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Abstract

Alfieri and Binns say that an F[U ]-module M satisfies the strong geography restriction if it has a
direct summand F[U ]/U ℓ⊕F[U ]/U ℓ−1⊕· · ·⊕F[U ]/U , where ℓ is the least integer with U ℓMred = 0.
They showed that HF−(Y ) satisfies it when Y is surgery on a knot in S3 or large surgery on a
link, and asked whether it holds for every rational homology sphere Y . We show that the answer
is no. For the Brieskorn sphere Y = Σ(30, 47, 83), with either orientation, the reduced Heegaard
Floer homology is T16 ⊕ T 10

14 ⊕ T 16
13 ⊕ · · · ⊕ T 92

1 , where Tk = F[U ]/Uk. So ℓ = 16, but F[U ]/U15

is not a direct summand of HF−(Y ). The proof combines the Ozsváth–Szabó description of HF+

for plumbed manifolds, Némethi’s reduction to the graded root of an explicit function τ , and an
exact computer calculation. We give a certificate, the 1707 turning points of τ , from which the
summand lengths can be rechecked by a short program. The manifold Y is an irreducible integral
homology sphere, is not an L-space, and satisfies Lin’s weaker restriction. It also shows that the
word “large” cannot be removed from the link-surgery theorem of Alfieri and Binns. Computer
searches with two independent programs show that among Seifert fibred integral homology spheres
Σ(a1, . . . , an), the counterexamples with the smallest product a1 · · · an are Σ(30, 47, 83) and three
spheres with four singular fibres, all of product 117030. This is an unrefereed note.

1 Introduction
Throughout, F = Z/2. Heegaard Floer homology [OS04a, OS04b] assigns to a rational homology
sphere Y a finitely generated graded F[U ]-module HF−(Y ). Since F[U ] is a principal ideal domain,
HF−(Y ) is the direct sum of a free module and of its U -torsion submodule, the reduced part HF−

red(Y ).
Lin [Lin24] proved that if Y admits a taut foliation, then HF−(Y ) has a direct summand F[U ]/U .
Alfieri and Binns [AB24] call this conclusion (or HF−

red(Y ) = 0) the Lin geography restriction and
introduce a stronger one.

Definition 1.1 ([AB24, Definition 1.6], [Alf24, p. 1952]). An F[U ]-module M satisfies the strong
geography restriction if it contains a direct summand

F[U ]/U ℓ ⊕ F[U ]/U ℓ−1 ⊕ · · · ⊕ F[U ]/U2 ⊕ F[U ]/U, where ℓ = min{ℓ ≥ 0 : U ℓ ·Mred = 0}.

For M = HF−(Y ) the module Mred is HF−
red(Y ), the torsion submodule; it is isomorphic to

HF+
red(Y ) [AB24, Remark 2.2]. If Mred = 0, then ℓ = 0 and the condition is empty. Alfieri and

Binns proved that HF−(Y ) satisfies the strong geography restriction when Y is surgery on a knot
in S3 [AB24, Theorem 1.7] and when Y is large surgery on a link in S3 [AB24, Theorem 1.8], and
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more generally for null-homologous knots and links in L-spaces [AB24, Remark 1.9]. They asked
the following question, which also appears in the Oberwolfach report [Alf24] and as record OWR-
14298580-008 of the UnsolvedMath dataset [ula26].

Question 1.2 ([AB24, Question 1.10], [Alf24, p. 1953]). Does HF−(Y ) satisfy the strong geography
restriction for every rational homology sphere Y ?

Both sources remark that every rational homology sphere is integral surgery on some link in S3,
so removing the word “large” from [AB24, Theorem 1.8] would give a positive answer. We show that
the answer is negative. Write Tk = F[U ]/Uk.

Theorem 1.3. Let Y = Σ(30, 47, 83). For both orientations of Y there are isomorphisms of F[U ]-
modules HF−(±Y ) ∼= F[U ]⊕ HF−

red(±Y ) and

HF−
red(±Y ) ∼= HF+

red(±Y ) ∼= T16 ⊕ T 10
14 ⊕ T 16

13 ⊕ T 24
12 ⊕ T 36

11 ⊕ T 46
10 ⊕ T 56

9 ⊕ T 66
8

⊕ T 76
7 ⊕ T 82

6 ⊕ T 84
5 ⊕ T 86

4 ⊕ T 88
3 ⊕ T 90

2 ⊕ T 92
1 .

Hence ℓ = 16, and HF−(±Y ) has no direct summand isomorphic to F[U ]/U15, graded or not. In
particular HF−(±Y ) does not satisfy the strong geography restriction, and the answer to Question 1.2
is negative.

The proof is computer-assisted. It uses the theorems of Ozsváth and Szabó [OS03b] and Némethi
[Né05], which reduce HF+(−Y ) to the graded root of an explicit integer-valued function τ , and an
exact finite computation with τ . Appendix A gives a certificate for this computation: the 1707 turning
points of τ . From them the summand lengths can be recomputed without the programs used to find
the example.
Remark 1.4. (a) Y is an integral homology sphere. It is irreducible, as is every Seifert fibred integral
homology sphere [Hat, Proposition 1.13]; a direct argument is given in the proof in Section 4. It is not
an L-space. So the answer stays negative if Question 1.2 is restricted to integral homology spheres,
to irreducible manifolds, or to manifolds that are not L-spaces. HF−

red(Y ) has 853 cyclic summands
and total rank 4864, and d(Y ) = 0.

(b) HF−(Y ) has 92 summands F[U ]/U . So Y satisfies the Lin geography restriction. The example
is consistent with Lin’s theorem [Lin24] and says nothing about the L-space conjecture [BGW13].

The plumbing graph of Y (Section 3) gives an explicit description of Y as integral surgery on a
link of unknots in S3. Hence the following statement does not depend on the results of [AB24].

Corollary 1.5. There are integral surgeries on links in S3, for instance ±Y , whose HF− does not
satisfy the strong geography restriction. So the hypothesis “large” cannot be removed from [AB24,
Theorem 1.8].

The next statement is conditional: it depends on [AB24, Theorems 1.7 and 1.8, Remark 1.9],
which are stated in an unrefereed preprint (arXiv version 1).

Corollary 1.6. Assume [AB24, Theorems 1.7 and 1.8 and Remark 1.9]. Then neither Y nor −Y is
surgery on a knot in S3, surgery on a null-homologous knot in an L-space, or large surgery (in the
sense of [AB24, Definition 3.6]) on a link in S3.

We claim no novelty for Corollary 1.6: other obstructions, for example those of Hom, Karakurt
and Lidman [HKL16], may already rule out some of these descriptions.

Up to orientation, the Seifert fibred integral homology spheres other than S3 are the manifolds
Σ(a1, . . . , an) with n ≥ 3 and pairwise coprime ai ≥ 2. We searched them by computer.
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Proposition 1.7 (computer search). Let 2 ≤ a1 < · · · < an be pairwise coprime, n ≥ 3, and
A = a1 · · · an. Exact computations with two independent programs give the following.

(a) If A < 117030, then HF−(Σ(a1, . . . , an)) satisfies the strong geography restriction. For A =
117030 it fails exactly for Σ(30, 47, 83), Σ(2, 15, 47, 83), Σ(3, 10, 47, 83) and Σ(5, 6, 47, 83).

(b) For n = 3 and A ≤ 200000 (423020 spheres), Σ(30, 47, 83) is the only failure. For n = 4 and
A ≤ 600000 (401831 spheres) there are exactly 12 failures, listed in Table 2. For n = 5 and
A ≤ 250000 (9556 spheres), n = 6 and A ≤ 130000 (46 spheres), and n = 7 and A ≤ 600000 (2
spheres) there are none.

Every sphere with n ≥ 7 has A ≥ 510510, so (a) follows from (b). Proposition 1.7 rests on the
same reduction as Theorem 1.3 and on exact integer arithmetic, but we give no certificates for the
individual spheres.

Related work. Hanselman, Kutluhan and Lidman [HKL19] obtained restrictions of a different kind
on the geography of Heegaard Floer homology. Alfieri and Binns credit Bodnár and Plamenevskaya
[BP21] with the first verification of Lin’s restriction for a large class of graph manifolds, and recall that
Rustamov [Rus03] found summands F[U ]/U2 in HF−(Σ(2, 2n + 1, 4n + 3)) for n ≥ 3. Graded roots
have also been used to study the Heegaard Floer homology of Seifert fibred homology spheres and of
almost rational plumbings, for instance by Karakurt and Lidman [KL15] and by Dai and Manolescu
[DM19].

2 Algebraic preliminaries
Let T + = F[U,U−1]/UF[U ]. For an F[U ]-module M and j ≥ 0 put fM (j) = dimF(kerU ∩ U jM).
When fM (0) < ∞, put mk(M) = fM (k − 1)− fM (k) for k ≥ 1.

Lemma 2.1. (a) f and mk are additive under finite direct sums.

(b) fF[U ] ≡ 0 and fT + ≡ 1; fTn(j) = 1 for j < n and fTn(j) = 0 for j ≥ n. So mk(F[U ]) =
mk(T +) = 0 and mk(Tn) = 1 if k = n, 0 otherwise.

(c) fM is non-increasing, so mk(M) ≥ 0.

(d) If fM (0) < ∞ and Tk is isomorphic to a direct summand of M , then mk(M) ≥ 1.

Proof. (a) holds because kerU and U j respect direct sums, and (b) is a direct computation. (c)
holds because U j+1M ⊆ U jM . For (d) write M = N ⊕ P with N ∼= Tk; by (a)–(c), mk(M) =
mk(N) +mk(P ) ≥ 1.

Lemma 2.2. Let M ∼= F[U ]r ⊕ D ⊕
⊕

k≥1 T
µk
k , where D is a direct sum of finitely many copies of

T + and only finitely many µk are non-zero. Then mk(M) = µk for all k ≥ 1. Let ℓ be the largest k
with µk > 0 (ℓ = 0 if there is none). If µk = 0 for some 1 ≤ k ≤ ℓ, then M has no direct summand
isomorphic to Tk, and in particular no direct summand isomorphic to Tℓ ⊕ · · · ⊕ T1. If µk ≥ 1 for all
k ≤ ℓ, then it has such a summand.

Proof. The first claim follows from Lemma 2.1(a),(b), the second from Lemma 2.1(d) and the fact
that a summand of a summand is a summand. The last claim is clear: take one copy of each Tk.
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For M = HF−(Y ) ∼= F[U ]r⊕
⊕

k T
µk
k we have Mred

∼=
⊕

k T
µk
k , so the ℓ of Definition 1.1 is the ℓ of

Lemma 2.2. Hence HF−(Y ) satisfies the strong geography restriction if and only if mk(HF
−(Y )) ≥ 1

for 1 ≤ k ≤ ℓ. The criterion does not involve the grading: if µk = 0, there is not even an ungraded
summand Tk.

We recall the relevant parts of Heegaard Floer theory [OS04a]. Let Y be a rational homology
sphere with a Spinc structure s. The chain complex CF−(Y, s) is a finitely generated free F[U ]-
module, CF∞ = CF− ⊗F[U ] F[U,U−1] and CF+ = CF∞/CF−. (In [OS04a] CF− is the subcomplex
of CF∞ spanned by the generators [x, i] with i < 0; this changes only the grading.) There is a
U -equivariant exact triangle

· · · → HF−(Y, s)
ι−→ HF∞(Y, s)

π−−→ HF+(Y, s)
δ−−→ HF−(Y, s) → · · · ,

where HF∞(Y, s) ∼= F[U,U−1] [OS04b, Theorem 10.1] (stated there over Z; the version over F follows
by the universal coefficient theorem). Every element of HF+(Y, s) is annihilated by a power of U
[OS04b, Section 2.1].
Lemma 2.3. Let D =

⋂
k≥0 U

kHF+(Y, s). Then D ∼= T +, HF+(Y, s) ∼= D ⊕ HF+(Y, s)/D, and
δ induces an isomorphism of F[U ]-modules HF+(Y, s)/D ∼= TorHF−(Y, s). Moreover HF−(Y, s) ∼=
F[U ] ⊕ TorHF−(Y, s). Consequently mk(HF

+(Y, s)) = mk(HF
−(Y, s)) = mk(TorHF

−(Y, s)) for all
k ≥ 1.
Proof. Since HF∞ has no U -torsion, TorHF− ⊆ ker ι. Since every element of HF+ is U -torsion and
δ is U -equivariant, im δ ⊆ TorHF−. Exactness gives ker ι = im δ, so TorHF− = im δ ∼= HF+/ ker δ =
HF+/ imπ. The image of ι is a finitely generated graded submodule of F[U,U−1]. It is non-zero, since
otherwise π would embed F[U,U−1] into the U -torsion module HF+. Hence it equals UmF[U ] for some
m, and imπ ∼= F[U,U−1]/UmF[U ] ∼= T +. Clearly imπ ⊆ D. Conversely HF+/ imπ ∼= TorHF− has
finite length, so UNHF+ ⊆ imπ for some N , and D ⊆ imπ. Thus D = imπ ∼= T +. As T + is divisible,
it is an injective module over the principal ideal domain F[U ], so D is a direct summand. Finally,
HF− is finitely generated over F[U ], so HF− ∼= F[U ]r ⊕ TorHF− for some r ≥ 0. The localization
F[U,U−1] is a flat F[U ]-module, so taking homology commutes with −⊗F[U ] F[U,U−1], and

HF∞ = H∗
(
CF− ⊗F[U ] F[U,U−1]

) ∼= HF− ⊗F[U ] F[U,U−1] ∼= F[U,U−1]r,

because every element of TorHF− is annihilated by a power of U , which becomes invertible. As
HF∞ ∼= F[U,U−1], tensoring with the field F(U) of rational functions gives r = 1. Hence HF− ∼=
F[U ]⊕ TorHF−, and the statement about mk follows from Lemma 2.1(a),(b).

So HF+
red(Y ) := HF+(Y )/ imπ is isomorphic to HF−

red(Y ), as recalled in [AB24, Remark 2.2], and
the answer to Question 1.2 does not depend on the flavour used.
Lemma 2.4. mk(HF

−(−Y, s)) = mk(HF
−(Y, s)) for all k ≥ 1.

Proof. Let CF−(Y, s)∨ =
⊕

dHomF(CF
−
d (Y, s),F) be the graded dual of CF−(Y, s), with the dual

differential and with U acting by the dual of U . By [OS04b, Proposition 2.5] (all Spinc structures on
a rational homology sphere are torsion, and the proof there works over F), HF+(−Y, s) is isomorphic
to the homology of this complex. The isomorphism comes from an identification of CF+(−Y, s) with
CF−(Y, s)∨ that is made degree by degree: each homogeneous piece of CF+(−Y, s) is identified with
HomF(CF

−
d (Y, s),F) for one degree d, and U corresponds to the dual of U (see the proof there). So the

dual has to be taken in this graded sense; the full HomF(CF
−(Y, s),F) is the product of these spaces

over all d. Each graded piece of CF−(Y, s) is finite dimensional and F is a field, so HF+(−Y, s) is the
graded dual of HF−(Y, s), with U acting by the dual map. Decompose HF−(Y, s) ∼= F[U ]⊕

⊕
k T

µk
k

(Lemma 2.3) into homogeneous cyclic summands. The graded dual of F[U ] is isomorphic to T + and
that of Tk to Tk. Hence mk(HF

+(−Y, s)) = µk = mk(HF
−(Y, s)), and Lemma 2.3 for −Y gives the

claim.
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3 From Heegaard Floer homology to the function τ

3.1 The plumbing

Let n ≥ 3 and let a1, . . . , an ≥ 2 be pairwise coprime, A = a1 · · · an. The normalized Seifert invariants
(e0; (al, ωl)) of Σ(a1, . . . , an) are the integers with 0 < ωl < al and

e0A+

n∑
l=1

ωl
A

al
= −1, equivalently e = e0 +

∑
l

ωl

al
= − 1

A
,

as in [CK14, Section 1] and [Né05, Section 11]. The manifold is the boundary Y (G) of the plumbing
along the star-shaped graph G with a central vertex of weight e0 and, for each l, an arm of vertices
with weights −k1, . . . ,−ks, where al/ωl = k1 − 1/(k2 − 1/(· · · − 1/ks)) with all kj ≥ 2. For n = 3 it
is the link of the Brieskorn singularity za11 + za22 + za33 = 0.

For (a1, a2, a3) = (30, 47, 83) we have A = 117030 and

e0 = −1, (ω1, ω2, ω3) = (29, 1, 1),

since −117030 + 29 · 3901 + 2490 + 1410 = −1. As 30/29 = [2, 2, . . . , 2] (29 twos), G has 32 vertices:
a centre of weight −1, an arm of 29 vertices of weight −2, and two single vertices of weights −47 and
−83. Its intersection form is negative definite (as e < 0; an exact LDLT decomposition confirms this)
and has determinant 1. The centre is the only bad vertex in the sense of [OS03b, Definition 1.1]: its
weight −1 is larger than minus its degree 3, while every other vertex v has −ev ≥ 2 ≥ deg v. Surgery
on the link of unknots associated with G, with framings the weights, gives Y (G); this is the explicit
surgery description used in Corollary 1.5.

3.2 The graded root

We use Némethi’s graded roots [Né05, Section 3]. Let t : {0, 1, . . . , L} → Z be a function. For q ∈ Z
let Cq be the set of maximal intervals I ⊆ {0, . . . , L} with t ≤ q on I (the connected components
of the sublevel set in the path 0 − 1 − · · · − L). The graded root (Rt, χt) of [Né05, Example 3.4(3)]
has the elements of Cq as its vertices of grading q, and an edge from I ∈ Cq to the interval of Cq+1

containing I. Némethi’s module H(R,χ) [Né05, Definition 3.5] consists of the functions ϕ from the
vertices to Z[U,U−1]/UZ[U ] with Uϕ(v) = ϕ(w) for every edge [v, w] with χ(v) < χ(w). Némethi also
allows functions t : Z≥0 → Z that are eventually non-decreasing; the values after the last decrease do
not change the root [Né05, Example 3.4(3)].

Theorem 3.1 (Ozsváth–Szabó, Némethi). Let Y = Σ(a1, . . . , an) and define τ : Z≥0 → Z by τ(0) = 0
and τ(i+ 1) = τ(i) + ∆(i), where

∆(i) = 1− e0 i−
n∑

l=1

⌈
i ωl

al

⌉
.

Then HF+
odd(−Y ;Z) = 0, and HF+(−Y ;Z) is isomorphic to H(Rτ , χτ ) as a Z[U ]-module, up to a

shift of the grading.

References. The graph G is negative definite with at most one bad vertex, so HF+(−Y (G)) is iso-
morphic to the Ozsváth–Szabó module H+(G) by [OS03b, Theorem 1.2] (stated over Z; the version
over F is [OS03b, Theorem 2.1]). A star-shaped graph is almost rational [Né05, Example 8.2(3)], and
for almost rational graphs [Né05, Theorem 8.3] gives HF+

odd(−Y ) = 0 and HF+
even(−Y ) ∼= H+(G).

By [Né05, Proposition 4.7] and [Né05, Theorem 9.3], H+(G) is, up to a shift, the module H(Rτ , χτ )
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of the graded root of τ(i) = χK(x(i)), where x(i) is the generalized Laufer sequence with central
coefficient i and K is the canonical class (for an integral homology sphere the only Spinc structure
is the canonical one). For Seifert manifolds and the canonical Spinc structure, [Né05, Sections 11.12
and 11.13] give τ(i + 1) − τ(i) = 1 − e0i +

∑
lb−iωl/alc = ∆(i) and state HF+

even(−Y ) ∼= H+(G) ∼=
H(Rτ , χτ )[−(K2 + s)/4], where s is the number of vertices. The same statement for Seifert homology
spheres is [CK14, Theorem 2.3].

For Y = Σ(30, 47, 83), since i− d29i/30e = bi/30c,

∆(i) = 1 +

⌊
i

30

⌋
−

⌈
i

47

⌉
−

⌈
i

83

⌉
. (1)

Némethi also decomposes H(R,χ) [Né05, Proposition 3.5.2]. Order the leaves (vertices of degree
one) of R as v1, v2, . . . with χ(v1) ≤ χ(v2) ≤ · · · , and let wk (k ≥ 2) be the lowest vertex that lies
above both vk and some vj with j < k. Then

H(R,χ) ∼= T +
Z ⊕

⊕
k≥2

Z[U ]/Uχ(wk)−χ(vk) (2)

as Z[U ]-modules, where T +
Z = Z[U,U−1]/UZ[U ]. In particular HF+(−Y ;Z) is a free abelian group

in each degree. The complex CF+(−Y ;Z) is free abelian and finitely generated in each degree, so by
the universal coefficient theorem the natural U -equivariant map HF+(−Y ;Z)⊗ F → HF+(−Y ;F) is
an isomorphism. Therefore

HF+(−Y ;F) ∼= T + ⊕
⊕
k≥2

Tχ(wk)−χ(vk). (3)

3.3 Reading the lengths from τ

For t : {0, . . . , L} → Z, q ∈ Z and b ≤ q let Nq(b) be the number of intervals I ∈ Cq with minI t = b,
and for b < d put

nt(b, d) = Nd−1(b)−Nd(b).

Lemma 3.2. For the graded root Rt, the number of k ≥ 2 with χ(vk) = b and χ(wk) = d equals
nt(b, d). In particular nt(b, d) ≥ 0, and the multiset {χ(wk)− χ(vk) : k ≥ 2} contains

∑
b nt(b, b+L′)

copies of each L′ ≥ 1.

Proof. A vertex x of grading q is an interval I ∈ Cq; it lies above a leaf of grading ≤ p if and only
if minI t ≤ p. Every vertex lies above at least one leaf. For a vertex x let k(x) be the least k such
that x lies above vk. Then x lies above no vj with j < k(x), so χ(x) < χ(wk(x)) (with χ(w1) = +∞).
Conversely, if χ(vk) ≤ q < χ(wk), the vertex of grading q above vk lies above no earlier leaf, so
k(x) = k for it. Vertices on the path above vk are unique in each grading, so x 7→ k(x) is a bijection
from the vertices of grading q onto {k : χ(vk) ≤ q < χ(wk)}. Since the χ(vk) are non-decreasing, x
lies above a leaf of grading ≤ p if and only if χ(vk(x)) ≤ p. Hence, for p ≤ q,

r(p, q) := #{I ∈ Cq : min
I

t ≤ p} = #{k : χ(vk) ≤ p and q < χ(wk)}.

By inclusion and exclusion, the number of k with χ(vk) = b and χ(wk) = d is

r(b, d− 1)− r(b− 1, d− 1)− r(b, d) + r(b− 1, d).

Since r(b, q)− r(b− 1, q) = Nq(b), this equals Nd−1(b)−Nd(b).
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In the language of persistent homology, the numbers χ(wk) − χ(vk) are the lengths of the finite
bars of the sublevel-set filtration of t on the path, and the lemma is the elder rule. The formula
nt(b, d) = Nd−1(b)−Nd(b) is the one used by the checker of Appendix A.

Lemma 3.3. Let 0 < j < L and suppose that t(j) lies between t(j − 1) and t(j + 1) (in the weak
sense). Delete j and make j − 1 and j + 1 adjacent. Then all numbers Nq(b) are unchanged.

Proof. Fix q. If t(j) > q, then one of j ± 1 also has t > q, so no two intervals of Cq become adjacent.
If t(j) ≤ q, then the neighbour with the smaller value lies in the same interval I as j, so I \ {j} is
still an interval with the same minimum. In both cases I 7→ I \ {j} is a bijection of intervals that
preserves minima.

We call i ∈ {1, . . . , L− 1} a turning point of t if t changes there from strictly increasing to strictly
decreasing or vice versa; a plateau at such a change is represented by its first index. The end points
0 and L are also counted as turning points. Between two consecutive turning points t is weakly
monotone, so repeated use of Lemma 3.3 shows that Nq(b), and hence nt(b, d), can be computed from
the sequence of values of t at the turning points alone.

3.4 A finite range

Lemma 3.4. Let a1, . . . , an, e0, ωl and ∆ be as in Theorem 3.1, with ∆(i) defined by the same
formula for all i ∈ Z, and let N0 = (n− 2)A−

∑
l A/al. Then:

(a) ∆(i) + ∆(N0 − i) = 0 for all i ∈ Z;

(b) ∆(i) ≥ 0 for all i > N0;

(c) if N0 ≥ 0, then τ(N0 + 1− i) = τ(i) for 0 ≤ i ≤ N0 + 1.

For n = 3, part (b) and the case 0 ≤ i ≤ N0 of part (a) are contained in [CK14, Theorem 1.3].

Proof. (a) Reducing e0A +
∑

l ωlA/al = −1 modulo al gives ωl(A/al) ≡ −1, and N0 ≡ −A/al
(mod al), so N0ωl ≡ 1 (mod al). For integers y, c and a ≥ 1 with c ≡ 1 (mod a) one checks, writing
y = ka+ ρ with 0 ≤ ρ < a, that dy/ae+ d(c− y)/ae = (c− 1)/a+1. With y = iωl and c = N0ωl this
gives

∆(i) + ∆(N0 − i) = 2− e0N0 −
∑
l

(N0ωl − 1

al
+ 1

)
= 2− n+

N0

A
+

∑
l

1

al
= 0,

using e0 +
∑

l ωl/al = −1/A and N0/A = n− 2−
∑

l 1/al.
(b) For j < 0, ∆(j) ≤ 1 − e0j −

∑
l jωl/al = 1 + j/A < 1, so ∆(j) ≤ 0. For i > N0, (a) gives

∆(i) = −∆(N0 − i) ≥ 0.
(c) Pairing j with N0 − j in (a) gives τ(N0 + 1) =

∑N0
j=0∆(j) = 0, and then, with j′ = N0 − j,

τ(N0 + 1− i) = τ(N0 + 1)−
N0∑

j=N0+1−i

∆(j) =

i−1∑
j′=0

∆(j′) = τ(i).

By (b), τ is non-decreasing on [N0 + 1,∞). So the graded root of τ is that of its restriction to
{0, . . . , N0 + 1}: for q ≥ τ(N0 + 1) the points i > N0 + 1 with τ(i) ≤ q join the interval containing
N0 + 1 without changing its minimum, and for q < τ(N0 + 1) there are none.
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4 The computation for Σ(30, 47, 83)

For Y = Σ(30, 47, 83) we have N0 = 117030− 1410− 2490− 3901 = 109229, and we work with τ on
{0, . . . , N0 + 1} = {0, . . . , 109230}, defined by (1).

Proposition 4.1 (exact computation). (a) On {0, . . . , 109230}, ∆ takes only the values −1, 0, 1,
and τ takes values between −12755 and 1. The minimum −12755 is attained exactly on the four
intervals [54390, 54420], [54480, 54510], [54720, 54750] and [54810, 54840].

(b) τ has exactly 1707 turning points, listed in Appendix A.

(c) The numbers nτ (b, d) of Lemma 3.2 have sum 853, and the multiset in which each difference
d− b is counted nτ (b, d) times is (exponents denote multiplicities)

{161, 1410, 1316, 1224, 1136, 1046, 956, 866, 776, 682, 584, 486, 388, 290, 192},

with sum 4864. In particular no difference equals 15, and none exceeds 16.

Proof. This is a finite computation in exact integer arithmetic. Appendix A describes how (b) and
(c) can be checked from the certificate with a short program, and the paragraph “Verification” at the
end lists the independent computations that agree with it.

Proof of Theorem 1.3. By Theorem 3.1 and (3), HF+(−Y ) ∼= T +⊕M0 with M0 =
⊕

k≥2 Tχ(wk)−χ(vk)

for the graded root of τ . By Lemma 3.4 this root is the root of τ restricted to {0, . . . , N0 + 1}, and
by Lemma 3.2 and Proposition 4.1(c),

M0
∼= T16 ⊕ T 10

14 ⊕ T 16
13 ⊕ · · · ⊕ T 92

1 .

Then
⋂

k U
kHF+(−Y ) = T +, so HF+

red(−Y ) ∼= M0, and by Lemma 2.3 HF−
red(−Y ) ∼= M0 and

HF−(−Y ) ∼= F[U ]⊕M0. By Lemma 2.4 and Lemma 2.3, mk(HF
−(Y )) = mk(M0) for all k. A finitely

generated torsion F[U ]-module is determined up to isomorphism by these numbers, so HF−
red(Y ) ∼=

HF+
red(Y ) ∼= M0, and HF−(Y ) ∼= F[U ] ⊕ M0 by Lemma 2.3. Now ℓ = 16 and m15(M0) = 0, so by

Lemma 2.2 neither HF−(Y ) nor HF−(−Y ) satisfies the strong geography restriction.

Proof of Remark 1.4 and Corollaries 1.5 and 1.6. Every closed orientable Seifert fibred space other
than S1 × S2 and RP3#RP3 is irreducible [Hat, Proposition 1.13]. Neither of these two is an
integral homology sphere, so Y is irreducible. For Y there is also a direct argument. Since
1/30 + 1/47 + 1/83 < 1, the base orbifold S2(30, 47, 83) of the Seifert fibration of Y is hyperbolic,
and the Euler number e = −1/117030 is non-zero. So Y carries the geometry S̃L2(R) [Sco83], and its
universal cover is R3. By Alexander’s theorem R3 is irreducible, and a manifold with an irreducible
covering space is irreducible [Hat, Proposition 1.6]. Y is not an L-space because HF−

red(Y ) 6= 0. By
[Né05, Theorem 8.3], d(Y ) = (K2 + s)/4− 2min τ ; here K2 + s = −102040 and min τ = −12755, so
d(Y ) = 0. Corollary 1.5 follows from Theorem 1.3 and the surgery description of Y (G) in Section 3.
Corollary 1.6 is the contrapositive of [AB24, Theorems 1.7, 1.8 and Remark 1.9] applied to ±Y .

Remark 4.2. The bottom of the graded root explains the long summands (Table 1). The four intervals
where τ = −12755 are separated by barriers of heights 7, 16 and 7 above the minimum. The two
outer barriers give two summands T7, and the middle one gives the unique T16. With the tie-breaking
rule of Table 1, the component born on [54720, 54750] merges at level 16 with the one chosen as elder
by this rule, the component born on [54390, 54420]. The ten summands T14 come in five symmetric
pairs (Lemma 3.4(c)), born 1, 6, 10, 28 and 67 levels above the minimum, and each dies exactly 14
levels higher. No component dies exactly 15 levels after its birth.
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length index birth death length index birth death

16 54720 0 16 13 46770 263 276
14 50670 67 81 13 48180 177 190
14 52080 28 42 13 49260 123 136
14 53070 10 24 13 49590 108 121
14 53400 6 20 13 51000 56 69
14 54060 1 15 13 51750 36 49
14 55050 1 15 13 52410 21 34
14 55710 6 20 13 53730 3 16
14 56040 10 24 13 55380 3 16
14 57120 28 42 13 56790 21 34
14 58530 67 81 13 57450 36 49

13 58200 56 69
13 59610 108 121
13 59940 123 136
13 61020 177 190
13 62430 263 276

Table 1: The 27 summands of length at least 13 of HF−
red(Y ) for Y = Σ(30, 47, 83), computed with

the elder rule. When two components with the same minimum value merge, we break the tie in favour
of the smaller index: the elder is the component whose minimum is attained at the smaller index.
“Index” is the smallest index at which the younger component, whose bar ends at the merge, attains
its minimum. “Birth” and “death” are the levels b−min τ and d−min τ with min τ = −12755. The
tie-breaking rule only fixes the index column; the lengths do not depend on it (Lemma 3.2).

5 Further examples
Table 2 lists the failures found by the searches of Proposition 1.7 and some further Brieskorn spheres.
For each of them the two independent programs give the same decomposition of HF−

red; the table
shows the top terms, the missing lengths and the total rank.

The three spheres with four fibres and A = 117030 arise from Σ(30, 47, 83) by splitting the fibre
30 into coprime factors 2 · 15, 3 · 10, 5 · 6. They have e0 = −1 and the same invariants (47, 1) and
(83, 1), and the same top terms T16 ⊕ T 10

14 ⊕ T 16
13 .

Remark 5.1 (observed, not proved). All Brieskorn spheres Σ(p, q, r) in Table 2 satisfy qr−pq−pr = 1.
For such spheres e0 = −1 and ω = (p− 1, 1, 1), so ∆(i) = 1+ bi/pc− di/qe− di/re. Writing q = p+ d
and r = p + d′, the condition is dd′ = p2 + 1; we take 1 < d < d′ (for d = 1, Σ(p, p + 1, p2 + p + 1)
is surgery on a torus knot). We computed, with both programs, the 346 members with p ≤ 230 and
pqr ≤ 4 · 107 (for p ≤ 130) or pqr ≤ 1.2 · 108 (for p > 130). Of these, 47 fail the strong geography
restriction: 45 of the 106 with p even, and 2 of the 240 with p odd, namely Σ(187, 317, 456) and
Σ(207, 257, 1064). We have no proof that infinitely many members fail.

6 Concluding remarks
Theorem 1.3 answers Question 1.2 in the negative with an explicit, irreducible integral homology
sphere that satisfies Lin’s restriction. The Lin geography restriction itself [AB24, Conjecture 1.5] is
untouched by our examples. Two questions remain.

Question 6.1. Are there infinitely many Brieskorn spheres (or Seifert fibred homology spheres) whose
HF− fails the strong geography restriction?
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Y ℓ missing top terms of HF−
red(Y ) rank

Σ(30, 47, 83) 16 15 T16 ⊕ T 10
14 ⊕ T 16

13 ⊕ · · · 4864
Σ(2, 15, 47, 83) 16 15 T16 ⊕ T 10

14 ⊕ T 16
13 ⊕ · · · 8504

Σ(3, 10, 47, 83) 16 15 T16 ⊕ T 10
14 ⊕ T 16

13 ⊕ · · · 9154
Σ(5, 6, 47, 83) 16 15 T16 ⊕ T 10

14 ⊕ T 16
13 ⊕ · · · 9414

Σ(4, 19, 31, 55) 6 5 T6 ⊕ T 116
4 ⊕ T 890

3 ⊕ · · · 10436
Σ(2, 19, 55, 123) 22 21 T22 ⊕ T 4

20 ⊕ T 10
19 ⊕ · · · 18704

Σ(2, 29, 65, 93) 11 10 T11 ⊕ T 70
9 ⊕ T 258

8 ⊕ · · · 25539
Σ(7, 23, 25, 97) 11 10 T11 ⊕ T 41

9 ⊕ T 240
8 ⊕ · · · 32140

Σ(2, 23, 75, 119) 24 23 T24 ⊕ T 10
22 ⊕ T 16

21 ⊕ · · · 29892
Σ(16, 21, 23, 59) 12 11 T 2

12 ⊕ T 25
10 ⊕ T 228

9 ⊕ · · · 37833
Σ(4, 13, 43, 225) 7 6 T 2

7 ⊕ T 88
5 ⊕ T 607

4 ⊕ · · · 40476
Σ(3, 37, 50, 91) 19 18 T19 ⊕ T 18

17 ⊕ T 42
16 ⊕ · · · 39715

Σ(3, 5, 77, 452) 10 9 T10 ⊕ T 182
8 ⊕ T 206

7 ⊕ · · · 40210

Σ(38, 55, 123) 22 21 T22 ⊕ T 4
20 ⊕ T 10

19 ⊕ · · · 10694
Σ(46, 75, 119) 24 23 T24 ⊕ T 10

22 ⊕ T 16
21 ⊕ · · · 17088

Σ(64, 81, 305) 48 47 T48 ⊕ T 2
46 ⊕ T 14

45 ⊕ · · · 65840
Σ(72, 89, 377) 58 57 T58 ⊕ T 2

56 ⊕ T 4
55 ⊕ · · · 100610

Σ(98, 115, 663) 97 96 T97 ⊕ T 2
95 ⊕ T 2

94 ⊕ · · · 311249
Σ(122, 187, 351) 67 64, 66 T67 ⊕ T 2

65 ⊕ T 6
63 ⊕ · · · 333603

Σ(144, 233, 377) 76 75 T76 ⊕ T 6
74 ⊕ T 4

73 ⊕ · · · 526988
Σ(187, 317, 456) 95 94 T 2

95 ⊕ T 10
93 ⊕ T 8

92 ⊕ · · · 1126228
Σ(207, 257, 1064) 162 161 T 4

162 ⊕ T 4
160 ⊕ T 6

159 ⊕ · · · 2358350

Table 2: Seifert fibred homology spheres whose HF− fails the strong geography restriction. Above
the line: all failures with n = 3, A ≤ 200000 and n = 4, A ≤ 600000 (Proposition 1.7). Below the
line: Brieskorn spheres from the family of Remark 5.1.

Question 6.2. For which surgeries on links, beyond the large ones of [AB24, Theorem 1.8], does the
strong geography restriction hold?

Verification. The computations were checked as follows.

1. The programs with which the example was found (Python and C) compute τ for Σ(30, 47, 83)
in three ways: from (1), from the Hilbert series of the Brieskorn complete intersection, and
by Laufer’s algorithm on the plumbing lattice. They compute the lengths with two barcode
algorithms. A brute-force computation on the full lattice, which does not use Némethi’s reduc-
tion, agrees with the τ -method on 15 small Seifert fibred spheres. A C search program gave
Proposition 1.7.

2. A standalone checker (standard library only, a few seconds) recomputes τ from (1), validates
the certificate of Appendix A, and computes the lengths from the 1707 certified values with the
formula nt(b, d) = Nd−1(b)−Nd(b) of Lemma 3.2, without the elder rule.

3. A second implementation, written separately for this note, recomputes τ on {0, . . . , N0+1} from
the generalized Laufer sequence on the 32-vertex plumbing lattice and compares it with (1), with
Némethi’s explicit cycles [Né05, Proposition 11.11] and with the semigroup description of [CK14,
Theorem 1.3]. It computes the lengths by union-find and by a stack algorithm. It checks the
total rank against the Casson invariant λ: Brieskorn’s formula for the signature σ of the Milnor
fibre [Bri66] gives λ(Y ) = σ/8 = −4864 [NW90], and the formula λ(Y ) = χ(HF+

red(Y ))−d(Y )/2
of [OS03a, Theorem 1.3] gives −4864− 0, since d(Y ) = 0 and HF+

red(Y ) lies in odd degrees (by
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[OS03b, Corollary 1.4] and [OS04b, Proposition 2.5]). Its C search program, which uses union-
find on the turning points, reproduces all counts of Proposition 1.7 and all decompositions in
Table 2. It also compares the lengths for the 102308 spheres Σ(p, q, pqn− 1) with pq(pqn− 1) ≤
106, which are 1/n-surgeries on torus knots [Mos71], with the prediction T n−1

V0
⊕

⊕
k≥1 T 2n

Vk
of

the rational surgery formula [OS11] for L-space knots, with Vk as in [NW15] computed from the
Alexander polynomial. All 102308 agree; the longest summand has length 125.

4. Two independent verification runs, which were AI-assisted and used their own code, checked the
source statements, the proofs and the computations. The first reproduced the decomposition
(853 summands, total rank 4864, exactly one summand of length at least 15), the Casson invari-
ant, the searches of Proposition 1.7 (for n = 4 up to A = 200000), and the agreement with the
1/n-surgery formula for 265 spheres. The second computed τ in three ways and the lengths by
three methods, one of them through the module H(Rτ , χτ ) of the explicit graded root over F.
It matched the published groups of small Brieskorn spheres, including the gradings, and repro-
duced Table 1, all counts of Proposition 1.7, all rows of Table 2, the counts of Remark 5.1 and the
agreement with the 1/n-surgery formula for all 102308 spheres. It also reran the programs of the
source archive. Its code and outputs are in the folder reproducibility/independent_run_2
of the source archive.

Scope and priority. Theorem 1.3 answers [AB24, Question 1.10] and the question of [Alf24] as
stated: the counterexample is a rational, indeed integral, homology sphere. The proof is computer-
assisted. It uses [OS03b, Né05] as published theorems and an exact finite computation, for which
Appendix A gives a certificate. Corollary 1.5 is unconditional. Corollary 1.6 depends on results of the
unrefereed preprint [AB24]. Proposition 1.7 is a computer search result without certificates for the
individual spheres, and Remark 5.1 is an observation. We read [AB24] (version 1, the only version
on arXiv as of September 30, 2026) and the Oberwolfach report [Alf24]. We searched arXiv, Crossref,
OpenAlex, zbMATH and Semantic Scholar and ran web searches in September 2026. We found no
answer to the question, and the works citing [AB24] that we found do not address it. We did not
see the contents of the K3 problem list (AMS Surveys 295). This negative search is not a proof of
priority.

AI-assisted tools were used to search the problem corpus and the literature, to find the coun-
terexample and the arguments, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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A The certificate
The certificate is the following file in the folder reproducibility/verifier of the source archive;
the second line is its SHA-256 checksum:

certificate_Sigma_30_47_83.txt
6d7130dbc0ecf948286ed5d2b7e51a2cdad322da0588a97f3c9ddf7a43f72943

It has three comment lines, followed by 1707 lines “i τ(i)”. The indices i are the turning points of τ
on {0, . . . , 109230} in the sense of Section 3, in increasing order, and τ(i) is defined by τ(0) = 0 and
(1). (The header writes the Seifert invariants as b = −e0 = 1 and ω = (29, 1, 1).) The list is printed
below, row by row.

A reader can check the certificate as follows. First, compute τ on {0, . . . , 109230} from (1).
Check that the listed values are correct, that the first and last indices are 0 and 109230, and that
τ is weakly monotone between consecutive listed indices (in fact every listed interior index is a
turning point). Second, working only with the 1707 listed values t0, . . . , t1706, compute for each
level q from −12755 to 1 the maximal runs of consecutive tj ≤ q and their minima, and hence
Nq(b). By Lemma 3.3, these are the numbers Nq(b) of τ . The multiset of Proposition 4.1(c) is then
{d− b with multiplicity Nd−1(b)−Nd(b)}. The program check_certificate.py does exactly this; it
uses only the Python standard library and runs in a few seconds. Parts (a) and (c) of Lemma 3.4 can
also be spot-checked on the list: the values are symmetric under i 7→ 109230− i up to the position of
plateaus.

0 0 1 1 1380 -650 1411 -649 2460 -1136 2491 -1135 2790 -1283 2821 -1282 3870 -1756
3902 -1754 4200 -1899 4231 -1898 4950 -2219 4981 -2218 5280 -2359 5312 -2357 5610 -2498 5641 -2497
6360 -2809 6392 -2807 6690 -2945 6722 -2943 7020 -3080 7051 -3079 7440 -3249 7471 -3248 7770 -3382
7803 -3379 8100 -3514 8132 -3512 8430 -3645 8461 -3644 8850 -3809 8882 -3807 9180 -3938 9213 -3935
9510 -4066 9542 -4064 9840 -4193 9871 -4192 9930 -4226 9961 -4225 10260 -4352 10293 -4349 10590 -4477

10623 -4474 10920 -4601 10952 -4599 11250 -4724 11281 -4723 11340 -4756 11372 -4754 11670 -4878 11704 -4874
12000 -4999 12033 -4996 12330 -5119 12362 -5117 12420 -5150 12451 -5149 12660 -5238 12691 -5237 12750 -5269
12783 -5266 13080 -5387 13114 -5383 13410 -5504 13443 -5501 13740 -5620 13772 -5618 13830 -5650 13862 -5648
14070 -5735 14101 -5734 14160 -5765 14194 -5761 14490 -5879 14524 -5875 14820 -5992 14853 -5989 14910 -6021
14941 -6020 15150 -6104 15182 -6102 15240 -6133 15273 -6130 15480 -6215 15511 -6214 15570 -6244 15605 -6239
15900 -6354 15934 -6350 16230 -6463 16263 -6460 16320 -6491 16352 -6489 16560 -6571 16592 -6569 16650 -6599
16684 -6595 16890 -6678 16921 -6677 16980 -6706 17015 -6701 17310 -6812 17344 -6808 17400 -6839 17431 -6838
17640 -6917 17673 -6914 17730 -6944 17763 -6941 17970 -7021 18002 -7019 18060 -7048 18095 -7043 18300 -7124
18331 -7123 18390 -7151 18425 -7146 18720 -7253 18754 -7249 18810 -7279 18842 -7277 19050 -7354 19083 -7351
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19140 -7380 19174 -7376 19380 -7454 19412 -7452 19470 -7480 19506 -7474 19710 -7553 19741 -7552 19800 -7579
19835 -7574 19890 -7604 19921 -7603 20130 -7677 20164 -7673 20220 -7702 20253 -7699 20460 -7774 20493 -7771
20550 -7799 20585 -7794 20790 -7870 20822 -7868 20880 -7895 20916 -7889 21120 -7965 21151 -7964 21210 -7990
21245 -7985 21300 -8014 21332 -8012 21540 -8084 21574 -8080 21630 -8108 21664 -8104 21870 -8177 21903 -8174
21960 -8201 21996 -8195 22200 -8269 22232 -8267 22290 -8293 22326 -8287 22380 -8316 22411 -8315 22530 -8360
22561 -8359 22620 -8384 22655 -8379 22710 -8407 22743 -8404 22950 -8474 22984 -8470 23040 -8497 23075 -8492
23280 -8563 23313 -8560 23370 -8586 23407 -8579 23610 -8651 23642 -8649 23700 -8674 23736 -8668 23790 -8696
23822 -8694 23940 -8738 23971 -8737 24030 -8761 24065 -8756 24120 -8783 24154 -8779 24360 -8847 24394 -8843
24450 -8869 24486 -8863 24690 -8932 24723 -8929 24780 -8954 24817 -8947 24870 -8975 24901 -8974 25020 -9016
25052 -9014 25110 -9038 25146 -9032 25200 -9059 25233 -9056 25350 -9099 25381 -9098 25440 -9121 25475 -9116
25530 -9142 25565 -9137 25770 -9203 25804 -9199 25860 -9224 25897 -9217 26100 -9284 26133 -9281 26190 -9305
26227 -9298 26280 -9325 26312 -9323 26430 -9364 26462 -9362 26520 -9385 26556 -9379 26610 -9405 26644 -9401
26760 -9443 26791 -9442 26850 -9464 26885 -9459 26940 -9484 26976 -9478 27180 -9542 27214 -9538 27270 -9562
27308 -9554 27360 -9581 27391 -9580 27510 -9619 27543 -9616 27600 -9639 27637 -9632 27690 -9658 27723 -9655
27840 -9695 27872 -9693 27930 -9715 27966 -9709 28020 -9734 28055 -9729 28170 -9770 28201 -9769 28260 -9790
28295 -9785 28350 -9809 28387 -9802 28590 -9864 28624 -9860 28680 -9883 28718 -9875 28770 -9901 28802 -9899
28920 -9937 28953 -9934 29010 -9956 29047 -9949 29100 -9974 29134 -9970 29250 -10009 29282 -10007 29340 -10028
29376 -10022 29430 -10046 29466 -10040 29580 -10080 29611 -10079 29670 -10099 29705 -10094 29760 -10117 29798 -10109
29850 -10134 29881 -10133 30000 -10169 30034 -10165 30090 -10187 30128 -10179 30180 -10204 30213 -10201 30330 -10238
30363 -10235 30420 -10256 30457 -10249 30510 -10273 30545 -10268 30660 -10306 30692 -10304 30750 -10324 30786 -10318
30840 -10341 30877 -10334 30990 -10373 31021 -10372 31080 -10391 31115 -10386 31170 -10408 31209 -10399 31260 -10424
31292 -10422 31410 -10457 31444 -10453 31500 -10474 31538 -10466 31590 -10490 31624 -10486 31740 -10522 31773 -10519
31830 -10539 31867 -10532 31920 -10555 31956 -10549 32070 -10586 32102 -10584 32160 -10603 32196 -10597 32250 -10619
32288 -10611 32340 -10634 32371 -10633 32400 -10649 32431 -10648 32490 -10666 32525 -10661 32580 -10682 32619 -10673
32670 -10697 32703 -10694 32820 -10728 32854 -10724 32910 -10744 32948 -10736 33000 -10759 33035 -10754 33150 -10789
33183 -10786 33240 -10805 33277 -10798 33330 -10820 33367 -10813 33480 -10849 33512 -10847 33570 -10865 33606 -10859
33660 -10880 33699 -10871 33750 -10894 33782 -10892 33810 -10908 33841 -10907 33900 -10924 33935 -10919 33990 -10939
34029 -10930 34080 -10953 34114 -10949 34230 -10982 34264 -10978 34320 -10997 34358 -10989 34410 -11011 34446 -11005
34560 -11039 34593 -11036 34650 -11054 34687 -11047 34740 -11068 34778 -11060 34830 -11081 34861 -11080 34890 -11095
34922 -11093 34980 -11110 35016 -11104 35070 -11124 35110 -11114 35160 -11137 35193 -11134 35220 -11150 35251 -11149
35310 -11165 35345 -11160 35400 -11179 35439 -11170 35490 -11192 35525 -11187 35640 -11219 35674 -11215 35730 -11233
35768 -11225 35820 -11246 35857 -11239 35970 -11272 36003 -11269 36060 -11286 36097 -11279 36150 -11299 36189 -11290
36240 -11311 36272 -11309 36300 -11324 36332 -11322 36390 -11338 36426 -11332 36480 -11351 36520 -11341 36570 -11363
36604 -11359 36630 -11375 36661 -11374 36720 -11389 36755 -11384 36810 -11402 36849 -11393 36900 -11414 36936 -11408
37050 -11439 37084 -11435 37140 -11452 37178 -11444 37230 -11464 37268 -11456 37320 -11475 37351 -11474 37380 -11488
37413 -11485 37470 -11501 37507 -11494 37560 -11513 37600 -11503 37650 -11524 37683 -11521 37710 -11536 37742 -11534
37800 -11549 37836 -11543 37890 -11561 37930 -11551 37980 -11572 38015 -11567 38040 -11583 38071 -11582 38130 -11596
38165 -11591 38220 -11608 38259 -11599 38310 -11619 38347 -11612 38460 -11642 38494 -11638 38550 -11654 38588 -11646
38640 -11665 38679 -11656 38730 -11675 38762 -11673 38790 -11687 38823 -11684 38880 -11699 38917 -11692 38970 -11710
39011 -11699 39060 -11720 39094 -11716 39120 -11731 39152 -11729 39210 -11743 39246 -11737 39300 -11754 39340 -11744
39390 -11764 39426 -11758 39450 -11774 39481 -11773 39540 -11786 39575 -11781 39630 -11797 39669 -11788 39720 -11807
39758 -11799 39780 -11816 39841 -11815 39870 -11828 39904 -11824 39960 -11839 39998 -11831 40050 -11849 40090 -11839
40140 -11858 40173 -11855 40200 -11869 40233 -11866 40290 -11880 40327 -11873 40380 -11890 40421 -11879 40470 -11899
40505 -11894 40530 -11909 40562 -11907 40620 -11920 40656 -11914 40710 -11930 40750 -11920 40800 -11939 40837 -11932
40860 -11948 40891 -11947 40950 -11959 40985 -11954 41040 -11969 41079 -11960 41130 -11978 41169 -11969 41190 -11986
41252 -11984 41280 -11997 41314 -11993 41370 -12007 41408 -11999 41460 -12016 41501 -12005 41550 -12024 41584 -12020
41610 -12034 41643 -12031 41700 -12044 41737 -12037 41790 -12053 41831 -12042 41880 -12061 41916 -12055 41940 -12070
41972 -12068 42030 -12080 42066 -12074 42120 -12089 42160 -12079 42210 -12097 42248 -12089 42270 -12105 42331 -12103
42360 -12115 42395 -12110 42450 -12124 42489 -12115 42540 -12132 42580 -12122 42600 -12139 42663 -12136 42690 -12149
42724 -12145 42780 -12158 42818 -12150 42870 -12166 42912 -12154 42960 -12173 42995 -12168 43020 -12182 43053 -12179
43110 -12191 43147 -12184 43200 -12199 43241 -12188 43290 -12206 43327 -12199 43350 -12214 43382 -12212 43440 -12223
43476 -12217 43530 -12231 43570 -12221 43620 -12238 43659 -12229 43680 -12245 43742 -12242 43770 -12254 43805 -12249
43860 -12262 43899 -12253 43950 -12269 43991 -12258 44010 -12275 44074 -12271 44100 -12284 44134 -12280 44190 -12292
44228 -12284 44280 -12299 44322 -12287 44370 -12305 44406 -12299 44430 -12313 44463 -12310 44520 -12321 44557 -12314
44610 -12328 44651 -12317 44700 -12334 44738 -12326 44760 -12341 44821 -12338 44850 -12349 44886 -12343 44940 -12356
44980 -12346 45030 -12362 45070 -12352 45090 -12368 45153 -12364 45180 -12376 45215 -12371 45270 -12383 45309 -12374
45360 -12389 45402 -12377 45420 -12394 45485 -12389 45510 -12402 45544 -12398 45600 -12409 45638 -12401 45690 -12415
45732 -12403 45780 -12420 45817 -12413 45840 -12427 45873 -12424 45930 -12434 45967 -12427 46020 -12440 46061 -12429
46110 -12445 46149 -12436 46170 -12451 46232 -12447 46260 -12458 46296 -12452 46350 -12464 46390 -12454 46440 -12469
46481 -12458 46500 -12474 46564 -12469 46590 -12481 46625 -12476 46680 -12487 46719 -12478 46770 -12492 46813 -12479
46830 -12496 46896 -12490 46920 -12503 46954 -12499 47010 -12509 47048 -12501 47100 -12514 47142 -12502 47190 -12518
47228 -12510 47250 -12524 47311 -12520 47340 -12530 47377 -12523 47430 -12535 47471 -12524 47520 -12539 47560 -12529
47580 -12544 47643 -12539 47670 -12550 47706 -12544 47760 -12555 47800 -12545 47850 -12559 47892 -12547 47910 -12563
47975 -12557 48000 -12569 48035 -12564 48090 -12574 48129 -12565 48180 -12578 48223 -12565 48240 -12581 48307 -12574
48330 -12587 48364 -12583 48420 -12592 48458 -12584 48510 -12596 48552 -12584 48600 -12599 48639 -12590 48660 -12604
48722 -12599 48750 -12609 48787 -12602 48840 -12613 48881 -12602 48930 -12616 48971 -12605 48990 -12620 49054 -12614
49080 -12625 49116 -12619 49170 -12629 49210 -12619 49260 -12632 49303 -12619 49320 -12635 49386 -12628 49410 -12640
49445 -12635 49500 -12644 49539 -12635 49590 -12647 49633 -12634 49650 -12649 49718 -12641 49740 -12654 49801 -12649
49830 -12658 49868 -12650 49920 -12661 49962 -12649 50010 -12663 50050 -12653 50070 -12667 50133 -12661 50160 -12671
50197 -12664 50250 -12674 50291 -12663 50340 -12676 50382 -12664 50400 -12679 50465 -12672 50490 -12683 50526 -12677
50580 -12686 50620 -12676 50670 -12688 50714 -12674 50730 -12690 50797 -12682 50820 -12694 50855 -12689 50910 -12697
50949 -12688 51000 -12699 51043 -12686 51060 -12700 51129 -12691 51150 -12704 51212 -12698 51240 -12707 51278 -12699
51330 -12709 51372 -12697 51420 -12710 51461 -12699 51480 -12713 51544 -12706 51570 -12716 51607 -12709 51660 -12718
51701 -12707 51750 -12719 51793 -12706 51810 -12721 51876 -12713 51900 -12724 51936 -12718 51990 -12726 52030 -12716
52080 -12727 52124 -12713 52140 -12728 52208 -12719 52230 -12731 52291 -12725 52320 -12733 52359 -12724 52410 -12734
52453 -12721 52470 -12734 52540 -12724 52560 -12737 52623 -12730 52650 -12739 52688 -12731 52740 -12740 52782 -12728
52830 -12740 52872 -12728 52890 -12742 52955 -12734 52980 -12744 53017 -12737 53070 -12745 53111 -12734 53160 -12745
53204 -12731 53220 -12746 53287 -12737 53310 -12748 53346 -12742 53400 -12749 53440 -12739 53490 -12749 53534 -12735
53550 -12749 53619 -12739 53640 -12751 53702 -12744 53730 -12752 53769 -12743 53820 -12752 53863 -12739 53880 -12751
53951 -12740 53970 -12753 54034 -12745 54060 -12754 54098 -12746 54150 -12754 54192 -12742 54240 -12753 54283 -12740
54300 -12754 54366 -12745 54390 -12755 54427 -12748 54480 -12755 54521 -12744 54570 -12754 54615 -12739 54630 -12754
54698 -12744 54720 -12755 54781 -12748 54810 -12755 54850 -12745 54900 -12754 54944 -12740 54960 -12753 55030 -12742
55050 -12754 55113 -12746 55140 -12754 55179 -12745 55230 -12753 55273 -12740 55290 -12751 55362 -12739 55380 -12752
55445 -12743 55470 -12752 55508 -12744 55560 -12751 55602 -12739 55650 -12749 55694 -12735 55710 -12749 55777 -12739
55800 -12749 55837 -12742 55890 -12748 55931 -12737 55980 -12746 56025 -12731 56040 -12745 56109 -12734 56130 -12745
56192 -12737 56220 -12744 56260 -12734 56310 -12742 56354 -12728 56370 -12740 56441 -12728 56460 -12740 56524 -12731
56550 -12739 56589 -12730 56640 -12737 56683 -12724 56700 -12734 56773 -12721 56790 -12734 56856 -12724 56880 -12733
56918 -12725 56970 -12731 57012 -12719 57060 -12728 57105 -12713 57120 -12727 57188 -12716 57210 -12726 57271 -12718
57300 -12724 57341 -12713 57390 -12721 57435 -12706 57450 -12719 57520 -12707 57540 -12718 57603 -12709 57630 -12716
57670 -12706 57720 -12713 57764 -12699 57780 -12710 57852 -12697 57870 -12709 57935 -12699 57960 -12707 57999 -12698
58050 -12704 58093 -12691 58110 -12700 58184 -12686 58200 -12699 58267 -12688 58290 -12697 58328 -12689 58380 -12694
58422 -12682 58470 -12690 58516 -12674 58530 -12688 58599 -12676 58620 -12686 58682 -12677 58710 -12683 58751 -12672
58800 -12679 58845 -12664 58860 -12676 58931 -12663 58950 -12674 59014 -12664 59040 -12671 59080 -12661 59130 -12667
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59174 -12653 59190 -12663 59263 -12649 59280 -12661 59346 -12650 59370 -12658 59409 -12649 59460 -12654 59503 -12641
59520 -12649 59595 -12634 59610 -12647 59678 -12635 59700 -12644 59761 -12635 59790 -12640 59832 -12628 59880 -12635
59926 -12619 59940 -12632 60010 -12619 60030 -12629 60093 -12619 60120 -12625 60161 -12614 60210 -12620 60255 -12605
60270 -12616 60342 -12602 60360 -12613 60425 -12602 60450 -12609 60490 -12599 60540 -12604 60584 -12590 60600 -12599
60674 -12584 60690 -12596 60757 -12584 60780 -12592 60819 -12583 60870 -12587 60913 -12574 60930 -12581 61006 -12565
61020 -12578 61089 -12565 61110 -12574 61172 -12564 61200 -12569 61242 -12557 61290 -12563 61336 -12547 61350 -12559
61421 -12545 61440 -12555 61504 -12544 61530 -12550 61571 -12539 61620 -12544 61665 -12529 61680 -12539 61753 -12524
61770 -12535 61836 -12523 61860 -12530 61900 -12520 61950 -12524 61994 -12510 62010 -12518 62085 -12502 62100 -12514
62168 -12501 62190 -12509 62251 -12499 62280 -12503 62323 -12490 62340 -12496 62417 -12479 62430 -12492 62500 -12478
62520 -12487 62583 -12476 62610 -12481 62652 -12469 62700 -12474 62746 -12458 62760 -12469 62832 -12454 62850 -12464
62915 -12452 62940 -12458 62981 -12447 63030 -12451 63075 -12436 63090 -12445 63164 -12429 63180 -12440 63247 -12427
63270 -12434 63310 -12424 63360 -12427 63404 -12413 63420 -12420 63496 -12403 63510 -12415 63579 -12401 63600 -12409
63662 -12398 63690 -12402 63733 -12389 63750 -12394 63827 -12377 63840 -12389 63911 -12374 63930 -12383 63994 -12371
64020 -12376 64062 -12364 64110 -12368 64156 -12352 64170 -12362 64243 -12346 64260 -12356 64326 -12343 64350 -12349
64391 -12338 64440 -12341 64485 -12326 64500 -12334 64575 -12317 64590 -12328 64658 -12314 64680 -12321 64741 -12310
64770 -12313 64814 -12299 64830 -12305 64907 -12287 64920 -12299 64990 -12284 65010 -12292 65073 -12280 65100 -12284
65143 -12271 65160 -12275 65237 -12258 65250 -12269 65322 -12253 65340 -12262 65405 -12249 65430 -12254 65472 -12242
65520 -12245 65566 -12229 65580 -12238 65654 -12221 65670 -12231 65737 -12217 65760 -12223 65801 -12212 65850 -12214
65895 -12199 65910 -12206 65986 -12188 66000 -12199 66069 -12184 66090 -12191 66152 -12179 66180 -12182 66224 -12168
66240 -12173 66318 -12154 66330 -12166 66401 -12150 66420 -12158 66484 -12145 66510 -12149 66553 -12136 66570 -12139
66647 -12122 66660 -12132 66733 -12115 66750 -12124 66816 -12110 66840 -12115 66882 -12103 66930 -12105 66976 -12089
66990 -12097 67065 -12079 67080 -12089 67148 -12074 67170 -12080 67231 -12068 67260 -12070 67305 -12055 67320 -12061
67397 -12042 67410 -12053 67480 -12037 67500 -12044 67563 -12031 67590 -12034 67634 -12020 67650 -12024 67728 -12005
67740 -12016 67812 -11999 67830 -12007 67895 -11993 67920 -11997 67963 -11984 67980 -11986 68057 -11969 68070 -11978
68144 -11960 68160 -11969 68227 -11954 68250 -11959 68292 -11947 68340 -11948 68386 -11932 68400 -11939 68476 -11920
68490 -11930 68559 -11914 68580 -11920 68642 -11907 68670 -11909 68715 -11894 68730 -11899 68808 -11879 68820 -11890
68891 -11873 68910 -11880 68974 -11866 69000 -11869 69044 -11855 69060 -11858 69138 -11839 69150 -11849 69223 -11831
69240 -11839 69306 -11824 69330 -11828 69373 -11815 69390 -11816 69467 -11799 69480 -11807 69555 -11788 69570 -11797
69638 -11781 69660 -11786 69721 -11773 69750 -11774 69796 -11758 69810 -11764 69887 -11744 69900 -11754 69970 -11737
69990 -11743 70053 -11729 70080 -11731 70125 -11716 70140 -11720 70219 -11699 70230 -11710 70302 -11692 70320 -11699
70385 -11684 70410 -11687 70454 -11673 70470 -11675 70548 -11656 70560 -11665 70634 -11646 70650 -11654 70717 -11638
70740 -11642 70877 -11612 70890 -11619 70966 -11599 70980 -11608 71049 -11591 71070 -11596 71132 -11582 71160 -11583
71206 -11567 71220 -11572 71298 -11551 71310 -11561 71381 -11543 71400 -11549 71464 -11534 71490 -11536 71535 -11521
71550 -11524 71629 -11503 71640 -11513 71713 -11494 71730 -11501 71796 -11485 71820 -11488 71864 -11474 71880 -11475
71958 -11456 71970 -11464 72045 -11444 72060 -11452 72128 -11435 72150 -11439 72287 -11408 72300 -11414 72377 -11393
72390 -11402 72460 -11384 72480 -11389 72543 -11374 72570 -11375 72616 -11359 72630 -11363 72709 -11341 72720 -11351
72792 -11332 72810 -11338 72875 -11322 72900 -11324 72945 -11309 72960 -11311 73039 -11290 73050 -11299 73124 -11279
73140 -11286 73207 -11269 73230 -11272 73368 -11239 73380 -11246 73456 -11225 73470 -11233 73539 -11215 73560 -11219
73697 -11187 73710 -11192 73788 -11170 73800 -11179 73871 -11160 73890 -11165 73954 -11149 73980 -11150 74026 -11134
74040 -11137 74120 -11114 74130 -11124 74203 -11104 74220 -11110 74286 -11093 74310 -11095 74355 -11080 74370 -11081
74449 -11060 74460 -11068 74535 -11047 74550 -11054 74618 -11036 74640 -11039 74778 -11005 74790 -11011 74867 -10989
74880 -10997 74950 -10978 74970 -10982 75107 -10949 75120 -10953 75199 -10930 75210 -10939 75282 -10919 75300 -10924
75365 -10907 75390 -10908 75436 -10892 75450 -10894 75530 -10871 75540 -10880 75614 -10859 75630 -10865 75697 -10847
75720 -10849 75859 -10813 75870 -10820 75946 -10798 75960 -10805 76029 -10786 76050 -10789 76188 -10754 76200 -10759
76278 -10736 76290 -10744 76361 -10724 76380 -10728 76517 -10694 76530 -10697 76610 -10673 76620 -10682 76693 -10661
76710 -10666 76776 -10648 76800 -10649 76846 -10633 76860 -10634 76940 -10611 76950 -10619 77025 -10597 77040 -10603
77108 -10584 77130 -10586 77269 -10549 77280 -10555 77357 -10532 77370 -10539 77440 -10519 77460 -10522 77598 -10486
77610 -10490 77689 -10466 77700 -10474 77772 -10453 77790 -10457 77927 -10422 77940 -10424 78021 -10399 78030 -10408
78104 -10386 78120 -10391 78187 -10372 78210 -10373 78350 -10334 78360 -10341 78436 -10318 78450 -10324 78519 -10304
78540 -10306 78679 -10268 78690 -10273 78768 -10249 78780 -10256 78851 -10235 78870 -10238 79008 -10201 79020 -10204
79100 -10179 79110 -10187 79183 -10165 79200 -10169 79337 -10133 79350 -10134 79431 -10109 79440 -10117 79515 -10094
79530 -10099 79598 -10079 79620 -10080 79760 -10040 79770 -10046 79847 -10022 79860 -10028 79930 -10007 79950 -10009
80089 -9970 80100 -9974 80179 -9949 80190 -9956 80262 -9934 80280 -9937 80418 -9899 80430 -9901 80511 -9875
80520 -9883 80594 -9860 80610 -9864 80841 -9802 80850 -9809 80926 -9785 80940 -9790 81009 -9769 81030 -9770
81170 -9729 81180 -9734 81258 -9709 81270 -9715 81341 -9693 81360 -9695 81499 -9655 81510 -9658 81590 -9632
81600 -9639 81673 -9616 81690 -9619 81828 -9580 81840 -9581 81922 -9554 81930 -9562 82005 -9538 82020 -9542
82251 -9478 82260 -9484 82337 -9459 82350 -9464 82420 -9442 82440 -9443 82580 -9401 82590 -9405 82669 -9379
82680 -9385 82752 -9362 82770 -9364 82909 -9323 82920 -9325 83001 -9298 83010 -9305 83084 -9281 83100 -9284
83332 -9217 83340 -9224 83416 -9199 83430 -9203 83661 -9137 83670 -9142 83748 -9116 83760 -9121 83831 -9098
83850 -9099 83990 -9056 84000 -9059 84080 -9032 84090 -9038 84163 -9014 84180 -9016 84319 -8974 84330 -8975
84412 -8947 84420 -8954 84495 -8929 84510 -8932 84742 -8863 84750 -8869 84827 -8843 84840 -8847 85071 -8779
85080 -8783 85159 -8756 85170 -8761 85242 -8737 85260 -8738 85400 -8694 85410 -8696 85491 -8668 85500 -8674
85574 -8649 85590 -8651 85823 -8579 85830 -8586 85906 -8560 85920 -8563 86152 -8492 86160 -8497 86238 -8470
86250 -8474 86481 -8404 86490 -8407 86570 -8379 86580 -8384 86653 -8359 86670 -8360 86810 -8315 86820 -8316
86902 -8287 86910 -8293 86985 -8267 87000 -8269 87233 -8195 87240 -8201 87317 -8174 87330 -8177 87562 -8104
87570 -8108 87649 -8080 87660 -8084 87891 -8012 87900 -8014 87981 -7985 87990 -7990 88064 -7964 88080 -7965
88313 -7889 88320 -7895 88396 -7868 88410 -7870 88643 -7794 88650 -7799 88728 -7771 88740 -7774 88972 -7699
88980 -7702 89060 -7673 89070 -7677 89301 -7603 89310 -7604 89392 -7574 89400 -7579 89475 -7552 89490 -7553
89724 -7474 89730 -7480 89807 -7452 89820 -7454 90053 -7376 90060 -7380 90139 -7351 90150 -7354 90382 -7277
90390 -7279 90471 -7249 90480 -7253 90803 -7146 90810 -7151 90886 -7123 90900 -7124 91134 -7043 91140 -7048
91218 -7019 91230 -7021 91463 -6941 91470 -6944 91550 -6914 91560 -6917 91792 -6838 91800 -6839 91882 -6808
91890 -6812 92214 -6701 92220 -6706 92297 -6677 92310 -6678 92544 -6595 92550 -6599 92629 -6569 92640 -6571
92873 -6489 92880 -6491 92961 -6460 92970 -6463 93293 -6350 93300 -6354 93625 -6239 93630 -6244 93708 -6214
93720 -6215 93954 -6130 93960 -6133 94040 -6102 94050 -6104 94283 -6020 94290 -6021 94372 -5989 94380 -5992
94704 -5875 94710 -5879 95035 -5761 95040 -5765 95119 -5734 95130 -5735 95364 -5648 95370 -5650 95451 -5618
95460 -5620 95783 -5501 95790 -5504 96115 -5383 96120 -5387 96445 -5266 96450 -5269 96530 -5237 96540 -5238
96774 -5149 96780 -5150 96862 -5117 96870 -5119 97194 -4996 97200 -4999 97526 -4874 97530 -4878 97855 -4754
97860 -4756 97941 -4723 97950 -4724 98273 -4599 98280 -4601 98605 -4474 98610 -4477 98936 -4349 98940 -4352
99265 -4225 99270 -4226 99352 -4192 99360 -4193 99684 -4064 99690 -4066 100016 -3935 100020 -3938 100346 -3807

100350 -3809 100763 -3644 100770 -3645 101095 -3512 101100 -3514 101427 -3379 101430 -3382 101756 -3248 101760 -3249
102174 -3079 102180 -3080 102506 -2943 102510 -2945 102837 -2807 102840 -2809 103585 -2497 103590 -2498 103917 -2357
103920 -2359 104247 -2218 104250 -2219 104996 -1898 105000 -1899 105328 -1754 105330 -1756 106407 -1282 106410 -1283
106738 -1135 106740 -1136 107818 -649 107820 -650 109229 1 109230 0
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