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Abstract

Let G be a finite n-dimensional classical group over a field of odd order ¢, and let @ be
the set of elements g of even order whose involution ¢l91/2 has a fixed space of dimension in
[n/3,2n/3). Liibeck, Niemeyer and Praeger proved |Q|/|G| > ¢/logn, and Praeger, with Liibeck
and Niemeyer, asked at Oberwolfach in 2011 for the asymptotic value of |Q|/|G|, in particular
whether |Q|/|G| = O(1/logn) (printed as O(logn), evidently a misprint). For the groups X of
the table of Liibeck, Niemeyer and Praeger and for Spy,,(q), SO2m+1(q) and SO, (q) we prove
|Ql/|X]| < C/logn with absolute constants (C' = 100 for GL,(¢) and GU,(q); 45 for Sps,,(q),
GSPay, (7); SO2m41(q), GOomyi1(q); 80 for SO, (q), GOZL, (¢)°), uniformly in ¢; with their lower
bound, |Q|/|H| = ©(1/logn) for every H between the groups S < X of a line of the table, the
upper constant carrying a factor at most ¢ + 1 for the other H, among them SL,,(¢) and SU,(q).
For the eight groups listed we also prove (logn)|Q|/|X| = ®(log,logn) + o(1) uniformly in g,
where ®(u) = 10§2 Y okez qu—ke=2"""/3 jg 1-periodic with mean 1, not constant, and within 105
of 1. Thus |Q|/|X] is 1/logn up to a factor that tends to within 107° of 1, while (logn)|Q|/|X|
has no limit. The set @ depends only on semisimple parts, and the torus formula of Niemeyer and
Praeger reduces the problem to random permutations, signed for the symplectic and orthogonal
groups, whose cycles carry independent 2-adic levels; what is added here is a level-by-level upper
bound, the torus model for the groups of similitudes, and the asymptotic analysis of the levels.
The full orthogonal groups Ofm(q) are not covered; for SL,(q), SU,(q) and the groups strictly
between S and X only the order of magnitude is proved, and for 2 only the upper bound; the
convergence is slow, and the numerical values are evidence only. This is an unrefereed note.

1 Introduction

1.1 The question

Let ¢ be a power of an odd prime, let G be a finite classical group with natural module V' of dimension
n (over F 2 for the unitary groups, over I, otherwise), and for g € G let |g| be its order. Following
[EHHO11, LNP09], let

Q(G)={g € G: |g|is even and n/3 < dimFiXV(g|9|/2) < 2n/3}, P(G) = |Q(G§|;)
The involution ¢t = ¢l9/2 is diagonalisable with eigenvalues +1, so the condition says n/3 <

dim V_1(t) < 2n/3; involutions with this property are the strong involutions of [LNP09], which are
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used in algorithms for the constructive recognition of classical groups (see [LNP09] for the motiva-
tion). Liibeck, Niemeyer and Praeger [LNP09, Theorem 1.1] proved that P(H) > 1/(5000logs, ¢) for
every group H with S < H < X in a line of their Table 1, where ¢ > 2 is the Lie rank; the lines
(5, X) are (SLn(q), GLn(q)), (SUn(q),GUn(q)), (Spam (), GSPam(q)); (SO2m+1(q), GO2m11(g)) and
(SOQim(q), GOzim(q)O). In the problem session of the Oberwolfach workshop on computational group
theory of 2011, Praeger, jointly with Liibeck and Niemeyer, recalled this bound and asked [EHHO11,
pp. 2154-2155]: “What is the asymptotic value of |Q|/|G|?” In particular, is |Q|/|G| = O(log(n))?
As printed, the second question is vacuous (|Q|/|G| < 1); it is evidently a misprint for O(1/logn),
since the preceding sentence gives the lower bound ¢/logn and [LNPO09] report statistical tests
indicating the order 1/log¢. The problem record OWR-11129-006 of the UnsolvedMath corpus reads
the question in the same way, and so do we. In [LNP09] the authors state that their method gives
no upper bound, and report sampled proportions of about 15% in dimension 1000.

Throughout, log is the natural logarithm. GSp,,,(¢) and GOg,,+1(gq) are the groups of similitudes
of the forms, and GO3, (q)° = {g € GOZ (q) : detg = 7(g)™}, where 7(g) is the multiplier; this is
the group of F,-points of the connected component GO(Q)m of the algebraic group of similitudes, and
it is the index-2 subgroup of GOZ (q) of [LNP09, Table 1].

1.2 Results

Theorem 1.1. Let G = GL,(q) or G = GU,(q) withn > 2 and q odd. Then P(G) < 100/logn, and
P(G) > 1/(300logn) if n > 100.

Theorem 1.2. Let X be one OfSPZm(q)} GSp2m(Q)7 Sozim(Q); Goétm(Q)O (SO n= 2m); or SO2m+1 (Q):
GO2m+1(q) (son =2m+1), withn > 2 and q odd. Then P(X) < Cx/logn, where Cx = 45 for
SPam> GSPam, SO2mi1, GOgpmi1 and Cx = 80 for SO, , GOZ, (q)°.

2m>
Corollary 1.3. Let S < H < X be groups in a line of [LNP09, Table 1]. Then
1 1 1
— < P(H) < M >2),
5000 log, ¢ logn

so P(H) = ©(1/logn) for each such family and each q; the upper constant is uniform in g when H
is one of the groups of Theorems 1.1 and 1.2. For Qopm+1(q) < H < SOgp,+41(q) and QQim(q) <HK
SOL (q) the upper bound P(H) < 2Cso/logn holds, where Cso is the constant of Theorem 1.2 for
SO2m+1, TESD. SOQim.

The lower bound in Corollary 1.3 is [LNP09, Theorem 1.1]; the lower bound of Theorem 1.1
re-proves it for GL and GU with a better constant. So the answer to the question “is |Q|/|G| =
O(1/1logn)?” is yes, for all groups of [LNP09, Table 1]; for SL,(q), SU,(q) and the groups strictly
between S and X the upper constant of Corollary 1.3 depends on ¢. The asymptotic value, for the
groups of Theorems 1.1 and 1.2, is given by the next theorem. Let

log 2
Bu) = ~o= 3 2" Fexp(-2°7F/3)  (u€eR).
3
k€EZ
Theorem 1.4. (a) ® is smooth and 1-periodic, with mean 1; its Fourier coefficients are c¢; =
37ID(1 — itj), 7j = 2mj/log2, so ® is not constant, and |®(u) — 1| < 23 51 lel < 9.9 10-6
for all u.
(b) Let X be one of the groups of Theorems 1.1 and 1.2. Then, uniformly in the odd prime power

4q,

(logn) P(X) = ®(logy logn) + o(1) (n — o0).
Consequently P(X) = (1+6,)/logn with limsup |6,| < 107, and the set of limit points of (logn)P(X)
is the interval [min ®, max ®|; in particular (logn)P(X) has no limit.



The last statement holds because log, logn increases to infinity with increments tending to 0, so
it is dense modulo 1 along every tail. Numerically, max® — 1 and 1 — min ® are both 9.884 - 1076 to
four digits. The constants 100, 45 and 80 are far from optimal (the bounds are non-trivial only for
very large m); their point is that they are absolute. The convergence in Theorem 1.4 is slow: for n
between 10° and 107 the values of (logn)P(X) are near 1.10 (Table 1).

1.3 Method, and what is new

The set @ depends only on the semisimple part of an element and is closed under conjugation; the
torus formula of Niemeyer and Praeger [NP10, Theorem 1.3], in the form [LNP09, Lemma 2.3], then
expresses P(X) as an average over maximal tori. For the classical groups this average is a statement
about a random permutation of N = n or N = m points (with independent signs on its cycles for
the symplectic and orthogonal groups), each cycle carrying an independent 2-adic level, the 2-adic
valuation of the order of a uniform element of a cyclic group (Section 2). A torus element lies in @ if
and only if the cycles of maximal level have total length in the middle third. At a level v = a1 —1+k,
where 291||¢2 — 1, only the cycles of length divisible by 2* are active, and these weights do not depend
on ¢. The upper bounds come from a lemma bounding each level separately (Lemma 4.1); the main
term comes from the levels with 2¥ comparable to logn, and each of them contributes 10%22_]‘36_%/ 3
with yi, = logn/2*, which sums to ®(log,logn)/logn (Section 6). These are the levels at which the
2-part of the order is of order tlogn, where t is the larger of the 2-parts of ¢ + 1; that the 2-part of
the order of a uniform element lies in such a range with probability bounded below was proved by
Guest and Praeger [GP12, Theorem 1.2].

The reduction to tori and the description of the tori and of their involutions are from [LNP09,
NP10, NPP14], and the lower bound is [LNP09, Theorem 1.1]. New here, to our knowledge, are
the upper bounds (Lemma 4.1, Theorems 1.1 and 1.2), the torus model for the groups of similitudes
(Lemma 2.5) and Theorem 1.4; we found no printed upper bound or asymptotic in the literature we
read (see “Scope and priority” in Section 7), but a search that finds nothing is not a proof of novelty.

2 The torus model

2.1 Reduction to maximal tori

Lemma 2.1. Let G be one of the groups above and g = su the Jordan decomposition of g € G (s
semisimple, u unipotent, su = us). Then g € Q(G) if and only if s € Q(G).

Proof. |u| is a power of the odd characteristic and |s| is prime to it, so |g| = |s||u| is even iff |s| is. If
|s| is even, then gl9l/2 = (slsl/2)lulylullsl/2 = gls1/2 gince 551/ is an involution and |u| is odd. O

So Q(G) is a union of conjugacy classes which contains g iff it contains the semisimple part of g,
a quokka set in the sense of [NP10]. Let G be a connected reductive group over F, with a Frobenius
morphism F', let Ty be an F-stable maximal torus and W = N4 (Tp)/To. The GF-classes of F-stable
maximal tori correspond to the F-classes of W (the classes of the relation w ~ 2 1wF(z)); let To be
a torus in the class corresponding to C' ([Car85, 3.3.3], as cited in [LNP09]).

Proposition 2.2 ([NP10, Theorem 1.3]; [NPP14, Theorem 2.2]; [LNP09, Lemma 2.3]). If ¢ is odd,
G =GF and Q C G is a quokka set, then

1Q _ 5~ ¢ TGN Q)
G = 2wl W



For the set @ of strong involutions this is [LNP09, Lemma 2.3]. It applies to all groups of
Theorems 1.1 and 1.2: GL,(q) and GU,(q) are the fixed points of GL,, under the standard and the
twisted Frobenius morphism, Sp,,,(q), SO2m+1(q) and GSp,,,(¢) those of the connected groups Sp,,),,
SO2m+1 and GSp,,,, SOL, (q) and GOZ, (¢)° those of SOy, and GOY,, under the standard and the
graph-twisted Frobenius morphism, and GOg,+1(g) is the group of points of the connected group
Gy % SO2py1: a similitude g of multiplier ¢ in odd dimension 2m + 1 satisfies det(g)? = ¢*™*1, so
z = det(g)/c™ has 2% = ¢, and 27 !g is an isometry of determinant 1. Over F, this gives GOy 41(q) =
Fy < SO2m+1(q)-

2.2 Levels

Put ag = va2(q — 1), bg = v2(q+ 1) and a; = ag + by = v2(¢> — 1) > 3; one of ag, by equals 1. For j > 1
let a(j) = va(¢? — 1), aV(j) = va(¢’ — (—1)7) and b(j) = va(¢’ + 1). Then

) agp 7 odd U, bo 7 odd ) bp j odd
a(j) = . : ,a(j) = . . ;b)) = :
a; +v2(j) —1 jeven a; +v2(j) —1 jeven 1 jeven.
@)
Indeed, for odd j the quotients (¢/ F 1)/(q F 1) are odd; for j = 2°j' with e > 1 and j’ odd,
va(27' —1) = va(x—1) and vo(22—1) = va(z—1)+1for z = 1 (mod 4) give vo(¢? —1) = va(g®—1)+e—1,
and ¢/ +1 = 2 (mod 4). In particular a(j),a?(5),b(j) < a; — 1 for odd j, and b(j) < by < a3 — 1
always.
Let X be a random variable with P(X > x) =277 for x = 0,1,2,..., and write (y)* = max(y, 0).

Lemma 2.3. If z is uniform in a cyclic group of order N with vo(N) = a, then vo(|x|) has the law
of (a—X)".

Proof. The elements whose order has 2-adic valuation ¢t number ¢(2!)N/2%, so the probability is
2t=1=¢ for 1 <t < a and 27 for t = 0; and P(a — X = t) = 27 (@D P(g — X < 0) =27 O

For a semisimple element ¢ of one of our groups, diagonalisable over F,, put M (t) = va(|t|), and
let D(t) be the dimension of the sum of the eigenspaces of the eigenvalues ¢ with vo(|¢]) = M(¥).
Since [t| is the least common multiple of the ||, the involution t/l/2 acts as —1 on the eigenspace of
¢ if va(|¢|) = M (t) and as 1 otherwise. Hence

teQ < M(t)>1and n/3 < D(t) <2n/3. (3)

2.3 The model

Let N > 1, let o be a uniform random permutation of {1,..., N} with cycles ci,..., ¢, of lengths
Aly -y Ap, let €1,€9,... be independent fair signs and Xi,Xs, ... independent copies of X, all inde-
pendent. Given levels V; of the cycles, put M = max; V;, S = {i: V; = M}, D =3, g\, let v be
the number of cycles with ¢; = —, and for a set I of integers let Oy ={M > 1, D € I}. Let

In)={d€Z:2<d<2®}, L={deZ:2<d<2}, IL={deZ:2Zt <4< 2ntl}

Proposition 2.4. (a) If G = GLy(q) (resp. GUn(q)), then P(G) = P(Qy)) for N =n and V; =
(a(\) —Xi)T (resp. (aV(\) — X)™T).

(b) If G = Spy,,,(q) or SO2m+1(q), then P(G) =P(Qy) for N =m, I = I; or I = Iy respectively,
and V; = (a(A;) = Xq)T if e =+, Vi = (b(Ni) — X)) if ei = —.

(c) If G = S05,,,(q), then P(G) = 2E[1Q11 1{v = ¢}] in the model of (b), where v = & means that
v is even for e = + and odd for e = —.



Proof. We use Lemma 2.1, Proposition 2.2 and the descriptions of the Weyl groups, Frobenius actions
and tori in [LNP09, Sections 3 and 5].

(a) W = S,; with the Frobenius morphisms of [LNP09, Section 3.1], which raise the diagonal
entries of T to the power ¢ for GL and —¢q for GU, F acts trivially on W, so in both cases the
F-classes are indexed by the cycle types A b n, with |C|/|W| = 1/zy, the probability that ¢ has cycle
type A. The torus is TF 2 [, Cy, with N; = ¢ — 1 (resp. ¢ — (—1)*), and the i-th factor acts on
the \; coordinates of the i-th cycle, with eigenvalues that are images of one another under x — x4
(resp. x — x79), hence of the same order [LNP09, Section 5(i)]. A uniform ¢+ € T has independent
uniform components, so by Lemma 2.3 the levels va(]t;|) have the laws V;, and M(t) = M, D(t) = D.
By (3) and (1), P(G) = Y, 2 'P(Qu) | type A) = B(Qy(n).

(b) W = Cq 1 Sy, with trivial F; its classes are the signed cycle types (A;u), the lengths of
the positive and of the negative cycles, and the centraliser of an element of type (A;u) has order
z,\z“2e(’\)+£(“) [Car72]. This is also the law of the signed type of (o,¢): the probability that ¢ has
type AUy is 1/2\uy, the probability of the given signs is 27N~ [T, (mi(izzi\n)i(“)), where m; is the

multiplicity of i, and the product is 1/(2)2,2/M+#)). The torus is []; Cpi—1 X [1; Cgri 41, the factor
of a cycle of length [ acting on 2/ coordinates with eigenvalues xiqh, all of the order of x, and for
SO2pm41 one more coordinate with eigenvalue 1 [LNP09, Sections 3 and 5(vi)]. So D(t) = 2D, and
n/3 < 2D < 2n/3 means D € I} for n = 2m and D € Iy for n = 2m + 1.

(¢) W = Dy, has index 2 in C21S,, and consists of the elements with v even; F is trivial for £ = +,
and for € = — it is conjugation by a reflection r ¢ D, and w — wr maps the F-classes onto the
classes of Cy .S, with v odd [LNP09, Section 3], [Car72]. For ¢ = 4 a class of C31S,, in D, is a
D,,-class or the union of two D,,-classes of equal size; for € = — a class of Cy S, outside D,, is a
single D,,-class, since each of its elements lies outside D,,, and centralises itself. The torus attached
to w is as in (b) for the signed type of w (resp. wr), and its proportion of elements in ) depends only
on that type. As |W| = [C21S,]/2, (1) becomes P(G) = 3", 2(22, 28NN TP(Qy, | (A ). O

2.4 The groups of similitudes

For X = GSpy,,(q) or GO5,,(q)° let vx = a1 + 1 and kg = 2, and for X = GOsgpy1(q) let v, = ay
and ky = 1. Let Nj be the number of cycles of o whose length is divisible by 2¥. Write Px(-) for the
probability in the following experiment: choose (o,¢) as above, and then a uniform element ¢ of the

torus T of the signed type of (o,¢) described in the proof below; for GOS,,(q)° replace Px(A) by
Px(ANn{rv=e¢}).

Lemma 2.5. P(X) =Px(t € Q). For every v > vy, Px(t € Q, M(t) = v) equals P(Qr N{M = v})
in the model of Proposition 2.4(b) (with I = I for n = 2m, Iy for n = 2m + 1, and with the factor
2 and the restriction v = ¢ for GOS,,(q)°); and Px(M(t) < v.) < E[(3/4)Nk0], with the factor 2 for
GO35,,(a)°-

Proof. In a basis e1,...,em, f1,..., fm with (e;, f;) = 0i;, the diagonal torus of GSp,,, and of G09,,
is Top = {diag(ty,... ,tm,ctl_l, ...,ct; 1)}, where ¢ is the multiplier; the Weyl group (Co ¢ Sy, resp.
D,,) fixes ¢, permutes the indices and exchanges t; and ct; 1. Solving wF(t) = t cycle by cycle, as

in [LNP09, Section 5(i)]: ¢ € IF;'; a positive cycle of length [ contributes = € F; and two blocks of [
eigenvalues, 2" (block A) and cx—d" (block B), 0 < h < I; a negative cycle of length [ contributes

y € F;zl with yqlJrl = ¢ and one block of 2I eigenvalues th, 0 < h < 2l (note cy™! = yql). So
y

TF & [T, %, x {(e. () : e € B, 5" = e}, of order (g — 1) TT,(¢ — 1) TT,(@" + 1), since the

norm IFqXQl — IF‘:, is onto with fibres of size ¢ + 1. In a uniform element of T the z; are uniform

and independent of each other and of (¢, (y;)), and ¢ is uniform in Fy. For GO2m11 = G X SO2m41



the torus is F) x Tdy: with 2z € F and the data 2’ € IFle, y with ¢/t = 1 of SO2m+1, the

blocks are za'+7" (two blocks), 24" and the single eigenvalue z. The weights |C|/|W| are those of
Proposition 2.4(b), (c), which gives P(X) = Px(t € Q).

All eigenvalues of a block have the same order; call vz of it the level of the block. Elements of F
have level at most ag. (i) Negative cycles: y(@ TD(@=1) = 41 = 1, 50 the level is at most b(I)+ag < ay;
for GOgy+1 the block 2y’ has level at most max(ag,by) < a1, and the block z level at most ag. (ii)
Positive cycles: write ma(z) for the 2-part of x. If va(|z|) > ag, then mo(cz™!) = ma(c)m2(x)~! has the
order of my(x), so blocks A and B have the same level; if v9(|z|) < v for some v > ag, then both levels
are below v. The same holds for the blocks zz/*! of GOgy,41, with 2’ in place of .

Let v > v,. By (i) and (ii), M (t) = v holds iff the largest of the numbers vy(|z;|) (resp. va(|x}]))
over the positive cycles is v, and then the blocks of level v are the two blocks of each positive cycle
with va(|z;|) = v, so D(t) = 23 \; over these cycles. Since va(|z;|) has the law (a(X\;) — X)T by
Lemma 2.3, independently over i and of the rest, the event {¢t € Q, M (t) = v} has the same joint
law with (o,¢) as Qr N {M = v} in model (b), where the negative cycles have levels at most by < v.
Finally, if M(t) < v,, every positive cycle of length j divisible by 2% has vo(|2;]) < a1 — 1+ ko < a(j),
an event of probability 2~ (@()—a1+2—ko) < %; as the sign is positive with probability %, each such cycle
contributes a factor at most %, independently given o. O

For m = 1, GSpy(q) = GL2(q), and the model above is that of Proposition 2.4(a) for n = 2: the
positive cycle gives the split torus {(z,c/z)} and the negative cycle the non-split torus.

3 Two tools from the cycle index

We use two standard facts on random permutations (see [ABTO03]). For weights wq, wa,--- > 0,
w;a’
> a"Es, [ 11 wlcl} = eXp(Z r > (4)
m>0 cycles ¢ 7>1 J

equivalently Fp = 1 and mFy, = >3 wiFy—j for Fp = Eg, [[[.w)g). Andif b1,...,6 > 1, m' =
m—_.¢; > 0and h is a function of the cycle type of a permutation of the remaining m’ points, then

Esm[ > 1flal =4 Vi h(g\rest)} _ flsfn.,.[;b} 5

(c1,-.5Ct)

the sum running over ordered t-tuples of distinct cycles: the pairs (permutation, tuple) with comple-
ment in a set £ C S,y number #ﬂ,, [, — D E|.
1:0ke-mle 1

3.1 The witness formula

Consider a model as in Section 2: given o, the levels V; are independent, and P(V; < v | o) = ay, (v),
P(V; =v | o) = B, (v) depend only on ;. For v > 1 put

Anto) = e (5 U2 kg, [[Ta)]. Bato) = e (30 2197,

Proposition 3.1. For every v > 1 and every set I C {1,...,N}, P(M = v, D € I) =
> acr Ba(v)An—a(v).



Proof. 1{M = v,D € I} = > +1[V; = v (i € T), V; <wv (i € T)]1[> ,crXi € I, the sum
over the non-empty sets 1T of cycles, with disjoint events. Given o the expectation of a term is
[Licr B (v )Hng ay, (v). Writing each t-set as t! ordered tuples and applying (5) with h =[], a¢/(v)

gives Zt>1 T2ty trel H AN s, (v), which is the claim by the exponential formula for Eq(v).
O

Lemma 3.2. Letk > 1 andv = a1 —1+k. Callj active if 2¥ | j, and write j = 2¥u. (a) In the model
of Proposition 2.4(a): a;(v) = B(v) = 272+ for active j, and aj( v) =1, Bj(v) = 0 otherwise.
(b) In the model of Proposition 2.4(b): a;(v) = (1 + 2~ (v2()+1)) < 3 and Bj(v) = 2~ (v2(1)+2)
for active j, and aj(v) = 1, Bj(v) = 0 otherwise. (c) P(M < a1) < Eg,[27M] in model (a) and
P(M < ay) < Eg,[(3/4)M] in model (b).

Proof. For a level (a —X)t andv > 1: V <ovif X >a—v+1,and V = v iff X = a — v; so
a=pB=2""vtDif 4 > ¢ whilea=1,38=0ifa <v. At v =a; — 1 + k the odd lengths and the
negative cycles have a < v by (2), and for even j, a(j) —v+1 = a¥(j) —v+1 = va(j) — k + 1, which
is wa(u) + 1 if 2% | j and at most 0 otherwise. In (b) the two signs are averaged. For (c), at level ay
every even length j has a(j) > a1, so P(V; < a1) < 3 for an even cycle (with positive sign in (b)),
independently given o. O

3.2 Two closed forms
Let N, be the number of cycles of length divisible by 2 and log™ = max(log, 0).

Lemma 3.3. (a) Foru € [0,1], k> 1, N = [m/2¥| and s = (1 — u)/2*:
N
Es, [u] =T](1- ;) < (N + 1) (6)
i=1

(b) In the model of Proposition 2.4(a), forv=a; — 1+ k with k > 1,

2log 2 (1 + log™t(m/2F))
5 )

Ap(v) > exp (— (7)

Proof. ( ) By (4) with w; = u for 2% | j and w; = 1 otherwise, and Dok 27 /j = —27Flog(1 —y) with
y = 22°, the left side is [z™](1 —2) 11 —9)*. As (1—z) =1 +a+--+22 )1 —y) !, only
one term of the first factor contributes, and the coefficient is [y™V](1 —y)*~! = [[.« 5 (i — ) /i. Finally
1—s/i<e ™/ and 3, n1/i >log(N +1). -

(b) By Lemma 3.2(a), [[. o¢(v) = 97 2iz0 Ne+i hecause vg(u)+1 = #{i > 0: 27 | u}. By Jensen’s
inequality, Ay (v) > 27 2BV and ENgyy = 325, grtiy 1/ = 27T H e < 27EFD(1 4
logt(m/2¥)), where Hy is the harmonic number (Hy = 0, Hy < 1+ log N). Sum over i. O

4 Upper and lower bounds

4.1 A level-by-level upper bound

Lemma 4.1. Let o be uniform in Sy, and let Q be an event and M an integer-valued random variable
on a probability space carrying o. Let ¢ € (0,1], kg € {1,2}, wo € Z, 0 < 0y < 61 <1 and 0 < Oy < by,
and let I be a set of integers such that OgN < d < 01N and N —d > 03N for alld € I. Assume

(U1) P(M < wo + ko) < Egy[(1 — ¢/2)Nko];



(U2) for every k > ko andv = wo+k: P(Q, M =v) <> .1 Eq(v)An_q(v) for weights o (v), Bj(v) €
[0,1] with a; =1, B; =0 if 28 ¢ §, and aj <1 —¢/2, B; < c2~(W2(m+1) 4 5 — 9k

Put ry = 01/90, K= (2+10g(01/62))/3, b=1 +Cl€/2,

g(z) = (L+1og(ri(b+cz/3))e /S, H(y)=yg(y/2), Zu=) B ]H(y)-
7>0 y€e(29,27+1

If ¢(0) < 0 and 62N > 1, then

_¢/2k0+1 K C o
) /2 log(6N)’ K=§€ /Q(ZH+29(0))- (8)

Proof. P(Q) < P(M < wo + ko) + D pop, P(Q, M = wo + k).

(a) By (U1) and (6) with u =1 — ¢/2, the first term is at most (| N/2ko | + 1)~¢/2%"",

(b) Fix k > ko, v = wo+ k, d € I. As [[,oqq(v) < (1 —¢/2)k, (6) with s = ¢/2F1 and
N —d > 63N give Ay_g(v) < max(1,0,N/2F)=¢/2""" using |z] +1 > max(1, z).

(c)If by +---+ 4 =d e I, then all ¢; < 61N and the largest exceeds 0pN/t. Summing over the
position of a largest entry,

t U u
IITIED PUAULEEES SHUESEFORED DI T -

del t>1 u>0 ) OoN/t<L<O1 N 1<6N

P(Q) < ([Nv/2%] +1

1

Write £ = 2%u. With B < ¢/2 and L' = 0N/ (12*), p(t) < 557 X e (1, mir] ; < g (1 + log(rit)):
if L' > 1, the first term of the sum is at most 1 and the others are at most f[rLl,t dx/x <log(rit); if
L' < 1, the sum is empty or at most 1 + log(rltL'). Next grouping p = 2o with o odd and using
>0 odd<y /o< 1+ $logY for Y >1 (since 1/o < & daz/q: for 0 > 3),

c 9—(va(p (2i+1) log Ny _ c(2+ 10g+(01N/2k))
ﬁyz* 2 (”T)SW: 3ok
u<No >0

with Ng = [61N/2*| (v = 0 if Ng = 0). Hence, with Y a Poisson variable of mean v and Jensen’s
inequality for log,

Z E4(v 2k+1 e IE[ + log(r (Y + 1))} < 2k+1 ek (1 +log(r1 (1 + ’ch)))
del

(d) Let L = log(A2N) > 0 and zj, = max(0, L — klog 2)/2¥. Then max(1,0,N/2k)~¢/2""" = ¢=ez/2,
and since log™ (01 N/2F) < log(61/62) + 2%z, we have Y, < cr/2F + c21./3 < ck/2 + cz,/3. By (U2),
(b) and (c),

P(Q, M = wo + k) < Tj, :== gemﬂ 2k g(zn) (k> ko).

The function ¢'(z)e®*/6 = bfc/g/s (14 log(ri(b+ cz/3))) is decreasing, so ¢'(0) < 0 implies that g

is decreasing on [0,00). For the k with 2% > L we use g(2;) < ¢(0) and > o~ 27% < 2/L. For the
k > 1 with 28 < L we have L — klog2 > L —log L > L/2, so z > yi/2 with y,, = L/2F > 1, and
27%g(z) < 27%g(yr/2) = H(yp)/L; these y; form a geometric progression of ratio 2 whose smallest
term lies in (1,2], so each interval (27, 277!] contains at most one of them. Hence Y, Tp < K/L. [

The function log H is concave, since ay d 1og H(y) = + (b+cy/6)(1+li>/g6(7”1(b+cy/6))) 15 is decreasing; so
each supremum in Xy is attained at an endpomt or at the mode of H, and Y is a finite computation
(the terms with j > 60 are below 1073%°). The values used below are (Section 7):




o
—

6o, 61,02) used for Y 9(0), ¢'(0) K

1, (%,%,%) GL,, GU,, 57.63  2.064, —0.114 48.37
1, (%,g,%) SPom, 903, GSpy,,, GOT (¢)° 116.04 1.896, —0.022 37.50
1330 SOami1, GOz 121.41 2.041, —0.038 40.62

4.2 Proof of Theorem 1.1

Upper bound. By Proposition 2.4(a), Proposition 3.1 and Lemma 3.2(a), (c), the hypotheses of
Lemma 4.1 hold with N =n, ¢ =1, kg = 1, wg = a1 — 1, I = I(n) and (6p,01,02) = (%,%,%)
So for n >4

48.38
log(n/3)’
For n > 9 we have log(n/3) > % logn, and (|n/2] + 1)~Y*logn < (n/2)"Y*logn < 4-2Y*/e < 1.75,
so P(G) < (1.75+96.76)/logn < 100/logn. For 2 <n <8, 100/logn > 1> P(G).

Lower bound. Let n > 100, k = [logylogn] (so logn < 2% < 2logn) and v = a; — 1 + k. By
Proposition 3.1, keeping only the terms ¢ = 1 of E4(v), P(G) = 3 qcr(n) ’BdT(v)An_d(v). We keep the
d = 2%y with p odd, for which B4(v) = 3 by Lemma 3.2(a); then d € I(n) iff u € (R,2R] with
R=n/(3-2%). By (7) with n —d < n and 2¥ > logn,

P(G) < (In/2) + 1)V +

A, alv) > exp(—210g2- 1+logn — loglogn) > 9=2(1+1/logn)  9=244 - 1

logn 8
The interval (R,2R] contains at least R/2 — 1 odd integers, each with 1/u > 1/(2R), and R >
n/(6logn) > 3.6,s0 >, 1/ > § — 55 > 0.111. Hence P(G) > 27F 0111 > g > e

The same holds for GU (q).
These witnesses are those of [LNP09, Section 5], one cycle of length 2%y in the middle third; the
better constant comes from (7), which allows other active cycles of lower level.

4.3 Proof of Theorem 1.2

For Sps,,(q) and SOsgy,+1(q), Proposition 2.4(b), Proposition 3.1 and Lemma 3.2(b), (c)
hypotheses of Lemma 4.1 with N = m, ¢ = % ko = 1, wo = a1 — 1 and (6p,01,02) =
for I; for I and m > 4, every d € I has d > 2m +1)/6 > m/3, d < (2m + 1)/3
and m —d > (m —1)/3 > m/4, so (6y,61,02) = (3,3,7). For SO3,,(q), Proposition 2.4(c ) gives
P < 2P(Qy,) in the model of Spy,(q). For GSp,,,(¢) and GO2y,+1(q), Lemma 2.5 gives (Ul) with
wo = a1 — 1, wy + ko = v, and (U2) at the levels v > v, with the weights of Lemma 3.2(b), where
ko = 2 for GSps,, and kg = 1 for GOgy,11. For GOS,,(¢)° the tori of a given signed type are those of
GSpa,,(9), so P(X) < 2Py (t € Q), where Py is the experiment of Y = GSp,,,(q).

Let f = 2 for SOzim and G:Oétm(q)O and f = 1 otherwise, and p = 6 for n = 2m, p = 9 for
n = 2m+ 1. Then 6N = n/6 for n = 2m, 6obN = (n —1)/8 > n/9 for n = 2m + 1 > 9, and
|[N/2Ko | +1 > (n —1)/2k0+1 > n/(3-2%0) for n > 3. So (8) gives, for n > p (and n > 9 if n is odd),

P(X)logn < M(n) := f{( 2k0>—c/2ko+1 + log(lfl/p)} logn.

Both terms of M decrease in n once logn > 2%0+1/c (at most 16) and n > p, because E( —sbp) =
e *E(1 — sL) and L/(L — log p) decreases. Let C = 45 (f = 1) or C = 80 (f = 2). If logn < C,
then P(X) <1< C/logn; if logn > C, then P(X)logn < M(e®), and M(e?®) = 39.25 (Sp), 42.21
(GSp), 42.90 (SO21m41, GO2pny1), M(e2) = 76.72 (SOF), 77.97 (GO*(q)?), all below C. O
The same computation with ¢ = 1 gives the constant 50 in place of 100 in Theorem 1.1.



5 Groups between S and X

Proof of Corollary 1.3. If H <Y act on the same natural module, then |g| and Fixy (¢/9//2) do not
depend on whether ¢ is viewed in H or in Y, so Q(H) = Q(Y)NH and P(H) < [Y : H| P(Y). Take
Y = X. The indices are [GL,(q) : SL,(¢)] = ¢—1, [GUx(q) : SU,(¢)] = ¢+1, [GSpa,,(q) : Spa,(¢)] =
g — 1 (the similitude diag(1,...,1,w,...,w) has multiplier w), [GO2,+1(q) : SO2m+1(q)] = ¢ — 1
(Section 2), and [GOZ, (q)° : SOL (q)] = ¢ —1: the kernel of the multiplier on GO3,,, is the connected
group SOa;,, so by Lang’s theorem the multiplier maps GOQim(q)O onto F, with kernel SOQim(q). So
[X : H) < ¢+ 1, and Cx < 100 gives the upper bound. The lower bound is [LNP09, Theorem 1.1],
which is stated for exactly these H. (In the orthogonal case the proof of [LNP09, Lemma 4.4], in the
version we read, works with a group containing the full orthogonal group, larger than GO;m(q)O; the
bound then holds a fortiori for the groups between S and GO, (¢)°.) Finally [SO : Q] = 2 in odd
characteristic, and Y = SO gives the last statement. O

No lower bound is claimed for H = €, which lies below S in [LNP09, Table 1], and the full
orthogonal groups Ozim (q) are not covered: they are the groups of points of the disconnected group
O9m, and Proposition 2.2 is not available for them.

6 The asymptotic value

6.1 The function ¢

Proof of Theorem 1.4(a). Let f(t) = 10%2 2te=2'/3. The series > i f(u — k) converges uniformly on
compact sets with all derivatives, so ® is smooth and 1-periodic, and c¢; = fol O (u)e 2" dy =
Je f(t)e"?mtat. With y = 2¢ this is § [[Te ¥/3y~idy = 377 (1 — ir;); in particular ¢g = 1.
Since I has no zeros, ¢j # 0, and |¢j|? = 77;/sinh(77;). As ® is smooth, its Fourier series converges
absolutely, so [®(u) —1| <235, |¢j|. Since 77; = 2125/ log 2 > 287, |cj|? = 27wrje ™™ J(1—e™ 2™ <
2.0001 wrje "7 ; with |1 = 4.9422 - 1075 and |eo| = 4.58 - 10712 from the formula, this bound gives

)

> s leil <5- 10712, s0 23 51 lejl =9.8845 - 1076, O

6.2 Proof of Theorem 1.4(b) for GL,(¢) and GU,(q)

Let L =logn, w=1logL, yp = L/2¥ and vy = a1 — 1+ kfor k€ Z, and C, = P(M =v,D € I(n)) =
> det(ny Ea(v)An—a(v), so that P(G) =30, o, Co 4 Ypsy Cup Let K= {k>1: g, <w, 2F </n}.
Below, O(+), o(-) and “for n large” are uniform in ¢: by Lemma 3.2(a) the weights at the levels vy,
k > 1, do not depend on gq.

Step 1: the levels outside K. We use the proof of Lemma 4.1 with the parameters of Theorem 1.1,
where cr/2 = ¢g = (2+1log2)/6. First, 3, _, Cv < (|n/2] +1)71/4. Second, Cy, < T; < 572 g(0)
for every k > 1, 50 3 ory i Cop < e®g(0)n~12. Third, if yp > w then 2* < L/w < L' := log(n/3)
for n large, so k belongs to the second group of part (d) of that proof (with L’ in place of L), and
Ty < £5H(y,) with yj, = L'/2% > w/2; as the y}, lie in distinct dyadic intervals, > ysw Cop <
% D j:2i+154/2 SUP(2i 2i+1) H, a tail of the convergent series ¥y divided by 2L’. Hence LP(G) =
L ZkelC CUk -+ 0(1)'

Two facts. (P) If bj > 0 and F(z) = >, bjz’ /j, then ef'@=F() i the generating function
of W = }’.jZ; with independent Z; ~ Poisson(b;/j), so by Markov’s inequality > .., [z"]ef =
FOPW > 1) < PO F'(1)/rg; and |[z7]e | < [27]e for all 7, by expanding both exponentials.
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(H) For integers M > 1 and reals Y > 4,
2_(U2(M)+1) 10g 2

1—27%0  logM
> i n LI Y e

<M pe(Y,2Y] H

9)

< o

For the proof let O(Z) = 3, gaq<z 1/0 and O'(Z) = _, saae(z,22) 1/0- Comparing 1/o With 3 fo+2
and 1 [7, of dt/t gives $log Z < O(Z) < 1+1logZ for Z > 1;and 0 < Llog 24 —1 < L for 0 > 3,
with the end pieces of |J,[o — 1,0+ 1] against [Z, 27), gives |0/ (Z) — élog 2| < 3/Z for Z > 2, while
0 < O'(Z) < 2 always. Group p = 2° with o odd. The first sum is ) (27¢ — 47¢)O(M/2°), and
|O(M/2°) — 5 1log M| < 14§ log 2 for every e (if 2¢ > M the sum is empty); as >, (27¢—47°) = 2 and
> e(27¢ —47¢) = L the error is at most 2 + Jlog2 < 2. The second sum is Y, 2~ et/ (Y /2°),
with -, 27(2¢+1) = 2: the terms with Y/2° > 2 contribute an error at most 3, 2-(2¢+13.2¢/y < 3/Y,
and those with 2¢ > Y/2 at most 2- 2(2/Y)? < 3V 1.
Step 2: the levels in K. We show that there are &, — 0, independent of ¢ and k, with

log 2
Cup — B2 2kl <27be, (ke K). (10)

Fix k € K, v = vy, y = yg, with the weights of Lemma 3.2(a). Then 27% = y/L < w/L, 2F < \/n,
R :=n/(3-2%) > \/n/3 and e¥/3 < LY3. Let h = |n/L?] and Ry = hL < n/L? for n large,
1 +log(n/h) < 4log L.

Decomposition. Let B(z) =3, B 27 /7, the series cut off at degree n (this does not change E4(v)
for d < n), and write B = By+ By, where By collects the terms with j < h. Then e = ePs(1+ B, +R)
with R = e — 1 — By, which has non-negative coefficients. By the computation of v in the proof of
Lemma 4.1 and the counting used there for p,

24+L vy h
Bs(l) < B(l) < .9k = g ’ B;(l) < 9k+17
1+log(n/h) _ 3loglL By(1)?
By(l) < —— i < o R() < =5 e

Accordingly C, = X1 + X5 + X3, where X1, X5, X3 are Zdel(n) A, _q(v) times the coefficient of x4
in ePs. ByeBs, RePs. As 0 < A, <1, (P) gives

Bi(1) 3 __ 9, _xylog’ L
X, < Z d)Bs < Bs() 28\) o 2 9—kou/3+1 -3 Xo < R(1)eBsW) < Z9-k TS & y/3+2
1_d> /3[_@ ]e n/3 =5 3_R( )6 =9 7 € )
n

using 27% = y/L and By(1) < 1 for n large. With ef = [27]ePs,

Xy = Z% > A (v).

£>h r>0: ¢+rel(n)

Put Gy = Zr 0 AN r(v) and T =30 g el < eBsMWBL(1)/Ry < 27*e¥/3+1/(2L). Split the sum
over £ > h. (a) For £ € I° = (n/3,2n/3 — Ry| every r < Ry has ¢ + r € I(n), so the inner sum lies in
[Gr—¢ — 7,Gp—yg]. (b) For h < £ <n/3 — Ry only r > Ry occur, so the inner sum is at most 7, and
Y>> Be/t < B(1) <y/3+1. (¢) For £in W = (n/3 — Ry,n/3] U (2n/3 — Ry, 2n/3] the inner sum is at
most eP+(M) and the active £ € W number at most 2(Ry/2" + 1), each with §,/¢ < 3+, so their sum
is at most 5 27%L=2 for n large (as Ry < n/L? and 2¥ < \/n). (d) For £ > 2n/3 there is no term.

With §° = 3 0 Bi/¢,

‘XQ—ZBf e 4 (S°+y/3+1)7 +5-27F L7 2e¥/3+L,
Lele

11



The active £ € I(n) are the 2y with u € (R, 2R], so by (9) and (c), |S° — 10%22_“ <27%(5/R+5L72).

The factor Gy for n/3 < N' < 2n/3. By (4), Gy = Eg,,[[].@|¢] with @; = a; + B;1[j < ],
that is, w; = 1 for inactive j, w; = 2-v2(3/2%) for active j < h, and w; = o € [0, 1] for active j > h.
Let Gnv be the same expectation with w; replaced by 1 for j > h. Then Gy —7 < Gy < Gv, where
m, the probability that some active cycle is longer than h, is at most Zh<j§N’,2k|j 1/j <4-27%log L.
By (4), Gy = [2V')(1 —2)te 9@ = 3\ [a']e with Q(x) = > j<h active(l — 2720/2)0d /5, s0
by (P), with A = Q(1), - N

/
1
AQ]\(]/) . 2TS3_2—I<:€AL—3.
n

GN/ — e_A’ < Z [mi]eg <e
>N’

IN

By (9), A = 2783 o on(1 = 2702W) /. = 27F(L1og(h/2¥) 4 0) with |6] < 3, and log(h/2¥) =
L—4log L+logy+0' with ¢ € [—log2,0]. Hence [A—y/3| < ¥(3log L+ %|logy|+4) < 3log® L/L for
n large, because y < w and y|logy| < max(1/e,wlogw). In particular A < y/3+1 and |[e™* —e~¥/3| <
A —y/3].

Conclusion of Step 2. Write ), o %Gn,g = 5%V + 3 e pe %(Gn,g — ¢ ¥/3). Then |C, —
10%22_"36_9/ 3| is at most 27% times the sum of the following quantities, each of which tends to 0
uniformly in k € K and in ¢ (recall y < w = log L, e¥/3 < LY/3,27%F < w/L, R > \/n/3, S° < 27 for
nlarge): X1/27% < 3eL1/373; X5/27F < 9e2L1/3 1 log? L; the terms with 7, at most (w/3+2)eL/371;
the windows, 5eLY/32; 5/R + 5L~2; and supy/ |[Gar — e ¥/3| < w +3-27Fe¥/3+1 =3 4 31og? L/ L.
This proves (10) with &, = O(L=%/31og® L).
10g25t€p 3: sitmzbation. Since >, c27F < 2- 120_;mnK < Qil/L, (10) gives LZkeIC Co,
255D hekc Yke uk/3 4 O(weyp). Now ®(logy L) = 285 ken Uke ve/3. The terms with k ¢ K
are those with y;, > w (which include all £ < 0), forming a geometric progression of ratio 2 with small-
est term in (w,2w], on which ye Y/3 decreases, so that their sum is at most > >0 2itlyye=2w/3 (),
and those with 2F > \/n, whose sum is at most 2L//n. With Step 1, LP(G) = ®(log, L) + o(1). For
GU,(q) the proof is the same, because Lemma 3.2(a), (c) hold for aY. O

6.3 The other families

(a) Spa(q) and SOgy,11(q). Here N = m; put Ly, = logm, w = 1og Ly, yx = Lm/2%, K ={k > 1:
yr < w, 28 </m}, and use the model of Proposition 2.4(b) with the weights of Lemma 3.2(b). Step
1 is the same, with the parameters of Theorem 1.2 (the low levels contribute at most (|m/2|+1)"/8).
In Step 2 every bound used still holds (3; < %, w; € [0,1], (P)), and two quantities are halved: for
active j = 28, B = 27 (2W+2) and 1 —w; = 3(1 —27v2(1) 50 §° = b%Q"“—i—Q_kO(l/R—FL;f) and
A = y/6+0(log? L,/ Lyy,). For I the proof is run with Iy in place of I1. Since I\ I; consists of at most
the integer £* = (2m+1)/3, the sum _,; 8¢/¢ changes by at most B+ /¢* < 1.5 = 2 < 2*’“%7%*1/2
(as 28 < \/m), which is 27%0(1); and N’ = m — ¢ > (m — 1)/3 in the bound for Gs. Hence
LinP =825 g /04 o(1) = B2 5~y e ¥+1/3 4 0(1) = ®(logy L) +0(1). As Ly,/logn — 1,
logy logn —logy Ly, — 0 and @ is bounded and uniformly continuous, (logn)P = ®(log, logn) + o(1).

(b) SO5,,(q). By Proposition 2.4(c), P = 2E[191{v = ¢}] in the model of (a) with ;. Let
Qlow = QN{M < a1} and Qp = QN{M = v;}. First, 2P(Qiow) < 2(|m /2] +1)"1/8 = 0(1/L,,). For
k > 1 the cycles of odd length have levels at most max(ag, by) < a1 by (2), so Qy, is determined by o
and by the signs and levels of the cycles of even length. Given these, if ¢ has a cycle of odd length,
the parity of v is a fair coin. Hence |2E[1g, 1{v = e}] — P(Q))| < P(Q; N {no odd cycle}), and the
sum over k of these errors is at most Pg,, (no odd cycle) = [z™](1 — 2?)~1/2 = (m”}Q)Q_m < m~Y2 for
even m (and 0 for odd m). So P =P(Q) 4+ o(1/L.,), and (a) applies.
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family, ¢ N=10*> 10? 104 10° 106 107

GL,¢=3(=GU,q=5) 08877 1.0152 1.0624 1.0870 1.0986 1.1033
GL,¢g=5(=GU,¢q=3) 0.8988 1.0326 1.0779 1.0984 1.1061 1.1079

Sp, ¢ =3 and 5 0.9456  1.0482 1.0856 1.1015 1.1071 1.1077
SO2m+1, ¢ =3 and 5 0.9601  1.0494 1.0857 1.1015 1.1071  —
S03,,, ¢ =3 0.9421  1.0478 1.0855 1.1015 1.1071 1.1077
SO5,, ¢ =3 0.9491  1.0487 1.0856 1.1015 1.1071  —

Table 1: Values of (logn)P(X), with N = n for GL, GU and N = m otherwise, from the witness
formula in floating point. The coincidences GL(q) <> GU(¢) for va(q—1) = vo(¢’+1) and va(g+1) =
va(q' — 1) follow from (2), and those between ¢ = 3 and ¢ = 5 for Sp and SOg,,,41 from the symmetry
of the signs (exchanging ag and by exchanges the levels of the positive and the negative cycles of odd
length). These values are evidence only.

(c) The groups of similitudes. For GSps,,(q), Lemma 2.5 shows that the levels v > a3 + 1
contribute exactly the C,,, k > 2, of the model of (a), and the lower levels at most E[(3/4)?] <
(|m/4] +1)71/16 = o(1/L,,); the level v; = a1 of the model of (a) has y; = L,,/2 > w and contributes
o(1/Ly,) by Step 1. So P(GSps,,(q)) = P(Spey,(q)) + o(1/Lyy,). For GO, (q)° the same comparison
holds with the factor 2 and the parity restriction on both sides, and these are removed as in (b). For
GOg2,+1(q) the levels v > a; coincide with those of SOg,,4+1(g), and the lower ones contribute at most
(lm/2] +1)~Y/8. All bounds are uniform in g. O

7 Computations and reproducibility

No proof in this note depends on a computation, except the finite evaluations of the explicit constants
Y, 9(0), ¢'(0), K and M(e®) in Section 4, and of >_jlejl, which is used only for the numerical
bound in Theorem 1.4(a). The other computations test the torus model against the groups and
produce Table 1. The reproducibility package has four parts.

The exact program of this note (check_note.py, standard library, about 20 seconds) recomputes
the constants of Section 4 (the dyadic suprema of H also by dense sampling), the majorants M (e®),
the constants of the lower bound, the range and Fourier coefficients of ®, and (9) on a finite range.
In exact arithmetic it checks (2), Lemma 2.3, (6), the sum of Proposition 2.4 over (signed) cycle
types against the witness formula, level by level (130 cases), and the level identities of Lemma 2.5
in a model built from the 2-parts of all eigenvalues (40 cases). In floating point it checks C, < T}
for every level and the lower bound of Theorem 1.1 for GL,(q), n € {100,1000}. It computes P(G)
by brute force for 29 groups, among them Sp,(3), SO5(3), GSp,(3), GO5(3) and GOT(5)°, with the
order of the generated group compared with the order formula, and compares the model with all 35
brute-force values recorded in the package; all agree.

The programs with which the results were first obtained (original/): exact evaluations of (1),
brute force over 16 groups, the witness formula in floating point (programs in C) for Table 1, and
the constants. The programs of the second verification run (verification_run_B/): its brute force,
which includes GO5(3) (| GO5(3)| = 103680, P(GOs5(3)) = 21/64), and its enumeration of semisimple
classes described below, with their recorded outputs. The programs of the third verification run
(independent_run_2/), described below, with their recorded outputs.

For n = 1000, Table 1 gives P(GLjpp0(3)) = 0.1470, in line with the sampled proportions of
about 15% in dimension 1000 reported in [LNP09]. The values near 1.10 at N = 10°%-107, about
10% above the mean 1 of ®, reflect the slow convergence in Theorem 1.4; the level-by-level ratios
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C’Uk/(lo%2_ke_yk/3) for GLygs(3) are 1.16,1.18,1.13,1.08,1.05,1.03,1.02,1.01 for £ = 1,...,8. We
do not claim any rate of convergence.

Verification. The results were first obtained with written proofs and the programs in original/.
Two independent verification runs, both Al-assisted, examined this first written version; each re-
derived the proofs line by line and wrote its own programs, and neither read the other’s report.
Neither found an error in a statement.

The first run compared every statement quoted from [LNPO09] with the authors’ preprint and
[NPP14, Theorem 2.2] with its arXiv text, recomputed all constants of Section 4 and the range of
®, and computed P(X) by its own brute force over 15 groups (orders checked against the order
formula), by its own exact torus model, including an independently derived model for the groups of
similitudes, and by its own witness recursion, which reproduces Table 1 for N < 10%. The second run
wrote a brute force over 35 groups with the orders checked, which includes GO5(3), the one group
whose brute force had not been finished in the first computations; an exact method that does not use
(1), the enumeration of semisimple classes with Steinberg’s count of the unipotent elements of their
centralisers [Car85], which agrees with its own implementation of the torus model at all 326 values
compared (GLy(q) and GU,(q) for n < 16 to 22, the symplectic and orthogonal groups for m < 10,
q < 17); the values of Table 1 by class enumeration for N < 10*, and for GL at N = 10%; and a Monte
Carlo simulation of the model at N = 10°, 10, 107, which agrees with Table 1 within 2.2 standard
errors (about £0.0015). It re-ran the programs of original/ for the constants, the exact sums and
Table 1, and reproduced their recorded outputs.

The brute-force values used in this note come from runs in which the order of the generated group
was compared with the order formula: automatically in all three verification runs, in check_note.py
and in the second brute-force run of original/, and through the printed orders in its first run, of
which one line (a proper subgroup of order 192 of SO (3)) was discarded. The corrections required by
the first two runs were made: the bound in Section 6.3(a) for I5; the cut-off of the series B in Step 2;
the reading of [DPS18] (see “Scope and priority”); the remark on [LNP09, Lemma 4.4] in Section 5;
the bibliographic data; the record of the order checks; and the constant % for Xs.

A third verification run, also Al-assisted, examined the written note. It checked first the parts
written or changed when the note was written: Lemma 4.1 and the derivation of Theorems 1.1
and 1.2 from it, the bound for I in Section 6.3(a), the cut-off of B and the bound on 7 in Step 2, the
inequalities (9), the bound by 23, |¢;|, Lemma 2.5 with the hypotheses (Ul), (U2) for each family,
Corollary 1.3 with the remark on [LNP09, Lemma 4.4], and Steps 1-3 of Section 6; then it re-derived
all other proofs line by line. It compared the quoted statements with [EHHO11], with the preprint of
[LNP09], with the arXiv text of [NPP14] and with the publisher’s version of [DPS18], re-checked the
references in Crossref and repeated the literature search. Its own programs computed the constants of
Section 4 with 50 digits (the suprema of H from its mode and by dense sampling), ® and its Fourier
coefficients, and (9) for M < 2-10°% and 4 <Y < 2-10%; a brute force over 26 groups with the orders
checked, among them GUs(3), GO3(5), GO5(3) and GOT(5)°; an exact torus model in which the tori
of the groups of similitudes are built from the 2-parts of their elements, without the level identities
of Lemma 2.5, which agrees with all 26 brute-force values and with the 63 exact values of original/
that it also computed; and the witness formula in floating point, with the weights computed from the
valuations, which agrees with the exact model for small N, reproduces Table 1 to all printed digits
for N < 10% and the entry for GL, ¢ = 3, at N = 107, confirms C,, < T}, at every level in the cases it
computed, and gives the level ratios quoted above. It re-ran check_note.py, the constant programs
and the grid of fastcl.c from the archive and reproduced their recorded outputs. It found no error
in a theorem, proposition, lemma or proof. The eight corrections it required were made: the scope
statements for SL,(q) and SU,(q), for which only the order of magnitude is proved; the statement
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on [DPS18]; the condition in the caption of Table 1; the last of the level ratios above (printed as 1.00
before); an explicit bound for the tail of . [c;[; the description of the Frobenius action for GU,(g);
the reference to [GP12, Theorem 1.2]; and this record.

Scope and priority. The note answers the second part of the question of [EHHO11, pp. 2154-2155],
the order ©(1/logn), for every group H with S < H < X in a line of [LNP09, Table 1] (Theorems 1.1
and 1.2, Corollary 1.3), and the first part, the asymptotic value, for the groups of Theorems 1.1
and 1.2: all groups X, and the groups S of the symplectic and orthogonal lines (Theorem 1.4). Its
limits: the full orthogonal groups Oz, (g) are not covered; for SL,(¢), SU,(¢) and for S < H < X only
the order of magnitude is proved, with an upper constant carrying the index, and Theorem 1.4 is not
claimed for these groups; for €2 only the upper bound is proved; the constants are not optimised and
no rate of convergence is given; even q is outside the question. The question is due to Praeger, jointly
with Liibeck and Niemeyer [EHHO11]. The lower bound, the list of groups and the description of
the tori and of their involutions are from [LNP09]; the torus formula is the theorem of Niemeyer and
Praeger on quokka sets [NP10, Theorem 1.3], used in the form of [LNP09, Lemma 2.3] and [NPP14,
Theorem 2.2]; the facts (4) and (5) are standard [ABTO03]; the classes of the Weyl groups [Car72] and
the correspondence between classes of tori and F-classes [Car85] are used as in [LNP09]. The range
of 2-parts that carries the main term of Theorem 1.4 is the one of [GP12, Theorem 1.2].

What was read: the problem session of [EHHO11], in a text extraction of the report; [LNP09]
completely, in the authors’ preprint of 20 May 2008 (the publisher’s file refused automated access,
and the journal version was not compared); [NPP14], [GP12], [GPRD20] and [NP14] in their arXiv
versions; [DPS18] completely, in the publisher’s version. Seen only through their metadata, abstracts
or restatements: [NP10], through the restatements in [LNP09, NPP14]; [NPP10]; [PS12] and the
survey [NPS13], through their abstracts; [Car72, Car85], as cited in [LNP09]. The main result of
[DPS18], [DPS18, Theorem 1.1], is a lower bound for a different event: for a strong involution ¢ in
GL,(q) and a uniform g € GL,(q), the restriction of the involution z(g) of ({t9) to an eigenspace of
t is a strong involution with probability at least x/logn for n > ng, where one can take ng = 700
and x = 0.0002 [DPS18, Remark 1.2]. The proportion |Q|/|G| occurs there only through the lower
bound of [LNP09, Theorem 1.1] ([DPS18, Section 1.1]); [DPS18] contains no upper bound and no
asymptotic value for it.

The searches were made on 18 and 19 October 2026: arXiv (strong involutions; proportions of
elements powering to involutions in classical groups; the authors of the question; quokka sets and
maximal tori), the lists of citing works in OpenAlex (24 works citing [LNP09], 18 citing [NP10], 10
citing [NPP10]), Semantic Scholar (in part refused), zbMATH, Crossref, and web searches (one in
the first work, three by the second verification run and one by the third); the third run repeated the
queries to arXiv, OpenAlex (also the 2 works citing [DPS18]), zbMATH and Crossref. No printed
answer to the question was found in these sources: [LNPO09] states that its method gives no upper
bound, and the citing works, by title and available abstract, concern recognition algorithms, other
proportions, or lower bounds for other events, such as [GP12, DPS18, GPRD20]. A search that finds
nothing is not a proof of novelty, and no priority is claimed.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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