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Abstract

In the unified variational formulation of the parabolic-elliptic eddy-current equations due to
Arnold and Harrach, the electric field is written as E = A+∇φA, where A is divergence free and φA

solves div(σ∇φA) = − div(σA). To solve this equation, Arnold and Harrach assume a conductivity
σ that is bounded below on its support, and a support made of finitely many Lipschitz domains with
disjoint closures. Harrach asked whether the map A 7→ φA can be defined for general nonnegative
σ ∈ L∞(R3). We show that it cannot. Let σ be the indicator function of a cyclic necklace of n ≥ 3
closed balls in which consecutive balls touch at one point, or a smooth function that is positive
exactly on the open balls. Then there is a smooth, compactly supported, divergence-free field A⋆

for which no φ ∈ H1
loc(R3) solves div(σ(A⋆+∇φ)) = 0. A solid torus whose conductivity is positive

almost everywhere but vanishes at least linearly across one cross-section (σ ≤ C| sin(θ/2)|, with θ
the azimuth) gives the same conclusion. So neither hypothesis can simply be dropped, although
we do not claim that either is necessary. In both examples the eddy-current equation with zero
initial data and a smooth divergence-free source that vanishes near the conductor has no solution
in L2(0, T ;W (curl)). On the positive side, the product σ(A + ∇φA), which is what the unified
formulation uses, can be defined for every σ ≥ 0 by a weighted orthogonal projection. With this
definition the unified formulation stays uniquely solvable and uniformly coercive, and it controls
every solution of the eddy-current equation. The eddy-current equation is solvable exactly when,
for almost every t, the potential equation for the solution A(t) of the unified formulation has a
solution φ(t) ∈ H1

loc(R3), with ∇φ(·) ∈ L2(0, T ;L2
ρ). The ingredients are classical: points have zero

capacity, and the energy between touching balls diverges logarithmically. This is an unrefereed
note.

1 Introduction
The transient eddy-current equation

∂t(σE) + curl
(
µ−1 curlE

)
= −Jt in R3 × (0, T ) (1)

describes low-frequency electromagnetic fields in the presence of conductors. Here σ ≥ 0 is the
conductivity, µ the permeability and Jt = ∂tJ the time derivative of an excitation current. The
equation is parabolic where σ > 0 and elliptic where σ = 0. Inverse problems require a solution
theory that is uniform in σ. Arnold and Harrach [AH12] obtained one by writing E = A+∇φA with
A divergence free and φA a solution of

div(σ∇φA) = − div(σA), (2)
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and by deriving a coercive variational problem for A alone. To solve (2) they assume that σ lies in
the class L∞

R (R3) of [AH12, p. 566]:

• the support Ω of σ is a finite union of bounded Lipschitz domains Ωi whose closures are pairwise
disjoint;

• R3 \ Ω is connected;

• σ ∈ L∞
+ (Ω), that is, σ is bounded below on Ω by a positive constant.

In his Oberwolfach abstract on this work, Harrach calls it an open problem whether the mapping
A 7→ φA “can be defined for general non-negative σ” in L∞(R3) [Har12, p. 631]. He restated the
question in later talks as the lack of a solution theory for (2) with general σ ≥ 0 [Har13, PDF
pp. 18 and 26], [Har14, PDF p. 15]. The 2014 slides add that the theory does not cover continuous
transitions between conducting and insulating regions. The question is record OWR-11578-001 of the
UnsolvedMath dataset [ula26]. We show that the answer is negative, and we determine what survives.

Reading of the question. In [AH12, Lemma 3.1] the map A 7→ ∇φA takes values in the space
H(curl 0,R3) = {F ∈ L2(R3)3 : curlF = 0}, so that A + ∇φA lies in the solution space W (curl)
recalled in Section 2. Since σ has bounded support, it makes no difference for existence whether one
asks for ∇φ ∈ L2(R3)3 or only for φ ∈ H1

loc(R3): multiply φ by a cutoff function that equals 1 near
suppσ. We therefore read the question as follows. Does the weak form of (2),∫

R3

σ(A+∇φ) · ∇ψ dx = 0 for all ψ ∈ C∞
c (R3), (3)

have a solution φ ∈ H1
loc(R3) for every divergence-free A ∈W (curl)? We also ask whether some other

definition of φA, or of the product σ(A+∇φA), keeps the conclusions of [AH12, Thm. 3.2].

Two examples. Fix n ≥ 3 and put r = sin(π/n), ak = 2πk/n and ck = (cos ak, sin ak, 0) for
k ∈ Z/n. Let Bk = B(ck, r) be the open ball of radius r about ck. The necklace

N :=
⋃

k∈Z/n

Bk

is a closed ring of n balls. The balls Bk and Bk+1 touch at exactly one point pk, and all other pairs
are disjoint (Lemma 4.1). Write ϱ(x) = (x21 + x22)

1/2 and let

T := {x ∈ R3 : (ϱ(x)− 1)2 + x23 ≤ 1/4}

be a closed solid torus. In Section 2.4 we fix a field A⋆ ∈ C∞
c (R3;R3) with divA⋆ = 0 that equals

ϱ−1eθ on an open set U ⊃ N∪T. Here eθ = ϱ−1(−x2, x1, 0), so ϱ−1eθ is the gradient of the multivalued
azimuth θ, and A⋆ has circulation 2π around the x3-axis.

Theorem 1.1 (no potential for the necklace). Let σ ∈ L∞(R3) satisfy 0 ≤ σ ≤ CχN for some
constant C, and σ > 0 almost everywhere on N . Then (3) with A = A⋆ has no solution φ ∈ H1

loc(R3).
This applies to σ = χN , and to every bounded smooth σ ≥ 0 with {σ > 0} = intN .

Theorem 1.2 (no potential for a degenerate torus). Let σ ∈ L∞(R3) satisfy 0 ≤ σ ≤ C | sin(θ/2)|χT
for some constant C, and σ > 0 almost everywhere on T. For example, σ(x) = sin2(θ/2) = 1

2(1 −
x1/ϱ(x)) on T and σ = 0 elsewhere. Then (3) with A = A⋆ has no solution φ ∈ H1

loc(R3).
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So σ may vanish linearly across the half-disc {x2 = 0, x1 > 0} ∩ T and be positive elsewhere on
T. Since sin2(θ/2) = 1

2(1− cos θ) is smooth away from the x3-axis, σ can also be chosen in C∞(R3),
with {σ > 0} equal to the interior of T minus that half-disc.

Theorem 1.3 (no solution of the eddy-current equation). Let σ be as in Theorem 1.1 or Theorem 1.2,
let µ ∈ L∞

+ (R3) and T > 0. Define Jt ∈ L2(0, T ;W (curl)′) by

〈Jt(t),Φ〉 := −t
∫
R3

µ−1 curlA⋆ · curl Φ dx.

Then Jt is divergence free and Jt(t) vanishes on the open set U , which contains the conductor. For
µ ≡ 1, Jt(x, t) = −t curl curlA⋆(x) is a smooth field with compact support in R3 \ U . The eddy-
current equation (1) with zero initial data, in its natural variational form (6), has no solution E ∈
L2(0, T ;W (curl)).

On the positive side, let Gσ be the closure in L2(R3)3 of {
√
σ∇ψ : ψ ∈ C∞

c (R3)} and let Pσ be
the orthogonal projection onto its orthogonal complement. We define

σ(A+∇φA) :=
√
σ Pσ

√
σA. (4)

Theorem 1.4 (what survives for general σ). Let σ ∈ L∞(R3) be nonnegative with bounded support,
let µ ∈ L∞

+ (R3), and let Jt ∈ L2(0, T ;W (curl)′) be divergence free. Read the unified formulation (7)
with the definition (4).

(a) If φ ∈ H1
loc(R3) solves (3), then σ(A+∇φ) =

√
σPσ

√
σA. In particular (4) agrees with [AH12]

for σ ∈ L∞
R (R3).

(b) The unified formulation (7) has a unique solution A ∈ L2(0, T ;V ). It is uniformly coercive, with
a constant that does not depend on σ, and ‖A‖L2(0,T ;V ) ≤

√
5max{‖µ‖∞, 2} ‖Jt‖L2(0,T ;W (curl)′).

(c) Every solution E ∈ L2(0, T ;W (curl)) of (6) satisfies curlE = curlA and
√
σE = Pσ

√
σA.

Moreover, for almost every t, E(t)− A(t) = ∇φ(t), where φ(t) ∈ H1
loc(R3) solves (3) with A(t)

in place of A.

(d) Conversely, let G ∈ L2(0, T ;L2
ρ(R3)3), and suppose that for almost every t we have G(t) = ∇φ(t)

for some φ(t) ∈ H1
loc(R3) solving (3) with A(t) in place of A. Then E := A+G solves (6).

Thus the parts of [AH12, Thm. 3.2] that concern the unified formulation (with zero initial data)
hold for every σ ≥ 0. The exception is the statement that A+∇φA solves the eddy-current equation.
By (c) and (d), (6) has a solution exactly when (3) can be solved along the solution A with ∇φ(·) ∈
L2(0, T ;L2

ρ(R3)3). That is, there must be G ∈ L2(0, T ;L2
ρ(R3)3) such that, for almost every t, G(t) =

∇φ(t) for a solution φ(t) ∈ H1
loc(R3) of (3) with A(t) in place of A. In (c) this holds with G := E−A,

which lies in L2(0, T ;L2
ρ(R3)3) because E and A do. Theorem 1.3 shows that the condition can fail.

Which hypotheses fail. For σ = χN the support N consists of n closed balls, σ = 1 on N , the
interiors Bk are Lipschitz domains, and R3 \N is connected. The only property of L∞

R (R3) that fails
is that the closures of the components touch. For σ as in Theorem 1.2, the support T is the closure of
a smooth domain with connected complement, and σ > 0 almost everywhere on it. The only property
that fails is the positive lower bound. So neither of these two hypotheses of [AH12] can simply be
dropped, and smoothness of σ does not help. The Oberwolfach abstract states the hypothesis more
loosely than [AH12]: it asks that suppσ be a disjoint union of finitely many Lipschitz domains with
connected complements [Har12, p. 631]. If the components are read as open sets, σ = χN satisfies
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this, and Theorem 1.3 shows that the disjoint-closure condition of [AH12] is needed for the conclusion
that A + ∇φA solves the eddy-current equation. There is no conflict with the theorems of [AH12].
The follow-up papers [AH13a, AH13b] keep the same hypotheses, and so does the thesis of L. Simon
(née Arnold) [Sim14]. The thesis restates the unified formulation with the class L∞

R (R3) in its (3.12)
and with the potential map of its Lemma 3.5, which is that of [AH12, Lemma 3.1]. It does not treat
general σ ≥ 0.

Relation to other work. Pauly, Picard, Trostorff and Waurick [PPTW21] treat a degenerate eddy-
current model by the theory of evolutionary equations. Numbers in [PPTW21] refer to its arXiv ver-
sion, arXiv:1810.07974v2. Their Assumption 4.3 requires the conducting set to be open, with finitely
many components with pairwise disjoint closures, to satisfy the H1-extension condition [PPTW21,
(23)], and to carry a strictly positive definite σ; they cite [AH12] as motivation for letting σ vanish.
The necklace violates both the disjoint-closure condition and the extension condition (23). Our results
show that an assumption of this kind cannot simply be removed, but we do not claim that it is neces-
sary (see Remark 7.1). We also screened other work on eddy-current and magnetoquasistatic models
found in our searches, including works that cite [AH12]: [FFV20, VAMP26, RS23, CRS23, HY23,
Nic15, NT14, TV18, KTL16, Tyu19, AGLR20c], and the numerical work [AGLR20a, AGLR20b] on
degenerate parabolic problems. None of them treats (2) for general σ ≥ 0. Those that analyse the
equations assume a uniformly positive conductivity [FFV20, VAMP26] or a fixed conducting region
with some regularity [RS23, CRS23, HY23, KTL16, Tyu19, AGLR20c].

The ingredients are classical. A point has zero capacity in R3, and two tangent balls do not form an
H1-extension domain; see, for example, [Maz11] for capacities and for extension domains of Sobolev
functions. The second fact also follows from Lemma 4.3: the function equal to 1 on one ball and to
0 on the other has no H1 extension. The Dirichlet energy between two nearly touching conductors
at distance h grows like log(1/h) [Kel63]. A weight that vanishes linearly across a surface makes
that surface invisible to the weighted Dirichlet energy. What seems new is the combination of these
facts into an answer to Harrach’s question, and in particular the nonexistence result Theorem 1.3 for
the eddy-current equation with touching conductors. The projection (4) generalises the remark after
[AH12, Lemma 3.1] that

√
σ∇uE is uniquely determined there.

Organisation. Section 2 collects the function spaces, the projection and the two variational formu-
lations. Section 3 proves Theorem 1.4. Sections 4 and 5 prove Theorems 1.1 and 1.2, and Section 6
proves Theorem 1.3. Section 7 contains further remarks, two of them only sketched, and the verifica-
tion record.

2 Preliminaries

2.1 Function spaces

We use the spaces of [AH12, Sect. 2.1]:

L2
ρ(R3) := {u ∈ D′(R3) : (1 + |x|2)−1/2u ∈ L2(R3)}, ‖u‖ρ := ‖(1 + |x|2)−1/2u‖L2 ,

W (curl) := {E ∈ L2
ρ(R3)3 : curlE ∈ L2(R3)3}, ‖E‖2W (curl) := ‖E‖2ρ + ‖ curlE‖2L2 ,

W 1(R3) := {u ∈ L2
ρ(R3) : ∇u ∈ L2(R3)3}, W 1

⋄ := {E ∈W 1(R3)3 : divE = 0}.

We write (·, ·) and ‖ · ‖ for the inner product and the norm of L2(R3)3. D(R3)3 is dense in W (curl),
and D(R3) is dense in W 1(R3) [AH12, p. 561]. The space W 1

⋄ is a Hilbert space with the norm
‖∇E‖ = ‖ curlE‖, and ‖E‖ρ ≤ 2‖∇E‖ for E ∈W 1

⋄ [AH12, p. 567 and (3.10)]. Let

V := {A ∈W (curl) : divA = 0}, ‖A‖V := ‖ curlA‖.
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L∞
+ (R3) denotes the functions in L∞(R3) with positive essential infimum, and BR the open ball of

radius R about 0.

Lemma 2.1. (a) V = W 1
⋄ . For A ∈ V we have ‖A‖ρ ≤ 2‖A‖V , ‖A‖W (curl) ≤

√
5‖A‖V and

‖A‖L2(BR) ≤ CR‖A‖V with CR := 2(1 +R2)1/2. In particular (V, ‖ · ‖V ) is a Hilbert space.

(b) For every E ∈ W (curl) there is a unique AE ∈ V with curlAE = curlE. The map E 7→ AE is
linear, ‖AE‖V = ‖ curlE‖, and E −AE = ∇φ for some φ ∈ H1

loc(R3).

Proof. We first show that a field H ∈ L2
ρ(R3)3 with divH = 0 and curlH = 0 vanishes. Such an H is

a tempered distribution with ∆H = ∇ divH − curl curlH = 0, so its Fourier transform is supported
at the origin and H is a polynomial. No nonzero polynomial lies in L2

ρ(R3), so H = 0.
Existence in (b). Let E ∈ W (curl). By the Lax–Milgram theorem in the Hilbert space W 1

⋄ there
is A ∈ W 1

⋄ with (curlA, curlΨ) = (curlE, curlΨ) for all Ψ ∈ W 1
⋄ . Put D := curl(A − E) ∈ L2(R3)3.

Then divD = 0. Every Φ ∈ D(R3)3 can be written as Φ = Ψ +∇ϕ with Ψ ∈ W 1
⋄ and ϕ ∈ W 1(R3)

[AH12, Lemma 3.5(a)], so (D, curl Φ) = (D, curlΨ) = 0. Hence curlD = 0 in D′(R3), and D = 0 by
the first paragraph. So AE := A has curlAE = curlE and ‖AE‖V = ‖ curlE‖.

Uniqueness in (b) and (a). If A1 ∈ V and curlA1 = curlE, then A1−AE is divergence free, curl free
and in L2

ρ, so A1 = AE . Applying this with E := A1 for an arbitrary A1 ∈ V shows A1 ∈W 1
⋄ . Hence

V ⊂W 1
⋄ , and the reverse inclusion is clear. The inequalities follow from ‖A‖ρ ≤ 2‖∇A‖ = 2‖ curlA‖

and (1 + |x|2)1/2 ≤ (1 +R2)1/2 on BR.
Finally, F := E−AE ∈ L2

ρ ⊂ L2
loc is curl free. On each ball B(0, j) (j ∈ N) there is φj ∈ H1(B(0, j))

with F = ∇φj [GR86, Ch. I, Thm. 2.9], unique up to a constant. Normalise
∫
B(0,1) φj = 0. Then

φj+1 = φj on B(0, j), and the φj define φ ∈ H1
loc(R3) with ∇φ = F .

2.2 The weighted projection

Let σ ∈ L∞(R3) be nonnegative with suppσ ⊂ BR. Define

Gσ := {
√
σ∇ψ : ψ ∈ C∞

c (R3)}
L2(R3)3

,

let Qσ be the orthogonal projection of L2(R3)3 onto Gσ, and let Pσ := I −Qσ.

Lemma 2.2. (a) If φ ∈ H1
loc(R3), then

√
σ∇φ ∈ Gσ.

(b) Let A ∈ L2
loc(R3)3 and φ ∈ H1

loc(R3). Then φ solves (3) if and only if
√
σ∇φ = −Qσ

√
σA. So

(3) is solvable if and only if Qσ
√
σA =

√
σ∇φ for some φ ∈ H1

loc(R3).

Proof. (a) Choose χ ∈ C∞
c (R3) with χ = 1 on a neighbourhood of suppσ. Then χφ ∈ H1(R3), and

there are ψj ∈ C∞
c (R3) with ψj → χφ in H1(R3). Hence

√
σ∇ψj →

√
σ∇(χφ) =

√
σ∇φ.

(b) Condition (3) says that
√
σA+

√
σ∇φ is orthogonal to all

√
σ∇ψ, that is, Qσ(

√
σA+

√
σ∇φ) =

0. By (a), Qσ
√
σ∇φ =

√
σ∇φ.

Definition 2.3. For A ∈ L2
loc(R3)3 we define σ(A+∇φA) :=

√
σPσ

√
σA, as in (4).

The element wA := −Qσ
√
σA is the unique w ∈ Gσ with

√
σA + w ⊥ Gσ; this is (3) with√

σ∇φ replaced by an element of the closure Gσ. Equivalently,
√
σA + wA = Pσ

√
σA minimises

‖
√
σA + w‖ over w ∈ Gσ. If φ solves (3), then

√
σ∇φ = wA by Lemma 2.2, and so σ(A + ∇φ) =√

σ(
√
σA + wA) =

√
σPσ

√
σA. This proves Theorem 1.4(a) in general. For σ ∈ L∞

R (R3) it applies
to the potential uA ∈ W 1(R3) ⊂ H1

loc(R3) of [AH12, Lemma 3.1], which solves (3) by [AH12, (3.1)].
It also explains two facts noted in [AH12, after Lemma 3.1]:

√
σ∇uE is uniquely determined, and

‖
√
σ∇uE‖ ≤ ‖

√
σE‖, because

√
σ∇uE = −Qσ

√
σE. For A ∈ V we have, by Lemma 2.1(a),

‖
√
σPσ

√
σA‖ ≤ ‖σ‖∞‖A‖L2(BR) ≤ ‖σ‖∞CR‖A‖V . (5)
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2.3 The two variational formulations

Throughout, T > 0, µ ∈ L∞
+ (R3), σ ∈ L∞(R3) is nonnegative with suppσ ⊂ BR, and Jt ∈

L2(0, T ;W (curl)′) is divergence free: 〈Jt(t),∇ψ〉 = 0 for all ψ ∈ D(R3) and almost every t. By
density of D(R3) in W 1(R3), the same then holds for all ψ ∈ W 1(R3). As in [AH12], D(R3 × [0, T [)
denotes the restrictions to R3 × [0, T ] of functions in D(R3 × ]−∞, T [).

The natural formulation. Find E ∈ L2(0, T ;W (curl)) with

−
∫ T

0

∫
R3

σE ·∂tΦ dx dt+
∫ T

0

∫
R3

µ−1 curlE ·curl Φ dx dt = −
∫ T

0
〈Jt,Φ〉 dt for all Φ ∈ D(R3× [0, T [)3.

(6)
This is [AH12, (2.4)] with zero initial data E0 = 0. It is the natural variational formulation of [Har12],
which is written with the opposite sign on both sides. By [AH12, Thm. 2.1 and Lemma 2.4], which
are proved there for every nonnegative σ ∈ L∞ with bounded support, E solves (6) if and only if it
solves (1) in the sense of distributions with

√
σE(0) = 0. Moreover, by the implication (d)⇒(c) of

[AH12, Lemma 2.4], a solution of (6) satisfies (6) for all Φ ∈ H1(0, T ;W (curl)) with Φ(T ) = 0.

The unified formulation. Let H := L2(0, T ;V ) and V := {Φ ∈ H1(0, T ;V ) : Φ(T ) = 0}. For
A ∈ H and Φ ∈ V put

aσ(A,Φ) :=

∫ T

0

[
−(Pσ

√
σA,

√
σ∂tΦ) + (µ−1 curlA, curl Φ)

]
dt, l(Φ) := −

∫ T

0
〈Jt,Φ〉 dt,

find A ∈ H with aσ(A,Φ) = l(Φ) for all Φ ∈ V . (7)

By Definition 2.3, the first term is −
∫ T
0

∫
σ(A +∇φA) · ∂tΦ. For σ ∈ L∞

R (R3), (7) is exactly [AH12,
(3.5)] with E0 = 0, by Theorem 1.4(a). The abstract [Har12] states the unified formulation with
smooth divergence-free test fields; we use the test space V = H1

T0(0, T ;W
1
⋄ ) of [AH12].

2.4 The test field

Fix λ ∈ C∞([0,∞)) with 0 ≤ λ ≤ 1, λ = 0 on [0, 1/16], λ = 1 on [1/8, 2] and λ = 0 on [3,∞). Fix
κ ∈ C∞

c (R) with κ = 1 on [−1, 1]. Let m(s) := −
∫∞
s λ(τ)τ−1dτ . Then m is constant on [0, 1/16],

vanishes on [3,∞), and m′(s) = λ(s)/s. So F (x) := −κ(x3)m(ϱ(x)) lies in C∞
c (R3), and

A⋆ := curl(Fe3) = κ(x3)
λ(ϱ)

ϱ
eθ ∈ C∞

c (R3;R3), divA⋆ = 0. (8)

Let U := {x : 1/8 < ϱ(x) < 2, |x3| < 1}. On U we have A⋆ = ϱ−1eθ. This field is curl free on U , and
on every open subset of U where a smooth branch of the azimuth θ exists, it is the gradient of that
branch. A direct computation gives

curlA⋆ = −κ′(x3)
λ(ϱ)

ϱ
eϱ + κ(x3)

λ′(ϱ)

ϱ
e3,

which vanishes on U . In particular A⋆ ∈ V , and curlA⋆ and curl curlA⋆ vanish on U . Since 1 −
sin(π/3) > 1/8, the necklace satisfies N ⊂ {1 − r ≤ ϱ ≤ 1 + r, |x3| ≤ r} ⊂ U (Lemma 4.1), and
T ⊂ {1/2 ≤ ϱ ≤ 3/2, |x3| ≤ 1/2} ⊂ U .
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3 The weighted projection for general conductivities
In this section we prove Theorem 1.4. Part (a) was proved after Definition 2.3. Let MΦ := Pσ

√
σΦ.

Since ‖Pσ
√
σΦ‖ ≤ ‖

√
σΦ‖ ≤ ‖σ‖1/2∞ CR‖Φ‖V by Lemma 2.1(a), M is a bounded linear map from V

to L2. Hence M maps H1(0, T ;V ) into H1(0, T ;L2) with ∂tMΦ =M∂tΦ. Since Pσ is an orthogonal
projection, (Pσu, v) = (Pσu, Pσv), and so for Φ ∈ H1(0, T ;V )∫ s

0
(Pσ

√
σΦ,

√
σ∂tΦ) dt =

∫ s

0
(MΦ, ∂tMΦ) dt = 1

2‖MΦ(s)‖2 − 1
2‖MΦ(0)‖2, 0 ≤ s ≤ T. (9)

Proof of Theorem 1.4(b), existence and coercivity. We apply the Lions–Lax–Milgram theorem in the
form of [AH12, Lemma 3.6] (see [Sho97, Ch. III, Thm. 2.1 and Cor. 2.1]), with the Hilbert space H
and the normed space V with the norm |||Φ|||2 := ‖Φ‖2H + ‖MΦ(0)‖2.

• For fixed Φ ∈ V , the form A 7→ aσ(A,Φ) is continuous on H. Indeed, |(Pσ
√
σA,

√
σ∂tΦ)| ≤

‖σ‖∞C2
R‖A‖V ‖∂tΦ‖V by Lemma 2.1(a), and |(µ−1 curlA, curl Φ)| ≤ (ess inf µ)−1‖A‖V ‖Φ‖V .

• By (9) with s = T and Φ(T ) = 0,

aσ(Φ,Φ) =
1
2‖MΦ(0)‖2 +

∫ T

0
(µ−1 curl Φ, curl Φ) dt ≥ 1

2‖MΦ(0)‖2 + ‖µ‖−1
∞ ‖Φ‖2H ≥ α |||Φ|||2

with α := 1/max{‖µ‖∞, 2}, which does not depend on σ. In particular aσ(Φ,Φ) ≥ ‖µ‖−1
∞ ‖Φ‖2H,

which is the uniform coercivity of [AH12, Thm. 3.2(a)]. If |||Φ||| = 1, then Φ 6= 0 and
sup∥E∥H≤1 |aσ(E,Φ)| ≥ aσ(Φ,Φ)/‖Φ‖H ≥ α, because ‖Φ‖H ≤ 1.

• |l(Φ)| ≤ ‖Jt‖L2(0,T ;W (curl)′)‖Φ‖L2(0,T ;W (curl)) ≤
√
5 ‖Jt‖L2(0,T ;W (curl)′) |||Φ||| by Lemma 2.1(a).

The theorem gives A ∈ H with aσ(A,Φ) = l(Φ) for all Φ ∈ V and ‖A‖H ≤ α−1
√
5‖Jt‖.

Proof of Theorem 1.4(b), uniqueness. Let D ∈ H satisfy aσ(D,Φ) = 0 for all Φ ∈ V . Fix s ∈ (0, T ]
and let Ψ(t) :=

∫ s
t D(τ) dτ for t ≤ s and Ψ(t) := 0 for t ≥ s. Then Ψ ∈ V , with ∂tΨ = −D on

(0, s) and ∂tΨ = 0 on (s, T ). The field Z(t) := curlΨ(t) =
∫ s
t curlDdτ lies in H1(0, s;L2), with

Z ′ = − curlD and Z(s) = 0. Hence

0 = aσ(D,Ψ) =

∫ s

0
‖Pσ

√
σD‖2 dt−

∫ s

0
(µ−1Z ′, Z) dt =

∫ s

0
‖Pσ

√
σD‖2 dt+ 1

2(µ
−1Z(0), Z(0)).

Both terms are nonnegative, so Z(0) =
∫ s
0 curlDdτ = 0 for every s ∈ (0, T ]. Therefore curlD(t) = 0

for almost every t, and D = 0 in H.

Proof of Theorem 1.4(c). Let E ∈ L2(0, T ;W (curl)) solve (6).
Step 1. Let ψ ∈ D(R3) and η ∈ D([0, T [). The field Φ := η(t)∇ψ(x) lies in D(R3 × [0, T [)3 and is

curl free, and 〈Jt(t),∇ψ〉 = 0. So (6) gives
∫ T
0 η′(t)gψ(t) dt = 0 with gψ(t) :=

∫
σE(t) ·∇ψ dx. Taking

η ∈ D(]0, T [) shows that gψ is almost everywhere equal to a constant cψ. Taking η with η(0) = 1 then
gives −cψ = 0. So gψ = 0 almost everywhere.

Step 2. Choose a countable set {ψm} ⊂ D(R3) that is dense in H1(R3). Since ‖
√
σ∇ψ‖ ≤

‖σ‖1/2∞ ‖∇ψ‖, the fields
√
σ∇ψm are dense in Gσ. By Step 1, for almost every t we have

(
√
σE(t),

√
σ∇ψm) = 0 for all m, that is, Qσ

√
σE(t) = 0.

Step 3. Let AE(t) := AE(t) be as in Lemma 2.1(b). Since E 7→ AE is bounded and linear,
AE ∈ H, and G := E − AE ∈ L2(0, T ;L2

ρ) with G(t) = ∇φ(t), φ(t) ∈ H1
loc. By Lemma 2.2(a),
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Qσ
√
σG(t) =

√
σG(t). So Step 2 gives

√
σ∇φ(t) = −Qσ

√
σAE(t) and

√
σE(t) = Pσ

√
σAE(t). Also

curlE = curlAE .
Step 4. Let Φ ∈ V . Then Φ ∈ H1(0, T ;W (curl)) by Lemma 2.1(a), and Φ(T ) = 0. By the last

sentence of the paragraph on the natural formulation, (6) holds for Φ. Insert σE =
√
σPσ

√
σAE and

curlE = curlAE to get aσ(AE ,Φ) = l(Φ). By uniqueness in (b), AE = A. Steps 3 and 4 give the
claims, and φ(t) solves (3) with A(t) by Lemma 2.2(b).

Proof of Theorem 1.4(d). By Lemma 2.2(b),
√
σG(t) = −Qσ

√
σA(t) for almost every t. So E :=

A+G ∈ L2(0, T ;W (curl)) satisfies curlE = curlA and
√
σE = Pσ

√
σA. Let Φ ∈ D(R3 × [0, T [)3. By

[AH12, Lemma 3.5(b)] we can write Φ = Ψ +∇ϕ with Ψ ∈ V and ϕ ∈ H1(0, T ;W 1(R3)). We check
the three terms of (6).

•
∫
σE · ∂tΦ = (Pσ

√
σA,

√
σ∂tΨ) + (Pσ

√
σA,

√
σ∇∂tϕ), and the last term vanishes because√

σ∇∂tϕ(t) ∈ Gσ by Lemma 2.2(a).

• curlE = curlA and curl∇ϕ = 0, so the curl term equals
∫ T
0 (µ−1 curlA, curlΨ) dt.

• 〈Jt(t),∇ϕ(t)〉 = 0, since ϕ(t) ∈W 1(R3).

So (6) for Φ reduces to aσ(A,Ψ) = l(Ψ), which holds.

4 The necklace

4.1 Geometry

Recall r = sin(π/n), ak = 2πk/n, ck = (cos ak, sin ak, 0) and Bk = B(ck, r). For k ∈ Z/n let Sk be
{x : ϱ(x) > 0} minus the closed half-plane of azimuth ak + π, and let θk : Sk → (ak − π, ak + π) be
the smooth branch of the azimuth. Then ∇θk = ϱ−1eθ on Sk.

Lemma 4.1. (i) |ck − ck+j | = 2 sin(jπ/n). Hence Bk ∩ Bk+1 = {pk} with pk = 1
2(ck + ck+1) =

cos(π/n) (cos(ak + π/n), sin(ak + π/n), 0), and Bk ∩Bj = ∅ if j /∈ {k − 1, k, k + 1}.

(ii) Every x ∈ Bk satisfies 1 − r ≤ ϱ(x) ≤ 1 + r and |x3| ≤ r. Moreover Bk ⊂ Sk, and θk takes
values in [ak − π/n, ak + π/n] on Bk.

(iii) θk(pk) = ak + π/n and θk(pk−1) = ak − π/n. Consequently

θk(pk)− θk+1(pk) = 0 (0 ≤ k ≤ n− 2), θn−1(pn−1)− θ0(pn−1) = 2π. (10)

Proof. (i) |ck − ck+j |2 = 2 − 2 cos(2jπ/n) = 4 sin2(jπ/n). For j = 1 the distance is 2r, so the two
closed balls of radius r meet only at the midpoint of the centres, which is the stated point. For
2 ≤ j ≤ n− 2 we have jπ/n ∈ [2π/n, π− 2π/n], so sin(jπ/n) > sin(π/n) and the distance exceeds 2r.

(ii) Write x′ = (x1, x2) and c′k = (cos ak, sin ak). Then |x′ − c′k| ≤ r and |x3| ≤ r, so 1− r ≤ |x′| ≤
1+r. The rays from 0 that meet the closed disc of radius r < 1 about c′k, with |c′k| = 1, make an angle
at most arcsin r = π/n with c′k. So the azimuth of x lies in [ak − π/n, ak + π/n], which is contained
in (ak − π, ak + π).

(iii) The ray of azimuth ak + π/n has distance sin(π/n) = r from c′k, so it is tangent to the disc,
and the point of tangency is the foot of the perpendicular, at distance cos(π/n) from 0; this is p′k.
Since ak +π/n = ak+1−π/n, we get θk(pk) = ak +π/n and θk+1(pk) = ak+1−π/n for 0 ≤ k ≤ n− 2.
For k = n− 1 the neighbour is B0, and θ0(pn−1) = −π/n while θn−1(pn−1) = 2π − π/n.

Since Bk ⊂ Sk ∩ U , the field A⋆ equals ∇θk on the open neighbourhood Sk ∩ U of Bk.
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4.2 Contact points are invisible to the weighted energy

Lemma 4.2. Let 0 ≤ σ ≤ CχN . For each k ∈ Z/n let uk be a C∞ function on an open neighbourhood
Ok of Bk. Then

∑
k χBk

√
σ∇uk ∈ Gσ. In particular

√
σA⋆ ∈ Gσ, so Qσ

√
σA⋆ =

√
σA⋆ and

Pσ
√
σA⋆ = 0.

Proof. Fix ζ ∈ C∞(R) with 0 ≤ ζ ≤ 1, ζ = 1 on (−∞, 1] and ζ = 0 on [2,∞). For small ε > 0 the
balls B(pk, 2ε) are pairwise disjoint. Put ηε(x) :=

∑
k ζ(|x− pk|/ε). Then 0 ≤ ηε ≤ 1 and, by scaling,

‖∇ηε‖2 = n ε

∫
R3

|∇(ζ(|y|))|2 dy → 0 (ε→ 0),

which expresses the fact that a point has zero capacity in R3.
The compact sets Kk := Bk \

⋃
j B(pj , ε) are pairwise disjoint by Lemma 4.1(i), so they have

positive mutual distances. Hence there are χk ∈ C∞
c (Ok) with disjoint supports and χk = 1 near Kk.

Put vε :=
∑

k χkuk ∈ C∞
c (R3) and ψε := (1−ηε)vε ∈ C∞

c (R3). On Bk we have ψε = (1−ηε)uk: where
ηε < 1 the point lies in Kk, so vε = uk, and elsewhere both sides vanish. Let L := maxk supBk

(|uk|+
|∇uk|) <∞. Then

‖∇ψε −∇uk‖L2(Bk) ≤ ‖ηε∇uk‖L2(Bk) + ‖uk∇ηε‖L2(Bk) ≤ L | supp ηε|1/2 + L ‖∇ηε‖ → 0.

Since N \
⋃
k Bk is a null set and σ ≤ CχN ,∥∥∥√σ∇ψε −∑

k

χBk

√
σ∇uk

∥∥∥2 ≤ C
∑
k

‖∇ψε −∇uk‖2L2(Bk)
→ 0,

and Gσ is closed. For the last claim take uk = θk on Ok = Sk ∩ U ; then
√
σA⋆ =

∑
k χBk

√
σ∇θk

almost everywhere.

4.3 The gap lemma

Let B± := B(±re3, r), two balls that touch at 0. Write x = (x′, x3) and g(s) := r − (r2 − s2)1/2 for
0 ≤ s ≤ r. Near 0, the lower boundary of B+ is the graph x3 = g(|x′|) and the upper boundary of
B− is x3 = −g(|x′|). Since g(s) = s2/(r + (r2 − s2)1/2), we have

s2/(2r) ≤ g(s) ≤ s2/r. (11)

Lemma 4.3 (gap lemma). Let 0 < b < r and u ∈ H1(B(0, b)). Suppose that there are continuous
functions v± on B± ∩B(0, b) with u = v± almost everywhere on B± ∩B(0, b). Then v+(0) = v−(0).

Proof. Let Z := {|x′| < b/2, |x3| < b/2} ⊂ B(0, b). For |x′| < b/2 we have g(|x′|) ≤ b2/(4r) < b/4
by (11), and the segment {x′} × (g(|x′|), b/2) lies in B+, because b/2 < r < 2r − g(|x′|). Likewise
{x′} × (−b/2,−g(|x′|)) lies in B−.

By the characterisation of Sobolev functions as functions that are absolutely continuous on lines
[Zie89, Thm. 2.1.4], u has a representative ū that is absolutely continuous on almost every vertical
segment in Z, with classical derivative ∂3ū = ∂3u almost everywhere. By Fubini’s theorem, for
almost every x′ with |x′| < b/2 we have ū(x′, ·) = v+(x

′, ·) almost everywhere on (g(|x′|), b/2). Both
functions are continuous on [g(|x′|), b/2), so they agree there, including at x3 = g(|x′|). In the same
way ū(x′,−g(|x′|)) = v−(x

′,−g(|x′|)).
Suppose δ := |v+(0)− v−(0)| > 0. The points (x′,±g(|x′|)) tend to 0 as x′ → 0, so by continuity

there is b0 ∈ (0, b/2) with |v+(x′, g(|x′|))− v−(x
′,−g(|x′|))| ≥ δ/2 for |x′| < b0. For almost every such

x′ 6= 0, the Cauchy–Schwarz inequality on the segment gives

δ2

4
≤

∣∣∣∫ g

−g
∂3ū(x

′, s) ds
∣∣∣2 ≤ 2g(|x′|)

∫ g

−g
|∂3u(x′, s)|2 ds,
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so that, by (11),
∫ g
−g |∂3u(x

′, s)|2ds ≥ δ2r/(8|x′|2). Integrating over 0 < |x′| < b0 gives

‖∇u‖2L2(Z) ≥
δ2r

8

∫
|x′|<b0

dx′

|x′|2
=
πδ2r

4

∫ b0

0

ds

s
= ∞,

a contradiction.

At each contact point pk there is a rigid motion that maps pk to 0, Bk+1 to B+ and Bk to B−,
because both balls have radius r and pk is the midpoint of their centres. Rigid motions preserve H1

and continuity, so Lemma 4.3 applies at every pk.

4.4 Proof of Theorem 1.1

Suppose φ ∈ H1
loc(R3) solves (3) with A = A⋆. By Lemma 2.2(b) and Lemma 4.2,

√
σ∇φ =

−Qσ
√
σA⋆ = −

√
σA⋆. Since σ > 0 almost everywhere on N , we get ∇φ = −A⋆ = −∇θk almost ev-

erywhere on each Bk. Each Bk is connected, so φ = vk almost everywhere on Bk with vk := −θk+ dk
for a constant dk ∈ R, and vk is continuous on Bk. By Lemma 4.3 at pk, vk(pk) = vk+1(pk), that is,

dk+1 − dk = θk+1(pk)− θk(pk) (k ∈ Z/n).

Summing over k ∈ Z/n, the left side gives 0, while by (10) the right side gives −2π. This contradiction
proves Theorem 1.1. For the smooth example, let β ∈ C∞(R) be positive on (−∞, r2) and zero on
[r2,∞), for instance β(s) = exp(−1/(r2 − s)) for s < r2, and put σ(x) :=

∑
k β(|x − ck|2). Then

σ ∈ C∞(R3), {σ > 0} =
⋃
k Bk = intN , and σ ≤ β(0)χN .

Remark 4.4 (the obstruction is local). The same proof shows that there is no φ ∈ H1
loc(O) solving (3)

for any open set O ⊃ N , with σ∇φ extended by zero. Indeed, χφ ∈ H1(R3) for a cutoff χ ∈ C∞
c (O)

equal to 1 nearN , so Lemma 2.2(a) still applies. In contrast, the per-ball problems
∫
Bk

(A+∇φk)·∇v =

0 for v ∈ H1(Bk) are solvable, with φk = −θk for A = A⋆. They describe the element wA = −Qσ
√
σA

of Definition 2.3, since Gσ =
⊕

k∇H1(Bk) for σ = χN : the inclusion ⊃ follows from Lemma 4.2 and
the density of C∞(Bk) in H1(Bk), and ⊂ holds because the right side is closed. So the defect is that
these per-ball potentials do not fit together into one H1

loc function.

5 The degenerate torus
Lemma 5.1. For every integer j ≥ 2 there is a nondecreasing hj ∈ C∞(R) with hj = 0 on
(−∞,−1/2], hj = 1 on [1/2,∞) and

∫
R |t|h′j(t)2 dt ≤ 2/j.

Proof. Fix χ0 ∈ C∞
c ((−1/2, 1/2)) with 0 ≤ χ0 ≤ 1 and χ0 = 1 on [−1/4, 1/4]. Let βj(t) := χ0(t)(t

2 +

e−2j)−1/2, Ij :=
∫
βj and hj(t) := I−1

j

∫ t
−∞ βj . Then

Ij ≥
∫ 1/4

−1/4

dt

(t2 + e−2j)1/2
= 2arsinh(ej/4) ≥ 2(j − log 2) ≥ j,∫

|t|β2j ≤
∫ 1/2

−1/2

|t| dt
t2 + e−2j

= log
(
1 + e2j/4

)
≤ 2j,

using arsinh y ≥ log(2y) and j ≥ 2. Hence
∫
|t|h′2j = I−2

j

∫
|t|β2j ≤ 2j/j2.

Let θ̃ ∈ (−π, π] be the principal azimuth. It is smooth on S := {ϱ > 0} \ {x2 = 0, x1 < 0}, with
∇θ̃ = ϱ−1eθ.
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Lemma 5.2. Let 0 ≤ σ ≤ C| sin(θ/2)|χT. Then
√
σA⋆ ∈ Gσ, so Qσ

√
σA⋆ =

√
σA⋆ and Pσ

√
σA⋆ = 0.

Proof. Let hj be as in Lemma 5.1, and put Θj := θ̃ − 2πhj(θ̃) on S. On S ∩ {θ̃ > 1/2} we have
Θj = θ̃ − 2π, and on S ∩ {θ̃ < −1/2} we have Θj = θ̃. Near the half-plane {x2 = 0, x1 < 0} the
function equal to θ̃ for x2 > 0 and to θ̃ + 2π for x2 < 0 is a smooth branch of the azimuth, and Θj

equals that branch minus 2π. So Θj extends to a C∞ function on {ϱ > 0}, with

∇Θj =
(
1− 2πh′j(θ̃)

)
ϱ−1eθ,

where h′j(θ̃) is read as 0 near that half-plane. Choose χ1 ∈ C∞
c ({ϱ > 0}) with χ1 = 1 near T and put

ψj := χ1Θj ∈ C∞
c (R3). Since A⋆ = ϱ−1eθ on U ⊃ T, we have ∇ψj − A⋆ = −2πh′j(θ̃)ϱ

−1eθ on T. In
cylindrical coordinates (ϱ, θ̃, x3) the torus is DT×(−π, π] with the disc DT := {(ϱ−1)2+x23 ≤ 1/4}, and
ϱ ≥ 1/2 on DT, so that

∫
DT
ϱ−1dϱ dx3 ≤ 2|DT| = π/2. Using | sin(t/2)| ≤ |t|/2, supph′j ⊂ [−1/2, 1/2]

and Lemma 5.1,

‖
√
σ(∇ψj −A⋆)‖2 ≤ 4π2C

∫
DT

dϱ dx3
ϱ

∫ 1/2

−1/2
| sin(t/2)|h′j(t)2 dt ≤ 4π2C · π

2
· 1
2
· 2
j
→ 0.

So
√
σA⋆ = limj

√
σ∇ψj ∈ Gσ.

Proof of Theorem 1.2. Suppose φ ∈ H1
loc(R3) solves (3) with A = A⋆. By Lemma 2.2(b) and

Lemma 5.2,
√
σ(∇φ + A⋆) = 0. Since σ > 0 almost everywhere on T, ∇φ = −ϱ−1eθ almost ev-

erywhere on T. The open set T◦ \ {x2 = 0, x1 ≥ 0} is connected, and on it the branch θ ∈ (0, 2π) of
the azimuth is smooth with ∇θ = ϱ−1eθ. Hence φ = c− θ almost everywhere there, for a constant c.
Now consider the cube Q := (3/4, 5/4) × (−1/4, 1/4)2, which lies in T◦. On Q ∩ {x2 > 0} we have
θ = arctan(x2/x1), and on Q ∩ {x2 < 0} we have θ = arctan(x2/x1) + 2π. So

φ(x) = c− arctan(x2/x1) for x2 > 0, φ(x) = c− 2π − arctan(x2/x1) for x2 < 0,

almost everywhere in Q. By [Zie89, Thm. 2.1.4], for almost every (x1, x3) the function x2 7→
φ(x1, x2, x3) has a representative that is absolutely continuous on (−1/4, 1/4). It agrees almost
everywhere with the two expressions above, so continuity at x2 = 0 gives c = c − 2π, a contradic-
tion.

The mechanism is the classical fact that a weight vanishing at least linearly across a surface gives
that surface zero weighted capacity: the one-dimensional energy

∫
|t|h′(t)2dt of a transition from 0 to

1 can be made arbitrarily small, since
∫
dt/|t| = ∞. For weights |t|γ with γ < 1 this fails, and we do

not know whether (3) is then always solvable.

6 Nonexistence for the eddy-current equation
Proof of Theorem 1.3. Let σ be as in Theorem 1.1 or Theorem 1.2. The map Φ 7→ −t

∫
µ−1 curlA⋆ ·

curl Φ is bounded on W (curl) with norm at most t‖µ−1‖∞‖ curlA⋆‖, so Jt ∈ L2(0, T ;W (curl)′). It
vanishes on gradients, so Jt is divergence free. It vanishes on fields supported in U , because curlA⋆ = 0
on U (Section 2.4). For µ ≡ 1, integration by parts gives Jt(t) = −t curl curlA⋆, a smooth field whose
support is compact and disjoint from U .

The field A(t) := tA⋆ lies in H = L2(0, T ;V ) and solves the unified formulation (7). Indeed,
Pσ

√
σA⋆ = 0 by Lemma 4.2 or Lemma 5.2, so the first term of aσ vanishes, and

aσ(A,Φ) =

∫ T

0
t(µ−1 curlA⋆, curl Φ) dt = −

∫ T

0
〈Jt(t),Φ(t)〉 dt = l(Φ).
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By uniqueness in Theorem 1.4(b), A is the solution of (7). Suppose that E ∈ L2(0, T ;W (curl)) solves
(6). By Theorem 1.4(c) there is t ∈ (0, T ) and φ(t) ∈ H1

loc(R3) solving (3) with A(t) = tA⋆ in place
of A. Since (3) is linear, u := φ(t)/t solves (3) with A = A⋆. This contradicts Theorem 1.1 or
Theorem 1.2.

Remark 6.1 (physical picture). With the source of Theorem 1.3, the unified solution A = tA⋆ carries
no eddy current: σ(A+∇φA) = t

√
σPσ

√
σA⋆ = 0. Its curl t curlA⋆ is the field of the non-conducting

(magnetostatic) problem, and it vanishes near the conductor. Still, by Stokes’ theorem the circulation
of E = A+∇φ around a loop through the ring would be t

∮
A⋆ · dl = 2πt; this is the voltage induced

around the ring. In the necklace, no current can pass through a point contact, and each ball is simply
connected. So by Theorem 1.4(c) any solution would have E = 0 in the balls, and the whole induced
voltage would have to drop across the contact points. By Lemma 4.3 this costs infinite electric energy.
In the torus, the voltage would have to drop across the cross-section where σ vanishes.

7 Further remarks
The first two remarks are sketches. They are not used in the proofs above, and we do not claim them
as theorems.
Remark 7.1 (the exact obstruction for the necklace; sketch). Let σ = χN and A ∈ V . Let φk ∈
H1(Bk) be the Neumann potential,

∫
Bk

(A + ∇φk) · ∇v = 0 for all v ∈ H1(Bk). Since A|Bk
∈ H1

and divA = 0, φk is harmonic with Neumann data −A · ν ∈ H1/2(∂Bk), so by elliptic regularity
φk ∈ H2(Bk) ⊂ C(Bk). Put ℓ(A) :=

∑
k[φk(pk) − φk(pk−1)]. This is a continuous linear functional

on V , and ℓ(A⋆) = −2π by Lemma 4.1(iii). The proof of Theorem 1.1, with Remark 4.4 in place of
Lemma 4.2, shows that (3) can be solvable only if ℓ(A) = 0. Conversely, if ℓ(A) = 0, choose constants
dk ∈ R with φk(pk) + dk = φk+1(pk) + dk+1 for all k. Near each contact point one can then glue H2

extensions Ṽ± of the two potentials by Ṽ−+χ(Ṽ+− Ṽ−) with χ(x) = ζ̃(x3/g(|x′|)), in the normal form
of Lemma 4.3. Here |∇χ| ≲ |x′|−2 on a layer of thickness � |x′|2, and |Ṽ+ − Ṽ−| ≲ |x|1/2 there, so
the extra energy is bounded by a multiple of

∫
|x′| |x′|−4|x′|2dx′ < ∞. We have not written out this

gluing in full, including the removability of the axis x′ = 0 and the measurability and boundedness
of the resulting linear map. If it holds, then (3) is solvable exactly for A ∈ ker ℓ, a closed hyperplane
of V , and by Theorem 1.4(c),(d) the eddy-current equation is solvable if and only if ℓ(A(t)) = 0 for
almost every t. Chains of touching balls without a cycle should cause no obstruction.
Remark 7.2 (potentials below the energy level; sketch). The half-plane of azimuth −π/n meets N
only at pn−1; this is the equality case in the proof of Lemma 4.1(ii),(iii). Let θ̂ be the branch of
the azimuth with this cut. Then −θ̂ has gradient −A⋆ on N but jumps by 2π across the cut. One
can smooth the jump outside N , and inside the gap at pn−1 with the cutoff χ of Remark 7.1. The
resulting φ has ∇φ = −A⋆ almost everywhere on N and |∇φ| ≲ |x′|−2 on a layer of thickness � |x′|2,
so that

∫
|∇φ|p ≲

∫
0 s

3−2pds < ∞ exactly when p < 2. So (3) for A⋆ should have solutions with
∇φ ∈ Lploc for every p < 2. If so, the obstruction in Theorem 1.1 sits exactly at the energy space.
Remark 7.3 (the energy of a potential jump). The gap lemma measures the energy needed to hold two
touching balls at different potentials. For two unit balls at distance h, held at potentials ±1

2 , the mini-
mal Dirichlet energy on R3 is given by the classical bispherical series E(h) = 2π sinhα

∑
m≥1 csch(mα)

with coshα = 1 + h/2. The expansion
∑

m≥1 csch(mα) = α−1(log(2/α) + γ) + O(α), with γ Euler’s
constant, which we checked numerically, gives E(h) = π log(1/h) + 2π(log 2 + γ) + o(1). The vertical-
segment bound of Lemma 4.3 (with r = 1 and δ = 1) gives E(h) ≥ LB(h) :=

∫
|x′|<1 dx

′/(h+2g(|x′|)) =
−π + π

2 (2 + h) log(1 + 2/h), which has the same leading term. Hence E − LB → π(1 + log 2 + 2γ) =
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8.945932 . . ., in agreement with the computed values; for example E(10−10) = 80.3198. This loga-
rithmic growth is the behaviour found by Keller [Kel63] for nearly touching perfect conductors. The
numbers are a computation, recorded below, and are not used in the proofs.
Remark 7.4 (a sufficient condition and open questions). If the set {

√
σ∇φ : φ ∈ H1

loc(R3)} is closed in
L2(R3)3, then it equals Gσ, and by Lemma 2.2(b) (3) is solvable for every A ∈ L2

loc(R3)3. This holds
in the class L∞

R (R3). More generally it holds when σ = 0 outside a bounded open set Ωc that has
finitely many components and the H1-extension property (for example, a set that satisfies [PPTW21,
(23)]), and σ is bounded above and below by positive constants on Ωc. Indeed, by the extension
property the restrictions to Ωc of the functions in H1

loc(R3) form all of H1(Ωc), and H1(Ωc) embeds
compactly into L2(Ωc). Hence the Poincaré inequality holds on each component, ∇H1(Ωc) is closed
in L2(Ωc)

3, and multiplication by
√
σ is an isomorphism of L2(Ωc)

3. For σ = χN the set is not closed,
by Theorem 1.1 and Remark 4.4. We do not know a characterisation of the conductivities for which
(3) is solvable for all A ∈ V . We have not examined whether the connectedness of R3 \ Ω in [AH12]
can be dropped, nor whether a weaker notion of solution of the eddy-current equation, with E only
locally in Lp for some p < 2 near the contact points, restores existence.

Verification. The proofs above are complete and by hand. The finite and algebraic facts they use
were also checked by computer, as follows.

1. A program by the author, verify_owr11578_lead.py (sympy, mpmath, numpy and scipy;
about fifteen seconds), checks the following.

• Lemma 4.1 for 3 ≤ n ≤ 12, symbolically and in 60-digit arithmetic. The branch values
are evaluated with atan2 at the actual contact points. This gives the mismatch vector
(0, . . . , 0, 2π) of (10) and ℓ(A⋆) = −2π. It also checks N ⊂ U and that pk lies on no other
closed ball.

• The formulas of Section 2.4 for A⋆ and curlA⋆, symbolically, and that curlA⋆ and
curl curlA⋆ vanish on U .

• The bounds (11), the segment estimate and the logarithmic divergence in Lemma 4.3,
exactly, and the scaling ‖∇ηε‖2 = ε nCζ of Lemma 4.2 for a C1 profile (Cζ = 384π/35).

• The two integrals in the proof of Lemma 5.1, symbolically. Its bounds for 2 ≤ j ≤ 200
are checked in 250-digit arithmetic, which resolves the smallest margin, about 8e−400

in arsinh y ≥ log(2y); the inequalities themselves are elementary. It also computes∫
sin2(t/2)h′j(t)

2dt by quadrature for j = 2, 5, 10, 20.
• The series and the closed form of LB(h) in Remark 7.3 for h = 10−1, . . . , 10−10, the two

limits stated there, and the expansion of
∑

csch(mα).

2. The finder’s programs, verify_necklace.py and gap_energy.py, check the geometry for 3 ≤
n ≤ 8, the identities for A⋆, the gap bounds and the exponents in Remarks 7.1 and 7.2. They
also compute E(h) in two ways, by the bispherical series and by the image-charge recursion,
which agree to all printed digits for h ≥ 10−6.

3. Three independent referees checked all proofs by hand. The second and the third wrote separate
code before reading the finder’s; the third wrote it from the text of the paper alone, before
opening any other script.

• The second referee’s code checks the geometry for 3 ≤ n ≤ 12, with atan2 at the contact
points, and the curl and divergence identities for A⋆ symbolically, including curlA⋆ = 0
on U . It computes E(h) by a third method, a multipole re-expansion linear system, which
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agrees with the series to eight digits for h ≥ 10−4, and it checks the one-dimensional
weighted capacities behind Section 5.

• The third referee’s code, referee2_check.py (47 checks, about ten seconds), uses its own
cutoff functions. It rechecks Lemma 4.1 for 3 ≤ n ≤ 24 in 60-digit arithmetic, the field A⋆
and the gap lemma. A deterministic quadrature near the contact points shows that the
error in Lemma 4.2 is O(ε). It checks Lemma 5.1 for a concrete χ0, the torus energies of
Lemma 5.2 and the values in Remark 7.3. Its own image-charge recursion agrees with the
series for E(h) to 10−9 (relative) for 10−8 ≤ h ≤ 10−1.

The first referee checked numerically that A⋆ = ∇θk on the balls, the divergence and the
circulation, and that the error in Lemma 4.2 is O(ε) in a Monte Carlo test.

Scope and priority. Theorems 1.1 to 1.3 answer the question of [Har12, p. 631], restated in
[Har13, Har14], negatively in the reading explained in the introduction. The answer stays negative
for smooth σ, and for every notion of φA that is required to make A + ∇φA a solution of the
eddy-current equation in L2(0, T ;W (curl)). Theorem 1.4 is the positive counterpart: it extends the
unified formulation of [AH12] with zero initial data to all σ ≥ 0, but not its link to the eddy-current
equation. Remarks 7.1 and 7.2 are sketches. We read the Oberwolfach abstract [Har12], the author-
hosted version of [AH12] and the slides [Har13, Har14]. We checked the hypotheses of the follow-ups
[AH13a, AH13b] and of the thesis [Sim14] of Harrach’s coauthor L. Simon (née Arnold), which was
found in the catalogue of the German National Library. The thesis keeps the class L∞

R (R3) (its (3.12))
and the potential map of [AH12] (its Lemma 3.5), and it does not treat general σ ≥ 0. We searched
arXiv, Crossref, OpenAlex, zbMATH and that catalogue, and ran one web search per agent. We
screened the twenty works that OpenAlex lists as citing [AH12] and the thirteen documents that
zbMATH lists, both queried on 30 September 2026. We found no work that treats (2) for general
σ ≥ 0, no counterexample with touching or degenerate conductors, and no nonexistence result for the
eddy-current equation of this kind. This negative search is not a proof of priority.

AI-assisted tools were used to search the problem corpus and the literature, to find the coun-
terexamples and the arguments, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.

References
[AGLR20a] R. Acevedo, C. Gómez, and B. López-Rodríguez. Fully discrete finite element approxi-

mation for a family of degenerate parabolic mixed equations. arXiv:2009.02607, 2020.

[AGLR20b] R. Acevedo, C. Gómez, and B. López-Rodríguez. Fully-discrete finite element approxi-
mation for a family of degenerate parabolic problems. arXiv:2005.14339, 2020.

[AGLR20c] R. Acevedo, C. Gómez, and B. López-Rodríguez. Well-posedness for a family of degener-
ate parabolic mixed equations. arXiv:2005.05429, 2020.

[AH12] L. Arnold and B. Harrach. A unified variational formulation for the parabolic-
elliptic eddy current equations. SIAM Journal on Applied Mathematics, 72(2):558–
576, 2012. Author-hosted version: https://www.math.uni-frankfurt.de/~harrach/
publications/eddycurrents.pdf. doi:10.1137/110831477.

[AH13a] L. Arnold and B. Harrach. Justification of regularizations for the parabolic-elliptic eddy
current equation. In O. Fudym, J.-L. Battaglia, G. S. Dulikravich, et al., editors, IPDO

14

https://www.math.uni-frankfurt.de/~harrach/publications/eddycurrents.pdf
https://www.math.uni-frankfurt.de/~harrach/publications/eddycurrents.pdf
https://doi.org/10.1137/110831477


2013: 4th Inverse Problems, Design and Optimization Symposium, Albi, June 26–28,
2013. École des Mines d’Albi-Carmaux, 2013. ISBN 979-10-91526-01-2.

[AH13b] L. Arnold and B. Harrach. Unique shape detection in transient eddy current problems.
Inverse Problems, 29(9):095004, 2013. doi:10.1088/0266-5611/29/9/095004.

[CRS23] R. Chill, T. Reis, and T. Stykel. Analysis of a quasilinear coupled magneto-quasistatic
model: solvability and regularity of solutions. Journal of Mathematical Analysis and
Applications, 523(2):127033, 2023. doi:10.1016/j.jmaa.2023.127033.

[FFV20] E. Francini, G. Franzina, and S. Vessella. Existence and regularity for eddy current system
with nonsmooth conductivity. SIAM Journal on Mathematical Analysis, 52(2):2134–2157,
2020. doi:10.1137/19M1276984.

[GR86] V. Girault and P.-A. Raviart. Finite Element Methods for Navier–Stokes Equations,
volume 5 of Springer Series in Computational Mathematics. Springer, Berlin, 1986. doi:
10.1007/978-3-642-61623-5.

[Har12] B. Harrach. Inverse eddy current problems (joint work with L. Arnold). Oberwolfach
Reports, 9(1):630–633, 2012. In: Inverse Problems for Partial Differential Equations,
Report 11/2012, organised by M. Hanke-Bourgeois, A. Kirsch, W. Rundell and M. Lassas,
pp. 611–659. doi:10.4171/OWR/2012/11.

[Har13] B. Harrach. Inverse problems for the transient eddy current equation. Talk slides, Ap-
plied Inverse Problems Conference, KAIST, Daejeon, July 1–5, 2013, https://www.math.
uni-frankfurt.de/~harrach/talks/2013AIP_Eddy.pdf, 2013. Open problems on PDF
pages 18 and 26; accessed September 2026.

[Har14] B. Harrach. The vanishing conductivity limit in eddy current imaging. Talk slides,
SIAM Conference on Imaging Science, Hong Kong, May 12–14, 2014, https://www.
math.uni-frankfurt.de/~harrach/talks/2014SIIS_eddy.pdf, 2014. Open problem
on PDF page 15; accessed September 2026.

[HY23] M. Hensel and I. Yousept. Eddy current approximation in Maxwell obstacle problems.
Interfaces and Free Boundaries, 25(1):1–36, 2023. doi:10.4171/IFB/486.

[Kel63] J. B. Keller. Conductivity of a medium containing a dense array of perfectly conducting
spheres or cylinders or nonconducting cylinders. Journal of Applied Physics, 34(4):991–
993, 1963. doi:10.1063/1.1729580.

[KTL16] A. V. Kalinin, A. A. Tiukhtina, and S. R. Lavrova. Modified Coulomb and Lorenz
gauges in the modeling of low-frequency electromagnetic processes. IOP Conference
Series: Materials Science and Engineering, 158:012046, 2016. doi:10.1088/1757-899X/
158/1/012046.

[Maz11] V. Maz’ya. Sobolev Spaces, volume 342 of Grundlehren der mathematischen Wis-
senschaften. Springer, Berlin, 2nd edition, 2011. doi:10.1007/978-3-642-15564-2.

[Nic15] S. Nicaise. Existence results for the A & φ magnetodynamic formulation of the
Maxwell system. Applicable Analysis, 94(5):863–878, 2015. doi:10.1080/00036811.
2014.905678.

15

https://doi.org/10.1088/0266-5611/29/9/095004
https://doi.org/10.1016/j.jmaa.2023.127033
https://doi.org/10.1137/19M1276984
https://doi.org/10.1007/978-3-642-61623-5
https://doi.org/10.1007/978-3-642-61623-5
https://doi.org/10.4171/OWR/2012/11
https://www.math.uni-frankfurt.de/~harrach/talks/2013AIP_Eddy.pdf
https://www.math.uni-frankfurt.de/~harrach/talks/2013AIP_Eddy.pdf
https://www.math.uni-frankfurt.de/~harrach/talks/2014SIIS_eddy.pdf
https://www.math.uni-frankfurt.de/~harrach/talks/2014SIIS_eddy.pdf
https://doi.org/10.4171/IFB/486
https://doi.org/10.1063/1.1729580
https://doi.org/10.1088/1757-899X/158/1/012046
https://doi.org/10.1088/1757-899X/158/1/012046
https://doi.org/10.1007/978-3-642-15564-2
https://doi.org/10.1080/00036811.2014.905678
https://doi.org/10.1080/00036811.2014.905678


[NT14] S. Nicaise and F. Tröltzsch. A coupled Maxwell integrodifferential model for magnetiza-
tion processes. Mathematische Nachrichten, 287(4):432–452, 2014. doi:10.1002/mana.
201200206.

[PPTW21] D. Pauly, R. Picard, S. Trostorff, and M. Waurick. On a class of degenerate abstract
parabolic problems and applications to some eddy current models. Journal of Functional
Analysis, 280(7):108847, 2021. arXiv:1810.07974v2. doi:10.1016/j.jfa.2020.108847.

[RS23] T. Reis and T. Stykel. Passivity, port-Hamiltonian formulation and solution estimates
for a coupled magneto-quasistatic system. Evolution Equations and Control Theory,
12(4):1208–1232, 2023. doi:10.3934/eect.2023008.

[Sho97] R. E. Showalter. Monotone Operators in Banach Space and Nonlinear Partial Differential
Equations, volume 49 of Mathematical Surveys and Monographs. American Mathematical
Society, Providence, RI, 1997. doi:10.1090/surv/049.

[Sim14] L. Simon. Direct and inverse transient eddy current problems. Dissertation, Johannes
Gutenberg-Universität Mainz, 2014. Published under the name Lilian Simon, née
Arnold. urn:nbn:de:hebis:77-39057, https://nbn-resolving.org/urn:nbn:de:hebis:
77-39057.

[TV18] F. Tröltzsch and A. Valli. Optimal voltage control of non-stationary eddy current prob-
lems. Mathematical Control and Related Fields, 8(1):35–56, 2018. doi:10.3934/mcrf.
2018002.

[Tyu19] A. A. Tyukhtina. Initial-boundary value problems for the Maxwell equations in the
quasi-stationary approximation. Journal of Physics: Conference Series, 1158:042031,
2019. doi:10.1088/1742-6596/1158/4/042031.

[ula26] ulamai. UnsolvedMath. Hugging Face dataset, https://huggingface.co/datasets/
ulamai/UnsolvedMath, 2026. Version 1.6.0; record OWR-11578-001.

[VAMP26] M. Versaci, G. Angiulli, F. C. Morabito, and A. Palumbo. A variational and multiplicative
tensor framework for eddy current modeling in anisotropic composite materials with
defects. Mathematics, 14(7):1141, 2026. doi:10.3390/math14071141.

[Zie89] W. P. Ziemer. Weakly Differentiable Functions, volume 120 of Graduate Texts in Mathe-
matics. Springer, New York, 1989. doi:10.1007/978-1-4612-1015-3.

16

https://doi.org/10.1002/mana.201200206
https://doi.org/10.1002/mana.201200206
https://doi.org/10.1016/j.jfa.2020.108847
https://doi.org/10.3934/eect.2023008
https://doi.org/10.1090/surv/049
https://nbn-resolving.org/urn:nbn:de:hebis:77-39057
https://nbn-resolving.org/urn:nbn:de:hebis:77-39057
https://doi.org/10.3934/mcrf.2018002
https://doi.org/10.3934/mcrf.2018002
https://doi.org/10.1088/1742-6596/1158/4/042031
https://huggingface.co/datasets/ulamai/UnsolvedMath
https://huggingface.co/datasets/ulamai/UnsolvedMath
https://doi.org/10.3390/math14071141
https://doi.org/10.1007/978-1-4612-1015-3

	Introduction
	Preliminaries
	Function spaces
	The weighted projection
	The two variational formulations
	The test field

	The weighted projection for general conductivities
	The necklace
	Geometry
	Contact points are invisible to the weighted energy
	The gap lemma
	Proof of Theorem 1.1

	The degenerate torus
	Nonexistence for the eddy-current equation
	Further remarks

