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Abstract

In an Oberwolfach report of 2012, D. Calegari, reporting on joint work with A. Walker, asked
whether there is a nontrivial word w in the free group F' = (a,b) such that the lifted rotation
number f(\)/t(p(w)) vanishes for every homomorphism p from F' to the universal central extension
Homeo™ (S1)™ of the group of orientation-preserving homeomorphisms of the circle. We show that
there is no such word. The main step is elementary: for every nontrivial w in the commutator
subgroup of F' there are A, B € SL(2,R) with |trw(A, B)| < 2. The proof combines the classical
trace polynomials of Fricke and Vogt with a comparison of signs on the two sides of the surface
of reducible characters. Lifting such a pair to the universal cover of PSL(2,R) gives w a rotation
number that is not an integer; words outside the commutator subgroup are treated with rigid
rotations. All these representations are real-analytic. For w = [a, b] the negative answer is already
contained in an example of Calegari and Walker (2011). For the word wy of length 36 printed in
the report we give rational matrices A and B, both hyperbolic, with trwy(A, B) = 0; with the
lifts that have fixed points, rot(p(wg)) = —2, and the extremal value R(wp,0,0) equals 1. We
also recall, after Calegari and Walker, why rot(p(wg)) = 0 whenever p(a) or p(b) is elliptic. The
second question of the report, on real-analytic representations that realise the extremal rotation
number R(w,r, s), is not treated. No printed answer to the first question was found in the sources
we searched; this is not a claim of priority. This is an unrefereed note.

1 Introduction

1.1 The question

Let F be the free group with basis a,b. Let Homeo™ (S')™ be the group of homeomorphisms f of R
that commute with the translation T7(x) = x 4+ 1. These are the lifts of the orientation-preserving
homeomorphisms of the circle S' = R/Z; the group Homeo™ (S!)™ is the universal central extension
of Homeo™t (S!) [CW11, §1.4], and the kernel of the projection Homeo™ (S*)~ — Homeo™(S!) is
the central subgroup {7y : k € Z} of integer translations [CW11, §2]. The rotation number of
f € Homeo™ (S1)~ is
n
r?c( f) = lim M;
n— oo n

the limit exists and does not depend on z (Section 2). For w € F and r,s € R let X(w,r,s) be the
set of the values rot(p(w)) over all homomorphisms p : F — Homeo™ (S')™~ with rot(p(a)) = r and
rot(p(b)) = s, and let R(w,r,s) = sup X (w,r,s) [Call2, p. 2173], [CW11, §2.2]. The function R is
the subject of Calegari and Walker’s paper [CW11].
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At the end of his report [Call2] on this joint work with A. Walker, given at the Oberwolfach
workshop Geometric Group Theory, Hyperbolic Dynamics and Symplectic Geometry in July 2012,
Calegari states two open questions [Call2, p. 2174], which we paraphrase:

(Q1) Does some nontrivial word w € F satisfy rot(p(w)) = 0 for every homomorphism p : F —
Homeo™ (S1)~?

(Q2) For an arbitrary w € F, does some real-analytic representation p attain the extremal value,
rot(p(w)) = R(w,r, s)?

In (Q2) the representations have rot(p(a)) = r and rot(p(b)) = s; the report notes that every interior
point of X (w,r, s) is realised by a real-analytic representation, and so is R(w,r, s) when w is positive.
We do not treat (Q2). The questions form record OWR-12007-010 of the UnsolvedMath collection
[ula26], where both are listed as open.

Question (Q1) is motivated in [Call2] by representations of F' into PSL(2,R), which acts on the
circle RP! by projective transformations, and by the word

wo = ababaabbaBBAABABAbababaabbABBAABABAB (1)

of length 36, in which capital letters denote inverses: A = a~! and B = b~!. The report states
that rot(p(wg)) = 0 for all representations p of F into PSL(2,R), and that this can be proved with
trace identities and numerical methods. The report does not restate the convention on capital letters;
it is the convention of Calegari’s work on stable commutator length [Cal09, §4], whereas [CW11]
writes a~! and b~!. In this reading wq is the commutator [uau~!,b] with u = ababaabb, where
[x,y] = xyz~'y~!; the other natural readings of the string give words with the same trace polynomial
(Remark 5.1).

1.2 Results

For w € F and A, B € SL(2,R) let w(A, B) denote the image of w under the homomorphism F' —
SL(2,R) with a — A and b — B. An element of SL(2, R) is elliptic if its trace lies in (—2, 2), hyperbolic
if |tr| > 2; the same words are used for its image in PSL(2, R).

Theorem A. For every w # 1 in the commutator subgroup [F, F| there are A, B € SL(2,R) with
|trw(A, B)| < 2.

The proof (Section 4) uses the classical trace polynomials of Fricke and Vogt, trw(A,B) =
tw(tr A, tr B, tr AB). For w € [F, F|, t,, —2 vanishes on the surface k = 2 of the characters of reducible
representations, where k(z,y, z) = 22 + y? + 22 — xyz — 2 is the trace polynomial of the commutator,
and we compare the signs of ¢, — 2 on the two sides of this surface near its compact part and near
an unbounded sheet. The lifts of elliptic elements to the universal cover PSL(2,R) C Homeo™ (S!)~
of PSL(2,R) have rotation numbers outside Z (Lemma 2.3). This gives the answer to (Q1).

Corollary B. For every w € F with w % 1 there is a homomorphism p : F — PASi(2,R) C
Homeo™ (S1)™ with rot(p(w)) ¢ Z. In particular, Question (Q1) has a negative answer.

As PASTJ(Q,R) acts by real-analytic diffeomorphisms, the answer stays negative for lifts of real-
analytic or smooth diffeomorphisms, and, as rot(p(w)) ¢ Z, also for rotation numbers in R/Z. For
w = [a,b] the negative answer is contained in [CW11, Example 1.1]: deforming the holonomy of a
complete hyperbolic once-punctured torus through cone structures makes the image of [a, b] elliptic,
with nonzero rotation number. Kim, Koberda and Mj [KKM19, Theorem 4.21] map a multicurve of
peripheral or splitting curves on a hyperbolic orbifold, by faithful representations into PSL(2,R), to



elliptic elements with one and the same nonzero rotation number; for F', as the fundamental group of
a once-punctured torus or of a pair of pants, this covers the words that represent peripheral curves.
We found no such statement for arbitrary words; Remark 4.2 compares Theorem A with results on
word maps on PSL(2,R) [GKP18, HLS15].

For the word of the report we obtain the following.

Proposition C. Let

(32 1 1 4 [ =8 10
A= <1/2 1)’ b= (-3/2 5/2)' Then  wo(4, B) = (—13/2 8)’
so that trwg(A, B) = 0; here A, B € SL(2,Q) are hyperbolic, with tr A = g and tr B = % For all lifts

p(a), p(b) € PSL(2,R) of the images of A and B in PSL(2,R), the number rot(p(wo)) lies in 4+ 7.
For the lifts that have fized points, rot(p(a)) = rot(p(b)) = 0 and rot(p(wo)) = —3.

Thus the word of the report admits a representation into fjgi(Q, R), with both generators hyper-
bolic and with rotation numbers (r,s) = (0,0), for which rot(p(w)) = —1. In Section 5 we also
show that X (wp,0,0) = [-1,1], so that R(wp,0,0) = 1 (Corollary 5.2), and we recall the following
statement, which is essentially Example 4.8 of [CW11]; see also the proof of [Manl8, Lemma 6.18(i)].

Proposition D. Let p: F — Homeo™ (S1)™ be a homomorphism such that p(a) or p(b) is conjugate
in Homeo™ (S1)™ to a translation x + x +t. Then rot(p(wo)) = 0. In particular, rot(p(wg)) = 0 for
every homomorphism p : F — PSL(2,R) for which p(a) or p(b) is elliptic.

Remark 5.3 relates Propositions C and D to the statement in the report. Finally, the cyclic
covering construction of [CW11, Example 4.9] transports these examples to other rotation numbers
(Proposition 5.4); it shows that the answer to (Q1) remains negative if p is restricted to representations
with (rotp(a),rotp(b)) ¢ Z* (Corollary 5.5).

Readings of the question. We read (Q1) literally: all homomorphisms F — Homeo™ (S!)™.
Restricted versions can have the opposite answer for trivial reasons. If p(a) and p(b) must be conjugate
to translations (the setting of R(w,r—,s—) in [Call2, §§2-3] and [CW11, Definition 4.3]), then w =
[a, b] has rot(p(w)) = 0 for all such p, by the argument of Proposition D; and X ([a,b],r,s) = {0} if r
or s is irrational [CW11, Example 4.9]. Theorem A says nothing about such versions; but the answer
is negative for the family of all p with (rotp(a), rotp(b)) ¢ Z?* (Corollary 5.5).

What is new. The contribution of this note is Theorem A for every word of the commutator sub-
group, hence the complete negative answer to (Q1), and the computations for the word of the report
(Proposition C and Corollary 5.2). The trace polynomials are classical [Gol09, Hor72]; Lemma 3.4
below reproves the part of Goldman’s description of real characters [Gol03, §2.6] that we need; Propo-
sition D is due to Calegari and Walker, and so is the construction behind Proposition 5.4. The
literature search is described in the paragraph “Scope and priority” at the end of the note.

2 Rotation numbers and the universal cover of PSL(2,R)

2.1 Rotation numbers

For f € Homeo™ (S1)™ the function ¢s(z) = f(z) — x is continuous and has period 1.



Lemma 2.1. Let f,g € Homeot(S')~. (a) The limit rot(f) exists, min gy < rot(f) < max ¢
and max gy — minp; < 1; so [rot(f) — (f(z) —x)| < 1 for all x, and f(p) = p + rot(f) for some
p. (b) rot(f) = k € Z if and only if f(p) = p+ k for some p € R. (c) rot(gfg~') = rot(f),
rot(f") = nrot(f) for n € Z, and rot(fg) = rot(f) + rot(g) if fg = gf. With v(x) = —z one
has tfu € Homeo™ (S')™~ and rot(vf1) = —rot(f). (d) |[rot(fg) — rot(f) — rot(g)| < 1; consequently
rot(fgf~'g~ ") < 1.

Proof. (a) If x <y < x4+ 1,then 0 < f(y) — f(r) <land 0 <y —x < 1,50 |pr(y) — pf(x)| < 1;
by periodicity the oscillation of ¢y, and likewise of ¢n, is less than 1. So M, = max¢s» and
My, = min @ ¢ satisfy My, < M,, + My, mp1p > my, +my, and 0 < M, —m,, < 1; hence M,/n and
my /1 converge to a common limit, which is rot(f) and lies in [m,, /n, M, /n] for every n. For n = 1 this
is the inequality, and the intermediate value theorem gives p. (b) If f(p) = p+k, then f"(p) = p+nk;
the converse is part of (a). (c) The first three statements are in [CW11, Proposition 2.1]; the last
follows from (.f1)™(z) — x = —(f*(—z) + ). (d) This is the statement that rot is a homogeneous
quasimorphism of defect at most 1, a form of the Milnor—Wood inequality [CW11, proof of Lemma 2.11
and Definition 3.23]. Applied to fgf~! and ¢g~!, whose rotation numbers are rot(g) and —rot(g) by
(c), it gives the bound for the commutator. O

2.2 The universal cover of PSL(2,R)

Let e() = (cosf,sinf) € R2. For M € SL(2,R), a lift of M is an increasing homeomorphism
® : R — R such that Me(#) is a positive multiple of e(®(#)) for every 6 € R.

Lemma 2.2. (a) Every M € SL(2,R) has lifts, two lifts of M differ by a translation Tori, with k € Z,
and every lift satisfies ®(0+ ) = @)+ 7. (b) If ® and ¥ are lifts of M and N, then ® oV is a lift
of MN and ®~! is a lift of M—1. The lifts of £1 are the translations Ty, (k even for I, odd for —I),
and the lifts of —M are the maps T o ®. (c¢) If M has a positive eigenvalue, then M has a lift with
a fixed point.

Proof. (a) The map 0 — Me(6)/|Me(0)| induces a homeomorphism of the circle R/27Z of directions,
of degree 1 because M lies in the connected group GLT(2,R). Its lifts to R are increasing home-
omorphisms, and two of them differ by some Th; . Since Me(d + w) = —Me(f), the continuous
function ®(0 + ) — ®(0) — m takes values in 277, so it is a constant 27m; applying this twice gives
O(0+27m) = ®(0) + 27 +4wm, so m = 0. (b) follows from the definition and (a). (¢) If Mv = Av with
A >0 and v = e(fy), then every lift maps 6y into 6y + 277, and a suitable Thi o ® fixes 6y. O

Let ISSVL(2,]R) be the set of all lifts of all elements of SL(2,R). By Lemma 2.2 it is a group of
real-analytic diffeomorphisms of R that commute with T ; each of its elements is a lift of exactly one
matrix M (if ® is a lift of M and of N, then every e(f) is an eigenvector of M ~!N with a positive
eigenvalue, so N = M), and ® — +M is a surjective homomorphism onto PSL(2,R), whose kernel
is the central subgroup {Tjx : k € Z}. An element ® of PSL(2,R) covers the action of £M on the
circle RP* = R/7Z of lines through the origin. Conjugation by x + 7z turns ® into the element
z + ®(z)/m of Homeo™ (S')™ and T into T1; we identify PSL(2, R) with its image in Homeo™ (S1)~,
so that "

rot(®) = lim 6~
n—00 nm
(The group ﬁ(ZR) is the universal covering group of PSL(2,R); we shall not need this.) Every
homomorphism F' — PSL(2,R) is covered by homomorphisms p : F' — 1%1(2, R), one for each choice
of lifts of the images of a and b.



Lemma 2.3. Let ® € PSL(2,R) be a lift of M € SL(2,R). (a) If | tr M| > 2, then rot(®) € Z. (b) If

|tr M| < 2, then ot(®) ¢ Z. (c) If tr M = 0, then rot(®) € L + Z.

Proof. (a) M has a real eigenvector e(fp). Then ®(6y) = 09 + kn for some k € Z, hence ®"(6y) =
0o 4+ nkm, because ® commutes with T}; so rot(®) = k. (b) If rot(®) = k € Z, then by Lemma 2.1(b)
there is 6y with ®(6p) = 6y + km. Then Me(6p) is a multiple of e(6p), so M has a real eigenvalue
A, the other eigenvalue is 1/A, and |[tr M| = |A + 1/A| > 2. (c¢) By the Cayley-Hamilton theorem
M? = (tr M)M — 1 = —I. So ®? is a lift of —I, that is ®2 = Tom+1)r for some m € Z, and
rot(®) = m + . O

For w € F let e,(w) and ep(w) be its exponent sums in a and b; w € [F, F] if and only if both
vanish.

Lemma 2.4. Let w € [F,F] and A, B € SL(2,R), and put W = w(A, B). Let p: F — PSL(2,R) be
a homomorphism such that p(a) is a lift of A or of —A, and p(b) is a lift of B or of —B. Then p(w)
is the same for all such p, and it is a lift of W. If tt W > 2, then rot(p(w)) is an even integer; if
tr W < =2, it is an odd integer.

Proof. By Lemma 2.2, the possible values of p(a) are the maps Ty, ®4 with k € Z, where ® 4 is one
lift of A, and similarly for p(b). Since Ty is central in PASTJ(2,R), replacing p(a) by Tx-p(a) and p(b)
by Tixp(b) replaces p(w) by Tike, (w)+ie, (w))x P(w) = p(w). If p(a) and p(b) are lifts of A and B, then
p(w) is a lift of W by Lemma 2.2(b). If tr W > 2, the eigenvalues of W are real (as (tr W)2? > 4), have
product 1 and positive sum, so they are positive: We(6p) = Ae(6p) with A > 0 for some 6y. Then
p(w)(0) = Oy + 2k for some k € Z, so p(w)"(Ay) = by + 2rkn and rot(p(w)) = 2k. If tr W < —2,
the eigenvalues are negative, We(6y) is a positive multiple of e(6y + ), p(w)(6p) = 6o + 7 + 27k, and
rot(p(w)) = 2k + 1. O

In particular, for w € [F, F] and a homomorphism p : F — PSL(2,R) the number rot(p(w)) does
not depend on the choice of the lift p of p; this is how the statement of the report about wy is to be
read.

3 Trace polynomials and reducible characters
For A, B € SL(2,C) the triple (tr A, tr B, tr AB) is the character of the pair (A, B). Let
k(z,y,2) =22+ + 2% —zyz — 2.

By a classical theorem of Vogt and Fricke [Gol09, Theorem A], for every w € F' there is a polynomial
tw € Clz,y, z] with

trw(A, B) = tyw(tr A, tr B, tr AB) for all A, B € SL(2,C),

and tj, ) = # [Gol09, (2.2.8)]. Since every point of C? is a character [Gol09, Theorem A, ¢, is unique.
The algorithm of [Gol09, §2.2], based on the identity tr(XY) + tr(XY 1) = tr X trY, shows that t,
has integer coefficients (see also [Hor72]); we only use that its coefficients are real, which also follows
from Lemma 3.4(a) below, since t,, is real on a nonempty open subset of R3,
Let V = {(z,9,2) € C3: k(z,y,2) = 2} and V(R) = V NR3. For \,u € C* put
PGy = A+ A7 p ot Apt ).

Lemma 3.1. (i) k(P(\, p)) =2 for all \,p € C*. (i) V. = P((C*)?). (iii) P(\, p) is the character
of the pair A = diag(A\, A7), B = ({ L ). (iv) If w € [F,F), then t,y, =2 on V.

0 p
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Proof. Let x = A+ A" y=p+p~t 21 = Ap+Ap) L and 20 = Ap~t + A" 1pu. Then 21+ 20 = zy and
2120 = NN 24 p2 42 = 2249%—4, 50 21 and 29 are the roots of Z2—xyZ+a’+y>—4 = k(x,y, Z)—2.
This gives (i). (ii) For (x,y,z) € V choose A\, u € C* with A+ A"! =z and p + p~! = y. Then z is
a root of k(z,y, Z) — 2, so either z = z; and (z,y,2) = P(\, 1), or 2 = 22 and (z,y,2) = P(\, p1).
Al A

(iii) Here AB = (0 ()1
diagonal is a homomorphism from it to an abelian group. So for the pair of (iii), w(A, B) is upper
triangular with diagonal entries A*¢(®)yFer(®) wwhich equal 1 if w € [F, F]. Thus t,(P(\ u)) = 2,
and (ii) gives the claim. O

). (iv) The upper triangular matrices form a group, and taking the

Lemma 3.2. If g € Clz,y, z] vanishes on V, then k — 2 divides g; if g has real coefficients, so has
the quotient.

Proof. As a polynomial in z, Kk — 2 = 22 — zyz + 2% + y? — 4 is monic. Division with remainder gives

g = (k—2)Q+R1(z,y)z+Ro(z,y), where Q, Ry, Ry have real coefficients if g has. If (22 —4)(y?—4) # 0,
the discriminant (zy)? —4(2x?+y?—4) = (22 —4)(y*> —4) of k(z,y, Z) — 2 is nonzero, so this polynomial
has two distinct roots z # 2/, and R1z + Ry = R12' + Ry = 0 gives Ri(z,y) = Ro(z,y) = 0. Such
(x,y) form a dense subset of C2, so Ry = Ry = 0. O

Lemma 3.3. Let g € Clz,y,2| and G = go P, a Laurent polynomial in A\, pu. If G vanishes on a
nonempty open subset of the torus {|\| = |u| = 1} or of (R\ {0})2, then xk — 2 divides g.

Proof. The function (1, ¢) — G(e', e'?) is a trigonometric polynomial, hence real-analytic on R?; if
it vanishes on a nonempty open set, it vanishes identically, and so do its Fourier coefficients, which
are the coefficients of G. In the second case (Au)VG is, for large N, a polynomial that vanishes on
a nonempty open subset of R?, hence zero. In both cases G = 0, so g vanishes on P((C*)?) = V
(Lemma 3.1(ii)), and Lemma 3.2 applies. O

The next lemma reproves the part of Goldman’s description of real characters [Gol03, §2.6] that
we need.

Lemma 3.4. Let (z,y,2) € R3. (a) If |x| > 2, then (x,y,2) is the character of a pair in SL(2,R).
(b) If |x| < 2 and k(z,y,2) > 2, then (z,vy, z) is the character of a pair in SL(2,R). (c) If |x| < 2 and
k(z,y,2) < 2, then (z,y, z) is the character of a pair in SU(2); consequently t,,(x,y,z) € [-2,2] for
every w € F.
Proof. (a) Let A € R with |A\| > 1 and A+ A~! = 2, and put A = diag(\,A\™1), p= Az —y)/(\2 = 1),
g=y—pand B = (pqp— 1 ;) Then det B = 1, tr B = y, and tr AB = A\p + A" l¢ = 2, because
NAz—y)+ (N =Dy —(z—y) =22\ -1).

For (b) and (c) write x = 2cosd with ¥ € (0,7), and define d € R by z = ycosv + dsin?.
Expanding gives

k(z,y, z) — 2 = sin® ¥ (d2 N 4). (2)

sin?d  cosd y/2
and det B = 1 means (r + d/2)? = (d? + y? — 4)/4, which has a real solution r because d? + y? > 4
by (2).

(c) Let A = diag(e™,e™™) and B = <_aB 2) with @ = (y — id)/2 and § = (1 — |af?)V/2,
which is real because |a|?> = (y% + d?)/4 < 1 by (2). Then A, B € SU(2), tr B = 2Rea = y and
tr AB = 2Re(e”’a) = ycos? + dsind = z. Since w(A, B) € SU(2) has eigenvalues e**¥ for some ),
tw(x,y,2) =2cos € [—2,2]. O

(b) Let A = (COSﬁ _811“9) and B = <y?{2 T+d>. Then tr B = y and tr AB = y cos ¥+dsind = z,
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every w € F'\ {1}. Consequently t,, — 2 is not the zero polynomial for w # 1.

Lemma 3.5. Let Ay = diag(10, 15), C = <_1 2) and By = CAoC~t. Then |trw(Ag, Bo)| > 2 for

Proof. We use the action of SL(2,R) on RP! = RU{oo} by t + (at+3)/(yt+6). The matrix Ay acts
by t + 100t, and C by t +— (t —2)/(t — 1); as C? = —I, C is an involution of RP!. Let Iy = [~1, 1]

A1
and Io = {|t| > 4} U {oc}. Since C(-1) =2, C(3) =1, C(0) =2, C4) = 2, C(—4) = ¢ and
C(o0) =1, and the pole t = 1 of C lies in neither arc, we have C(ly) = [%, g] and C(I) = [%, g] The

four closed arcs X (a) = I, X(a™') = Iy, X(b) = O(I) and X(b~!) = C(Iy) are pairwise disjoint,
because —3 < + < 2 <8 <2 < I <4 Foraletter s € {a*!, b} put Y(s) = X(s7!). Each letter s
maps RP' \ Y (s) into X (s): for a this is the inclusion 100 - {|t| > 1} C {|t| > 25} (and oo — 0), for
a~! the inclusion 1i5{|¢t| < 4} C {|t| < 35}, and for b*! it follows by conjugation with C.

Every w # 1 is conjugate to a cyclically reduced word sys2---s, with n > 1, and traces are
invariant under conjugation. The element w(Ag, By) acts as s;0---0 8. As 841 # Si_l, the arcs
X (si1+1) and Y (s;) are disjoint, so by induction w maps RP!\ Y (s,,) into X (s1). Since also s1 # s,
the arc X (s;) lies in RP! \ Y'(s,,); so w maps the closed arc X (s1) into itself and has a fixed point
there. The same argument for the cyclically reduced word w=! = s;!--. 31_1 gives a fixed point
of w in X(s;') = Y(s,), which is disjoint from X(s;). Moreover w is not the identity of RP!,
since it maps RP! \ Y (s,,), which contains two of the four arcs other than X (s;), into X(s1). So
w(Ag, Bg) # £ has two independent real eigenvectors; its eigenvalues are real and distinct, A # A7,

and ’trw(Ag,Bo)‘ = ‘)\ + )\71’ > 2. Finally tw(tI'Ao,tI'Bo,tI' A()B()) = tr w(Ao,B()) ;é 2. ]

Lemma 3.6. The points of V' at which the gradient of k vanishes are (2,2,2), (2,-2,-2), (-2,2,-2)
and (—2,—2,2). Consequently, if p € V(R) has first coordinate different from £2, then every ball
U C R3 centred at p meets both {k > 2} and {x < 2}.

Proof. The gradient is (2 — yz, 2y — x2, 22 — xy). If it vanishes, then 222 = 2y? = 222 = 2yz. If
this common value is 0, then 2 = y = 2z = 0 and K = —2 # 2. Otherwise 22 = 2 = 22 =t # 0 and
ryz = 2t, so t® = (vyz)? = 4t? and t = 4: the coordinates are +2 with 2yz = 8, which gives the four
points, and they lie on V. At any other point p of V(R) the gradient Vk(p) is a nonzero real vector,
and k(p + 7Vk(p)) — 2 = 7|Vk(p)|* + O(7?) takes both signs near 7 = 0. O

4 Proof of Theorem A and Corollary B

Proof of Theorem A. Let w € [F, F|, w # 1, and suppose that |trw(A, B)| > 2 for all A, B € SL(2,R).
The map (4, B) — trw(A, B) is continuous on the connected space SL(2,R)?, takes the value 2 at
(I,I) and, by assumption, avoids (—2,2). So its image lies in [2, 00):

tw(c) > 2 for every character ¢ € R? of a pair in SL(2,R)%. (3)

By Lemma 3.1(iv) the polynomial ¢,, — 2 vanishes on V', and by Lemma 3.5 it is not zero. Applying
Lemma 3.2 repeatedly, we can write

tw—2=(k—2)"h, m>1, heR[zyz], K—21fh.

By Lemma 3.3, h o P vanishes neither on the nonempty open set {(e??, ) : 9, ¢, 9 + ¢ ¢ wZ} of the
torus nor on {(A, ) : A, u > 1}. So there are points

p1 = P(emo,eid’o) = (2 cos ¥, 2 cos ¢g, 2 cos(Pg + ¢0)) €(-2,2)% and py = P(Xo, o), Ao, po > 1,

of V(R) with h(p1) # 0 and h(ps) # 0; the first coordinate of py is \g + A\y' > 2. Choose a ball U;
centred at p; inside {|z| < 2} and a ball Us centred at py inside {z > 2} such that h has no zero on



Uy UUs; then h has constant sign on each U;. Put U = U; N{£(k —2) > 0}; these sets are nonempty
by Lemma 3.6, and t,, — 2 = (k — 2)"h # 0 on them.

On U; we have t,, < 2 by Lemma 3.4(c), so t,, —2 < 0. On U;" we have t,, > 2 by Lemma 3.4(b)
and (3), so t, —2 > 0. Comparing with the sign of (k — 2)™h, the second fact gives h > 0 on Uy, and
then the first gives (—1)" = —1: m is odd.

Every point of Us is the character of a pair in SL(2,R)? by Lemma 3.4(a), so t, — 2 > 0 on
U, UU; by (3). But m is odd and h has constant sign on Us, so (x — 2)™h has opposite signs on
U2Jr and U, . This contradiction proves Theorem A. O

Proof of Corollary B. Let w # 1. Suppose first that w ¢ [F, F], say e,(w) # 0 (otherwise exchange
the roles of a and b). Choose t € R with e,(w)t ¢ Z and let p(a) = T; and p(b) = id. Then
p(w) = T, (wy and rot(p(w)) = eq(w)t ¢ Z. Here T} € PSL(2,R): in the coordinate 6 it is the
translation by 7t, a lift of the rotation matrix of angle mt. (The central translation 77 would give
rot(p(w)) = eq(w), a nonzero integer.) Now let w € [F, F]. Theorem A gives A, B € SL(2,R) with
ltrw(A, B)| < 2. Let p(a), p(b) € PSL(2,R) be lifts of A and B. By Lemma 2.4, p(w) is a lift of
w(A, B), and by Lemma 2.3(b), rot(p(w)) ¢ Z. O

Theorem A can also be read as a statement about the image of word maps.

Corollary 4.1. Let w € [F,F], w # 1. There is § € (0,4) such that every element of SL(2,R) with
trace in (2—46,2) is of the form w(A, B) with A, B € SL(2,R). Ifw € F\[F, F], every elliptic element
of SL(2,R) is of this form.

Proof. The set of values tr w(A, B) is connected, contains 2 and, by Theorem A, a number ¢y € (—2,2);
so it contains [tg,2], and we put § = 2 — tg. The set of the elements w(A, B) is invariant under
conjugation by GL(2,R), because gw(A, B)g~' = w(gAg~',gBg™'). Two elements of SL(2,R) other
than 47 with the same trace t are conjugate in GL(2,R): in a basis v, Mv, where v is not an

eigenvector, each of them has the matrix . This proves the first statement, since matrices

0 —
1 ¢
with trace in (—2,2) are not +1. If e, (w) # 0, say, then w(Ry, I) = R, (w)e for the rotation matrices
R, so every rotation matrix is of the form w(A, B), and every elliptic element is conjugate in GL(2, R)

to a rotation matrix. OJ

Remark 4.2. An elliptic element of PSL(2,R) is conjugate to the image of a rotation matrix R,
with ¢ € (0,7); it acts on RP! = R/7Z with rotation number ¢/m modulo 1, and its trace is
42 cos ¢. So, by Corollary 4.1, for every w € [F, F]\ {1} the image of the word map w : PSL(2,R)? —
PSL(2,R) contains all elliptic elements whose rotation number modulo 1 lies in (—n, n), for some n > 0,
and for w € F'\ [F, F] it contains all elliptic elements. Gordeev, Kunyavskii and Plotkin [GKP18,
Proposition 2.6] prove that for every nontrivial word w in a free group of finite rank the image of
the word map on PSL(2,R) contains all split semisimple, that is hyperbolic, elements, generalising a
result of Hui, Larsen and Shalev [HLS15] (as stated in [GKP18]), and that it contains all semisimple
elements if it contains an involution. For words in F', Corollary 4.1 adds the elliptic elements of small
rotation number without any assumption. Theorem A does not answer Question 2.5 of [GKP18], not
even for words in F: that question asks whether some word that is not a proper power induces a
non-surjective word map on a non-compact simple group such as PSL(2,R), and neither [GKP18,
Proposition 2.6] nor Theorem A decides whether the image contains the elliptic elements of every
rotation number and the parabolic elements. For the word of the report, Proposition C exhibits an
involution in the image of wy (the image of a matrix with trace 0), so by the second statement of
[GKP18, Proposition 2.6] the image of wp on PSL(2,R) contains every semisimple element.



5 The word of the report

With capital letters read as inverses, the string (1) is the concatenation of ababaabb, a, BBAABABA =
u™h b, u, a”!, vl and b7, without cancellation; so

wo = [, b], c=uwau ", 1 = ababaabb.

The word is freely and cyclically reduced, and its exponent sums in ¢ and in b are 0.

Remark 5.1. Reading the string backwards, inverting wq, or exchanging upper and lower case gives
words wie¥, wy t, wi¥ with wie¥(A, B) = wo(AT, BT)T, trwy (A4, B) = trwo(A, B) and wi¥ (A, B) =
wo(A™1, B™1). As (AT,BT) and (A~!, B~!) have the same character as (A, B), the four words have
the same trace polynomial. Each is a commutator of a conjugate of a®™! with b*!, so Proposition D
applies to all of them, and at the pair of Proposition C all four have trace 0 and rotation number :l:%.

Proof of Proposition C. We have det A = det B = 1 and tr A, tr B > 2, so AT and B*! are hyperbolic
with positive eigenvalues. The value of wy(A, B), a product of 36 rational matrices, was computed in
exact arithmetic by the program of this note and, independently of it, by the programs of the first stage
and of each verification run (Section 6); through the commutator structure, C' = u(A, B)Au(A, B) ™!
has trC' = 3 and trCB = 1, and indeed (5, %,1) = 0. By Lemma 2.4, p(wg) does not depend
on the lifts and is a lift of W = wo(4, B); as trW = 0, Lemma 2.3(c) and Lemma 2.1(d) give
rot(p(wo)) = £3.

By Lemma 2.2(c) and Lemma 2.1(b), A and B have lifts with fixed points, of rotation number
0. For a matrix S with positive eigenvalues, its lift &g with a fixed point fixes the directions of the
eigenvectors of S and of their negatives, and maps each of the four arcs between them, all shorter
than 7, onto itself; so ®g(#) — 6 is the signed angle in (—m, 7) from e(f) to Se(#). Follow a rational
vector vg # 0 of direction 6y through the 72 letters of w%, the last letter first, obtaining vq,..., v
with lifted angles 0y, and let hy = | (0 — 6p)/7|. The parity of hy is given by the sign of det(vg, vg)
(or of vy - vy, if this determinant is 0), and hg1 — hg lies in {0, 1} or in {—1, 0} according to the sign of

det(vg, vg41); so the hy are determined by signs of determinants of rational vectors. As W?=—1I, we
have v7g = —vg and 079 — 0y = hromw. The exact program of this note finds h79 = —1 for five choices
of vo; s0 p(wp)? = T—r and rot(p(wp)) = —3. O

Conjugating this representation by ¢ (Lemma 2.1(c)), or equivalently replacing A, B by their
conjugates under diag(1, —1), gives a representation with rotation numbers (0, 0) and rot(p(wp)) = +3.
So :l:% € X (wp,0,0); the following corollary shows more. We use that X (w,r, s) is a compact interval
with maximum R(w,,s) and minimum —R(w, —r, —s) [CW11, Proposition 2.16], [Call2, p. 2173].

Corollary 5.2. X (wp,0,0) = [—1,1]; in particular R(wp,0,0) = 1.

Proof. Since wg is a commutator, X (wp,0,0) C [—1,1] by Lemma 2.1(d). Let

Az = <5§2 —2;?12>  B2= <§§§ 3?%0) '

Then Ag, By € SL(2,Q), tr Ay = % and tr By = %, so they have positive eigenvalues and lifts with

fixed points, of rotation number 0. An exact computation gives

1172932637776500498744940813
trwg(Ag, By) = — ~ —56.80 < —2.
rwo(As, By) 20615843020800000000000000

By Lemma 2.4, rot(p(wp)) is odd for this representation, so it is =1; the exact program of this note
finds +1. Conjugation by ¢ gives a representation with rotation numbers (0, 0) and the opposite value.
So +1 € X (wy,0,0), and X (wg,0,0) = [—1, 1] because it is an interval. O



Proof of Proposition D. We recall the argument of [CW11, Example 4.8]. Suppose first that p(a) =
gTig~! with g € Homeo™ (S')~. Then f = p(c) = p(u)p(a)p(u)~! equals kT;k~! with k& = p(u)g, and
with B = k~!p(b)k we get

p(wo) = fo(b)f ' p(b) ™" =k (L BT-S~") k.

The element ST_;3~! has rotation number —t (Lemma 2.1(c)), so by Lemma 2.1(a) there is a point
p with BT_;371(p) = p —t. Then T;BT_;3~! fixes p, so its rotation number is 0 by Lemma 2.1(b),
and so is that of its conjugate p(wp). If p(b) is conjugate to a translation, the same argument
applied to p(wo)™' = p(b)fp(b) ' f~1 gives rot(p(wo)~') = 0, hence rot(p(wp)) = 0. Finally, let
p: F — PSL(2,R) and let p(a) be a lift of an elliptic matrix M. Then M = gRsg~! with g € SL(2,R)
and a rotation matrix Ry (the Mobius map of M fixes a point of the upper half-plane, and the
stabiliser of i is SO(2)). By Lemma 2.2, p(a) = G®G~! for a lift G of g and a lift ® of Ry, and ® is
a translation of R. The case of p(b) is the same. O

Remark 5.3. The report states that rot(p(wg)) = 0 for all representations p of F into PSL(2,R) [Call2,
p. 2174]; by Lemma 2.4 the choice of lifts plays no role. By Proposition D the statement holds whenever
p(a) or p(b) is elliptic, that is, by Lemma 2.3, whenever (rotp(a),rotp(b)) ¢ Z2; and by Proposition C
it fails as literally printed when both generators are hyperbolic with integer rotation numbers, though

not for every such representation: for As = (% %) and By = (}1 _21)7 whose character is (3,3,3)

and whose commutator has trace —2, one finds tr wy(As, Bs) = 247165558, so that rot(p(wg)) = 0 by
Lemma 2.4 and Lemma 2.1(d). The argument of Proposition D shows that rot(p([c, k])) = 0 whenever
p(c) or p(k) is conjugate to a translation. So Proposition D holds, with the same proof, for every
commutator [c, k] in which ¢ is conjugate to a®! and k to b*!, or vice versa, for instance for [a, b];
it does not explain the choice of the word wy. In the literal reading no nontrivial word of [F) F]
could take the place of wg, by Theorem A and Lemma 2.3. The representation of Proposition C is
not faithful, since it maps wp to an involution of RP!. We do not address the reading in which p
ranges over the discrete faithful representations. For these, p(wyg) is neither elliptic (elliptic elements
of discrete subgroups of PSL(2, R) have finite order) nor trivial, so by Lemma 2.4 and Lemma 2.1(d),
rot(p(wo)) € {—1,0,1}, with rot(p(wo)) = 0 if and only if trwg(A, B) > 2. One of the verification
runs (Section 6) found trwgy > 2 at each of the 10,630 marked Schottky representations that it tested
in exact arithmetic; we do not know whether this holds for all discrete faithful representations.

The cyclic covering construction of [CW11, Example 4.9] moves these examples to other rotation
numbers.

Proposition 5.4. Let w € [F,F], ¢ > 1 and p,p’ € Z. Then %X(w,0,0) C X(w, L, %/).

Proof. For f € Homeo™ (S')™ let f,(z) = f(qx)/q. Then f, € Homeo'(S')™, the map f ~ f, is a
homomorphism (conjugation by x ~ qx), f, commutes with T}, because f,(x + %) = flgz+1)/q =
fqlz) + é, and rot(f,) = rot(f)/q because fo(x) —x = (f"(qx) — qz)/q. Let po be a representation
with rotation numbers (0,0), and define p by p(a) = T),/4 po(a)q and p(b) = Ty /q po(b)q. Since T,
commutes with every po(g)q, We get p(g) = Tipe,(g)+p'es(g))/q P0(9)q for all g € F; so p(w) = po(w)y
and rot(p(w)) = rot(po(w)) /g, while rot(p(a)) = £ and rot(p(b)) = %’ by Lemma 2.1(c). O

For pg with values in FI’STJ(ZR) and ¢ = 2, the representation p is an action on the circle (R? \
{0})/Rxp of rays: (®)2 is the lift ® read on this circle, and T/, is the antipodal map. So if pg(a) and
po(b) are lifts of A and B and p = p’ = 1, the generators of p act on rays as —A and —B.

Corollary 5.5. (a) For everyw € F'\{1} thereisp: F — Homeo™ (1)~ with (rotp(a), rotp(b)) ¢ Z2
and rot(p(w)) ¢ Z. (b) [—3,3] C X(wo, 3,3). In particular, with A, B as in Proposition C, the action
of —A and —B on the circle of rays has rotation numbers (%,%) and rot(p(wp)) = -1
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Proof. (a) If w ¢ [F, F], let p(a) = T; and p(b) = Ty with t,t' ¢ Z and eq(w)t + ep(w)t’ ¢ Z (for
instance ¢’ = 3 and ¢ irrational if e,(w) # 0). If w € [F, F], let py be the representation constructed
in the proof of Corollary B. If pg(a) or po(b) is elliptic, p = po will do, by Lemma 2.3(b). Otherwise
rotpo(a) = k and rotpg(b) = I are integers, and replacing pg(a) and po(b) by T_ppo(a) and T_;po(b)
leaves po(w) unchanged and gives rotation numbers (0,0). So rot(po(w)) € X(w,0,0)\ Z, and
Proposition 5.4 with ¢ = 2 and p = p’ = 1 gives a representation with rotation numbers (%, %) and
rot(p(w)) = rot(po(w))/2 ¢ Z. (b) follows from Corollary 5.2, Proposition C and Proposition 5.4 with
q=2. [

In (b), —A has rotation number % on the circle of rays but is not conjugate to a rotation: its

square acts as A2, which is not the identity of that circle, whereas the square of a rotation by a half
turn is. So Proposition D really needs generators conjugate to rotations, not merely generators with
rotation numbers outside Z. The value —% is consistent with the bound rot[f, g] < % when rot(f) = %
[CW11, Example 4.9], [Man18, Lemma 6.18].

6 Computations and reproducibility

All statements are proved in the text; computation enters only as exact rational arithmetic (the
matrices wo(A, B), wo(Az, Ba), wo(As, B3) and the integers hy of the proof of Proposition C). The
reproducibility package contains the program of this note, check_note.py (Python 3, standard li-
brary, under one second), with its recorded output. It checks the structure of wy; the certificate of
Proposition C, also through C', the readings of Remark 5.1 and wo(—A, —B) = wy(A, B); the integers
hi for five start vectors, with the results —% and, after conjugation by diag(1,—1), —1—%; the pairs
(A2, Bs) and (As, Bs); the polynomial identities in the proofs of Lemmas 3.1, 3.2 and 3.4 and the
singular points of Lemma 3.6; the data of Lemma 3.5 and | trw(Ao, By)| > 2 for all 29,540 cyclically
reduced words of length at most 9; and, as tests that are not part of any proof, it finds an exact pair
with [ trw(A, B)| < 2 for each of 14 words of [F, F], among them wp, and checks Proposition D on 180
random exact pairs with an elliptic generator. The package also contains the programs with which
the results were first obtained (among them a symbolic computation of t,,,: degree 24, 249 monomials,
and k — 2 divides t,,, — 2 exactly once) and the programs of the three verification runs, with their
recorded outputs (those of the run on the final text are in independent_run_2/); its README.md gives
command lines, running times and what each program checks.

Verification. The results were first obtained with proofs and with the programs just mentioned.
Two independent verification runs, both Al-assisted, followed; they examined the first written version
of the results, and each wrote its own programs before looking at those of the first stage. The first
re-derived every lemma and the proofs of Theorem A, Corollary B and Proposition D step by step and
compared the statements used with the texts of [Call2, CW11, Man18, Gol09, Gol03]; it recomputed
the certificate under the four readings of Remark 5.1, computed t,, by another method (with the
same result) and the rotation number of Proposition C to 50 digits, found the pair (As, B2) and
the argument of Corollary 5.2, tested Theorem A on 43 words, and tested 10,630 marked Schottky
representations in exact arithmetic (Remark 5.3). The second re-derived the proofs, computed ty,
with its own polynomial arithmetic, obtained —% by an exact winding count, tested Theorem A on 68
words and Proposition D on 800 exact pairs, re-ran the programs of the first stage (identical outputs),
searched the literature, where it found the relevant parts of [CW11, KKM19, GKP18], and proposed
Proposition 5.4. Both runs confirmed Theorem A, Corollary B and Propositions C and D and found
no gap. All corrections they required were made: the qualified description of the example of the
report (Remark 5.3); the removal of an incorrect remark about the sign of the cofactor h on the
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unbounded sheets of V(R), which no proof used; rotations instead of central translations for words
outside [F), F'|; the credits to [CW11, Examples 1.1 and 4.8] and [Man18, Lemma 6.18]; the comparison
with [GKP18, HLS15, KKM19]; an author list (arXiv:1106.1619 is by Bandman and Garion [BG12]);
the convention on capital letters; and the record of the database queries. The program check_note.py
was written together with this text.

When this note was written, the facts on lifts (Section 2) and the proof of Proposition D were
written anew (the first version proved Proposition D with a trace identity and the lifting of paths),
and Corollary 4.1, Remark 4.2, Proposition 5.4 and Corollary 5.5 were added. A third independent
verification run, also Al-assisted, examined the final text, and these parts first. It read the sources
again (the word of [Call2] on the rendered page; [CW11] in the journal version; [Cal09, GKP18,
KKM19, Man18, Gol09, Gol03]), re-derived every proof, and wrote its own programs before opening
those of the package: the certificate of Proposition C and the matrices of Corollary 5.2 and Remark 5.3;
the rotation numbers of Proposition C and Corollary 5.2 exactly, by counting the signed crossings
of a fixed ray (a method different from the integers hy), and these and that of Remark 5.3 again by
iterating the lifts with 60 digits; t,, by the recursion tr(XgYg) = tr(Xg)tr(Yg) — tr(XY 1), with
the same degree, number of monomials and multiplicity of £ — 2; Lemma 3.5 for all 88,592 cyclically
reduced words of length at most 10; Proposition D on 600 exact pairs; and exact elliptic values for 40
words of [F, F], obtained by the mechanism of the proof of Theorem A (next to a sheet of V(R) when
m is odd, and next to the compact part when m is even, as for [[a, ], [a,b!]], where m = 2). It ran
all programs of the package again from the archive, with identical outputs, and repeated part of the
literature search. It found no error in a theorem, proposition, corollary or lemma. It required that a
sentence of Remark 5.3, which stated Proposition D for every commutator with one entry conjugate
to a generator, be restricted as it now reads (for [a, bab™!] with p(b) elliptic the conclusion fails), and
corrections of two citations, of the description of the computations in the proof of Proposition C, of
this paragraph and of the record of the searches; they were made.

Scope and priority. The note answers (Q1) of [Call2] negatively, in its literal reading; (Q2) is
not treated and remains open as far as we know, so the record OWR-12007-010 [ula26] is answered
only in part. The questions are due to Calegari and Walker. The trace polynomials are classical
(Vogt, Fricke; see [Gol09, Hor72]), and Lemma 3.4 is part of Goldman’s description of real characters
[Gol03, §2.6]. For w = [a,b] the answer to (Q1) is contained in [CW11, Example 1.1], and [KKM19,
Theorem 4.21] gives elliptic images with nonzero rotation number for words that represent peripheral
or splitting curves. Proposition D is essentially [CW11, Example 4.8] (see also the proof of [Manl8,
Lemma 6.18(i)]), and Proposition 5.4 is the cyclic covering construction of [CW11, Example 4.9].
Corollary 4.1 complements [GKP18, Proposition 2.6] and does not answer [GKP18, Question 2.5].
What this note adds is Theorem A for every word of the commutator subgroup, hence the complete
negative answer to (Q1l), and the computations for the word of the report. The reading of that
example over discrete faithful representations is not addressed.

No printed answer to (Q1) was found in the sources searched on 17 October 2026: [Call2] with the
problem session of the same report; [CW11, Man18, KKM19, GKP18, Chol7, Chol8, Gorl5, Mat15]
and the problem list [NY25]; the works citing [CW11] listed by OpenAlex (29) and by Semantic
Scholar (37; titles and available abstracts); zbMATH Open (the query “ziggurat rotation number’
returns 3 documents, [CW11, Gorl5, Chol7]; the plain query “ziggurat” returns 88, mostly on a
sampling algorithm; further queries on word maps, trace polynomials and rotation numbers of words);
queries to the arXiv API and to Crossref; and ten web searches, the last of them by the third
verification run, which also repeated the queries to zbMATH Open, Crossref and OpenAlex. Word
maps on SL(2) over finite fields [BG12] and over algebraically closed fields (see [GKP18]) concern
other questions. The arXiv API, OpenAlex and Semantic Scholar refused part of the requests, and

)
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two meeting abstracts found by a web search refused automated access and were not read. A search
that finds nothing is not a proof of novelty, and no priority is claimed; Theorem A is elementary and
may be known. What was read: pages 2173-2175 of [Call2] (text layer; the word also on the rendered
page); [CW11] in the journal version, whose numbering we use (Sections 1, 2 and 4.2); [Man18], arXiv
version 1, Section 6.2 with Lemma 6.18, whose numbering we use; [GKP18], arXiv version 1, Section 2
with the proof of Proposition 2.6, whose numbering we use; [KKM19], arXiv version 4, Section 4.4,
whose numbering we use; [Gol09], Theorem A and Section 2.2; [Gol03], Section 2.6; [Cal09], Section 4.
Of [Chol7, Gorlh, Matl15] the abstracts were read, and the texts of [Chol8, NY25] were searched;
[HLS15] is cited as stated in [GKP18], and [Hor72] for background only.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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