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Abstract

At the problem session of the Oberwolfach workshop Computational Group Theory (June 2025),
M. Stanojkovski asked whether an invariant simpler than the order of the automorphism group
can show that two groups G and G of order p®, class 2 and exponent p (p an odd prime) are
not isomorphic. They are the groups 8.5.14 and 8.5.15 of Vaughan-Lee’s list, whose presentations
and automorphism group orders are due to Vaughan-Lee, and they are the one pair of 5-generator
groups of order p® that the geometric invariants of O’Brien and Stanojkovski did not separate in
their computations. For a group G of class 2 let A(G) be the set of abelian subgroups A > G’
with |4 : G'| = p? all of whose elements outside G’ have centraliser of index p?. We prove that
|A(G1)] = 1 and |A(G2)| = 3 for every odd prime p and every quadratic non-residue w in the
presentation of G1; hence G; 2 G2. The proof is uniform in p: the elements of breadth two form,
in the projective space of G/G’, a plane and a cubic scroll; the members of A(G) are the lines of
this locus on which the commutator map vanishes; and the hypothesis on w enters only through
t2 £ w. We also determine the commuting graph on the elements of breadth two, whose numbers
of edges differ by p, and we show that G; depends only on the square class of w and is isomorphic
to G2 when w is a square. The pair had already been separated without automorphism groups in
the classification literature: Copetti’s thesis of 2004, following Brahana’s paper of 1951, attaches
to the space of commutator forms a pencil of conics, which contains double lines only for 8.5.15.
We show that |A(G)| — 1 is the number of these double lines, so that |A(G)| is a group-theoretic
form of their invariant. Breadth and centralisers are classical notions; whether either invariant is
simpler in the intended sense is for the proposers to judge. This is an unrefereed note.

1 Introduction

1.1 The question

Let p be an odd prime and w an integer prime to p. In the variety of groups of exponent p and
nilpotency class at most 2 consider the groups

G = <a, b,c,d, e ‘ [e,b], [d,b], [e,c], [e,d], [d,c]=[b,a], [e,b] =]c,al], [e,a] =[d, a]w>,
Gy = <a,b,c,d,e ‘ [d,a], [e,a], [c,b], [d,b], [e,c], [d,c] =1[b,al], [e,b] = [c,a]>,

where a commutator without right-hand side is set equal to 1. When w is a primitive root modulo
p, these are the groups 8.5.14 and 8.5.15 of Vaughan-Lee’s list of the groups of class 2, exponent
p and order at most p®, with his presentations [VL15, §8.5]. Both have order p® (Lemma 2.1).
Vaughan-Lee found | Aut G1| = 2(p—1)(p? — 1)p'” and | Aut Go| = 2(p—1)3p'7, and the same number
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p°+2p* —p? —p? of conjugacy classes for both [VL15, p. 29]. In the problem session of the Oberwolfach
workshop Computational Group Theory (2025), M. Stanojkovski stated these two presentations, with
w a primitive element of F), and the labels of [VL15], and asked [DENRD25, p. 1443]:

Is there a “simpler invariant” for non-isomorphism testing of these groups?

The background is the work of O’Brien and Stanojkovski [0S26], reported in her lecture at the
workshop [DENRD25, pp. 1399-1400]. After a choice of bases of G/G" and G’, the commutator map of
a group of class 2 and exponent p is given by a skew-symmetric matrix of linear forms, the commutator
matrix, which has an “adjoint”; the degrees, dimensions, primary decompositions, numbers of rational
points and of components, and spans of the varieties defined by the determinantal ideals of these two
matrices are isomorphism invariants [0S26, Theorem 2.3]. O’Brien and Stanojkovski computed these
invariants, for 3 < p < 37, for the 22 five-generator groups of order p® with derived subgroup of order
p3. They distinguish all of them except the cases (14) and (15), which are G; and Go; that these
two are not isomorphic is known from Vaughan-Lee’s orders of the automorphism groups [0S26, §4.1
and Table 2]. The question asks for a simpler certificate of this non-isomorphism. The classification
of the 22 groups goes back to Brahana [Bra5l, Bra58]. In Copetti’s thesis the two groups are the
orbits 14 and 15 of 3-dimensional spaces of alternating forms [Cop04, Theorem 7.22] [0S26, §4.1],
and Copetti proves that these orbits are different by a pencil of conics, without automorphism groups
[Cop04, Lemma 7.21]; according to [Cop04, p. 82] the argument is modelled on [Bra51, pp. 548-549].
So the two groups had been told apart by an invariant other than the order of the automorphism
group before the question was asked; Remark 7.3 shows that this classical invariant and ours count
the same objects. The question is record OWR-14299292-013 of the UnsolvedMath collection [ula26],
where it is listed as open; in version 1.6.0 the statement of the record is the source’s question quoted
above, and another snapshot of the collection (revision 372682f) restates it with both presentations,
asking for “an invariant simpler than automorphism-group order” that proves non-isomorphism.

Conventions. A presentation in the variety defines the largest group of exponent p and class at
most 2 that is generated by five elements satisfying the relations. The commutator convention does
not matter: in a group of class 2 one has zyr~ly~! = [z7!,y!] = 27y L2y, and a convention in
which [z, y] and [y, z] are interchanged inverts every commutator, which leaves the relations unchanged
because each of them is homogeneous in the commutators. The source and [VL15] take w primitive;
every primitive root is a quadratic non-residue, and our results hold for every non-residue. Vaughan-
Lee fixes a primitive w throughout, for consistency, and remarks for a group of order p% that any
non-residue gives the same group [VL15, pp. 4-5]; Proposition C below shows that for G the non-
residue hypothesis is exactly the right one.

1.2 Results

For a finite p-group G and z € G, the breadth b(z) is defined by |G : Cq(z)| = p*@; it is a classical
notion.

Definition 1.1. For a finite p-group G of class at most 2 let A(G) be the set of abelian subgroups A
of G with G' < A, |A: G'| = p?, and b(x) = 2 for every z € A\ G'.

Since A(G) is defined in terms of G alone (an isomorphism maps derived subgroups, abelian sub-
groups and centralisers onto the corresponding subgroups), its cardinality is an isomorphism invariant.
For G and G5 its members are abelian subgroups of order p°.

Theorem A. Let p be an odd prime and w a quadratic non-residue modulo p. Then
A(G1) = {(b,0)G1},  A(G2) = {(b,c)GY, (b,d)GY, (c,e)Gh}.
In particular |A(G1)| =1 # 3 = |A(G2)|, and G1 2 Gs.



The proof (Sections 2 to 4) uses only the alternating bilinear map B: V x V. — W given by
commutation, where V = G/G’' = F, and W = G' = F;. The points of P(V) of breadth 2 form the
union of a plane P(R), the radical of the only form of rank 2 in the net of scalar forms no B (n € W*),
and the rational points of a cubic scroll Z, the closure of the radicals of the forms of rank 4; the two
meet along the line D spanned by the images of b and ¢. The members of A(G) correspond to the
lines of this locus on which B vanishes. In both groups D is such a line; the others are rulings of the
scroll, and in G the rulings on which B vanishes are those with parameter ¢ satisfying t? = w, which
are not defined over [F,. The same geometry gives a second invariant.

Theorem B. Let I'(G) be the graph whose vertices are the subgroups (x)G" with b(x) = 2, two distinct
vertices ()G’ and (x')G' being adjacent if [x,2'] = 1. For every odd prime p and every non-residue
w, the graph T'(G1) has p? vertices of degree p+1, p+ 1 of degree 2p and p* + p of degree 2p+ 1, and
%p(p +1)2 edges; the graph T'(Ga) has p* vertices of degree p + 1, 3p + 1 of degree 2p and p*> — p of
degree 2p + 1, and %(3}73 + 6p? + p) edges. So I'(G1) has exactly p more edges than T'(G3).

For w prime to p write G1(w) for the group G defined with this w; it depends only on w modulo
P.

Proposition C. (a) G1(w) =& G1(ws?) for every integer s prime to p. (b) If w = s? (mod p), then
Gi(w) = G2. Hence all G1(w) with w a non-residue are isomorphic to each other, those with w a
residue are isomorphic to Ga, and by Theorem A the two types are distinguished by |A| € {1, 3}.

Section 7 shows that the usual cheaper invariants coincide for the two groups, that the configura-
tion of the points of breadth 2 separates them (Remark 7.2), and that |A(G)| — 1 is the number of
double lines in the pencil of conics of Brahana and Copetti (Remark 7.3).

1.3 What is new, what is not, and in what sense the invariant is simple

The question is Stanojkovski’s [DENRD25|, and the pair is the one that the invariants of O’Brien
and Stanojkovski [0S26] did not separate. The presentations, the orders of the automorphism groups
and the class numbers are Vaughan-Lee’s [VL15]. Breadth and centralisers are classical; the passage
from a group of class 2 and exponent p to an alternating bilinear map is the classical correspondence
of Baer, recalled in [0S26, §2.1]. The groups were classified by Brahana [Bra51, Bra58], who used
concepts of projective geometry, by Copetti [Cop04] and by Vaughan-Lee [VL15] [0S26, §§1, 4, 4.1],
and the first separation of this pair without automorphism groups is theirs: Copetti’s Lemma 7.21
[Cop04], modelled on Brahana [Bra51, pp. 548-549], distinguishes the two orbits by a pencil of conics
attached to the only form of rank 2 in the net. By Remark 7.3, |[A(G)| — 1 is the number of double
lines of that pencil; so | A(G)| restates their invariant in terms of abelian subgroups and centralisers.
Vaughan-Lee’s numbers of descendants of order p? [VL17, p. 37] separate the pair as well, but they are
computed from the automorphism groups. To our knowledge, the invariant |A(G)| with Theorem A
and its uniform proof, Theorem B and Proposition C are not in print in this form; Proposition C,
however, is implicit in the completeness of Vaughan-Lee’s list (Remark 6.1). We read Chapters 1 and 7
of [Cop04], but not Brahana’s papers: [Bra51] is behind a paywall, and the open copy of [Bra58| on
the publisher’s site refused our automated requests. The paragraph “Scope and priority” at the end
gives the details.

“Simpler” is not a formal notion. We think that |A(G)| qualifies for three reasons. It is defined
through orders of subgroups and of centralisers only, whereas the invariant of Brahana and Copetti
uses the dual space of commutator forms, its Pliicker quadrics and a pencil of conics. It can be
computed from the breadths of the p* +p> + p? +p+1 points of P(G/G") and a count of lines, without
automorphism groups or Grobner bases. And the proof that it separates the pair is a uniform
computation, valid for all odd p at once. On the other hand it is not one of the determinantal



invariants of [0S26, Theorem 2.3]; Section 7 shows which features of those invariants coincide for the
two groups, that the configuration of the points of breadth 2 does separate them, and that several
natural cheaper invariants coincide, among them the class number, the character degrees and the
numbers of abelian subgroups containing G’ of each order, which form Qiao’s polynomial [Qia24].
The proposers may judge the matter otherwise.

2 The groups as alternating maps

Throughout, p is an odd prime, V = IE‘;’ with standard basis e1,...,e5, and W = Fg with standard
basis wq, wy, w3. For w € IF;; let By = B} and B be the alternating bilinear maps V' x V' — W whose
values B(e;,e;), @ > j, are 0 except for the following ones, where (7, j) — w stands for B(e;, ej) = w:

Bl : (2, 1) — w1, (3, 1) — w2, (4, 1) — w3, (5, 1) — Wws, (5,2) — w2, (4, 3) — Wi, (1)
By : (2, 1) — w1, (3, 1) — w2, (5,2) — w3, (4, 3) — w1, (5,4) — ws. (2)

In terms of the generators this says [b, a] = wi, [c,a] = we, and [d, a] = w3 for G, resp. [e,d] = w3 for
G9; the other commutators of generators are then given by the relations. For an alternating bilinear
map B: V xV — W let H(B) be the set V x W with the product

(v,w) (', w') = (v+0', w+w + FB(v,v")).

This is the classical construction of Baer, see [0S26, §2.1]; we include the short proof of what we
need.

Lemma 2.1. (a) H(B) is a group of exponent p in which {0} x W is central, and [(v,w), (v',w")] =
(0, B(v,v")) for all elements; in particular H(B) has class at most 2.

(b) For i = 1,2 (with w for G1) the assignment a,b,c,d,e — (e1,0),...,(e5,0) extends to an
isomorphism G; — H(B;). Hence |G;| = p®, the derived subgroup G corresponds to {0} x W, and
Gi/G} is identified with V, the cosets of a,...,e with eq,. .., es5.

Proof. (a) Both ways of bracketing a product of three elements give (v + v/ + v”, w + v’ + w” +
3(B(v,v") + B(v,v") + B(v',v"))), by bilinearity. The identity is (0,0), and (—v, —w) is inverse to
(v,w) because B(v,v) = 0; for the same reason (v,w)" = (nv,nw) for n > 0, so the exponent is p.
The elements (0,u) are central. For z = (v,w) and y = (v/,w’) we have zy = yx (0, B(v,v’)), hence
r ly~toy = (0, B(v,?")), which is central.

(b) By (1) and (2) and part (a), the elements xj = (ex,0) of H(B;) satisfy the defining relations

of Gy; for instance [z5,71] = (0,wws) = (0,w3)¥ = [z4,21]¥ in H(By). Since H(B;) lies in the
variety, there is a homomorphism ¢: G; — H(B;) with a,...,e — z1,...,z5. Its image contains
the commutators [z, z;] = (0, Bi(ex, ¢;)), and these span {0} x W (they include wi,ws and ws =

Bi(eq,e1), resp. wz = Ba(es, e4)); as (v,0) € 27t -+ 227 ({0} x W), ¢ is onto and |G;| > p®. Conversely,
(/G is an elementary abelian group generated by five elements. In a group of class 2 the commutator
is bimultiplicative, so G/, is generated by the ten commutators [g, h] of pairs of generators, which are
central of order dividing p; the relations express seven of them through [b, al, [c, a], [d, a] for G (namely

le,a] = [d,a]¥, [e,b] = [e,a], [d,c] = [b,al], and the other four are trivial), resp. through [b, al, [c, a], [e, d]
for Go. So |G%| < p® and |G;| < p®. Hence ¢ is an isomorphism, and it maps G onto the subgroup
generated by the commutators, which is {0} x W. O

From now on we identify G = G; with H(B), B = B;. Forv € V let ad, = B(v,-): V. — W. If
x = (v,w), then by Lemma 2.1(a)

Ca(x) = ker(ad,) x W, S0 b(x) = rank ad, .



~

The breadth depends only on v, and for v # 0 only on the point (v) of the projective space P(V') =
P4(FF,); we speak of the breadth b(v) of a vector or a point. The subgroups A with G’ < A < G are the
sets A = U x W with U <V a subspace, and A is abelian if and only if B(U,U) = 0. If U = (u, ) is
2-dimensional, this means B(u, u) = 0, because B is alternating. We identify 2-dimensional subspaces
of V' with lines of P(V') and call a line ¢ = P(U) isotropic if B(U,U) = 0, and good if it is isotropic
and all its p 4+ 1 points have breadth 2.

Lemma 2.2. The map A — P(A/G’) is a bijection from A(G) onto the set of good lines of P(V').

Proof. This is the dictionary just described: |A : G’| = p? means dim U = 2, A is abelian if and only
if P(U) is isotropic, and the elements of A\ G’ are the (v, w) with 0 £ v € U. O

3 The locus of breadth two

3.1 The net of forms

Write B = Y, B®wy, with scalar alternating forms B*) on V, and for y = (y1,2,v3) € F3 let
fy = 11 BY + 49 B@ 4 43BG) (the composition of B with the linear form 3 yrwy, on W). Its Gram
matrix M(y) = (fy(ei,e;)) is, by (1) and (2),

0 -y —¥2 —y3 —wy3 0 —y1 -y O 0
(1 0 0 0 —1Y2 0 0 0 —uy»

Mi(y)=1| vy O 0 -y 0 , Mo(y)=|y2 O 0 —y1 O
y3 0y O 0 0 0 y1 0 —ys

wys y2 0 0 0 0 % 0 yz O

Up to sign and the choice of bases this is the commutator matrix of [0S26, §2.1]. For y # 0 let
rad f, = {v e V : f,(v,-) = 0}, the kernel of M (y).

Lemma 3.1. For 0 # v € V we have b(v) = 3 — dim{y € IE‘;; cv €rad fy}.

Proof. v € rad f, means that the linear form ) y,wj vanishes on the image of ad,. So the space in
question is the annihilator of im ad,, in W*, of dimension 3 — rank ad,,. ]

For a 4 x 4 alternating matrix A = (aij) let Pf(A) = a12a34 — 13024 + A14a93, SO that det A =
Pf(A)2. Let Pfi(y) be the Pfaffian of M(y) with the k-th row and column deleted, and v(y) =
(Pfy, — Pfy, Pfs, — Pfy, Pf5). A direct computation gives

Gl : (Pf1> v 7Pf5) = (y1y27 wy1y3, —Y243, _ygv y%)a

v(y) = (N1y2, —wWY1Y3, —Y2U3, Ya, Yi); (3)
G2 : (Pf17 cee 7Pf5) = (y1y27 Y2Y3, Y1ys3, _y§7 y%)7
v(Yy) = (Y12, —y2y3, Y193, Y3, ¥2), (4)

and M (y)v(y) = 0 identically in both cases: each entry of M (y)v(y) is a sum of at most four cubic
monomials which cancel in pairs (for instance the first entry for Gy is wy?ys + y3ys — y3ys — WY3ys).
Let c=(0:0:1) € PX(F,).

Lemma 3.2. Let 0 # y € IF;";.

(a) If (y1,y2) # (0,0), then f, has rank 4 and rad fy, = (v(y)).



(b) If y1 = yo = 0, then fy is a multiple of f. = B®) | which has rank 2; its radical R = rad f. is

Gy fe(z,2)) = (24 + wxs)2] — 21(2) + wak), R = (e, €3, €5 — wey),

Gy fe(w,2') = z52) — w47}y, R = (e1,e9,€3);
that is, R = {x1 =0, x4 + wzs = 0} for G1 and R = {x4 = x5 = 0} for Gs.
(¢) For both groups the five Pfaffians generate the ideal (y2, y3, y1y2, Y193, Y2y3) of Fply1,y2, ys).

Proof. (a) One of Pfs = y? and Pfy = —y3 is non-zero, so M(y) has an invertible principal 4 x 4
submatrix and rank at least 4; an alternating matrix of odd size has even rank, so the rank is 4. As
v(y) # 0 (it has the coordinates y3 and y?) and M (y)v(y) = 0, the kernel is (v(y)). (b) and (c) are
read off from (1), (2), (3) and (4) (w is a unit). O

So the net {f,} contains exactly one form of rank 2 up to scalars, and all its other non-zero forms
have rank 4.

3.2 The points of breadth two
Let Q = {(v(y)) : y € P%(F,) \ {c}} and let S C P(V) be the set of points of breadth 2.

Lemma 3.3. (a) The map y — (v(y)) is injective on P*(F,) \ {c}, and Q NP(R) = 0.
(b) Every non-zero v € V. has breadth 2 or 3; S = P(R)UQ and |S| = 2p* + 2p+ 1. In particular
Z(G)=¢G".

Proof. (a) If y1 # 0 we may take y; = 1; then v(1,92,y3) = (y2, —wy3, —y2y3,y3,1) for G and
(Y2, —Y2v3, Y3, Y3, 1) for Ga, a vector with last coordinate 1 from which (ys,ys) is read off. If y; = 0,
then yo # 0, and v(0,1,y3) is (0,0,—ys,1,0), resp. (0,—ys,0,1,0), with last coordinate 0, which
determines ys. This proves injectivity. If v(y) € R, then for Gy we get y1y2 = 0 and y3 + wy? = 0,
whence y; = y2 = 0 (only w # 0 is used), and for G2 we get y5 = y? = 0; so y = c.

(b) By Lemma 3.2 the radicals of the non-zero forms of the net are R (for y € (c)) and the lines
(v(y)) (for y ¢ (c)). If v # 0 lay in rad f, Nrad f,/ for linearly independent y,3’, these radicals would
be two different members of this family by (a), and two different members meet only in 0, again
by (a). So the space in Lemma 3.1 has dimension at most 1, b(v) > 2, and b(v) = 2 exactly when
v € Ror (v) = (v(y)) for some y # c. Hence S = P(R) U Q, of size (p> +p + 1) + (p> + p). Finally
Z(G)={(v,w) : bv) =0} ={0} x W =G". O

3.3 The scroll
Let X = (Xy,...,X5) be coordinates on V, let

(X5 X1 Xo (X5 X1 X3
NI(X>_<X1 X4 C«.))(3>7 Nz(X)_<X1 X4 —Xg)’

and let Z C P(V) = P*(F,) be the set of (rational) points at which rank N(X) < 1, that is, the
common zeros of the three 2 x 2 minors

Gi: q=XuX5 X2, qo=wX3X5 - X1Xo, q3=wX1X3— XoXy;
Go: q=XuXs— X}, @=—(X1X3+X2X5), ¢=—(X1X2+ X3Xy).



Over an algebraically closed field these equations define a rational normal cubic scroll; we shall not
use this. Let D = P(eg, e3), let {oo = P(es, e4) for G1 and log = P(eg, e4) for Go, and for t € F), let

—weg —teg  (Gh),

by = PP, .
—tes + e3 (GQ), ! < ¢ Qt>

P; = tey + t?e4 + e5, Qi = {

The lines ¢; and {, are the rulings; D is the directriz.

Lemma 3.4. The set Z and the lines just defined have the following properties.
(a) N1(v(y)) is the product of the column (y1,y2)" and the row (y1,y2, —wys), and No(v(y)) that
of (y1,y2)" and (y1,v2,y3); s0 Q C Z. Moreover v(1,t,5) = P; + sQ, and v(0,1,5) = e4 — se3

(G1), resp. eqs — sea (Ga).
(b) The points of Z with X5 # 0 are the points (v(1,t,s)), t,s € .
(¢) ZN{X5=0} =D Uly.
() Z=QUD,P(R)NZ =D, and S =P(R) U Z.
(e) The lines of P(V') all of whose points lie in Z are exactly D, s and the ly, t € F),.

Proof. (a) is a direct substitution of (3), (4); for instance, for G; the first row of Ni(v(y)) is
(i, y1y2, —wyrys) = y1(y1, y2, —wys).

(b) Let X5 = 1. Then rank N(X) < 1 says that the second row is X times the first: X4 = X7 and
OJXg = X1X2 (Gl), resp. —X2 == X1X3 (Gg) So X = (X]_,XQ,X]_XQ/W,X%, 1) = V(]_,Xl, —Xg/w)
for G1 and X = (X1, —X1X3, X3, X?,1) = v(1, X3, X3) for Go. The converse is (a).

(c) If X5 =0, then ¢; = 0 gives X; = 0, and the minors reduce to — X2 Xy (G1), resp. —X3X4 (G2).
So X4 =0, which means X € D, or Xs =0, resp. X3 = 0, which means X € {; and conversely.

(d) By (a)—(c), the points of Z are the (v(1,%,s)) and the points of D U/.; the points of ¢, other
than (es), resp. (e2), are the (v(0,1,s)), and (e3), (e2) lie on D. So Z = Q U D. Since ez, e3 € R we
have D C P(R), and Q@ NP(R) = () by Lemma 3.3. The rest follows from S = P(R) U Q.

(e) The lines D and /o lie in Z by (c), and the points of ¢, are (Q¢) € D and (P, + sQ;) =
(v(1,t,s)) € Q. Conversely let £ C Z be a line. If ¢ C {X5 = 0}, then £ C D U ¥ by (c); if £ # D,
at most one of its p + 1 > 4 points lies on D, the others lie on /-, and ¢ = {,,. Otherwise ¢ meets
{X5 = 0} in exactly one point (Q’), and choosing P’ € ¢ with X5(P’) = 1, the other points of ¢ are
(P' +5Q"), s € Fp, all with X5 = 1. By (b), X4 = X? at these points. Write X1(P’ + sQ’') = a + sf3
and X4(P'+ sQ') = v+ s6. The polynomial (a + s3)? — v — s6 has degree at most 2 and p > 3 zeros
in Fp,, so it is zero: B =0, =0 and v = a?. Put t = a; then Q' has X; = X4, = X5 = 0. For Gy, by
(b) the affine-linear identity wXs = tX5 in s holds at the points P’ + sQ’, hence wX3(Q’) = tX2(Q")
and wX3(P') = tXo(P'). As Q" # 0, we get Xo(Q') # 0, so @' is a multiple of (0,w,?,0,0) = —Qy,
and P’ = P, — (X3(P'")/w)Q:. For Gy the identity — X, = tX3 gives in the same way Q' € (Q¢) and
P’ = P, + X3(P")Q:. In both cases £ = /. O

4 Proof of Theorem A

By Lemma 2.2 we have to determine the good lines, that is, the isotropic lines £ all of whose points
lie in § = P(R)U Z (Lemma 3.4(d)).
Case 1: £ C P(R). Choose the following bases u1,ug,us of R; by (1) and (2),
Gi1: ujp=eg, ug =e3, uz =e5 —wey: Bluy,uz) =0, B(uj,us) = —ws, B(ug,us) = wws;

Go: ui=e1, us = €2, Uz = €3 : B(uy,uz) = —w1, B(ui,ug) = —wy, B(ug,us)=0.



For linear forms A, p write (A p)(z, ') = AM(z)p(z") — p(x)A(2’). With the dual basis uj, u3, uj of R*,
the restriction of B to R is ww; ® (uj Aui) —wa ® (uj Auj) for Gy and —w; @ (u] Aub) —we @ (uj Aul)
for Go. If A, v are linearly independent forms on the 3-dimensional space R and U < R is a plane,
then A A p vanishes on U x U if and only if U D ker A Nker p. Indeed, if it vanishes, the restrictions
of A and p to U are proportional, so a non-zero combination aA + Sy vanishes on U, and U =
ker(aX + Bu) 2 ker A N ker u; conversely, if U contains the line ker A N ker p, both restrictions factor
through the 1-dimensional space U/(ker A Nker i), so they are proportional and A A p vanishes on U.
A plane U < R is isotropic if and only if both coordinate forms of B|g vanish on it, that is, if and
only if U contains (u;) = keruj N ker uf and (ug) = keruj Nkeruf (for Gy), resp. (u3) and (ug) (for
G2). In both cases U = (e2, e3). This plane is isotropic ([c,b] = 1 in both groups) and all its points
lie in R. So the only good line in P(R) is D = P(es, e3), which corresponds to (b, c)G'.

Case 2: £ ¢ P(R). Then ¢ meets the plane P(R) in at most one point, so at least p > 3 of its
points lie in Z. In coordinates on ¢ = P!, each of q1, ¢2, g3 restricts to a binary quadratic form with
at least three zeros in P*(F,), which is therefore zero. So all points of £ lie in Z, and by Lemma 3.4(e)
the line ¢ is D, {5 or some ¢, t € F,. Here D C P(R) is excluded. All points of { and of the ¢ lie
in S (Lemma 3.4(d)), so these lines are good if and only if B vanishes on a pair of spanning vectors.
Expanding with (1) and (2) gives

Gi: B(P, Q) =tw—t*)wi + (£ — w) wa, B(es, e3) = wi; (5)
Gy: B(P, Q) = 2t wy — 2twy, Ble4,e2) = 0. (6)

For G1, B(P;, Q) = 0 if and only if t? = w, which has no solution in F, because w is a non-residue,
and (o, is not isotropic: there is no good line in Case 2. For Ga, ¢; is good if and only if t =0 (as p
is odd), and { is good; these are £y = P(es, e3) and oo = P(ea, €4).

By Lemma 2.2 the good lines D of G1, and D, {,, ¢y of Go, correspond to (b, ¢)G', and to (b, ¢)GY,
(b, d)GY, (c,e)GY. This proves Theorem A. O

Remark 4.1. The hypotheses enter as follows. That p is odd is used for the variety and Lemma 2.1
(the factor 1), for the three points needed in Case 2 and in Lemma 3.4(e), and for 2 # 0 in (6). That
w # 0 is used throughout. In the proof of Theorem A, the hypothesis that w is a non-residue is used
only once, in t? # w; the proof of Theorem B uses it in the same form, wz? # 23.

Remark 4.2. If w = s? (mod p), the same proof gives two further good lines £; and ¢_ for Gy (w), so
|A(G1(w))| = 3. Since Qis = —s%(e2 £ e3/s) and Py = +s(e1 & seq £ e5/s), the two extra members
of A(G1(w)) are, in additive notation in G/G,

(b+c/s, a+sd+e/s)G and (b—c/s, a—sd—e/s)G'.

This agrees with Proposition C(b).

Remark 4.3. Over the field Fp(y/w) with p? elements, the identity (5) shows that the two rulings
{4/ of the scroll of GGy are isotropic; they are conjugate under the Frobenius map and meet D in the
conjugate points (ea + e3/1/w). So besides D the group G has two isotropic rulings, neither of them
defined over F,, (and ¢ is not isotropic), whereas the two isotropic rulings ¢y, {o, of G2 are defined
over . The invariant |A(G)| counts the rational ones. Remark 7.2 characterises the isotropic rulings
by the position of P(R) relative to the scroll.

5 The commuting graph on the elements of breadth two

The vertices of I'(G) are the points of S (Lemma 2.1), and two points (z) # (2) are adjacent if and
only if B(xz, ') = 0; this does not depend on the representatives because B is bilinear. For x € S let



m, = P(kerad,), a projective plane containing z; the neighbours of = are the points of S N 7, other
than 2. We need two identities, obtained by expanding with (1), (2), (3) and (4). First, for z € R,
written as x = (0, x9, x3, —wxs, x5) for G1 and x = (x1, x9,x3,0,0) for Go,

Toy1 — x3y2 +wrsys  (G1),

(7)
roy1 — x3y2 + v1y3  (Ga),

B(w,v(y)) = (yQLI(y)a _ylLr<y)7 0)7 Lz(y) = {

in the coordinates wy, wo,ws. Second, for all y, z € F;’,,

B(v(z),v(y)) = Ay, 2) - (—(yzz:s —Y322), Y123 — Y321, —(y122 — y221))7 (8)

where A(y, z) = wy121 — y22o for Gy and A(y, z) = y122 + y221 for Go. The second factor in (8) is, up
to signs, the cross product of y and z; it vanishes if and only if y and z are proportional.

Proof of Theorem B. We count, for each x € S, the points of P(R) N 7, and of @ N 7y; recall S =
P(R)UQ.

(a) x € P(R), neighbours in P(R). In the basis uj,uz,us of Case 1 of Section 4, write x =
auy + fug + yug and o’ = o’uy + f'ug + y'ug. For G1, B(z,2’) = 0 means v = v’ and oy’ = va/.
If v # 0, this forces 2’ € (x); if v =0, that is x € D, it means 7' = 0, so R Nkerad, = (u1,us). For
G2 the conditions are aff’ = o’ and ay’ = vo/, with the same conclusion (« # 0, resp. € D and
o' =0). So |P(R)Nmy|isp+1forxze D and 1 forz € P(R)\ D.

(b) x € P(R), neighbours in Q. For y # ¢ we have (y1,y2) # (0,0), so by (7) v(y) commutes with
x if and only if L,(y) = 0. The linear form L, is non-zero (its coefficients are, up to the factor w,
coordinates of z # 0), so {L, = 0} is a line of P?(F,) with p+ 1 points, and it passes through c if and
only if the coefficient of y3 vanishes, that is, if and only if x € D. By Lemma 3.3(a), |Q N ;| is p for
x€Dandp+1forzeP(R)\D.

Hence each of the p + 1 points of D has degree (p+ 1) +p — 1 = 2p, and each of the p? points of
P(R) \ D has degree 1 + (p+ 1) — 1 = p+ 1, in both groups.

(c) x = (v(2)) € Q, neighbours in P(R). By (b), a point 2’ € R commutes with v(z) if and only if
L,/(2) = 0; for fixed z this is a non-zero linear condition on x’, because (21, z2) # (0,0). So RNker ad,
is a plane and |[P(R) N7y| =p+ 1.

(d) z = (v(2)) € Q, neighbours in Q. By (8), for y # z in P2(F,) \ {c} the points v(y) and v(z)
commute if and only if y lies on the line A, = {y : A(y, z) = 0}, whose coefficient vector (wz1, —z2,0),
resp. (z2,21,0), is non-zero; A, passes through ¢, so it has p points other than c¢. For G, z lies on
A, if and only if w2z} = 23, which is impossible for (21, 22) # (0,0) because w is a non-residue; so
|Q N 7| = p+ 1 for every x € Q. For Gy, z € A, if and only if 22129 = 0, that is, z lies on one
of the lines {y; = 0}, {y2 = 0} through ¢; by Lemma 3.4(a) these are the 2p points (v(0,1,s)) and
(v(1,0,s)) = {e5 + se3) of Q, which lie on £, and £. For them |Q N ;| = p, and for the other p? —p
points of @Q it is p + 1.

By (c) and (d), every point of @ has degree (p+ 1)+ (p+1) —1 = 2p+ 1 in I'(Gy); in T'(G2)
the 2p points of Q on /s U £y have degree (p +1) +p — 1 = 2p and the other p? — p have degree
2p + 1. Together with (a) and (b) this is the stated degree pattern, and half the sum of the degrees
is %(3;03 +6p? + 3p) = %p(p +1)2 for Gy and %(3]93 + 6p? + p) for Ga. O

Remark 5.1. In both graphs the vertices of degree 2p are exactly the points on the members of A(G):
the p + 1 points of D for GG1, and the 3p + 1 points of D U £ U £y for G2. So Theorems A and B are
two readings of the same geometry. For a square w the proof of (d) changes (z € A, if and only if
29 = £s21) and gives the pattern of Go, as it must by Proposition C.



6 The square class of w

Proof of Proposition C. Exponents of elements are taken modulo p; for s prime to p, 1/s denotes an
inverse of s modulo p. We use that if five elements of a group H in the variety satisfy the relations of a
presentation and generate H, then the presentation maps onto H, and that an epimorphism between
groups of the same finite order is an isomorphism. All groups involved have order p® by Lemma 2.1,
which holds for every w € F.

(a) In Gi(w) put @’ =a, ¥ = b5, ¢ =¢,d = d"/* and € = e*. As commutation is bimultiplicative,
[, V] = [dV] =1[e,d] =[,d] =1, [d,d] = [d,c]l/s = [b,a]l/s = [, d], [¢,V] = [e,b] = [c,a] =
[/,ad], and

[e’,a’] — [6’a]s — [d, a]ws — ([d, a}l/s)WSQ — [d/,a,]MSQ.
So d,...,e satisfy the relations of G(ws?). Their images ey, ea/s,e3,e4/s,se5 in V form a basis,
so they generate G1(w) modulo G1(w)’, hence generate G1(w) (the derived subgroup is the Frattini
subgroup). Therefore G (ws?) = G1(w).

(b) Let w = s%. In G1(w) put

— _ 2 _ 2
a = (d¥e 12, V=bc/s =be 5 d=ad"e, ¢ =a"de,

whose images in V are 2(wey —e5), ea+e3/s, ea—e3/s, Ps = se; +s5%es+e5 and P_, = —se; +s2e4+e5.
Expanding with (1) (and w = s?) gives

[d,d]=e,d]=[V]=1[db]=[]=1,
[d, ] =V, d] = 25wy + 2wo, [€/,b] = [, d'] = 25wy + 2ws;

for instance B(Ps,weq — e5) = swB(e1,eq) — sB(e1,e5) = —swws + swws = 0, using B(eq,e5) = 0.
These are the defining relations of G5. The matrix of the images of @/, ..., €’ in the basis e1, ..., e5 has
determinant 1652, which is non-zero as p is odd. As in (a), a’, ..., ¢’ generate G1(w), and Gg = G (w).

The last statement follows from (a), (b) and Theorem A: if w and ' are non-residues, then
W' = ws? for some s. O

The images of d’ and ¢’ are the points Py of the two extra good rulings /+s of Remark 4.2, and
V', ¢ span D; so the isomorphism maps the three good lines of G5 onto those of G1(s?). The generators
were found from this observation.

Remark 6.1 (Relation to Vaughan-Lee’s list). Vaughan-Lee’s list contains every group of class 2 and
exponent p of order at most p®, for every odd p [VL15, Theorem 3 and §2]; so each G (w) is isomorphic
to one of the listed groups, and in this sense Proposition C is implicit in the classification. Vaughan-
Lee takes w primitive throughout and remarks, for a group of order p®, that any non-residue gives
the same group [VL15, pp. 4-5]; part (a) is the analogous statement for 8.5.14. We did not find the
identification (b) of G1(s?) with 8.5.15 stated in the parts of [VL15] that we read. Proposition C is
consistent with the orders of the automorphism groups, 2(p —1)(p? — 1)p!7 for 8.5.14 and 2(p — 1)3p'”
for 8.5.15 [VL15, p. 29]: the matrices given there for the action of Aut(G1) on G/G’ contain the

blocks <:‘B g), (o, B) # (0,0), in the rows and columns of b and ¢, whose determinant a? — wf? is

the norm form of F,(y/w)/Fp; they form a cyclic group of order p? — 1, matching the factor p* — 1 and
the pair of conjugate rulings of Remark 4.3. None of this is used in our proofs. The class numbers
are discussed in Section 7.

Remark 6.2 (The encoding in the proposers’ repository). The Magma file reps-5-3.m of [0S24]
encodes 8.5.14 by a commutator matrix in which [d, a] = [e, a]“, that is, by G1(1/w) in our notation:
its matrix Bi4(y) satisfies —B14(y1,y2,y3) = Mi(y1,y2,wys) with w replaced by 1/w in M;j. Since
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1/w is again a non-residue, this is the same group by Proposition C(a). Its matrix Bi5(y) equals
—Mjs(y). The first and the third verification runs computed |A| directly for these two matrices as
well (Section 8).

7 Other invariants of the pair

Proposition 7.1. For every odd prime p and every non-residue w, the following numbers are the
same for G1 and Gs.

(a) The numbers of points of P(G/G") of breadth 2 and 3: ng = 2p*+2p+1 and n3 = p* +p*—p* —p.
(b) The class number k(G) = p° + 2p* — p> — p?.

(c) The number a;(G) of abelian subgroups A > G with |A: G'| = p': ag = 1, a; = p*+p>+p>+p+1,
as =p>+2p°+p+1, and a; =0 fori > 3.

(d) The number of lines of P(G/G") all of whose points have breadth 2: p* + 2p + 2.

(e) The character degrees: G has p° irreducible characters of degree 1, p* —p3 of degree p and p* — p?
of degree p*.

Proof. (a) is Lemma 3.3. (b) An element (v, w) has |Cq((v, w))| = p¥~*®), so

1 —b(v
H(C) = i > 1Ca(g) = PP =p* tma(p — Dp+ns(p—1) =p° + 2p* — p* — p*.
gelG veV

(c¢) Every 1-dimensional subspace is isotropic. An isotropic plane through a point x is a line through
x in the projective space P(ker ad,) of dimension 4 — b(z), so there are p + 1 of them if b(x) = 2 and
one if b(z) = 3; counting pairs (point, isotropic plane through it) gives ag = (n2(p+1)+n3)/(p+1) =
p3 + 2p® + p+ 1. If U were an isotropic subspace of dimension 3, every non-zero xz € U would
satisfy U < kerad,, hence b(x) < 2, and each of the p? + p + 1 lines of P(U) would be good,
contradicting Theorem A; so a3 = 0, and then a; = 0 for ¢ > 3. (d) The lines in P(R) are the
p? + p+ 1 lines of a plane. A line in S not contained in P(R) lies in Z by the argument of Case 2
of Section 4, which does not use isotropy, so it is £o, or some ¢; by Lemma 3.4(e); conversely these
p + 1 lines lie in S (Lemma 3.4(d)). (e) As Z(G) = G’ (Lemma 3.3), an irreducible character x
restricts to G’ = W as x(1)A for a linear character A of W. If A = 1, x is one of the p° linear
characters. Otherwise A\(w) = ¢"®) with ¢ a primitive p-th root of unity and 0 # n = > yrwy, so
that A([g, h]) = ¢Fv) for g = (v,w), h = (v/,w'). If v ¢ rad f,, choose h with A([g,h]) # 1; then
x(g) = x(h~1gh) = x(glg, h]) = A([g,h])x(9), so x(g) = 0. If v € rad f,, then g is central modulo
ker A C kerx, so |x(g)| = x(1). Hence 1 = (x, x) = p¥ 2 fux(1)2/p®, that is, x(1)? = p'**kfy, and
since the characters lying over X satisfy 3 x(1)? = |G : G'| = p?, there are p° "™k /y of them. By
Lemma 3.2 there are p— 1 non-zero y with rank f, = 2 and p® — p with rank f, = 4; this gives (p—1)p?
characters of degree p and (p® — p)p of degree p. ]

The class numbers in (b) are those of [VL15, p. 29], so (b) is a consistency check of Lemma 3.3.
Qiao [Qia24, §1.3.3] attaches to a p-group P of class 2 and exponent p the polynomial Ab(P,z) =
1+ 51 ai(P) x;, where x; is a fixed polynomial in z of degree 7, and identifies it with the totally-
isotropic polynomial of the associated space of alternating matrices. By (c) this polynomial is the same
for G1 and G2. Since elements of G commute pairwise if and only if their images span an isotropic
subspace of V, (c) also shows that for every r > 2 the number of r-tuples of pairwise commuting

elements of G is the same for G; and Gy: it is p>" > q@aNqr, where Ng, is the number of r-tuples
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that span a given d-dimensional space. Part (e) refines (b) from the number of irreducible characters
to their degrees. The invariant |A(G)| refines the count as by breadth: among the p® + 2p +p + 1
abelian subgroups A > G’ of order p®, it counts those whose elements outside G’ all have breadth 2.
Without the isotropy condition the count (d) does not separate the groups either.

The determinantal invariants. In the notation of [0S26, §2], the commutator matrix B(y) is, up
to sign and the choice of bases, our M(y), and the (i, ) entry of its adjoint B®(x) is >, BZ(;)CC]', so
that B*(x) has the rank of ad,. For k¥ < 5 and ¢ < 3 let I;(B) and Jy(B®) be the ideals of k x k
minors, as in [0S26, Theorem 2.3], and n,, the number of F,,-points of the affine variety of an ideal. In
[0S26, Table 2] the cases (14) and (15) both have n,(I14(B)) = p, deg I4(B) = 3, n,(J3(B*)) = 2p* —p
(written I3(B®) there) and degrees (1,3) of the ideals of a minimal primary decomposition of J3(B*®).
Our results account for these values.

o By Lemma 3.2(c), the ideals generated by the 4 x 4 Pfaffians of Mj(y) and Ms(y) coincide.
Moreover every 4 x 4 minor of M(y) is +Pf; Pf; for some 4,j (a direct computation, done
by the third verification run of Section 8; it reflects the classical fact that the adjugate of an
alternating matrix of order 5 is the product of its vector of signed Pfaffians with its transpose),
so I4(B) is the square (y1,%2)(y1,%2,%3)? of the Pfaffian ideal, for both groups. The affine
variety of I4(B) is {y : rank M (y) < 2} = {y1 = y2 = 0}, with p points, and its projective
variety is the single point ¢. In degree d > 4 the monomials outside I,(B) are y4, ylyg_l and
ygyg_l, so the Hilbert function of Fp[y]/14(B) is 1, 3,6, 10, 3,3, 3, ... for every p (as the program
of this note finds for p < 7, and the first verification run over QQ), and the point ¢ has multiplicity
3; this is the value deg I4(B) = 3. It is not the degree of the scroll.

o The affine variety of J3(B®) is the set of x € V with rankad, < 2, that is, 0 and the vectors of
breadth 2; by Lemma 3.3 it has 1+ (p—1)(2p® +2p+ 1) = 2p® — p points. Its projectivisation is
the union of the plane P(R) and the cubic scroll Z, which meet along the line D (Lemma 3.4(d));
this is consistent with the degrees (1,3) of the primary components, the 3 being the degree of
the scroll.

So the Pfaffian ideals and the ideals I4(B) coincide, the rank loci of B coincide, and the rank loci of B®
have the same numbers of points and components of the same degrees. This is consistent with, and
partly explains, the finding of O’Brien and Stanojkovski that the invariants of [0S26, Theorem 2.3]
do not separate the pair for 3 < p < 37; we have not proved that all these invariants coincide for
every p. The rank loci of B® themselves are not the same, however: the plane P(R) lies differently
with respect to the scroll, and |A(G)| can be read off from its position.

Remark 7.2 (The position of the plane P(R)). The planes of P(V') that contain the line D are the
points of the projective plane P(V/D), on which X1, X4, X5 are coordinates in both groups. The
rulings ¢; and /o, give the p+ 1 points (¢ :¢%: 1) and (0: 1: 0) of the conic C: X? = X4 X5, and P(R)
gives the point » = (0 : —w : 1) for G; and r» = (1 : 0 : 0) for Go, which is not on C. A hyperplane
of P(V) that contains P(R) corresponds to a line of P(V/D) through r, and it contains exactly the
rulings whose points lie on this line. The polar line of r with respect to C' is Xy = wXj5 for G1 and
X1 = 0 for Gy, so the tangents to C through r touch C at the points with t? = w, none of which is
rational, resp. at the points of /g and /. Comparing with Case 2 of Section 4: a ruling is isotropic
if and only if it is the only ruling in the hyperplane spanned by P(R) and this ruling, and |A(G)|—1
is the number of rational tangents to C' through r.

The set S determines P(R), the only plane contained in S (another plane in S would contain at
least p? + p lines of S not lying in P(R), but there are only p + 1 such lines by Proposition 7.1(d)),
and it determines the rulings, the other lines contained in S. Hence the sets S of G; and G4 are
not projectively equivalent. For instance, a hyperplane not containing P(R) meets S in at most
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(p+ 1)+ (2p + 1) points (a line of P(R) and, by Lemma 3.3(a), the points of a conic of P%(F,)), and
one containing P(R) meets it in p? + p + 1 + mp points, where m is the number of rulings in it; so
exactly two hyperplanes meet S in p? 4+ 2p + 1 points for Go, and none for G;. In terms of the groups:
exactly two maximal subgroups of Go, and none of Gy, contain exactly p? + 2p + 1 of the subgroups
(x)G" with b(z) = 2. As an isomorphism of groups induces a linear isomorphism of the rank loci
of B*® (see the proof of [0S26, Theorem 2.3]), the rank locus of B®, as a configuration up to linear
isomorphism, separates the two groups; only its numerical invariants listed in [OS26, Theorem 2.3]
fail to do so (for 3 < p < 37, by [0S26, §4.1]).

Remark 7.3 (The invariant of Brahana and Copetti). In [Cop04, Theorem 7.22] the orbits 14 and 15
are the spaces ([a1,aq2] + [as,a4], [a1,a3] + [az,as], [a1,waqs + as]) and ([a1,a2] + [as,a4], [a1,a3] +
laz, a5, a4, a5]) of 2-vectors. If [a;, a;] is read as the form e} A e} on V, the second is the net {f,}
of Go, and the first is that of G1(1/w), the same group as G by Proposition C(a). Copetti’s proof
that the two orbits are different [Cop04, Lemma 7.21] uses the only decomposable element of the
space, here f, = u Av with (u,v) = R, and the pencil of conics cut out on the space by the quadrics
Qu: v1Bs —x9By+13Bs—x4Ba+x5B1 = 0, x € (u,v), where By, ..., By are the Pliicker quadrics; the
pencil of orbit 15 contains double lines and that of orbit 14 does not. On the net, Bg_j is the Pfaffian
Pf;, of M(y), so the conic of x is {y : z(v(y)) = 0}. For x € R we have z(v(1,t,s)) = x(P;) and
x(v(0,1,5)) = z(eq) by Lemma 3.4(a), because Q;, e3 and es lie in R; so the conic of x is the union of
the lines of P? (F,) through c that correspond to the rulings in the hyperplane z = 0, which contains
P(R). Thus the pencil is the pencil of hyperplanes through P(R) of Remark 7.2, and its double lines
are the hyperplanes containing exactly one ruling. Explicitly, the pencil is ayiy2 + 8(y3 + wy?) for
G, without a double line because a? — 4w3? # 0 for (a, 3) # (0,0), and ay3 + By? for G, with the
double lines y? and y3, which correspond to £ and ¢y. Hence, for G; and Ga,

|A(G)| = 1+ (the number of double lines in the pencil of [Cop04, Lemma 7.21]),

and Theorem A restates the classical invariant in terms of abelian subgroups and centralisers. Ac-
cording to [Cop04, p. 82], the argument of [Cop04, Lemma 7.21] is modelled on [Bra51, pp. 548-549]
and outlined in [Bra58, p. 650]; we have not seen these pages.

8 Computations and reproducibility

Theorems A and B, Proposition C and Proposition 7.1, all lemmas and the remarks are proved by
the written arguments above, for every odd prime p; no proof depends on a computation. The
computations are tests. The reproducibility package has five parts: the program of this note, the
programs of the first write-up, and the programs of three independent verification runs.

The program of this note (check_note.py, Python with sympy, about ten seconds). It starts
from the two presentations as text, forms the seven relation vectors in A2V, checks that they are
independent and that [b,a],[c,al, [d, a], resp. [b,a],|c,al,[e,d], span a complement, and derives the
tables (1), (2). It then checks as identities in Z[w,y, z,t,s,1/s] the matrices M (y), the Pfaffians
and v(y), M(y)v(y) = 0, the radical R, the factorisation of N(v(y)) in Lemma 3.4(a) and the
parametrisation in (b), (5), (6), the restriction of B to R, (7), (8), the counting identities of Theorem B
and Proposition 7.1, the relations in the proof of Proposition C with the determinant 1652, the two
extra members of Remark 4.2 (and that a — sd + e/s, with the other sign, is not one of them), and
the statements on Byy, Bis in Remark 6.2. Finally, for p = 3,5,7, for G and for G;(w) with every
w € F) (15 groups), it computes the breadth of every point of P(V) and checks the decomposition
of Lemma 3.4(d); runs through all (g)p planes (1210, 20306 and 140050); counts the isotropic ones,

the lines inside S, the isotropic 3-spaces and |A(G)| with its members; and computes the degrees
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and edges of I'(G) and the class number. It also computes the Hilbert function of [F,[y]/14(B) in
degrees 0,...,8. All results agree with Theorems A and B, Proposition C and Proposition 7.1 and
Remarks 4.2 and 5.1: |A(G1(w))| = 1 with member (b, )G’ for the 6 non-residues, and |A| = 3 with
the predicted members for Gy and for the 6 residues. When the sign of e/s in the prediction of
Remark 4.2, or a single coefficient in (5), or one exponent in a presentation was changed deliberately,
the program reported failures.

The programs with which the results were first obtained (original/): a symbolic check of
the identities of Sections 3 to 5 and one of Proposition C (sympy); an enumeration over all
points of P(V'), computing breadths, all isotropic planes as lines through a point z in P(kerad,),
|A(G)| and T'(G), in 17 runs with p € {3,5,7,11,13}, including non-residues that are not prim-
itive and four residues; and the search that produced the generators of Proposition C(b), for
(p.s) € {(3.1), (5,2), (7,3), (11,5), (13,4)}.

Three independent verification runs, each with its own programs and their recorded outputs
(verification_run_A/, verification_run_B/, independent_run_2/); see the next paragraph. To-
gether they enumerated all planes for p < 23 (the first run: p € {3,5,7,11,13,17,19,23}; the second:
p < 13 with every w € IE“;, and p = 17 by a second algorithm) and all isotropic lines, as decomposable
vectors of the relation space, for p < 13 with every w and for p = 17 (the third), and computed
inside the groups themselves, by explicit multiplication, for p = 3 (all three runs) and p = 5 (the
second). When this note was written, all programs of the package with a recorded output were run
again from a copy of the package, except the longest runs; every output was identical to the recorded
one (RERUN_LOG.txt). The third run ran all of them again from the archive, the longest included,
with the same result (independent_run_2/r2_package_rerun.txt).

Verification. The results were first obtained, with proofs, together with the programs in original/.
Three independent verification runs, all Al-assisted, followed; each wrote its own programs from the
definitions. The first two worked separately before this note was written, and neither saw the other’s
report; the third examined the final text of this note and the package.

The first run (A) compared the statement with the source and with [VL15], and re-derived the
proofs of Lemma 2.1 (with the order argument used here), of Lemmas 3.3 and 3.4, of Theorem A, of
Theorem B and of Proposition C line by line. Its programs derive the commutator tables from the
presentations, recompute every identity symbolically, and enumerate all 2-dimensional subspaces of
Fg through reduced row echelon forms, with breadths from the 3 x 3 minors of ad, and radicals by
elimination, for the source’s presentations at p € {3,5,7,11,13,17,19,23} and for the matrices By,
Bis of [0S24] at p < 13, with residues and with non-residues that are not primitive. It computed in
the group of order 3% itself, by multiplication only (centraliser orders, the class number 369, all 1210
subgroups A > G’ with |A : G'| = 9, of which 49 are abelian and 1, resp. 3, lie in A), counted the
automorphisms for p = 3 (the orders 2(p — 1)(p? — 1)p'” and 2(p — 1)3p'7 of [VL15], and the same
order for G1(1) and G3), and computed the Hilbert function of I4(B).

The second run (B) re-derived the proofs, computed the tables from the presentations, enumerated
all planes and the isotropic 3-spaces for p < 13 and every w € IE"; (40 runs) and the lines on Z for
p < 11, used a second algorithm with deliberately wrong inputs for p = 5, 7 and 17 (all detected),
computed inside the groups by explicit multiplication for p = 3 and for G1(2) at p = 5 (class number
4225, 181 abelian A > G’ of order p®, |A| = 1), ran the original programs again from a copy and
obtained identical outputs, and searched the literature.

Neither of these two runs found a mathematical error. The corrections they required were made:
the count 2p® —p = 1+ (p — 1)(2p? + 2p + 1) in Section 7; the reading of deg I,(B) = 3 as the
multiplicity of a point, not the degree of the scroll; the sign of e/s in Remark 4.2; the author of [Leel6];
the classification sources [Bra51, Cop04], which were missing from the first write-up and which these
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runs could not read; the statement about [0S26], which is now that our results are consistent with
their computations for p < 37; the place where the restatement of the problem in [ula26] is found; the
description of Vaughan-Lee’s convention on w and of the blocks in his automorphism matrices; the
encoding in [0S24] (Remark 6.2); and the relation to Qiao’s polynomial (Section 7). The proof that
az = 0 in Proposition 7.1(c), part (d) of Proposition 7.1 and the program check_note.py were added
when this note was written; the third run examined them.

The third run examined the final text of this note and the package line by line, as if nothing
had been checked. It read again the problem and the lecture abstract in [DENRD25|, Sections 1,
2 and 8.5 of [VL15], Sections 2 and 4 of [0S26], Section 1 of [Qia24] and the file reps-5-3.m, and
it read Chapters 1 and 7 of [Cop04], which the earlier runs could not reach, and [VL17, p. 37]. It
re-derived every proof and found no error in a theorem, proposition or lemma. Its programs, written
without using those of the note or of the earlier runs, work in Brahana’s model: the relation space
K < A2V of each presentation, the breadth of z as dim(xz AV + K) — 7, and the isotropic lines
as the decomposable vectors of K, found with the Pliicker relations on all points of P(K). For Gbo,
B4, Bis and Gi(w) with every w € F) for p < 13, and for five of these groups each at p = 17
and p = 19, they confirmed Theorems A and B, Proposition 7.1 with the character degrees, and
Remarks 4.2, 5.1, 7.2 and 7.3 (the tangents through r, the hyperplane counts, and the double lines
of the pencil of [Cop04, Lemma 7.21], computed from its definition). The run checked 75 identities
symbolically, among them those of Sections 3 to 5, Proposition C and the factorisation of the 4 x 4
minors of M(y); computed in the groups of order 3% by multiplication only, in a polycyclic model;
detected deliberately wrong inputs; and ran the whole package again from the archive, with outputs
identical to the recorded ones. The corrections it required were made: the credit to Brahana and
Copetti for separating the pair without automorphism groups, in the abstract, Section 1 and below,
with Remark 7.3; the replacement of the closing sentence of the first version of Section 7, which said
that |A(G)] is not a function of the rank loci, by Remark 7.2; the reference [Bra58]|; the statement on
[VL17]; the character degrees in Proposition 7.1; the range p < 11 of the second run for the lines on
Z:; and the description of this run.

Scope and priority. The note answers the question of [DENRD25] in the following sense: Theo-
rem A gives an isomorphism invariant, defined through orders of subgroups and centralisers, which
takes different values on G; and Go, with a proof for every odd prime p and every non-residue
w, in particular for every primitive w as in the source. Whether this invariant is “simpler” in the
sense intended by the proposers is a judgment and not a theorem; Section 1.3 gives our reasons,
and the proposers may judge otherwise. The question, the pair of groups and the finding that the
invariants of [OS26] do not separate it are due to Stanojkovski and to O’Brien and Stanojkovski
[DENRD25, OS26]; the presentations, the orders of the automorphism groups and the class num-
bers are due to Vaughan-Lee [VL15]; the classification of these groups is due to Brahana, Copetti
and Vaughan-Lee [Bra51, Bra58, Cop04, VL15|, and the first separation of this pair without au-
tomorphism groups, by a pencil of conics, to Copetti and Brahana [Cop04, Lemma 7.21] [Bra5l,
pp. 548-549]; breadth, centralisers and the correspondence of Baer are classical. By Remark 7.3, The-
orem A is a group-theoretic form of that classical invariant. To our knowledge the invariant |A(G)]
with Theorem A and its uniform proof, Theorem B and Proposition C are not in print in this form:;
Proposition C is implicit in the completeness of the list of [VL15] (Remark 6.1).

What was read: the problem and the abstract of Stanojkovski’s lecture in the open PDF of
[DENRD25] on the publisher’s site (pp. 1443 and 1399-1400, fetched on 14 October 2026); of [VL15],
in arXiv version 1, Sections 1 and 2 (pp. 1-5) and the entries 8.5.11 to 8.5.17 (pp. 28-30); [OS26]
completely, in arXiv version 3, the journal version not being compared; of [0S24], the file reps-5-3.m
and the README, and, by the first two verification runs, the file invariants.m; of [Qia24], in arXiv
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version 2, Section 1; of [Cop04], in the copy of the ANU repository fetched by the third verification run
on 14 October 2026, Chapters 1 and 7 (Theorems 7.17 and 7.22 and Lemma 7.21 with their proofs);
of [VL17], the introduction and p. 37; of [WYZ20] and of the other works found in the searches, the
abstracts. Not read: Brahana’s papers [Bra51|, which is behind a paywall, and [Bra58|, whose open
copy on the publisher’s site refused our automated requests on 14 October 2026. What we say about
them is taken from [Cop04] and [OS26]. The earlier attempts to reach [Cop04] (two by the first
verification run and one at the first writing) had failed.

The searches were made on 14 October 2026, for the first write-up, by the three verification runs
and at the writing: queries to the arXiv (for the authors of the problem and of [0S26], and for
abstracts with “exponent p” together with “class 2” or “class two”, with “Vaughan-Lee”, “Brahana”,
“Pfaffian”, “alternating bilinear”, “commutator matrix”, “abelian subgroups” or “breadth”), to Cross-
ref, zbMATH and Semantic Scholar, the lists of citing works in OpenAlex (of [0S26], [VL15], [Bra51]
and [Brab8]), the repository [0S24], and seven web searches. OpenAlex lists no work citing [OS26]
and three works citing [VL15], namely [Leel6], [VL17] and [WYZ20]. Of these, [VL17, p. 37] gives
for both groups the numbers of descendants of order p° and exponent p, (p + 37)/2 and (p + 81)/2
for p > 5, which differ but are computed from the automorphism groups; [Leel6] and [WYZ20] do
not treat the pair, and according to its abstract [WYZ20] gives representatives of these groups, in
the case of five generators and derived subgroup of order p?, only for p = 3. The other works citing
[Brab51] or [Brab8] in OpenAlex do not treat the pair, as far as their titles and available abstracts
show. The closest work is [Cop04] (with [Bra51]), whose invariant is related to ours by Remark 7.3.
We found no statement of |A(G)|, of Theorem B or of Proposition C; a search that finds nothing is
not a proof of novelty, and no priority is claimed beyond the statements above.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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