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Abstract

Let Ty = @ o f be a dissipative composition operator on L?(X,B, 1), 1 < p < oo, induced by
a bimeasurable bijection f such that po f and po f~! are bounded by a multiple of x. D’Aniello,
Darji and Maiuriello proved that if f has bounded distortion, then T has the shadowing property
if and only if it is generalized hyperbolic, if and only if the masses pu(f*(W)) of the iterates of a
wandering set satisfy one of three growth conditions. They asked, and Maiuriello asked again in
Oberwolfach Report 19/2024, whether this remains true without bounded distortion. We show that
shadowing and generalized hyperbolicity are equivalent for every dissipative composition operator,
for all 1 < p < oo, for real or complex scalars and without separability assumptions. Both are
equivalent to the surjectivity of I — T, and to a uniform exponential “tent” condition on the
Radon-Nikodym densities d(p o f*)/dp on the wandering set. The proof represents Ty as a field
of weighted shifts and rests on a deterministic lemma about a single fibre. For p = 2, complex
scalars and separable L? (1) the equivalence also follows from a recent theorem of Pituk on separable
Hilbert spaces. The characterization by masses fails without bounded distortion in both directions:
Bernardes, D’Aniello and Maiuriello recently gave an example satisfying the contraction condition
(HC) without shadowing, and we record an elementary hyperbolic example that satisfies none of
the three conditions. This is an unrefereed note.

1 Introduction

Throughout, (X,B, i) is a o-finite measure space and f: X — X is a bijection with f(B), f~1(B) € B
for all B € B, such that for some constant ¢ > 1

p(f7H(B)) S ep(B) and p(f(B)) <cu(B)  forall B €. (%)

Fix 1 < p < oo and a scalar field K € {R,C}. The composition operator Tfp = ¢ o f is then a
bounded invertible operator on LP(u) with T’ e Ty-1. Following [DDM21, Mai24], T is dissipative

with wandering set W € B if 0 < u(W) < oo and X is the disjoint union of the sets f*(W), k € Z.
It has bounded distortion on W if there is Ky > 0 with

Kot ulf*W)) u(B) < u(f*(B)) p(W) < Ko u(f*(W)) u(B)
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for all k& € Z and all measurable B C W. Write my, = u(f*(W)). The following conditions on the
masses my, are those of [DDM21]:

1/n 1/n
(HC) limsup sup( Tk ) / <1 (HD) liminf inf( Tk ) / > 1;

n—oo  keZ “Mk+n n—00 k€Z \Mi4np

: My \ 1/ o my \1/n
(GH) limsup sup( k n) <1 and liminf inf ( b ) > 1.

n—oo k<0 N Mk n—=00 k>0 \Mj4np

D’Aniello, Darji and Maiuriello proved [DDM21, Corollaries SC and GH] that if T is dissipative of
bounded distortion, then 7' has the shadowing property if and only if one of (HC), (HD), (GH) holds,
and if and only if T} is generalized hyperbolic. (The notions are recalled in Section 2.) They asked
whether bounded distortion is needed [DDM21, Problem 5.0.1], and Maiuriello repeated the question
in the report of an Oberwolfach mini-workshop [Mai24, Open Problem (1), p. 1080].

Problem 1.1. Let Ty be dissipative, without the hypothesis of bounded distortion.
(a) Is Ty generalized hyperbolic if and only if it has the shadowing property?

(b) Does the characterization of the shadowing property by (HC), (HD), (GH) still hold?

The problem is record OWR-14298367-003 of the UnsolvedMath dataset [ula26]. Part (b) was
recently answered in the negative in one direction by Bernardes, D’Aniello and Maiuriello [BDM26,
Example 6.2]. They gave a dissipative Ty that satisfies (#C) but does not have the shadowing property.
We answer (a) affirmatively and complete the answer to (b).

The relevant data are densities rather than masses. By (x), for each k € Z the measure B —
w(f¥(B)) on the measurable subsets of W is equivalent to p on W; let

_ d(po f*)

h
k .

: W — (0,00)
be its Radon—-Nikodym derivative (see Section 2.2). Then hy = 1 and ch < hx11 < chy. For
x € W let B, be the bilateral weighted backward shift on ¢?(Z) given by

(Bow)p = a(z) upyr,  ap = (hp/hps1)YP € [P P

By Lemma 2.2 below, T is isometrically conjugate to the operator that acts as B, on the fibre over
each x € W.

Theorem 1.2. Let Ty be a dissipative composition operator on LP(n), 1 < p < oo, with wandering
set W, over K=R or C. Bounded distortion is not assumed. The following are equivalent.

(i) Ty has the shadowing property.
(ii) I — Ty is surjective.
(tit) T is generalized hyperbolic.

(iv) (Uniform tent condition.) There are constants K > 1 and 0 < r < 1 and a measurable function
J: W — ZU{—00,4+00} such that for almost every x € W and all integers m < k,

hon(2) < KR~ hy(x) if k < J(x), hi(x) < Kk~ hy(x) if m > J(z).
(v) (Equi-shadowing of the fibres.) There is C > 0 such that for almost every x € W and every

bounded sequence (zp)nez in fP(Z) there is a sequence (Yn)necz, in P(Z) with yn+1 = Bzyn + 2n
for all n and sup,,||yn|| < Csup,||zn||-



Moreover, let 0 < § <1 be such that ||[(I —Ty)*¢| > d|l¢l|| for all ¢ € LP(u)*. (Such a § exists under
(ii). Under (i) one may take 6 = min{l,d,}, where 0 is the shadowing constant for e = 1.) Then
(iv) holds with

16 ¢2H2

2
K = (2™)", r=27P/CR) where Hy =log=+1, R= L

: 41

These constants depend only on p and 8, and the constants KYP and r'/P that control the fibre shifts
depend only on 0.

Condition (iv) says that for almost every x the sequence k — hy(z) increases exponentially up to
a peak at J(z) and decreases exponentially after it, with rates and constants independent of x. If
J(z) = 400 the sequence increases throughout, and if J(z) = —oo it decreases throughout.

Remark 1.3. For complex scalars, Lemma 3.2 below shows that I — T} is surjective if and only if
M — Ty is surjective for every A € T. So (ii) says that the surjective spectrum o4(7y) does not
meet the unit circle. For an arbitrary invertible operator on a complex Banach space, Dragicevié¢
and Pituk proved that shadowing is equivalent to o5(7") N'T = () [DP26, Theorem 2.2] (we know this
result through [Pit26, MTST26]). So for complex scalars the equivalence (i)<(ii) also follows from
[DP26]. Our proof of (i)=-(ii) is an elementary averaging argument (Lemma 3.1); the main point of
Theorem 1.2 is (ii)=(iii).

Corollary 1.4. Under the hypotheses of Theorem 1.2, Tt is hyperbolic if and only if (iv) holds with
J(z) € {—o0,+o0} for almost every x. If (iv) holds with a function J that is finite on a set of positive
measure, then 1 is an eigenvalue of Ty, and for complex scalars every A € T is an eigenvalue.

Proposition 1.5. Without bounded distortion, neither implication between “I'y has the shadowing
property” and “one of (HC), (HD), (GH) holds” is true in general.

(a) (Bernardes, D’Aniello, Maiuriello [BDM26, Example 6.2].) There is a dissipative Ty that satisfies
(HC) and does not have the shadowing property; by Theorem 1.2 it is not generalized hyperbolic
either.

(b) There is a hyperbolic dissipative T, so one that has the shadowing property and is generalized
hyperbolic, for which none of (HC), (HD), (GH) holds.

Part (b) is the elementary Example 6.1. Under bounded distortion, condition (iv) reduces to (HC),
(HD) or (GH) (Remark 6.4). So Theorem 1.2 contains [DDM21, Corollaries SC and GH], and it gives
the corrected form of the characterization asked for in Problem 1.1(b): the growth condition has to
be imposed on the densities hy(z), uniformly in x, and not on the masses mg.

Relation to other work. If W is a single atom, then T} is isometrically conjugate to a bilateral
weighted backward shift on ¢P(Z), and every such shift with positive weights bounded away from 0
and oo arises in this way. In this case Theorem 1.2, with Remark 6.4, reduces to the characterization
of the shadowing property of these shifts by Bernardes and Messaoudi [BM21, Theorem 18], and
Lemmas 2.1, 3.1 and 4.1 give another proof of it for ¢P(Z) (1 < p < oo; [BM21] also covers cy(Z)).
The results of [DDM21] build on this characterization.

Generalized hyperbolic operators have the shadowing property [BCD'18, Theorem AlJ; see also
[CGP21, Theorem 1] and [BCD"25]. Whether the converse holds for all invertible operators on
Banach spaces was a central question, see [DDM21, Problem 5.0.3]. Two recent preprints settle it
negatively. Pituk [Pit26, Theorem A] and, independently, Messaoudi, Tofanin Neto, Saavedra and
Tsokanos [MTST26, Theorem 3.9] constructed operators with the shadowing property that are not



generalized hyperbolic. The construction of [MTST26] works on P(N) for every 1 < p < oo with p # 2.
Pituk also proved that the two properties are equivalent on separable complex Hilbert spaces [Pit26,
Theorem B]. Consequently, for p = 2, complex scalars and separable L?(u), the equivalence (i)« (iii)
of Theorem 1.2 is a special case of [Pit26, Theorem B]. For 1 < p < oo with p # 2 the implication from
shadowing to generalized hyperbolicity fails for some operators on ¢P(N), which is itself an LP space;
so Theorem 1.2 depends on the structure of composition operators and not only on the geometry of
the space. The cases p # 2, real scalars and non-separable L?(u1) are not covered by [Pit26, Theorem
BJ. For complex scalars, (i)<(ii) also follows from [DP26, Theorem 2.2] (Remark 1.3). We have not
found the characterizations (ii), (iv) and (v) in this setting in the literature; see the comparison with
the work of Antonevich below.

Carvalho, Darji and Varandas [CDV24, Theorem 2.4] showed that a dissipative composition op-
erator is conjugate to a shift operator with identity weights on a weighted space of LP(u|w )-valued
sequences. Our Lemma 2.2 is the same conjugacy, normalized so that the weight is moved into
the operator. They proved that shadowing and generalized hyperbolicity coincide for shift opera-
tors over finite-dimensional spaces with bounded projections [CDV24, Corollary 2.16], introduced
equi-shadowing [CDV24, Definition 2.13], and observed after [CDV24, Corollary 2.15] that in infinite
dimensions shadowing of each coordinate shift does not imply shadowing; they asked whether the
equivalence holds for general shift operators [CDV24, Question 5.1]. Theorem 1.2 settles this ques-
tion for the shift operators that come from dissipative composition operators, and Example 6.3 is the
composition-operator form of their diagonal example. The results on shadowing and hyperbolicity of
composition operators in the follow-up works [DDM22, Mai22, AEH24, BBP26| are proved under the
bounded distortion hypothesis (for [AEH24] we checked the arXiv version).

Antonevich’s survey [Ant21] (English translation [Ant24]) studies one-sided invertibility of
weighted shift operators B — I, B = aT,, on L?(X, i) for a homeomorphism « of a compact space X;
it is remarked there that the results carry over to LP(X, ). A graded dichotomy is a splitting given
by a measurable projector-valued function whose rank may vary from point to point, and it yields
a right resolvent of B, in particular right invertibility of B — I [Ant21, Theorem 3.4]. For scalar
coefficients and a map « with an attractor, the right resolvent is built with the multiplication by the
indicator function of a neighbourhood of the attractor (see [Ant21, Theorem 5.2] and the comment
after it). The splitting by multiplication with an indicator function in the proof of (iv)=-(iii), and
the bounded right inverse of I — T that it yields (see the paragraph after Lemma 2.1), parallel
this graded dichotomy. Lemma 3.2 is a form of the classical rotation invariance of the spectrum of
weighted shift operators over aperiodic maps [Ant21, Lemma 3.2]. The necessity direction (ii)=-(iv),
on which (ii)=-(iii) rests, and the shadowing property are not treated in [Ant21] in the dissipative
measurable setting considered here.

2 Preliminaries

2.1 Shadowing and generalized hyperbolicity

Let E be a Banach space over K and let T be an invertible bounded operator on E. A sequence
(Tn)nez is a d-pseudotrajectory of T if || Tz, — xp41|| < J for all n. The operator T" has the shadowing
property if for every € > 0 there is § > 0 such that for every d-pseudotrajectory (x,,) there is v € E
with | T™v — z,|| < ¢ for all n € Z. For a bounded operator S let 7(S) = lim, [ S™||"/" be its spectral
radius. The operator T is hyperbolic if o(T)N'T = @ (for K = R, o(T) is the spectrum of the
complexification). It is generalized hyperbolic if E = M & N with closed subspaces M, N such that

T(M)ycM, T YN)CN, r(Tly)<1, (T Yy) <l



This is the definition used in [BCD*18, Mai24, Pit26]. In [DDM21, CGP21] the restrictions are
required to be proper contractions. This is the same notion after passing to an equivalent norm, as
noted in [CGP21], and the proofs in [DDM21] establish the spectral radius bounds. The shadowing
property does not change under an equivalent norm. The renorming cannot be dropped. Let T be a
bilateral weighted shift with r(7) < 1 < ||T|, for instance with one weight 2 and all other weights 1.
Up to isometric conjugacy it is a dissipative composition operator whose wandering set is one atom,
so it has bounded distortion. If T|5; and T~!| 5 had to be proper contractions in the given norm, then
llz|| < [T T~ ™| < [[T"||||x|| = 0 for z € N would force N = {0}, and then |T|| < 1. So under
that reading 7', which is hyperbolic, would not be generalized hyperbolic, and [DDM21, Corollary
GH] would fail.

Lemma 2.1 ([BCD"18, Theorem Al). Let E = M & N be as in the definition of generalized hyper-
bolicity, let P be the projection onto M along N, and let Q = I — P. Suppose that | T[] < Cs™
and ||T~"|n|| < Cs™ for alln > 0, where C' > 1 and 0 < s < 1. For every bounded sequence (zp)nez
in E the sequence

yn = TI Pz j = > T Qzny (1)

Jj=1 320
satisfies Yn+1 = Tyn + 2z for all n and sup,,||yn|| < C'sup,,||zn|l, where C" = C(||P|| + s||Q])/(1 — s).
Consequently T has the shadowing property.

Proof. The series converge absolutely, since 77"'Pz € M and T~77'Qz € N with norms at most
Cs?7Y|P||||z|| and Cs?*|Q]|||z]|. This also gives the bound on ||y,||. Shifting the summation indices
in yp41 gives

Yn+1 = Pz, + ZTjPZn—j - ZTﬁjQz’rH—jv

i>1 j>1
Tyn =Y TPz j—Qzn— Y T/ Qznyj,
j>1 Jj>1

80 Yn+1 — Tyn = P2y + Qz = 2. Given € > 0, let 6 = ¢/(2C") and let (z,,) be a J-pseudotrajectory.
Put z, = 25,41 — Tz, and take (y,,) as above. Then w,, = z,, —y, satisfies wy,+1 = Twy, so w, = T"wy,
and [|[T"wo — xn| = ||yl < C'6 <e. O

If 7(T|p) < 1 and 7(T7!|y) < 1, constants C and s as in Lemma 2.1 exist by the spectral radius
formula. The easy direction of Pilyugin’s criterion [Pil99] (bounded solutions of y,+1 = Tyn + zn
give shadowing) is the last step of the proof above. With z, = z for all n, (1) gives the same vector

yn = Rz for every n, where
oY PPy 10
Jj=0 Jj=1
and (I — T)Rz = z. So a generalized hyperbolic T" has the bounded right inverse R of I — T, with

|R|| < C'. By Theorem 1.2, for a dissipative composition operator T the surjectivity of I — Ty is
therefore equivalent to its right invertibility.

2.2 Densities and the fibre model

Iterating (%) gives u(f*(B)) < c*lu(B) and w(B) = u(f*(f*(B))) < d*lu(f*(B)) for all k € Z
and B € B. Hence for each k the finite measure g u(f¥(B)), B C W measurable, satisfies
¢ Mu(B) < pi(B) < Mlpu(B), and ¢ ' pup(B) < pps1(B) < cpw(B). Let by, = dpy/dp on W. After



changing each hj on a null set we may assume that hg = 1, el < hy < ekl and ¢ hy, < hir1 < chg
everywhere on W, for all k. Put

pe=h """ g = (/)P = g fone

Let Y = W x Z with the o-finite measure v = u|w ® (counting measure), and let g € (1, 00] be the
conjugate exponent of p.

Lemma 2.2. Define (Ug)(z, k) = hi(x)'/? o(f*(2)) forz € W, k € Z.
(a) U is an isometric isomorphism of LP(u) onto LP(v).

(b) T :=UTU is given by (Tw)(z, k) = ar(x) u(z, k + 1), and for every n € Z,
(T™u)(, k) = (hie() /o () P (i, b+ ).

(¢) Identify LP(v)* with LI(v) through (u,) = [, utpdv. Then (T*¢))(z, k) = ap—1(x) Y (z, k — 1).
(d) If (z, k) = pr(x) O(z, k), then (I —T)*¢)(z, k) = pr(z)(0(z, k) — 6(z, k — 1)).

Proof. (a) For measurable ¢ > 0 on X and k € Z, ffk(W)gd,u = fW(g o f¥Yhdu. For g = 14
with A C f¥(W) this reads u(A) = ur(f~%(A)); the general case follows by linearity and monotone
convergence. With g = |¢[P and a sum over k this gives [|U¢|l, = [¢|l,- Since f*¥ maps null sets to
null sets, U is well defined on equivalence classes. It is onto: for u € LP(v), the function defined on
each f*(W) by ¢(y) = he(f %))~ Y?u(f*(y), k) is measurable and Uy = u.

(b) (UTyp)(z, k) = hi(2)YPo(fF+ () = ag(x)(Up)(z,k + 1). The formula for T" follows by
induction, because axari1 - Gkin_1 = (hk/hk+n)1/p and (T~ 1u)(x, k) = u(x, k —1)/ar_1(z).

(c) Since v is o-finite, LP(v)* = L%(v), also for p = 1. Shifting the index, Y, [i ar u(z, k +
Dl k) dp = Yy fy ula, k) ag19(x, b — 1) dp.

(d) By (¢), (I —T)¢Y)(z, k) = pr0(z, k) — ag—1px—10(x, k — 1), and ag_1px—1 = pk. O

On the fibre over z, T acts as the shift B, of the introduction. For a sequence 6 = (0y)rcz write
(DO)y, = 0 — 1. By Lemma 2.2(d), applied on a single fibre, (I — B;)*(p(x)0) = p(x) D8 for every
finitely supported 0, where p(z) = (pr(x))kez and (I — B,)* acts on (1(Z) = (P(Z)*.

3 From shadowing to a fibrewise inequality

Lemma 3.1. Let T be an invertible operator on a Banach space E and C > 0. Suppose that for every
x € E there is a sequence (yYn)n>0 With Ypy1 = Tyn + x for all n > 0 and sup,||y.|| < C||z|. Then
(I —T)*p|| > C~ Y@l for all ¢ € E*, and I — T is surjective. If T has the shadowing property and
01 is the shadowing constant for e = 1, the hypothesis holds with C' = 1/4;.

Proof. Fix z and (y,), and let Vy = N~ SV Ly Then ||[Vy|| < C||z|| and

1 N-1

I=T)Wx==> (Up—ynr1+2) =2+

Yo — YN
N —_ .

n=0 N
For ¢ € E* this gives o(z) = (I = T)"¢)(Vi) — ¢(yo — yn)/N, so |p(z)| < Cllz| (I —T)"¢ +
2C|z||||¢l|/N. Letting N — oo and taking the supremum over ||z| < 1 gives ||¢|| < C||(I —T)*¢||.
A bounded operator between Banach spaces whose adjoint is bounded below is surjective [Brell,
Theorem 2.20].



Now let T have the shadowing property. Given z # 0, put 2’ = d12/|z| and define (z,)nez
by 20 = 0 and w41 = Tx, +2' foralln € Z (for n < 0, 2, = T (xpy1 — 2')). This is a 6;-
pseudotrajectory, so there is v with ||7"v — z,|| < 1 for all n. The sequence y,, = (||z||/01)(zn — T"v)
satisfies yp4+1 = T'yn + = and ||y, || < ||z||/d;. O

Lemma 3.2. For A € K with |\| = 1, the operator (Vyu)(z, k) = )\ku(:v,k:)iis an isometric isomor-
phism of LP(v) and V/\_lTVA = AT'. Hence I —T is surjective if and only if NI — T is surjective.

Proof. (V)ZlTVAu)(x, k) = A Fay ()N u(z, k + 1) = A(Tu)(2,k). So I — AT =V, (I — T)Vjy, and
M —T = \I - \T). O

The test family ©¢ is the countable set of the following finitely supported sequences on Z: the
boxes 1, 4 for integers a < d, and the tents

7, r(k) = max{0, 1 — |k — b|/R}, beZ, ReN.
Norms of sequences are taken in (9(7Z).

Lemma 3.3. Let § > 0 and suppose that ||(I — T)*vllq > d||¢||q for all o € L9(v). Then there is a

null set N C W such that for every x € W\ N and every 6 € Oy,

lp(2) DBl = 6 [|p(z) Oll4- (2)

Proof. Fix 0 € ©q, supported in [—L,L]. The functions A(z) = ||p(x)Db||q and G(z) = |p(z)0],
are continuous functions of the finitely many measurable functions py with |k| < L + 1. So they are
measurable, G > 0, and G < c/P 3", |0x|. For0 < n < dlet B, = {x € W: A(z) < (6—1)G(x)}, and
suppose i(Ey) > 0. The function (z, k) = 1g, (z)px(x)0) is bounded, vanishes outside E;, x [~L, L],
and p(E,) < oo; so ¢ € Li(v). By Lemma 2.2(d), (I — T)*¢)(w, k) = 1g,(z)pr(z)(D0)g. For a
measurable function g on Y we have |glzawy = [l = lg(z,)|leallLa(u)yy): for ¢ < oo by Tonelli’s
theorem, and for ¢ = oo because a set Z C Y is v-null if and only if every slice {z : (z,k) € Z} is
p-null. Hence, by monotonicity of the L9(u|y )-norm,

I =T)%llg = e, AllLaguiw) < (6 =1e,CllLauiw) = (6 =m)l[¥llg < dl[¥ g,

since [|9[|g > 0. This contradicts the hypothesis. So u(Es/;) = 0 for every j > 2, and (2) holds for
this 6 outside the null set | ;i Esyj. Let N be the union of these null sets over the countable family
Op. O

4 A single fibre

Lemma 4.1. Let S: Z — R, p, = %%, g € [1,00] and 0 < § < 1. Suppose that ||p DO||, > 6||p 0|, for
all 0 € ©y. Put

2
H, :logg, Hy = H; + 1, H = 2H, +log 2, R=[8e"/5] +1.
(a) No humps. S, < max{S,, Sq} + Hi for all integers a < b < d.

(b) No long flat stretches. For every b € Z there are i,k € [b — R+ 1,b+ R] with |S; — Si| > H.

(¢) V-shape. Define J € ZU{+xoo} as follows. Ifinfy>¢ Sy = —o0, let J = 4o0. Ifinfr<o Sy = —oo,
let J = —oo. (These cases exclude each other.) Otherwise m, = infy S is finite; let J be the
first integer in the list 0,1, —1,2, =2, ... with S; < my4+ 1. Then

(Q7) Sy < Sy+ Hy fora<b<J, (QT) S, < Sy+ Hy forJ<a<b.



(d) Exponential rates. For all integers a <b,

(b—a)log?2
2R

(b—a)log?2

— S, < Hy+log2—
Sy — S, < Hg + log o

ifb<J,  Su—S,< Hy+log2— ifa>J.

Proof. Note that H; > log2 > 0 because § < 1.

(a) If b = d there is nothing to prove. Otherwise let 6 = 11, 4_1). Then D = e, — eq, so [|pD0], <
2emax{Sa:Sal wwhile ||pf]|, > €% because a < b < d — 1. The hypothesis gives e < 2emax{Sa;Sa},

(b) Let @ =7, g. Then (D), =1/Rforb— R+1<k<b, (Df),=—-1/Rforb+1<k<b-+R,
and (D@)y = 0 otherwise. Let M be the maximum of S on [b — R+ 1,b+ R] and m/ its minimum
on {k: |k —b| < R/2}, a set of at least R/2 integers on which # > 1/2. Then (reading t'/¢ = 1 for
q = o)

loDOlg < R7'(2R)V9EM, ||pf]ly > §(R/2)"9e™,

so eM—m' >R 2-14-1/q >0R/8 > el Take i, k where the maximum and the minimum are attained.

(c) Case J = +o0. Let a < b. Since infy>, Sy = —o0, there is d > b with Sq < S,, and (a) gives
Sp < S, + Hy. So (Q7) holds, and (Q7) is empty. Case J = —oc is symmetric: for a < b pick e < a
with S, < Sy and apply (a) to e < a < b. Ezclusion. If both infima were —oo, then for any b we
could pick a < b < d with S,,S; < Sy — H1 — 1, and (a) would give S, < S, — 1. Finite case. For
a<b<J, (a)gives Sp < max{S,, S;} + Hi < max{Sy, m.+ 1} + Hy < S, + 1+ Hy, since S; > m.
Symmetrically, for J < a < b we get S, < max{Sy, Sy} + H1 < Sy + Hos.

(d) Let @’ be an integer with a’ + 2R < J. By (b) with b = ¢’ + R — 1 there are i < k in
[a',a + 2R — 1] with |S; — Sk| > H. Since H > Hsy, (Q™) excludes Sy > S; + H; hence S; > S + H.
Using (Q™) twice,

Sppor < Sp+Ho<S; —H+Hy < Sy +2Hs — H =S5, —log2.

Now let @ < b < J and t = |[(b— a)/(2R)|. Applying this to a’ = a,a + 2R,...,a + 2R(t — 1)
gives Spiompt < S, — tlog2, and (Q7) gives Sy < Sgiort + Ho. So Sy — S, < Hy — tlog2, and
t>(b—a)/(2R) — 1. For J < a < b the argument is symmetric: in a window [a/,a’ + 2R — 1] with
a > J, (Q") excludes S; > Sk + H for i < k, hence Sy, > S;+ H, and Sy < S;+ Hy < S — H + Hy <
Sapryor+2Hy — H. So Sy < Syyor —log?2, and we conclude as before. ]

5 Proofs of Theorem 1.2 and Corollary 1.4

Let T = UTfU"! be as in Lemma 2.2. Since U is an isometric isomorphism, the conditions (i)-
(iii) hold for T} if and only if they hold for T, and ||[( — T¢)*¢|| > d||¢| for all ¢ if and only
if (I —T)*| > 6|[¢|| for all 4, because (I — T)* = (U')*(I — Ty)*U* and U* is an isometric
isomorphism. For x € W put Si(x) = log pi(z) = —% log hi.(z), so that

Sk(x) — S (x) = %log (hm(z)/hy(x)). (3)

(1)=(ii). This is Lemma 3.1, which also gives ||(I —T¢)*¢|| > d1]l¢].

(i1)= (iv), with the stated constants. If I — Ty is surjective, then (I — T)* is bounded below
[Brell, Theorem 2.20]; if the bound § exceeds 1 we replace it by 1. So [|[(I —T)*v||q > d||¢| 4 for all
¢ € Li(v) with 0 < 6 < 1. Let A be the null set of Lemma 3.3. For z € W \ NV the sequence S(x)
satisfies the hypothesis of Lemma 4.1, and we let J(z) be given by the rule of Lemma 4.1(c). This
rule defines a measurable function on all of W. Indeed, the sets E, = {x : infy>0 Si(x) = —oco} and
E_ = {z :infy<o Sk(z) = —oo} and the function m.(z) = infj Si(z) are measurable, since countable



infima of measurable functions are measurable. Put J = 400 on E; and J = —oo on E_\ E, (outside
N the sets £, and E_ are disjoint). If kg, k1,... enumerates Z in the order 0,1, —1,2,—2,..., then

{J=kj} = (W\(EL UE_)) N {S, <ma+1}0 [ {Sk, > m.+1}

1<j

is measurable. By Lemma 4.1(d) and (3), for z ¢ N and m < k we get hy,(x)/hi(z) < exp (p(Ha +
log 2)) 27Pk=m)/(2R) = [ pk=m if | < J(x). Likewise hy(2)/hm(z) < K™ if m > J(x). Here
el = 2¢2H2 50 R = |16€212 /5| + 1 as stated.

(iv)=(iii). Theset I' = {(x,k) € Y : k < J(2)} = Upeglzr : J(x) > k} x {k} is measurable. Let P
be multiplication by 1p, a projection of norm at most 1 on LP(v), and let M =ran P and N = ker P.
If w e M and k > J(x), then k+ 1 > J(x), so (Tu)(x, k) = ag(z)u(x,k + 1) = 0; thus T (M) C M.
If u € Nand k < J(z), then k — 1 < J(z), so (T u)(z,k) = u(z,k — 1)/ap_1(x) = 0; thus
T-Y(N) C N. Let n > 0. For u € M, by Lemma 2.2(b), (T"u)(x, k) = (hy(x)/hiin(z))Pulz, k +n)
vanishes unless k < k +n < J(z), and then the factor is at most K/Pr™/P by (iv). For u € N,
(T—"u)(z, k) = (hy(x)/hg—n(z))/Pu(z, k — n) vanishes unless J(z) < k —n < k, and then the factor
is at most K/Pr"/P. Hence

|7 lacll < KMoenie, Tyl < KV (0> 0),

so r(T|ar) < r'/P <1 and r(T~'|x) < r'/P < 1. Thus T, and therefore T}, is generalized hyperbolic.

(#ii)=(i). This is Lemma 2.1.

(iv)=(v). Let x be outside the null set where (iv) fails, and split ¢#(Z) = M, & N, with M, =
{u:up=0for k> J(x)} and N, = {u:ux =0 for k < J(x)}. The computation above, on one fibre,
shows that B,(M,) C M,, B;'(N,) C N, and ||B?|a ||, ||1B;"|n,|| < KYPr*/P. The coordinate
projections have norm at most 1. By Lemma 2.1, (v) holds with C' = KYP(1+7'/7) /(1 —r/P), which
does not depend on z.

(v)=(iv). For almost every =, Lemma 3.1 applied to B, on ¢P(Z) (with constant forcing z, = w,
w € (P(Z)) gives ||[(I — By)*¢llq; > C7Y|¢|ly for ¢ € ¢4(Z). With ¢ = p(x)f and the identity
(I — By)*(p(z)0) = p(x)DO from Section 2.2, the sequence S(x) satisfies the hypothesis of Lemma 4.1
with 6 = min{1,1/C}. We conclude as in the proof of (ii)=(iv). This completes the proof of
Theorem 1.2. O

Proof of Corollary 1.4. Suppose that (iv) holds with J(x) € {£oo} for almost every x. Then I' =
E x Z with E = {J = 400} up to a null set, so M and N above are unions of whole fibres and
T(M) =M, T(N)=N. Hence T =Ty ® T|n, o(T) = o(T|p) Uo(T|n), and the bounds above
give o(T|y) C {|z] < r'/P} and o(T|n) C {|2| > r~1/P}. So T} is hyperbolic.

Now suppose that (iv) holds and that J is finite on a set E of positive measure. For x € E outside
the exceptional null set, (iv) with the peak j = J(z) gives hy(z) < K rl*=7lh;(2) for all k. Hence
> i hi(z) < 00, and there are L < oo and a set E' C E of positive finite measure with ), hx < L on
E'. For A € K with [\| = 1 let u(x, k) = 1g/(z)A\Fhy(z)/?. Then |ulh = S > b dp < Lu(E),
u # 0, and

(Tu)(z, k) = ap(@) 1 (2) A g1 ()P = X u(a, k).

So A7 is an eigenvalue of T, hence of Ty. In particular Ty is not hyperbolic. Finally, if Ty is
hyperbolic, then it has the shadowing property [BCD* 18, Theorem A], so (iv) holds by Theorem 1.2,
and by what we just proved J € {£o0} almost everywhere. ]



6 The mass conditions

Example 6.1. A hyperbolic Ty for which none of (HC), (HD), (GH) holds. Let X = {a,5; : j € Z}
with B the power set, u({a;}) = 27, u({B;}) = 277, f(a;) = aj+1, f(B;) = Bjt+1, and W = {ag, Bo}-
Then (%) holds with ¢ = 2 and T} is dissipative. Bounded distortion fails: u(f*({80}))/n({Bo}) =
2% whereas u(f*(W))/u(W) = (28 + 27%)/2. The space LP(u) is the direct sum of the ¢? spaces
over the two orbits, and [|Trp|h = > lp(cj+1)[P27 = L[|l for ¢ supported on the a-orbit, while

I Trllh = 2[j¢|lh on the B-orbit. So Ty is the direct sum of 27'/P times a surjective isometry and
2Y/P times a surjective isometry. Hence o(Ty) C {|z| = 27%/P} U {|2| = 2!/} and T} is hyperbolic.
(In Theorem 1.2(iv) one can take K =1, r = 1/2, J(a) = +00, J(5y) = —o0.) On the other hand
my =2F+27F soforalln>1

M-n _ an 427" S gn-1 mo _ 2

mg 2 = ’ m, 2042"1n =

1-n

The first inequality (with k¥ = —n in (HC), and k = 0 in the first half of (GH)) shows that the two
suprema are at least 2*~1/" — 2 5o (HC) and the first half of (GH) fail. The second inequality (with
k = 0) shows that the two infima are at most 20™/® — 1 so (HD) and the second half of (GH) fail.
This proves Proposition 1.5(b). The same works for a non—atomic space, for instance X = [0,1) x Z
with f(t,k) = (t,k+1), W =[0,1) x {0} and density 2* on [0,4) x {k} and 27% on [%,1) x {k} with

respect to Lebesgue measure.

Example 6.2 ([BDM26, Example 6.2]). Let X = {«a;,5; : j € Z}, f(oy) = ajy1, f(Bj) = Bj+1,
W = {ao, Bo}, with u({ay}) = p({8;}) = 277" for j <0, and u({ey}) = 27 =1, u({B;}) = 1 for j > 1.
Then (%) holds with ¢ = 3, and m; = 27 for all j, so (HC) holds. Bernardes, D’Aniello and Maiuriello
showed directly that T does not have the shadowing property, which proves Proposition 1.5(a). In
terms of Theorem 1.2: hyi(fBy) = 2 for all k > 1, so S(fy) is constant on [1,00). For b = R+ 1 the
function ¢ = 15, ® p7p g satisfies ||[(I —T)*Ylq/|[¥llq = | D7o,rllq/IT0,r|lg < 8/R, by the estimates
in the proof of Lemma 4.1(b). So (I —T)* is not bounded below and I — T} is not surjective. By
Lemma 3.1 T does not have the shadowing property, as [BDM26] showed directly, and by Lemma, 2.1
it is not generalized hyperbolic either.

Example 6.3. Every fibre is hyperbolic, but Ty has neither property. Let X = {&, 1 :n>1, k € Z}
with N({gn,k}) = 2—n(1 + 1/n)pk7 f(gn,k) = gn,k—i-l and W = {gn,O tno2 1}7 SO N(W) = 1 and
(%) holds with ¢ = 2P. On the fibre over &, we have hy = (1 + 1/n)P* and ax = n/(n + 1), so
Bg, o is n/(n + 1) times the unweighted shift and is hyperbolic. But for ¢ = Lie, o} ® T0,r We get
(I-T)*¢ =1, o} © (D70.R + 77 70,r(- — 1)), hence ||(I = T)*¢|l, < (8/R+1/(n+1))[[¢]l4- Letting
n, R — oo shows that (I —T")* is not bounded below. So I — T is not surjective, and Tt has neither
the shadowing property nor is it generalized hyperbolic. This is the composition-operator form of the
diagonal example given after [CDV24, Corollary 2.15]. It shows that the uniformity in Theorem 1.2(iv)
and (v) cannot be dropped.

Remark 6.4 (Bounded distortion). Suppose Ty has bounded distortion with constant Ky, and put
my = my/uw(W). If hy > Komyg on a set B C W of positive measure, then u(fk fB hy dp >
Komyu(B), contrary to the definition; similarly for the lower bound. So KO My S h < Komy,
almost everywhere, for all k. Consequently (iv) holds if and only if the sequence (my) satisfies the
tent condition for some Jy € Z U {£o0} (take Jy = J(x) for a suitable z, respectively J = .Jp),
with K replaced by KKZ2. Since myi1/my € [¢71, |, a routine argument with n-th roots shows that
the tent condition for (my) with Jy = +o0, Jy = —oo or Jy finite is equivalent to (HC), (HD) or
(GH), respectively. For instance, (HC) gives ng and s < 1 with my/myy, < s™ for n > ng, and
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mg/Mpyn < ¢ for n < ng, so mg/my1, < (c/s)"s" for all n > 0. A finite peak Jy can be moved to
0 at the cost of replacing K by K (c/r)!”l. Thus Theorem 1.2 contains [DDM21, Corollaries SC and
GH]. We include this only as a consistency check.

7 Concluding remarks

Theorem 1.2 answers Problem 1.1(a) affirmatively for every dissipative composition operator. It
answers Problem 1.1(b) negatively in its literal form, as [BDM26] had already shown for one direction,
and it replaces the conditions on the masses my by the uniform tent condition on the densities hy.
The method needs only a lower bound for (I — T)* on the countable test family ©g, fibre by fibre.
The conservative case [DDM21, Problem 5.0.2] and the question on structural stability in [Mai24,
Open Problem (2)] are not addressed here.

Verification. The claims were checked as follows. The proofs are meant to be checked by hand.
An independent referee checked every step: the fibre model, Lemmas 3.1, 3.3 and 4.1, the splitting in
the proof of (iv)=-(iii), the formula (1), Corollary 1.4 and the three examples. A second independent
referee checked all proofs again line by line, including Lemma 3.2 and Remark 6.4. Numerical sanity
checks were also run; the proofs do not depend on them.

o verify_model.py checks Lemma 2.2 on 20 random atomic systems for each of p = 1 (exact
rational arithmetic), p =2 and p = 3.

o fibre_lemma_check.py checks Lemma 4.1(a),(b) for ¢ € {1,1.5,2,3,00} on 120 random win-
dows each, compares the test family with the true lower bound of the fibre operator in 210
cases (an eigenvalue problem for ¢ = 2, a linear program for ¢ = 00), and checks (c),(d) with
the explicit constants on 12 windows of length 3-6 - 10*. examples.py computes the masses of
Examples 6.1 and 6.2 exactly and the fibre lower bounds of Examples 6.1 to 6.3.

o The referee’s script indep_adversarial.py maximizes the violation of Lemma 4.1(a),(b) by
hill climbing against the true window lower bound for ¢ = 2 and ¢ = o0; the maxima stayed
negative. It finds no violation of (d) on 40 windows of length 2-8 - 10%.

e lead_check.py checks (1) and its bound for the splitting of (iv)=-(v) on 30 random fibres, the
tent estimates of Examples 6.2 and 6.3, and the inequalities of Example 6.1 for n < 200 in exact
arithmetic.

e The second referee wrote four scripts from the text of the paper, before reading the others.
r2_model_check.py checks Lemma 2.2, the formula for 7" with |n| < 5, and Lemma 3.2
on 25 random atomic systems in each of five settings (p = 1 in exact arithmetic, p = 1.5,
p = 2, and p = 2,3 with complex scalars). r2_fibre_check.py checks window versions of
Lemma 4.1(a)—(d) with the explicit constants, for ¢ € {1,1.5,2,3, 00}, on 36 windows of length
up to 9000. r2_examples_check.py checks Examples 6.1 to 6.3 and the tent bound || D7 rllq <
(8/R)||mb,rl|lq- r2_shift_check.py checks (1) and its constant for the splitting of (iv)=-(v), and
the eigenvectors of Corollary 1.4. The second referee also re-ran the five scripts above; their
outputs were byte-identical to the recorded ones.

No violation was found.
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Scope and priority. Theorem 1.2 answers Problem 1.1(a) as posed in [DDM21, Mai24] and in
their setting: a bimeasurable bijection f satisfying (x), a wandering set of finite positive measure, and
generalized hyperbolicity in the spectral form of [Mai24]. For p = 2, complex scalars and separable
L?(p) the equivalence of shadowing and generalized hyperbolicity is a special case of Pituk’s theorem
[Pit26, Theorem B]. The cases p # 2, real scalars and non-separable L?(j1) are not covered by [Pit26,
Theorem B]. For complex scalars, (i)<(ii) also follows from [DP26, Theorem 2.2] (Remark 1.3). We
have not found the characterizations (ii), (iv) and (v) in this setting in the literature. For a single
atom W, Theorem 1.2 reduces to the theorem of Bernardes and Messaoudi [BM21, Theorem 18]. The
splitting in the proof of (iv)=-(iii) parallels Antonevich’s graded dichotomy [Ant21], which is set on
compact spaces and does not treat the necessity direction in our setting. Problem 1.1(b) had already
been answered negatively in one direction by [BDM26, Example 6.2]; our Example 6.1 for the other
direction is elementary, and Example 6.3 is the composition-operator form of an example in [CDV24].
We searched arXiv (through September 29, 2026), OpenAlex (including all 25 works it lists as citing
[DDM21]), zbMATH Open and Crossref, including queries on one-sided invertibility of weighted shift
operators, and made two general web searches. The works on composition operators that we found
assume bounded distortion, and we found no other treatment of the problem. The Russian-language
literature on functional operators was not checked systematically. The area is active (four relevant
preprints appeared in July and August 2026), so concurrent work is possible. This negative search is
not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to develop the proofs
and the examples, to write and run the verification programs, and to help prepare this manuscript.
The author has reviewed the proofs, the computations and the sources and is responsible for all claims.
The note has not been peer reviewed.
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