- and in-degrees of i, then (r; —1;)Qi; =0
and (¢; — ¢;)Pi; = 0.

Proof. (a) This is the orbit relation of quantum permutation groups [LMR20]: (P;;) = 1; S(P;;) = Pji
with S injective; and if Py, # 0 # Pgj, then (P, ® Pij)®(F;) = Pt ® Py; # 0. The rest follows
as rows and columns sum to 1. (b) Applying AP = QA to the all-ones vector gives ), Qixrr = 7i;
multiply by Q;; on the left. Multiplying AP = QA on the left by the all-ones row gives >, ¢ Pyj = ¢;;
multiply by F;; on the left. O

Lemma 2.5. (a) If H has property (G), its only group-like unitary is 1. (b) For N > 4, SY; has
property (G).

Proof. (a) A group-like unitary g # 1 would generate Pol(H), which would be commutative. (b)
Pol(S7;) is non-commutative [Wan98] and is generated by the entries of the fundamental magic unitary
p [Wor87]. By Banica’s theorem [Ban99, Theorem 4.1] for B = C¥, the irreducible representations
of S]'\F[ can be labelled 7o = 1,7r1,79,... with r, ® r; = Tlk—t] © Tk—t41 D - D Tk, and p Zrg®r
(in [Ban99], 1 is the complement of the trivial subrepresentation of p). A finite-dimensional unitary
representation v other than the identity matrix contains some 7, k > 1, so the coefficients of r; are
linear combinations of those of v; products of two of them span the coefficients of r, @ r, O r1. Hence
all p;; lie in the *-algebra generated by the coefficients of v, which contains 1 =3 j ViU O

3 The canonical inclusion does not extend

Theorem 3.1. Let A € My({0,1}) be irreducible and p a magic unitary in a unital C*-algebra with
Ap = pA. If To 38 = PaiBy - " PanB, 5 a partial isometry for alln < Ly and o, 3 € V', then the p;;
commute pairwise.

Proof. If a = ¢, then puyped = OpaPab = PedPab- Let a # ¢, m = dala,c) < L — 1, and fix

a=(a,x1,...,Tm—1,C) € VIZ‘"H. Inserting 1 = Zy Pzy for each intermediate letter gives
PabPcd = Z Ta,(b,y,d)' (1)
ye[N]m !

If B € [N]™"! is not admissible, then T, 3 = 0 by Lemma 2.3(c), since « is admissible; for admissible
B it is a partial isometry. Summing over all § and using that the rows of p sum to 1 (starting from
Bm+1, respectively B1), we get 35 To 15 5 =1 =351 514 5. By Lemma 2.2(d) the ranges of the
Top, B € VIQ”H, are pairwise orthogonal, and so are their sources. By (1) and Lemma 2.2(c), papped
is a partial isometry, and Lemma 2.2(b) gives payPed = DedPab- O

Proof of Theorem 1.1. A x-homomorphism o: C(Gﬁf‘) — C(QAut(A)) with o(u;j) = pi; maps uq g
to Ty 3, so by Theorem 3.1 (primitive matrices are irreducible) the generators of C'(QAut(A)) would
commute. For ¢ > L4, C(GY) is a quotient of C(Gﬁ“‘). Next, 1(S;) = >_; pij ®5; equals (k®id)opa
for the action ¢ 4 of Gh; as k is a surjective quantum group homomorphism, 1 is an action in the sense
of [FGS26, Definition 3.2]. If 9 were D-isometric, [FGS26, Theorem 4.5] would give p: C(GY) —
C(QAut(A)) with > . (p(ui;) — pij) ® S; = 0 for all i. Multiplying by 1 ® Sy on the left gives
(p(uix) — pir) ® SESE = 0, where S{Sy = > . ApmSmS;y, # 0: A has no zero row, and Sp,,S},
corresponds to the non-empty cylinder set C'(m) under C'(X4) C Oz [FGS26, Section 2]. A slice map
gives p(uir) = pik, so p would factor £ through C(G%), which is excluded. O

4



Remark 3.2. The bound L4 in Theorem 3.1 cannot be lowered in general. Let A7 be the matrix of
the graph on [7] with edges t — 5, 7 — t for t € T' = {1,2,3,4}, and 5 — 5, 5 — 6, 6 — 7; it is
primitive with L4, = 5, and p = ¢ @ I3 commutes with A7 for the fundamental magic unitary ¢ of SI.
Letters from T in an admissible word are at least four positions apart, and p,,3, = 0 unless oy, 3; € T
or aj = f; ¢ T. So for n < 4 each T, 5 is 0, 1 or some gy, while T(y 56.74/),(b,5,6,7,d) = debqe'd 18 not a
partial isometry if quwqra # qeaqen-

4 Quantum subgroups with property (G)

Lemma 4.1. Let A be primitive, let H have property (G), and let 7: C(GY) — C(H) be a surjective
quantum group homomorphism. Put w = 7(u), P’ = 7w(p) and Q' = w(q) entrywise. (a) P' and Q'
are magic unitary representations, and Pz-/j #0 «— Q;j #0 <= w;; #0; we call the classes of the
resulting equivalence relation (Lemma 2.4) the orbits of w. If {z} is an orbit, then wy, = 1. (b) Some
orbit has at least two elements. (c) If O1,02 are orbits with at least two elements (possibly equal),
then Q. P., # P!,Q", for some a,b € Oy and c,d € Os.

Proof. (a) Use Lemma 2.3(a) and |lw;;|*> = |21l = Q. If {} is an orbit, then P}, = @, = 1 and
Wej = Wiz = 0 for j # x, s0 Wy, is a group-like unitary and equals 1 by Lemma 2.5(a). (b) Otherwise
w is the identity matrix and C(H) = n(C(GY)) = C1. (c) By Lemma 2.4(a) and property (G), the
coefficients of Qp, generate Pol(H), and so do those of P/ ; if they commuted, Pol(H) would be
commutative. O

Proof of Theorem 1.2. Case (a): by Lemma 2.3(b), every @/, commutes with every P/,, which con-
tradicts Lemma 4.1(b),(c).

Case (b): let F' be the set of vertices forming one-element orbits and U its complement; F' # ()
by assumption and U # () by Lemma 4.1(b). As A is irreducible, there are an edge x — f1 with
x e U, fi € F, and a shortest path f; — --- — fr — y from f; to U; so f1,...,fr € F', y € U and
1 <k < La—1 Let [z],[y] be the orbits of z,y. Since P, ; = dmy,, the (z, f1) entry of AP" = Q'A
reads 1 = A,y = Eme[x] Qo Amt,, and as the Q',,, m € [z], are non-zero orthogonal projections with
sum 1, Ap,p, =1 for all m € [z]. Likewise the (fz,y) entry gives Zme[y] ApmPry = 1,80 Apm =1
for m € [y]. Hence for a,b € [z] and ¢,d € [y] the words (a, f1,..., fx,c) and (b, f1,..., fx,d) are
admissible, of length k£ + 2 < /, and since wyy = 1 for f € F', the image of the corresponding u, g is
WapWed, & partial isometry. By Lemma 2.2(a), @, commutes with P/, contradicting Lemma 4.1(c)
for O = [z], O3 = [y].

Case (c): write wi; = A\;;P}; then P, = \N\ij)2 P 1;» S0 we may take |\;;| =1, and @ = P’. Thus
AP" = P'A, and P, By P’ is a ummodular multiple of 7(uq g), hence a partial isometry, for
a,BeVy, n<La By Theorem 3.1 the P); commute, contradicting Lemma 4.1(b),(c). O

Proof of Corollary 1.3. QAut(4) = S}, and Aut(4) = Sx (Section 2); S;; has property (G) by
Lemma 2.5(b), so Theorem 1.2(a) applies; and S]'\F, C GY by [FGS26, Proposition 5.11]. O
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vertices, each joined in both directions to a looped hub 5. It is primitive, La, , = 3, and its
Perron—Frobenius eigenvector is (1,1,1,1,2)/6. (i) The hub is the only vertex of out-degree 5, so
by Lemma 2.4(b) the magic unitaries commuting with A}, are the ¢ @ 1 with ¢ any 4 X 4 magic
unitary (these commute with Ap,, as ¢1 =1, 17g = 17). So QAut(Apy) = S§ # Sy = Aut(Apy).
(ii) For the fundamental magic unitary ¢ of Sj, u— w=q®1 is a surjective quantum group ho-
momorphism C(G%hub) — C(S)): P = Q' = w satisfies (I) and (II), and for a, 3 € Vi . with
n < 2 (words tt, t5, 5t, 55) each wq 5 is 0, 1 or some gy (iii) For £ > 3 no H with property (G) is a

Example 4.2 (Level two does not suffice). Let Apy, = ( , 1 the all-ones column: four looped



quantum subgroup of G A, 1 particular QAut(Apyp) is not one of G2, .- Indeed, for a surjection
7, Lemma 2.4(b) for AP" = Q’ A makes the hub a one-element orbit, so w55 =1; for a,b,c,d < 4 the
words (a,5,c¢), (b,5,d) are admissible, 50 wqpweq is a partial isometry and @', commutes with P/,
contradicting Lemma 4.1(c). So the level-two argument of case (a) fails for general A; here level 3
suffices.

Problem 4.3. Let A be primitive and H with property (G), for example S]'\Z with M > 4. Is there a
surjective quantum group homomorphism C(G%) — C(H)? By Theorem 1.2 the answer is negative
for A € {Jn,Jn — INn}, and in general such a homomorphism would fix no vertex and not be as in
Theorem 1.2(c). A negative answer for Sy, would imply that QAut(A) is not a quantum subgroup of

% whenever Sj\'/[ is one of QAut(A), for instance if every permutation of some M wvertices, fixing
the others, is an automorphism of A (then q ® I commutes with A for every M x M magic unitary

q)-

5 Two positive examples

Proposition 5.1. Ap is primitive, C(QAut(Ap)) = C*(Zy x Za) with free generators s,t satisfying
A(s) =s®s, A(t) =t®t, and Aut(Ap) = Za X Zs. The assignment u — diag(s,t,1,1) is a surjective
quantum group homomorphism C(G% ) — C(QAut(Ap)).

Proof. All entries of A% are positive. The out-degrees are 3,3,2,2, so by Lemma 2.4(b) a magic
unitary commuting with Ap has the form ( N 176) < (1ff 1}f) with projections e, f, and every

l1—e e
such matrix commutes with Ap = (% ‘]02 ) So C(QAut(Ap)) is the universal C*-algebra generated
by two projections e, f, that is, C*(Za*Zg) with s = 2e—1,t =2f—1, and A(e) = e®Re+(1—e)@(1—e)
gives A(s) = s® s, likewise for t. The entries of w = diag(s,t,1,1) are unitaries or 0, so P’ = Q' = I
and (I)~(II) hold, and each wq g is 0 or unitary, so (III) holds for all n. The map intertwines the

coproducts and is onto. (It is the quantum gauge subgroup ﬁ; of [FGS26, Proposition 5.10] followed
by C*(Fy) — C*(Za % Z3).) O

Write Ag = 14+ B, with B the adjacency matrix of the 4-cycle 1 —2 —3 —4 —1; indices are taken
modulo 4.

Lemma 5.2. Let p be the fundamental magic unitary of C(QAut(AE)) = C(QAut(B)), and a =
P11 — P13, b = P12 — P14, ¢ = po1 — P23, d = p22 — pas, € = a*. (a) pz+2,]+2 pij and P12 = Piji2-
(b) a,b,c,d are self-adjoint, ab = c¢d = ac = bd = 0, a® = d2 =e, b’ =c=1-¢, andaz® ==z
for x € {a,b,c,d}. (c) Each p;j is (z*> £ x)/2 for some x € {a,b,c,d}; so a,b,c,d generate, and
e is a central projection. (d) Ala) =a®@a+b®c, AD) =a®@b+b®d, Alc) =c®a+d®c
and A(d) =c®@b+d®d. (e) g =2e—1 is a group-like unitary, g # 1, and C(QAut(Ag)) is not
commutative.

Proof. (a) B? = 21 + 2R with R the permutation matrix of i + i + 2, so p commutes with R. (b)
ab = c¢d = 0 by row orthogonality. In ac, the terms p11p21, p13p2s vanish by column orthogonality and
P11P23, P13p21 by Lemma 2.3(c) for B (B2 = 1, B13 = B3y = 0); bd = 0 likewise. By row orthogonality
a? = p11+p13, b2 = p1o+pia, ¢ = pa1 + pas, d* = pag + pag, so rows 1,2 and, by (a), columns 1,2 give
a’?+b? = 24-d? = a®+c® = b?>+d? = 1; hence a®? = d> = eand b? = ¢ = 1—e. Then a® = a(1-b?) = a,
and similarly for b,c,d. (c) p11 = (a® +a)/2, p13 = (a® — a)/2, similarly in rows 1,2, and (a) gives
rows 3,4. By (b), eb = a(ab) = 0 = be, ec = 0 = ce, ea = a® = ae, ed = d> = de. (d) By (a),
Pk1—Dk3 = a, ¢, —a,—cfor k =1,2,3,4,s0 A(a) = >, p1x® (Pr1 —Pr3) = a®a+b®c; the others follow
in the same way from pyo—pra = b, d, —b, —d and from row 2. (e) A(e) = A(a)? = e®e+(1—e)@(1—e)



by (d) and (b), so A(g) = g®g. On C?> & C? let s; = diag(1,—1), s =(}),a =580, d = 5350,
b=0® s, c =0® s2. These satisfy (b), and the matrix given by (c) and (a) is a magic unitary
commuting with B (a direct computation, also done by the program of the Verification paragraph).
There e =1®0+# 1, and p11 = %(1 + s1) ® 0 does not commute with pgs = %(1 + s2) ® 0. O

Here (2 %) is the cubic matrix of [BBCO07, Section 6], and QAut(B) equals the quantum automor-
phism group H2+ of the complementary graph Jy — Iy — B (two disjoint edges) studied there.

Proposition 5.3. Ag is primitive, Aut(Ag) is dihedral of order 8, and QAut(Ag) # Aut(Ag). Put
w1l = a, w1z = b, w31 = ¢, w3z = d, war = wyy = 1 and w;; = 0 otherwise. Then u — w is a
surjective quantum group homomorphism C(G¥ ) — C(QAut(Ag)).

Proof. A% >0, Aut(Ag) = Aut(B) is the symmetry group of the square, and QAut(Ag) # Aut(Ag)
by Lemma 5.2(e). The w;; are self-adjoint partial isometries, and P’ = Q' = ely + (1 — €)X with
Y. the permutation matrix of (13) € Aut(Ag); so P’, Q' are magic, commute with Ag, and fix the
constant eigenvector of the 3-regular Ag. A product of entries of w is 0 or X = z1---x, with x;
self-adjoint and z? a central projection, so X X* = 22 --- 27 is a projection and X a partial isometry.
Hence (I)—(III) hold for every ¢, and the map is onto by Lemma 5.2(c). It intertwines the coproducts:
for ¢,7 € {1,3} by Lemma 5.2(d), as ), w;r ® wy; only involves k € {1,3}; for i = j € {2,4} both
sides are 1 ® 1; otherwise both sides vanish. ]

Proposition 1.4 follows from Propositions 5.1 and 5.3. The embeddings fix vertices, so by Theo-
rem 1.2(b) neither QAut(Ap) nor QAut(Ag) can have property (G); indeed s, ¢ and g are non-trivial
group-like unitaries (Lemma 2.5(a)). By Theorem 1.1 the embeddings are necessarily non-canonical.

6 Concluding remarks

Verification. All results are proved in the text; the computations were used only as checks. (i) A
standard-library Python program checks every finite claim in exact rational arithmetic: primitivity,
Ly, degrees and | Aut(A)| for Jy, J5, Jy—14, J5s—1I5, Ap, Ap, Apup and Az; the model of Lemma 5.2(e),
with the relations of Lemma 5.2, the four coproduct formulas and A(g) = g ® g in the tensor square
of the model; the maps of Propositions 5.1 and 5.3 on all words of length at most 6; and the levels at
which the canonical relations fail in Remark 3.2 and Example 4.2. All 36 checks pass. (ii) Numerical
programs check the same identities in random finite-dimensional models (Pauli-type models of SZF,
magic unitaries from quantum Latin squares), including Lemma 2.2(a), the first failing level of the
canonical relations for five graphs (never later than Lj), identity (1), and Propositions 5.1 and 5.3.
(iii) An independent verification run, which was Al-assisted, checked the proofs of an earlier draft and
its use of [FGS26, Ska26], re-ran the programs of item (ii) (identical outputs), and wrote separate
code for Ap,p, Remark 3.2 and Propositions 5.1 and 5.3 (all words of length at most 7, all four
coproduct formulas). It found that the draft’s argument for a version of Theorem 1.2(b) without a
fixed vertex was incomplete, as Example 4.2 shows, and outlined the corrected statements proved
here. (iv) A second independent verification run, also Al-assisted, checked the present text line by
line against [FGS26] (versions 1-3), [Ska26], [Ban99, Theorem 4.1] and [BBCO07, Section 6], and re-ran
all programs from the source archive (identical outputs). Its own exact code checks the finite claims
again, in a new rational model of a non-commutative 4 x 4 magic unitary and in a second model of
Lemma 5.2, and tests Theorem 3.1 on all primitive A of size 4 or 5 with two disjoint transpositions
in Aut(A) and on all primitive A of size at most 6 in which every permutation of four vertices, fixing
the others, is an automorphism (up to relabelling; 908 cases): the canonical relations always fail at
some level at most L4, with equality in 207 cases. It found no mathematical error and asked only for



changes of presentation, which are made here. The programs and their outputs are included in the
source files.

Scope and priority. Theorem 1.1 answers the canonical reading (Qcan) of Question 1 of [Ska26] (the
question of [FGS26, Section 5.3]) negatively for all primitive A with QAut(A) # Aut(A). Corollary 1.3
and Example 4.2 answer (Q.ps) negatively for Jy, Jy — In (N > 4) and Ay, while Proposition 1.4
gives positive cases. Open are a characterization of the A with a positive answer and, in particular,
whether for general A a quantum group with property (G) can be a quantum subgroup of G¥ through
an embedding that fixes no vertex (Problem 4.3). We read the question in [Ska26] and in the LaTeX
sources of the arXiv versions of [FGS26] (the passage is unchanged from version 1 to version 3).
As of 1 October 2026 we found no work addressing it in arXiv (authors Freslon, Gerontogiannis,
Skalski, Joardar, Mandal, Banica, Schmidt, Weber, and keyword searches), Crossref, OpenAlex (no
recorded citations of [FGS26]), zbMATH and a web search. Related work on quantum symmetries
of graph C*-algebras [SW18, JM18, JS25] does not concern G%. For a different spectral triple on
graph C*-algebras, constructed by Farsi et al., Joardar and Sharma [JS25] show that the quantum
automorphism group of a strongly connected graph does act isometrically; by Theorem 1.1 this fails
for the log-Laplacian triple whenever QAut(A) # Aut(A). The arguments are short and standard;
the question was posed as open by the authors of [FGS26]. This negative search is not a proof of
priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the coun-
terexamples and the arguments, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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