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Abstract

Let G be a finite n-dimensional classical group over a field of odd order q, and let Q be
the set of elements g of even order whose involution g|g|/2 has a fixed space of dimension in
[n/3, 2n/3). Lübeck, Niemeyer and Praeger proved |Q|/|G| ≥ c/ log n, and Praeger, with Lübeck
and Niemeyer, asked at Oberwolfach in 2011 for the asymptotic value of |Q|/|G|, in particular
whether |Q|/|G| = O(1/ log n) (printed as O(log n), evidently a misprint). For the groups X of
the table of Lübeck, Niemeyer and Praeger and for Sp2m(q), SO2m+1(q) and SO±

2m(q) we prove
|Q|/|X| ≤ C/ log n with absolute constants (C = 100 for GLn(q) and GUn(q); 45 for Sp2m(q),
GSp2m(q), SO2m+1(q), GO2m+1(q); 80 for SO±

2m(q), GO±
2m(q)0), uniformly in q; with their lower

bound, |Q|/|H| = Θ(1/ log n) for every H between the groups S ≤ X of a line of the table, the
upper constant carrying a factor at most q + 1 for the other H, among them SLn(q) and SUn(q).
For the eight groups listed we also prove (log n)|Q|/|X| = Φ(log2 log n) + o(1) uniformly in q,
where Φ(u) = log 2

3

∑
k∈Z 2

u−ke−2u−k/3 is 1-periodic with mean 1, not constant, and within 10−5

of 1. Thus |Q|/|X| is 1/ log n up to a factor that tends to within 10−5 of 1, while (log n)|Q|/|X|
has no limit. The set Q depends only on semisimple parts, and the torus formula of Niemeyer and
Praeger reduces the problem to random permutations, signed for the symplectic and orthogonal
groups, whose cycles carry independent 2-adic levels; what is added here is a level-by-level upper
bound, the torus model for the groups of similitudes, and the asymptotic analysis of the levels.
The full orthogonal groups O±

2m(q) are not covered; for SLn(q), SUn(q) and the groups strictly
between S and X only the order of magnitude is proved, and for Ω only the upper bound; the
convergence is slow, and the numerical values are evidence only. This is an unrefereed note.

1 Introduction

1.1 The question

Let q be a power of an odd prime, let G be a finite classical group with natural module V of dimension
n (over Fq2 for the unitary groups, over Fq otherwise), and for g ∈ G let |g| be its order. Following
[EHHO11, LNP09], let

Q(G) =
{
g ∈ G : |g| is even and n/3 ≤ dimFixV

(
g|g|/2

)
< 2n/3

}
, P (G) :=

|Q(G)|
|G|

.

The involution t = g|g|/2 is diagonalisable with eigenvalues ±1, so the condition says n/3 <
dimV−1(t) ≤ 2n/3; involutions with this property are the strong involutions of [LNP09], which are
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used in algorithms for the constructive recognition of classical groups (see [LNP09] for the motiva-
tion). Lübeck, Niemeyer and Praeger [LNP09, Theorem 1.1] proved that P (H) ≥ 1/(5000 log2 ℓ) for
every group H with S ≤ H ≤ X in a line of their Table 1, where ℓ ≥ 2 is the Lie rank; the lines
(S,X) are (SLn(q),GLn(q)), (SUn(q),GUn(q)), (Sp2m(q),GSp2m(q)), (SO2m+1(q),GO2m+1(q)) and
(SO±

2m(q),GO±
2m(q)0). In the problem session of the Oberwolfach workshop on computational group

theory of 2011, Praeger, jointly with Lübeck and Niemeyer, recalled this bound and asked [EHHO11,
pp. 2154–2155]: “What is the asymptotic value of |Q|/|G|?” In particular, is |Q|/|G| = O(log(n))?
As printed, the second question is vacuous (|Q|/|G| ≤ 1); it is evidently a misprint for O(1/ log n),
since the preceding sentence gives the lower bound c/ log n and [LNP09] report statistical tests
indicating the order 1/ log ℓ. The problem record OWR-11129-006 of the UnsolvedMath corpus reads
the question in the same way, and so do we. In [LNP09] the authors state that their method gives
no upper bound, and report sampled proportions of about 15% in dimension 1000.

Throughout, log is the natural logarithm. GSp2m(q) and GO2m+1(q) are the groups of similitudes
of the forms, and GO±

2m(q)0 = {g ∈ GO±
2m(q) : det g = τ(g)m}, where τ(g) is the multiplier; this is

the group of Fq-points of the connected component GO0
2m of the algebraic group of similitudes, and

it is the index-2 subgroup of GO±
2m(q) of [LNP09, Table 1].

1.2 Results

Theorem 1.1. Let G = GLn(q) or G = GUn(q) with n ≥ 2 and q odd. Then P (G) ≤ 100/ log n, and
P (G) ≥ 1/(300 log n) if n ≥ 100.
Theorem 1.2. Let X be one of Sp2m(q), GSp2m(q), SO±

2m(q), GO±
2m(q)0 (so n = 2m), or SO2m+1(q),

GO2m+1(q) (so n = 2m + 1), with n ≥ 2 and q odd. Then P (X) ≤ CX/ log n, where CX = 45 for
Sp2m, GSp2m, SO2m+1, GO2m+1 and CX = 80 for SO±

2m, GO±
2m(q)0.

Corollary 1.3. Let S ≤ H ≤ X be groups in a line of [LNP09, Table 1]. Then
1

5000 log2 ℓ
≤ P (H) ≤ 100 (q + 1)

log n
(ℓ ≥ 2),

so P (H) = Θ(1/ log n) for each such family and each q; the upper constant is uniform in q when H
is one of the groups of Theorems 1.1 and 1.2. For Ω2m+1(q) ≤ H ≤ SO2m+1(q) and Ω±

2m(q) ≤ H ≤
SO±

2m(q) the upper bound P (H) ≤ 2CSO/ log n holds, where CSO is the constant of Theorem 1.2 for
SO2m+1, resp. SO±

2m.
The lower bound in Corollary 1.3 is [LNP09, Theorem 1.1]; the lower bound of Theorem 1.1

re-proves it for GL and GU with a better constant. So the answer to the question “is |Q|/|G| =
O(1/ log n)?” is yes, for all groups of [LNP09, Table 1]; for SLn(q), SUn(q) and the groups strictly
between S and X the upper constant of Corollary 1.3 depends on q. The asymptotic value, for the
groups of Theorems 1.1 and 1.2, is given by the next theorem. Let

Φ(u) =
log 2

3

∑
k∈Z

2u−k exp
(
−2u−k/3

)
(u ∈ R).

Theorem 1.4. (a) Φ is smooth and 1-periodic, with mean 1; its Fourier coefficients are cj =
3−iτjΓ(1 − iτj), τj = 2πj/ log 2, so Φ is not constant, and |Φ(u) − 1| ≤ 2

∑
j≥1 |cj | < 9.9 · 10−6

for all u.
(b) Let X be one of the groups of Theorems 1.1 and 1.2. Then, uniformly in the odd prime power

q,
(log n)P (X) = Φ(log2 log n) + o(1) (n → ∞).

Consequently P (X) = (1+δn)/ log n with lim sup |δn| < 10−5, and the set of limit points of (log n)P (X)
is the interval [minΦ,maxΦ]; in particular (log n)P (X) has no limit.
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The last statement holds because log2 log n increases to infinity with increments tending to 0, so
it is dense modulo 1 along every tail. Numerically, maxΦ− 1 and 1−minΦ are both 9.884 · 10−6 to
four digits. The constants 100, 45 and 80 are far from optimal (the bounds are non-trivial only for
very large n); their point is that they are absolute. The convergence in Theorem 1.4 is slow: for n
between 106 and 107 the values of (log n)P (X) are near 1.10 (Table 1).

1.3 Method, and what is new

The set Q depends only on the semisimple part of an element and is closed under conjugation; the
torus formula of Niemeyer and Praeger [NP10, Theorem 1.3], in the form [LNP09, Lemma 2.3], then
expresses P (X) as an average over maximal tori. For the classical groups this average is a statement
about a random permutation of N = n or N = m points (with independent signs on its cycles for
the symplectic and orthogonal groups), each cycle carrying an independent 2-adic level, the 2-adic
valuation of the order of a uniform element of a cyclic group (Section 2). A torus element lies in Q if
and only if the cycles of maximal level have total length in the middle third. At a level v = a1−1+k,
where 2a1‖q2−1, only the cycles of length divisible by 2k are active, and these weights do not depend
on q. The upper bounds come from a lemma bounding each level separately (Lemma 4.1); the main
term comes from the levels with 2k comparable to log n, and each of them contributes log 2

3 2−ke−yk/3

with yk = log n/2k, which sums to Φ(log2 log n)/ log n (Section 6). These are the levels at which the
2-part of the order is of order t log n, where t is the larger of the 2-parts of q ± 1; that the 2-part of
the order of a uniform element lies in such a range with probability bounded below was proved by
Guest and Praeger [GP12, Theorem 1.2].

The reduction to tori and the description of the tori and of their involutions are from [LNP09,
NP10, NPP14], and the lower bound is [LNP09, Theorem 1.1]. New here, to our knowledge, are
the upper bounds (Lemma 4.1, Theorems 1.1 and 1.2), the torus model for the groups of similitudes
(Lemma 2.5) and Theorem 1.4; we found no printed upper bound or asymptotic in the literature we
read (see “Scope and priority” in Section 7), but a search that finds nothing is not a proof of novelty.

2 The torus model

2.1 Reduction to maximal tori

Lemma 2.1. Let G be one of the groups above and g = su the Jordan decomposition of g ∈ G (s
semisimple, u unipotent, su = us). Then g ∈ Q(G) if and only if s ∈ Q(G).

Proof. |u| is a power of the odd characteristic and |s| is prime to it, so |g| = |s||u| is even iff |s| is. If
|s| is even, then g|g|/2 = (s|s|/2)|u|u|u||s|/2 = s|s|/2, since s|s|/2 is an involution and |u| is odd.

So Q(G) is a union of conjugacy classes which contains g iff it contains the semisimple part of g,
a quokka set in the sense of [NP10]. Let Ĝ be a connected reductive group over Fq with a Frobenius
morphism F , let T0 be an F -stable maximal torus and W = NĜ(T0)/T0. The ĜF -classes of F -stable
maximal tori correspond to the F -classes of W (the classes of the relation w ∼ x−1wF (x)); let TC be
a torus in the class corresponding to C ([Car85, 3.3.3], as cited in [LNP09]).

Proposition 2.2 ([NP10, Theorem 1.3]; [NPP14, Theorem 2.2]; [LNP09, Lemma 2.3]). If q is odd,
G = ĜF and Q ⊆ G is a quokka set, then

|Q|
|G|

=
∑
C

|C|
|W |

·
|TF

C ∩Q|
|TF

C |
. (1)
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For the set Q of strong involutions this is [LNP09, Lemma 2.3]. It applies to all groups of
Theorems 1.1 and 1.2: GLn(q) and GUn(q) are the fixed points of GLn under the standard and the
twisted Frobenius morphism, Sp2m(q), SO2m+1(q) and GSp2m(q) those of the connected groups Sp2m,
SO2m+1 and GSp2m, SO±

2m(q) and GO±
2m(q)0 those of SO2m and GO0

2m under the standard and the
graph-twisted Frobenius morphism, and GO2m+1(q) is the group of points of the connected group
Gm × SO2m+1: a similitude g of multiplier c in odd dimension 2m + 1 satisfies det(g)2 = c2m+1, so
z = det(g)/cm has z2 = c, and z−1g is an isometry of determinant 1. Over Fq this gives GO2m+1(q) =
F×
q × SO2m+1(q).

2.2 Levels

Put a0 = v2(q− 1), b0 = v2(q+1) and a1 = a0 + b0 = v2(q
2 − 1) ≥ 3; one of a0, b0 equals 1. For j ≥ 1

let a(j) = v2(q
j − 1), aU (j) = v2(q

j − (−1)j) and b(j) = v2(q
j + 1). Then

a(j) =

{
a0 j odd
a1 + v2(j)− 1 j even

, aU (j) =

{
b0 j odd
a1 + v2(j)− 1 j even

, b(j) =

{
b0 j odd
1 j even.

(2)
Indeed, for odd j the quotients (qj ∓ 1)/(q ∓ 1) are odd; for j = 2ej′ with e ≥ 1 and j′ odd,
v2(x

j′−1) = v2(x−1) and v2(x
2−1) = v2(x−1)+1 for x ≡ 1 (mod 4) give v2(qj−1) = v2(q

2−1)+e−1,
and qj + 1 ≡ 2 (mod 4). In particular a(j), aU (j), b(j) ≤ a1 − 1 for odd j, and b(j) ≤ b0 ≤ a1 − 1
always.

Let X be a random variable with P(X ≥ x) = 2−x for x = 0, 1, 2, . . . , and write (y)+ = max(y, 0).

Lemma 2.3. If x is uniform in a cyclic group of order N with v2(N) = a, then v2(|x|) has the law
of (a− X)+.

Proof. The elements whose order has 2-adic valuation t number φ(2t)N/2a, so the probability is
2t−1−a for 1 ≤ t ≤ a and 2−a for t = 0; and P(a− X = t) = 2−(a−t+1), P(a− X ≤ 0) = 2−a.

For a semisimple element t of one of our groups, diagonalisable over Fq, put M(t) = v2(|t|), and
let D(t) be the dimension of the sum of the eigenspaces of the eigenvalues ζ with v2(|ζ|) = M(t).
Since |t| is the least common multiple of the |ζ|, the involution t|t|/2 acts as −1 on the eigenspace of
ζ if v2(|ζ|) = M(t) and as 1 otherwise. Hence

t ∈ Q ⇐⇒ M(t) ≥ 1 and n/3 < D(t) ≤ 2n/3. (3)

2.3 The model

Let N ≥ 1, let σ be a uniform random permutation of {1, . . . , N} with cycles c1, . . . , cr of lengths
λ1, . . . , λr, let ε1, ε2, . . . be independent fair signs and X1,X2, . . . independent copies of X, all inde-
pendent. Given levels Vi of the cycles, put M = maxi Vi, S = {i : Vi = M}, D =

∑
i∈S λi, let ν be

the number of cycles with εi = −, and for a set I of integers let QI = {M ≥ 1, D ∈ I}. Let

I(n) = {d ∈ Z : n
3 < d ≤ 2n

3 }, I1 = {d ∈ Z : m
3 < d ≤ 2m

3 }, I2 = {d ∈ Z : 2m+1
6 < d ≤ 2m+1

3 }.

Proposition 2.4. (a) If G = GLn(q) (resp. GUn(q)), then P (G) = P(QI(n)) for N = n and Vi =

(a(λi)− Xi)
+ (resp. (aU (λi)− Xi)

+).
(b) If G = Sp2m(q) or SO2m+1(q), then P (G) = P(QI) for N = m, I = I1 or I = I2 respectively,

and Vi = (a(λi)− Xi)
+ if εi = +, Vi = (b(λi)− Xi)

+ if εi = −.
(c) If G = SOε

2m(q), then P (G) = 2E
[
1QI1

1{ν ≡ ε}
]

in the model of (b), where ν ≡ ε means that
ν is even for ε = + and odd for ε = −.
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Proof. We use Lemma 2.1, Proposition 2.2 and the descriptions of the Weyl groups, Frobenius actions
and tori in [LNP09, Sections 3 and 5].

(a) W = Sn; with the Frobenius morphisms of [LNP09, Section 3.1], which raise the diagonal
entries of T0 to the power q for GL and −q for GU, F acts trivially on W , so in both cases the
F -classes are indexed by the cycle types λ ` n, with |C|/|W | = 1/zλ, the probability that σ has cycle
type λ. The torus is TF ∼=

∏
iCNi with Ni = qλi − 1 (resp. qλi − (−1)λi), and the i-th factor acts on

the λi coordinates of the i-th cycle, with eigenvalues that are images of one another under x 7→ xq

(resp. x 7→ x−q), hence of the same order [LNP09, Section 5(i)]. A uniform t ∈ TF has independent
uniform components, so by Lemma 2.3 the levels v2(|ti|) have the laws Vi, and M(t) = M , D(t) = D.
By (3) and (1), P (G) =

∑
λ z

−1
λ P(QI(n) | type λ) = P(QI(n)).

(b) W = C2 o Sm with trivial F ; its classes are the signed cycle types (λ;µ), the lengths of
the positive and of the negative cycles, and the centraliser of an element of type (λ;µ) has order
zλzµ2

ℓ(λ)+ℓ(µ) [Car72]. This is also the law of the signed type of (σ, ε): the probability that σ has
type λ∪ µ is 1/zλ∪µ, the probability of the given signs is 2−ℓ(λ)−ℓ(µ)

∏
i

(mi(λ)+mi(µ)
mi(λ)

)
, where mi is the

multiplicity of i, and the product is 1/(zλzµ2ℓ(λ)+ℓ(µ)). The torus is
∏

iCqλi−1×
∏

j Cqµj+1, the factor
of a cycle of length l acting on 2l coordinates with eigenvalues x±qh , all of the order of x, and for
SO2m+1 one more coordinate with eigenvalue 1 [LNP09, Sections 3 and 5(vi)]. So D(t) = 2D, and
n/3 < 2D ≤ 2n/3 means D ∈ I1 for n = 2m and D ∈ I2 for n = 2m+ 1.

(c) W = Dm has index 2 in C2 oSm and consists of the elements with ν even; F is trivial for ε = +,
and for ε = − it is conjugation by a reflection r /∈ Dm, and w 7→ wr maps the F -classes onto the
classes of C2 o Sm with ν odd [LNP09, Section 3], [Car72]. For ε = + a class of C2 o Sm in Dm is a
Dm-class or the union of two Dm-classes of equal size; for ε = − a class of C2 o Sm outside Dm is a
single Dm-class, since each of its elements lies outside Dm and centralises itself. The torus attached
to w is as in (b) for the signed type of w (resp. wr), and its proportion of elements in Q depends only
on that type. As |W | = |C2 oSm|/2, (1) becomes P (G) =

∑
ν≡ε 2(zλzµ2

ℓ(λ)+ℓ(µ))−1P(QI1 | (λ;µ)).

2.4 The groups of similitudes

For X = GSp2m(q) or GOε
2m(q)0 let v∗ = a1 + 1 and k0 = 2, and for X = GO2m+1(q) let v∗ = a1

and k0 = 1. Let Nk be the number of cycles of σ whose length is divisible by 2k. Write PX(·) for the
probability in the following experiment: choose (σ, ε) as above, and then a uniform element t of the
torus TF of the signed type of (σ, ε) described in the proof below; for GOε

2m(q)0 replace PX(A) by
2PX(A ∩ {ν ≡ ε}).

Lemma 2.5. P (X) = PX(t ∈ Q). For every v ≥ v∗, PX(t ∈ Q, M(t) = v) equals P(QI ∩ {M = v})
in the model of Proposition 2.4(b) (with I = I1 for n = 2m, I2 for n = 2m + 1, and with the factor
2 and the restriction ν ≡ ε for GOε

2m(q)0); and PX(M(t) < v∗) ≤ E[(3/4)Nk0 ], with the factor 2 for
GOε

2m(q)0.

Proof. In a basis e1, . . . , em, f1, . . . , fm with 〈ei, fj〉 = δij , the diagonal torus of GSp2m and of GO0
2m

is T0 = {diag(t1, . . . , tm, ct−1
1 , . . . , ct−1

m )}, where c is the multiplier; the Weyl group (C2 o Sm, resp.
Dm) fixes c, permutes the indices and exchanges ti and ct−1

i . Solving wF (t) = t cycle by cycle, as
in [LNP09, Section 5(i)]: c ∈ F×

q ; a positive cycle of length l contributes x ∈ F×
ql

and two blocks of l
eigenvalues, xqh (block A) and cx−qh (block B), 0 ≤ h < l; a negative cycle of length l contributes
y ∈ F×

q2l
with yq

l+1 = c and one block of 2l eigenvalues yq
h , 0 ≤ h < 2l (note cy−1 = yq

l). So

TF ∼=
∏

pos. F
×
qλi

× {(c, (yj)) : c ∈ F×
q , yq

µj+1
j = c}, of order (q − 1)

∏
i(q

λi − 1)
∏

j(q
µj + 1), since the

norm F×
q2l

→ F×
ql

is onto with fibres of size ql + 1. In a uniform element of TF the xi are uniform
and independent of each other and of (c, (yj)), and c is uniform in F×

q . For GO2m+1 = Gm × SO2m+1

5



the torus is F×
q × TF

SO: with z ∈ F×
q and the data x′ ∈ F×

ql
, y′ with y′q

l+1 = 1 of SO2m+1, the
blocks are zx′±qh (two blocks), zy′qh and the single eigenvalue z. The weights |C|/|W | are those of
Proposition 2.4(b), (c), which gives P (X) = PX(t ∈ Q).

All eigenvalues of a block have the same order; call v2 of it the level of the block. Elements of F×
q

have level at most a0. (i) Negative cycles: y(ql+1)(q−1) = cq−1 = 1, so the level is at most b(l)+a0 ≤ a1;
for GO2m+1 the block zy′ has level at most max(a0, b0) < a1, and the block z level at most a0. (ii)
Positive cycles: write π2(x) for the 2-part of x. If v2(|x|) > a0, then π2(cx

−1) = π2(c)π2(x)
−1 has the

order of π2(x), so blocks A and B have the same level; if v2(|x|) < v for some v > a0, then both levels
are below v. The same holds for the blocks zx′±1 of GO2m+1, with x′ in place of x.

Let v ≥ v∗. By (i) and (ii), M(t) = v holds iff the largest of the numbers v2(|xi|) (resp. v2(|x′i|))
over the positive cycles is v, and then the blocks of level v are the two blocks of each positive cycle
with v2(|xi|) = v, so D(t) = 2

∑
λi over these cycles. Since v2(|xi|) has the law (a(λi) − X)+ by

Lemma 2.3, independently over i and of the rest, the event {t ∈ Q,M(t) = v} has the same joint
law with (σ, ε) as QI ∩ {M = v} in model (b), where the negative cycles have levels at most b0 < v.
Finally, if M(t) < v∗, every positive cycle of length j divisible by 2k0 has v2(|xi|) < a1−1+k0 ≤ a(j),
an event of probability 2−(a(j)−a1+2−k0) ≤ 1

2 ; as the sign is positive with probability 1
2 , each such cycle

contributes a factor at most 3
4 , independently given σ.

For m = 1, GSp2(q) = GL2(q), and the model above is that of Proposition 2.4(a) for n = 2: the
positive cycle gives the split torus {(x, c/x)} and the negative cycle the non-split torus.

3 Two tools from the cycle index
We use two standard facts on random permutations (see [ABT03]). For weights w1, w2, · · · ≥ 0,

∑
m≥0

xm ESm

[ ∏
cycles c

w|c|

]
= exp

(∑
j≥1

wjx
j

j

)
, (4)

equivalently F0 = 1 and mFm =
∑m

j=1wjFm−j for Fm = ESm [
∏

cw|c|]. And if ℓ1, . . . , ℓt ≥ 1, m′ =
m−

∑
i ℓi ≥ 0 and h is a function of the cycle type of a permutation of the remaining m′ points, then

ESm

[ ∑
(c1,...,ct)

1
[
|ci| = ℓi ∀i

]
h(σ|rest)

]
=

ESm′ [h]

ℓ1 · · · ℓt
, (5)

the sum running over ordered t-tuples of distinct cycles: the pairs (permutation, tuple) with comple-
ment in a set E ⊆ Sm′ number m!

ℓ1!···ℓt!m′!

∏
i(ℓi − 1)! |E|.

3.1 The witness formula

Consider a model as in Section 2: given σ, the levels Vi are independent, and P(Vi < v | σ) = αλi
(v),

P(Vi = v | σ) = βλi
(v) depend only on λi. For v ≥ 1 put

Am(v) = [xm] exp
(∑

j

αj(v)x
j

j

)
= ESm

[∏
c

α|c|(v)
]
, Ed(v) = [xd] exp

(∑
j

βj(v)x
j

j

)
.

Proposition 3.1. For every v ≥ 1 and every set I ⊆ {1, . . . , N}, P(M = v, D ∈ I) =∑
d∈I Ed(v)AN−d(v).
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Proof. 1{M = v,D ∈ I} =
∑

T 1[Vi = v (i ∈ T ), Vi < v (i /∈ T )]1[
∑

i∈T λi ∈ I], the sum
over the non-empty sets T of cycles, with disjoint events. Given σ the expectation of a term is∏

i∈T βλi
(v)

∏
i/∈T αλi

(v). Writing each t-set as t! ordered tuples and applying (5) with h =
∏

c α|c|(v)

gives
∑

t≥1
1
t!

∑
ℓ1+···+ℓt∈I

∏
i
βℓi

(v)

ℓi
AN−

∑
ℓi(v), which is the claim by the exponential formula for Ed(v).

Lemma 3.2. Let k ≥ 1 and v = a1−1+k. Call j active if 2k | j, and write j = 2kµ. (a) In the model
of Proposition 2.4(a): αj(v) = βj(v) = 2−(v2(µ)+1) for active j, and αj(v) = 1, βj(v) = 0 otherwise.
(b) In the model of Proposition 2.4(b): αj(v) = 1

2(1 + 2−(v2(µ)+1)) ≤ 3
4 and βj(v) = 2−(v2(µ)+2)

for active j, and αj(v) = 1, βj(v) = 0 otherwise. (c) P(M < a1) ≤ ESN
[2−N1 ] in model (a) and

P(M < a1) ≤ ESN
[(3/4)N1 ] in model (b).

Proof. For a level (a − X)+ and v ≥ 1: V < v iff X ≥ a − v + 1, and V = v iff X = a − v; so
α = β = 2−(a−v+1) if a ≥ v, while α = 1, β = 0 if a < v. At v = a1 − 1 + k the odd lengths and the
negative cycles have a < v by (2), and for even j, a(j)− v+1 = aU (j)− v+1 = v2(j)− k+1, which
is v2(µ) + 1 if 2k | j and at most 0 otherwise. In (b) the two signs are averaged. For (c), at level a1
every even length j has a(j) ≥ a1, so P(Vi < a1) ≤ 1

2 for an even cycle (with positive sign in (b)),
independently given σ.

3.2 Two closed forms

Let Nk be the number of cycles of length divisible by 2k and log+ = max(log, 0).

Lemma 3.3. (a) For u ∈ [0, 1], k ≥ 1, N = bm/2kc and s = (1− u)/2k:

ESm

[
uNk

]
=

N∏
i=1

(
1− s

i

)
≤ (N + 1)−s. (6)

(b) In the model of Proposition 2.4(a), for v = a1 − 1 + k with k ≥ 1,

Am(v) ≥ exp
(
−
2 log 2

(
1 + log+(m/2k)

)
2k

)
. (7)

Proof. (a) By (4) with wj = u for 2k | j and wj = 1 otherwise, and
∑

2k|j x
j/j = −2−k log(1− y) with

y = x2
k , the left side is [xm](1 − x)−1(1 − y)s. As (1 − x)−1 = (1 + x + · · · + x2

k−1)(1 − y)−1, only
one term of the first factor contributes, and the coefficient is [yN ](1− y)s−1 =

∏
i≤N (i− s)/i. Finally

1− s/i ≤ e−s/i and
∑

i≤N 1/i ≥ log(N + 1).
(b) By Lemma 3.2(a),

∏
c α|c|(v) = 2−

∑
i≥0 Nk+i , because v2(µ)+1 = #{i ≥ 0 : 2i | µ}. By Jensen’s

inequality, Am(v) ≥ 2−
∑

i ENk+i , and ENk+i =
∑

j≤m, 2k+i|j 1/j = 2−(k+i)H⌊m/2k+i⌋ ≤ 2−(k+i)(1 +

log+(m/2k)), where HN is the harmonic number (H0 = 0, HN ≤ 1 + logN). Sum over i.

4 Upper and lower bounds

4.1 A level-by-level upper bound

Lemma 4.1. Let σ be uniform in SN , and let Q be an event and M an integer-valued random variable
on a probability space carrying σ. Let c ∈ (0, 1], k0 ∈ {1, 2}, w0 ∈ Z, 0 < θ0 < θ1 < 1 and 0 < θ2 ≤ θ1,
and let I be a set of integers such that θ0N < d ≤ θ1N and N − d ≥ θ2N for all d ∈ I. Assume

(U1) P(M < w0 + k0) ≤ ESN
[(1− c/2)Nk0 ];
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(U2) for every k ≥ k0 and v = w0+k: P(Q,M = v) ≤
∑

d∈I Ed(v)AN−d(v) for weights αj(v), βj(v) ∈
[0, 1] with αj = 1, βj = 0 if 2k ∤ j, and αj ≤ 1− c/2, βj ≤ c 2−(v2(µ)+1) if j = 2kµ.

Put r1 = θ1/θ0, κ = (2 + log(θ1/θ2))/3, b = 1 + cκ/2,

g(z) =
(
1 + log(r1(b+ cz/3))

)
e−cz/6, H(y) = y g(y/2), ΣH =

∑
j≥0

sup
y∈(2j ,2j+1]

H(y).

If g′(0) < 0 and θ2N > 1, then

P(Q) ≤
(
bN/2k0c+ 1

)−c/2k0+1

+
K

log(θ2N)
, K =

c

2
ecκ/2

(
ΣH + 2g(0)

)
. (8)

Proof. P(Q) ≤ P(M < w0 + k0) +
∑

k≥k0
P(Q,M = w0 + k).

(a) By (U1) and (6) with u = 1− c/2, the first term is at most (bN/2k0c+ 1)−c/2k0+1 .
(b) Fix k ≥ k0, v = w0 + k, d ∈ I. As

∏
c α|c|(v) ≤ (1 − c/2)Nk , (6) with s = c/2k+1 and

N − d ≥ θ2N give AN−d(v) ≤ max(1, θ2N/2k)−c/2k+1 , using bxc+ 1 ≥ max(1, x).
(c) If ℓ1 + · · · + ℓt = d ∈ I, then all ℓi ≤ θ1N and the largest exceeds θ0N/t. Summing over the

position of a largest entry,∑
d∈I

Ed(v) ≤
∑
t≥1

t ρ(t)γt−1

t!
=

∑
u≥0

ρ(u+ 1)γu

u!
, ρ(t) =

∑
θ0N/t<ℓ≤θ1N

βℓ
ℓ
, γ =

∑
ℓ≤θ1N

βℓ
ℓ
.

Write ℓ = 2kµ. With βℓ ≤ c/2 and L′ = θ0N/(t2k), ρ(t) ≤ c
2k+1

∑
µ∈(L′, r1tL′]

1
µ ≤ c

2k+1 (1 + log(r1t)):
if L′ ≥ 1, the first term of the sum is at most 1 and the others are at most

∫ r1tL′

⌈L′⌉ dx/x ≤ log(r1t); if
L′ < 1, the sum is empty or at most 1 + log(r1tL

′). Next, grouping µ = 2io with o odd and using∑
o odd≤Y 1/o ≤ 1 + 1

2 log Y for Y ≥ 1 (since 1/o ≤ 1
2

∫ o
o−2 dx/x for o ≥ 3),

γ ≤ c

2k

∑
µ≤N0

2−(v2(µ)+1)

µ
≤ c

2k

∑
i≥0

2−(2i+1)
(
1 +

logN0

2

)
≤ γ̄k :=

c (2 + log+(θ1N/2k))

3 · 2k
,

with N0 = bθ1N/2kc (γ = 0 if N0 = 0). Hence, with Y a Poisson variable of mean γ and Jensen’s
inequality for log,∑

d∈I
Ed(v) ≤

c

2k+1
eγ E

[
1 + log(r1(Y + 1))

]
≤ c

2k+1
eγ̄k

(
1 + log(r1(1 + γ̄k))

)
.

(d) Let L = log(θ2N) > 0 and zk = max(0, L−k log 2)/2k. Then max(1, θ2N/2k)−c/2k+1
= e−czk/2,

and since log+(θ1N/2k) ≤ log(θ1/θ2) + 2kzk, we have γ̄k ≤ cκ/2k + czk/3 ≤ cκ/2 + czk/3. By (U2),
(b) and (c),

P(Q,M = w0 + k) ≤ Tk :=
c

2
ecκ/2 2−kg(zk) (k ≥ k0).

The function g′(z)ecz/6 = c/3
b+cz/3 − c

6

(
1 + log(r1(b+ cz/3))

)
is decreasing, so g′(0) < 0 implies that g

is decreasing on [0,∞). For the k with 2k ≥ L we use g(zk) ≤ g(0) and
∑

2k≥L 2−k ≤ 2/L. For the
k ≥ 1 with 2k < L we have L − k log 2 > L − logL ≥ L/2, so zk ≥ yk/2 with yk = L/2k > 1, and
2−kg(zk) ≤ 2−kg(yk/2) = H(yk)/L; these yk form a geometric progression of ratio 2 whose smallest
term lies in (1, 2], so each interval (2j , 2j+1] contains at most one of them. Hence

∑
k≥k0

Tk ≤ K/L.

The function logH is concave, since d
dy logH(y) = 1

y+
c/6

(b+cy/6)(1+log(r1(b+cy/6)))−
c
12 is decreasing; so

each supremum in ΣH is attained at an endpoint or at the mode of H, and ΣH is a finite computation
(the terms with j ≥ 60 are below 10−300). The values used below are (Section 7):
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c, (θ0, θ1, θ2) used for ΣH g(0), g′(0) K

1, (13 ,
2
3 ,

1
3) GLn, GUn 57.63 2.064, −0.114 48.37

1
2 , (13 ,

2
3 ,

1
3) Sp2m, SO±

2m, GSp2m, GO±
2m(q)0 116.04 1.896, −0.022 37.50

1
2 , (13 ,

3
4 ,

1
4) SO2m+1, GO2m+1 121.41 2.041, −0.038 40.62

4.2 Proof of Theorem 1.1

Upper bound. By Proposition 2.4(a), Proposition 3.1 and Lemma 3.2(a), (c), the hypotheses of
Lemma 4.1 hold with N = n, c = 1, k0 = 1, w0 = a1 − 1, I = I(n) and (θ0, θ1, θ2) = (13 ,

2
3 ,

1
3).

So for n ≥ 4

P (G) ≤ (bn/2c+ 1)−1/4 +
48.38

log(n/3)
.

For n ≥ 9 we have log(n/3) ≥ 1
2 log n, and (bn/2c+ 1)−1/4 log n ≤ (n/2)−1/4 log n ≤ 4 · 21/4/e < 1.75,

so P (G) < (1.75 + 96.76)/ log n < 100/ log n. For 2 ≤ n ≤ 8, 100/ log n > 1 ≥ P (G).
Lower bound. Let n ≥ 100, k = dlog2 log ne (so log n ≤ 2k < 2 log n) and v = a1 − 1 + k. By

Proposition 3.1, keeping only the terms t = 1 of Ed(v), P (G) ≥
∑

d∈I(n)
βd(v)
d An−d(v). We keep the

d = 2kµ with µ odd, for which βd(v) = 1
2 by Lemma 3.2(a); then d ∈ I(n) iff µ ∈ (R, 2R] with

R = n/(3 · 2k). By (7) with n− d ≤ n and 2k ≥ log n,

An−d(v) ≥ exp
(
−2 log 2 · 1 + log n− log log n

log n

)
≥ 2−2(1+1/ logn) ≥ 2−2.44 >

1

8
.

The interval (R, 2R] contains at least R/2 − 1 odd integers, each with 1/µ ≥ 1/(2R), and R ≥
n/(6 log n) ≥ 3.6, so

∑
µ 1/µ ≥ 1

4 − 1
2R ≥ 0.111. Hence P (G) ≥ 1

2 · 1
8 · 2−k · 0.111 ≥ 0.111

32 logn > 1
300 log n .

The same holds for GUn(q).
These witnesses are those of [LNP09, Section 5], one cycle of length 2kµ in the middle third; the

better constant comes from (7), which allows other active cycles of lower level.

4.3 Proof of Theorem 1.2

For Sp2m(q) and SO2m+1(q), Proposition 2.4(b), Proposition 3.1 and Lemma 3.2(b), (c) give the
hypotheses of Lemma 4.1 with N = m, c = 1

2 , k0 = 1, w0 = a1 − 1 and (θ0, θ1, θ2) = (13 ,
2
3 ,

1
3)

for I1; for I2 and m ≥ 4, every d ∈ I2 has d > (2m + 1)/6 > m/3, d ≤ (2m + 1)/3 ≤ 3m/4
and m − d ≥ (m − 1)/3 ≥ m/4, so (θ0, θ1, θ2) = (13 ,

3
4 ,

1
4). For SOε

2m(q), Proposition 2.4(c) gives
P ≤ 2P(QI1) in the model of Sp2m(q). For GSp2m(q) and GO2m+1(q), Lemma 2.5 gives (U1) with
w0 = a1 − 1, w0 + k0 = v∗, and (U2) at the levels v ≥ v∗ with the weights of Lemma 3.2(b), where
k0 = 2 for GSp2m and k0 = 1 for GO2m+1. For GOε

2m(q)0 the tori of a given signed type are those of
GSp2m(q), so P (X) ≤ 2PY (t ∈ Q), where PY is the experiment of Y = GSp2m(q).

Let f = 2 for SO±
2m and GO±

2m(q)0 and f = 1 otherwise, and ρ = 6 for n = 2m, ρ = 9 for
n = 2m + 1. Then θ2N = n/6 for n = 2m, θ2N = (n − 1)/8 ≥ n/9 for n = 2m + 1 ≥ 9, and
bN/2k0c+ 1 > (n− 1)/2k0+1 ≥ n/(3 · 2k0) for n ≥ 3. So (8) gives, for n > ρ (and n ≥ 9 if n is odd),

P (X) log n ≤ M(n) := f
[( n

3 · 2k0
)−c/2k0+1

+
K

log(n/ρ)

]
log n.

Both terms of M decrease in n once log n > 2k0+1/c (at most 16) and n > ρ, because d
dL(e

−sLL) =
e−sL(1 − sL) and L/(L − log ρ) decreases. Let C = 45 (f = 1) or C = 80 (f = 2). If log n < C,
then P (X) ≤ 1 < C/ log n; if log n ≥ C, then P (X) log n ≤ M(eC), and M(e45) = 39.25 (Sp), 42.21
(GSp), 42.90 (SO2m+1, GO2m+1), M(e80) = 76.72 (SO±), 77.97 (GO±(q)0), all below C.

The same computation with c = 1 gives the constant 50 in place of 100 in Theorem 1.1.
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5 Groups between S and X

Proof of Corollary 1.3. If H ≤ Y act on the same natural module, then |g| and FixV (g
|g|/2) do not

depend on whether g is viewed in H or in Y , so Q(H) = Q(Y ) ∩H and P (H) ≤ [Y : H]P (Y ). Take
Y = X. The indices are [GLn(q) : SLn(q)] = q−1, [GUn(q) : SUn(q)] = q+1, [GSp2m(q) : Sp2m(q)] =
q − 1 (the similitude diag(1, . . . , 1, w, . . . , w) has multiplier w), [GO2m+1(q) : SO2m+1(q)] = q − 1
(Section 2), and [GO±

2m(q)0 : SO±
2m(q)] = q− 1: the kernel of the multiplier on GO0

2m is the connected
group SO2m, so by Lang’s theorem the multiplier maps GO±

2m(q)0 onto F×
q , with kernel SO±

2m(q). So
[X : H] ≤ q + 1, and CX ≤ 100 gives the upper bound. The lower bound is [LNP09, Theorem 1.1],
which is stated for exactly these H. (In the orthogonal case the proof of [LNP09, Lemma 4.4], in the
version we read, works with a group containing the full orthogonal group, larger than GO±

2m(q)0; the
bound then holds a fortiori for the groups between S and GO±

2m(q)0.) Finally [SO : Ω] = 2 in odd
characteristic, and Y = SO gives the last statement.

No lower bound is claimed for H = Ω, which lies below S in [LNP09, Table 1], and the full
orthogonal groups O±

2m(q) are not covered: they are the groups of points of the disconnected group
O2m, and Proposition 2.2 is not available for them.

6 The asymptotic value

6.1 The function Φ

Proof of Theorem 1.4(a). Let f(t) = log 2
3 2te−2t/3. The series

∑
k f(u − k) converges uniformly on

compact sets with all derivatives, so Φ is smooth and 1-periodic, and cj =
∫ 1
0 Φ(u)e−2πijudu =∫

R f(t)e−2πijtdt. With y = 2t this is 1
3

∫∞
0 e−y/3y−iτjdy = 3−iτjΓ(1 − iτj); in particular c0 = 1.

Since Γ has no zeros, cj 6= 0, and |cj |2 = πτj/ sinh(πτj). As Φ is smooth, its Fourier series converges
absolutely, so |Φ(u)−1| ≤ 2

∑
j≥1 |cj |. Since πτj = 2π2j/ log 2 > 28j, |cj |2 = 2πτje

−πτj/(1−e−2πτj ) <

2.0001πτje
−πτj ; with |c1| = 4.9422 · 10−6 and |c2| = 4.58 · 10−12 from the formula, this bound gives∑

j≥2 |cj | < 5 · 10−12, so 2
∑

j≥1 |cj | = 9.8845 · 10−6.

6.2 Proof of Theorem 1.4(b) for GLn(q) and GUn(q)

Let L = log n, ω = logL, yk = L/2k and vk = a1 − 1 + k for k ∈ Z, and Cv = P(M = v,D ∈ I(n)) =∑
d∈I(n)Ed(v)An−d(v), so that P (G) =

∑
v<a1

Cv +
∑

k≥1Cvk . Let K = {k ≥ 1 : yk ≤ ω, 2k ≤
√
n}.

Below, O(·), o(·) and “for n large” are uniform in q: by Lemma 3.2(a) the weights at the levels vk,
k ≥ 1, do not depend on q.

Step 1: the levels outside K. We use the proof of Lemma 4.1 with the parameters of Theorem 1.1,
where cκ/2 = c0 := (2+ log 2)/6. First,

∑
v<a1

Cv ≤ (bn/2c+1)−1/4. Second, Cvk ≤ Tk ≤ ec0
2 2−kg(0)

for every k ≥ 1, so
∑

2k>
√
nCvk ≤ ec0g(0)n−1/2. Third, if yk > ω then 2k < L/ω < L′ := log(n/3)

for n large, so k belongs to the second group of part (d) of that proof (with L′ in place of L), and
Tk ≤ ec0

2L′H(y′k) with y′k = L′/2k > ω/2; as the y′k lie in distinct dyadic intervals,
∑

yk>ω Cvk ≤
ec0
2L′

∑
j: 2j+1>ω/2 sup(2j ,2j+1]H, a tail of the convergent series ΣH divided by 2L′. Hence LP (G) =

L
∑

k∈K Cvk + o(1).
Two facts. (P) If bj ≥ 0 and F (x) =

∑
j≤J bjx

j/j, then eF (x)−F (1) is the generating function
of W =

∑
j jZj with independent Zj ∼ Poisson(bj/j), so by Markov’s inequality

∑
r>r0

[xr]eF =

eF (1)P(W > r0) ≤ eF (1)F ′(1)/r0; and |[xr]e−F | ≤ [xr]eF for all r, by expanding both exponentials.
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(H) For integers M ≥ 1 and reals Y ≥ 4,∣∣∣∑
µ≤M

1− 2−v2(µ)

µ
− logM

3

∣∣∣ ≤ 2,
∣∣∣ ∑
µ∈(Y,2Y ]

2−(v2(µ)+1)

µ
− log 2

3

∣∣∣ ≤ 5

Y
. (9)

For the proof let O(Z) =
∑

o odd≤Z 1/o and O′(Z) =
∑

o odd∈(Z,2Z] 1/o. Comparing 1/o with 1
2

∫ o+2
o

and 1
2

∫ o
o−2 of dt/t gives 1

2 logZ ≤ O(Z) ≤ 1+ 1
2 logZ for Z ≥ 1; and 0 ≤ 1

2 log
o+1
o−1 −

1
o ≤ 1

2o3
for o ≥ 3,

with the end pieces of
⋃

o[o− 1, o+ 1] against [Z, 2Z], gives |O′(Z)− 1
2 log 2| ≤ 3/Z for Z ≥ 2, while

0 ≤ O′(Z) ≤ 2 always. Group µ = 2eo with o odd. The first sum is
∑

e(2
−e − 4−e)O(M/2e), and

|O(M/2e)− 1
2 logM | ≤ 1+ e

2 log 2 for every e (if 2e > M the sum is empty); as
∑

e(2
−e−4−e) = 2

3 and∑
e e(2

−e − 4−e) = 14
9 , the error is at most 2

3 + 7
9 log 2 < 2. The second sum is

∑
e 2

−(2e+1)O′(Y/2e),
with

∑
e 2

−(2e+1) = 2
3 ; the terms with Y/2e ≥ 2 contribute an error at most

∑
e 2

−(2e+1)3·2e/Y ≤ 3/Y ,
and those with 2e > Y/2 at most 2 · 2

3(2/Y )2 ≤ 4
3Y

−1.
Step 2: the levels in K. We show that there are εn → 0, independent of q and k, with∣∣∣Cvk −

log 2

3
2−ke−yk/3

∣∣∣ ≤ 2−kεn (k ∈ K). (10)

Fix k ∈ K, v = vk, y = yk, with the weights of Lemma 3.2(a). Then 2−k = y/L ≤ ω/L, 2k ≤
√
n,

R := n/(3 · 2k) ≥
√
n/3 and ey/3 ≤ L1/3. Let h = bn/L3c and R0 = hL ≤ n/L2; for n large,

1 + log(n/h) ≤ 4 logL.
Decomposition. Let B(x) =

∑
j≤n βjx

j/j, the series cut off at degree n (this does not change Ed(v)

for d ≤ n), and write B = Bs+Bb, where Bs collects the terms with j ≤ h. Then eB = eBs(1+Bb+R)
with R = eBb − 1−Bb, which has non-negative coefficients. By the computation of γ in the proof of
Lemma 4.1 and the counting used there for ρ,

Bs(1) ≤ B(1) ≤ 2 + L

3 · 2k
≤ y

3
+ 1, B′

s(1) ≤
h

2k+1
,

Bb(1) ≤
1 + log(n/h)

2k+1
≤ 3 logL

2k
, R(1) ≤ Bb(1)

2

2
eBb(1).

Accordingly Cv = X1 +X2 +X3, where X1, X2, X3 are
∑

d∈I(n)An−d(v) times the coefficient of xd

in eBs , Bbe
Bs , ReBs . As 0 ≤ Am ≤ 1, (P) gives

X1 ≤
∑

d>n/3

[xd]eBs ≤ eBs(1)B
′
s(1)

n/3
≤ 3

2
2−key/3+1L−3, X3 ≤ R(1)eBs(1) ≤ 9

2
2−k y log2 L

L
ey/3+2,

using 2−k = y/L and Bb(1) ≤ 1 for n large. With esr = [xr]eBs ,

X2 =
∑
ℓ>h

βℓ
ℓ

∑
r≥0: ℓ+r∈I(n)

esrAn−ℓ−r(v).

Put GN ′ =
∑N ′

r=0 e
s
rAN ′−r(v) and τ =

∑
r>R0

esr ≤ eBs(1)B′
s(1)/R0 ≤ 2−key/3+1/(2L). Split the sum

over ℓ > h. (a) For ℓ ∈ I◦ = (n/3, 2n/3−R0] every r ≤ R0 has ℓ+ r ∈ I(n), so the inner sum lies in
[Gn−ℓ − τ,Gn−ℓ]. (b) For h < ℓ ≤ n/3 − R0 only r > R0 occur, so the inner sum is at most τ , and∑

βℓ/ℓ ≤ B(1) ≤ y/3 + 1. (c) For ℓ in W = (n/3− R0, n/3] ∪ (2n/3− R0, 2n/3] the inner sum is at
most eBs(1), and the active ℓ ∈ W number at most 2(R0/2

k +1), each with βℓ/ℓ ≤ 1
2 ·

4
n , so their sum

is at most 5 · 2−kL−2 for n large (as R0 ≤ n/L2 and 2k ≤
√
n). (d) For ℓ > 2n/3 there is no term.

With S◦ =
∑

ℓ∈I◦ βℓ/ℓ,∣∣∣X2 −
∑
ℓ∈I◦

βℓ
ℓ
Gn−ℓ

∣∣∣ ≤ (S◦ + y/3 + 1)τ + 5 · 2−kL−2ey/3+1.
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The active ℓ ∈ I(n) are the 2kµ with µ ∈ (R, 2R], so by (9) and (c), |S◦− log 2
3 2−k| ≤ 2−k(5/R+5L−2).

The factor GN ′ for n/3 ≤ N ′ < 2n/3. By (4), GN ′ = ESN′ [
∏

c w̃|c|] with w̃j = αj + βj1[j ≤ h],
that is, w̃j = 1 for inactive j, w̃j = 2−v2(j/2k) for active j ≤ h, and w̃j = αj ∈ [0, 1] for active j > h.
Let ĜN ′ be the same expectation with w̃j replaced by 1 for j > h. Then ĜN ′ −π ≤ GN ′ ≤ ĜN ′ , where
π, the probability that some active cycle is longer than h, is at most

∑
h<j≤N ′, 2k|j 1/j ≤ 4 · 2−k logL.

By (4), ĜN ′ = [xN
′
](1− x)−1e−Q(x) =

∑
i≤N ′ [xi]e−Q with Q(x) =

∑
j≤h active(1− 2−v2(j/2k))xj/j, so

by (P), with Λ = Q(1),

∣∣ĜN ′ − e−Λ
∣∣ ≤ ∑

i>N ′

[xi]eQ ≤ eΛ
Q′(1)

N ′ ≤ eΛ
3h

2kn
≤ 3 · 2−keΛL−3.

By (9), Λ = 2−k
∑

µ≤h/2k(1 − 2−v2(µ))/µ = 2−k(13 log(h/2
k) + θ) with |θ| ≤ 3, and log(h/2k) =

L−4 logL+log y+θ′ with θ′ ∈ [− log 2, 0]. Hence |Λ−y/3| ≤ y
L(

4
3 logL+ 1

3 | log y|+4) ≤ 3 log2 L/L for
n large, because y ≤ ω and y| log y| ≤ max(1/e, ω logω). In particular Λ ≤ y/3+1 and |e−Λ−e−y/3| ≤
|Λ− y/3|.

Conclusion of Step 2. Write
∑

ℓ∈I◦
βℓ
ℓ Gn−ℓ = S◦e−y/3 +

∑
ℓ∈I◦

βℓ
ℓ (Gn−ℓ − e−y/3). Then |Cv −

log 2
3 2−ke−y/3| is at most 2−k times the sum of the following quantities, each of which tends to 0

uniformly in k ∈ K and in q (recall y ≤ ω = logL, ey/3 ≤ L1/3, 2−k ≤ ω/L, R ≥
√
n/3, S◦ ≤ 2−k for

n large): X1/2
−k ≤ 3

2eL
1/3−3; X3/2

−k ≤ 9
2e

2L1/3−1 log3 L; the terms with τ , at most (ω/3+2)eL1/3−1;
the windows, 5eL1/3−2; 5/R + 5L−2; and supN ′ |GN ′ − e−y/3| ≤ π + 3 · 2−key/3+1L−3 + 3 log2 L/L.
This proves (10) with εn = O(L−2/3 log3 L).

Step 3: summation. Since
∑

k∈K 2−k ≤ 2 · 2−minK ≤ 2ω/L, (10) gives L
∑

k∈K Cvk =
log 2
3

∑
k∈K yke

−yk/3 + O(ωεn). Now Φ(log2 L) = log 2
3

∑
k∈Z yke

−yk/3. The terms with k /∈ K
are those with yk > ω (which include all k ≤ 0), forming a geometric progression of ratio 2 with small-
est term in (ω, 2ω], on which ye−y/3 decreases, so that their sum is at most

∑
i≥0 2

i+1ωe−2iω/3 → 0;
and those with 2k >

√
n, whose sum is at most 2L/

√
n. With Step 1, LP (G) = Φ(log2 L) + o(1). For

GUn(q) the proof is the same, because Lemma 3.2(a), (c) hold for aU .

6.3 The other families

(a) Sp2m(q) and SO2m+1(q). Here N = m; put Lm = logm, ω = logLm, yk = Lm/2k, K = {k ≥ 1 :
yk ≤ ω, 2k ≤

√
m}, and use the model of Proposition 2.4(b) with the weights of Lemma 3.2(b). Step

1 is the same, with the parameters of Theorem 1.2 (the low levels contribute at most (bm/2c+1)−1/8).
In Step 2 every bound used still holds (βj ≤ 1

2 , w̃j ∈ [0, 1], (P)), and two quantities are halved: for
active j = 2kµ, βj = 2−(v2(µ)+2) and 1− w̃j =

1
2(1−2−v2(µ)), so S◦ = log 2

6 2−k+2−kO(1/R+L−2
m ) and

Λ = y/6+O(log2 Lm/Lm). For I2 the proof is run with I2 in place of I1. Since I2\I1 consists of at most
the integer ℓ∗ = (2m+1)/3, the sum

∑
ℓ∈I βℓ/ℓ changes by at most βℓ∗/ℓ∗ ≤ 1

4 ·
3
2m = 3

8m ≤ 2−k 3
8m

−1/2

(as 2k ≤
√
m), which is 2−ko(1); and N ′ = m − ℓ ≥ (m − 1)/3 in the bound for ĜN ′ . Hence

LmP = log 2
6

∑
k yke

−yk/6+o(1) = log 2
3

∑
k yk+1e

−yk+1/3+o(1) = Φ(log2 Lm)+o(1). As Lm/ log n → 1,
log2 log n− log2 Lm → 0 and Φ is bounded and uniformly continuous, (log n)P = Φ(log2 log n) + o(1).

(b) SOε
2m(q). By Proposition 2.4(c), P = 2E[1Q1{ν ≡ ε}] in the model of (a) with I1. Let

Qlow = Q∩{M < a1} and Qk = Q∩{M = vk}. First, 2P(Qlow) ≤ 2(bm/2c+1)−1/8 = o(1/Lm). For
k ≥ 1 the cycles of odd length have levels at most max(a0, b0) < a1 by (2), so Qk is determined by σ
and by the signs and levels of the cycles of even length. Given these, if σ has a cycle of odd length,
the parity of ν is a fair coin. Hence |2E[1Qk

1{ν ≡ ε}] − P(Qk)| ≤ P(Qk ∩ {no odd cycle}), and the
sum over k of these errors is at most PSm(no odd cycle) = [xm](1− x2)−1/2 =

(
m

m/2

)
2−m ≤ m−1/2 for

even m (and 0 for odd m). So P = P(Q) + o(1/Lm), and (a) applies.
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family, q N = 102 103 104 105 106 107

GL, q = 3 ( = GU, q = 5) 0.8877 1.0152 1.0624 1.0870 1.0986 1.1033
GL, q = 5 ( = GU, q = 3) 0.8988 1.0326 1.0779 1.0984 1.1061 1.1079
Sp, q = 3 and 5 0.9456 1.0482 1.0856 1.1015 1.1071 1.1077
SO2m+1, q = 3 and 5 0.9601 1.0494 1.0857 1.1015 1.1071 —
SO+

2m, q = 3 0.9421 1.0478 1.0855 1.1015 1.1071 1.1077
SO−

2m, q = 3 0.9491 1.0487 1.0856 1.1015 1.1071 —

Table 1: Values of (log n)P (X), with N = n for GL, GU and N = m otherwise, from the witness
formula in floating point. The coincidences GL(q) ↔ GU(q′) for v2(q−1) = v2(q

′+1) and v2(q+1) =
v2(q

′ − 1) follow from (2), and those between q = 3 and q = 5 for Sp and SO2m+1 from the symmetry
of the signs (exchanging a0 and b0 exchanges the levels of the positive and the negative cycles of odd
length). These values are evidence only.

(c) The groups of similitudes. For GSp2m(q), Lemma 2.5 shows that the levels v ≥ a1 + 1
contribute exactly the Cvk , k ≥ 2, of the model of (a), and the lower levels at most E[(3/4)N2 ] ≤
(bm/4c+1)−1/16 = o(1/Lm); the level v1 = a1 of the model of (a) has y1 = Lm/2 > ω and contributes
o(1/Lm) by Step 1. So P (GSp2m(q)) = P (Sp2m(q)) + o(1/Lm). For GOε

2m(q)0 the same comparison
holds with the factor 2 and the parity restriction on both sides, and these are removed as in (b). For
GO2m+1(q) the levels v ≥ a1 coincide with those of SO2m+1(q), and the lower ones contribute at most
(bm/2c+ 1)−1/8. All bounds are uniform in q.

7 Computations and reproducibility
No proof in this note depends on a computation, except the finite evaluations of the explicit constants
ΣH , g(0), g′(0), K and M(eC) in Section 4, and of

∑
j |cj |, which is used only for the numerical

bound in Theorem 1.4(a). The other computations test the torus model against the groups and
produce Table 1. The reproducibility package has four parts.

The exact program of this note (check_note.py, standard library, about 20 seconds) recomputes
the constants of Section 4 (the dyadic suprema of H also by dense sampling), the majorants M(eC),
the constants of the lower bound, the range and Fourier coefficients of Φ, and (9) on a finite range.
In exact arithmetic it checks (2), Lemma 2.3, (6), the sum of Proposition 2.4 over (signed) cycle
types against the witness formula, level by level (130 cases), and the level identities of Lemma 2.5
in a model built from the 2-parts of all eigenvalues (40 cases). In floating point it checks Cv ≤ Tk

for every level and the lower bound of Theorem 1.1 for GLn(q), n ∈ {100, 1000}. It computes P (G)
by brute force for 29 groups, among them Sp4(3), SO5(3), GSp4(3), GO5(3) and GO±

4 (5)
0, with the

order of the generated group compared with the order formula, and compares the model with all 35
brute-force values recorded in the package; all agree.

The programs with which the results were first obtained (original/): exact evaluations of (1),
brute force over 16 groups, the witness formula in floating point (programs in C) for Table 1, and
the constants. The programs of the second verification run (verification_run_B/): its brute force,
which includes GO5(3) (|GO5(3)| = 103680, P (GO5(3)) = 21/64), and its enumeration of semisimple
classes described below, with their recorded outputs. The programs of the third verification run
(independent_run_2/), described below, with their recorded outputs.

For n = 1000, Table 1 gives P (GL1000(3)) = 0.1470, in line with the sampled proportions of
about 15% in dimension 1000 reported in [LNP09]. The values near 1.10 at N = 106–107, about
10% above the mean 1 of Φ, reflect the slow convergence in Theorem 1.4; the level-by-level ratios
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Cvk/(
log 2
3 2−ke−yk/3) for GL106(3) are 1.16, 1.18, 1.13, 1.08, 1.05, 1.03, 1.02, 1.01 for k = 1, . . . , 8. We

do not claim any rate of convergence.

Verification. The results were first obtained with written proofs and the programs in original/.
Two independent verification runs, both AI-assisted, examined this first written version; each re-
derived the proofs line by line and wrote its own programs, and neither read the other’s report.
Neither found an error in a statement.

The first run compared every statement quoted from [LNP09] with the authors’ preprint and
[NPP14, Theorem 2.2] with its arXiv text, recomputed all constants of Section 4 and the range of
Φ, and computed P (X) by its own brute force over 15 groups (orders checked against the order
formula), by its own exact torus model, including an independently derived model for the groups of
similitudes, and by its own witness recursion, which reproduces Table 1 for N ≤ 104. The second run
wrote a brute force over 35 groups with the orders checked, which includes GO5(3), the one group
whose brute force had not been finished in the first computations; an exact method that does not use
(1), the enumeration of semisimple classes with Steinberg’s count of the unipotent elements of their
centralisers [Car85], which agrees with its own implementation of the torus model at all 326 values
compared (GLn(q) and GUn(q) for n ≤ 16 to 22, the symplectic and orthogonal groups for m ≤ 10,
q ≤ 17); the values of Table 1 by class enumeration for N ≤ 104, and for GL at N = 105; and a Monte
Carlo simulation of the model at N = 105, 106, 107, which agrees with Table 1 within 2.2 standard
errors (about ±0.0015). It re-ran the programs of original/ for the constants, the exact sums and
Table 1, and reproduced their recorded outputs.

The brute-force values used in this note come from runs in which the order of the generated group
was compared with the order formula: automatically in all three verification runs, in check_note.py
and in the second brute-force run of original/, and through the printed orders in its first run, of
which one line (a proper subgroup of order 192 of SO+

4 (3)) was discarded. The corrections required by
the first two runs were made: the bound in Section 6.3(a) for I2; the cut-off of the series B in Step 2;
the reading of [DPS18] (see “Scope and priority”); the remark on [LNP09, Lemma 4.4] in Section 5;
the bibliographic data; the record of the order checks; and the constant 9

2 for X3.
A third verification run, also AI-assisted, examined the written note. It checked first the parts

written or changed when the note was written: Lemma 4.1 and the derivation of Theorems 1.1
and 1.2 from it, the bound for I2 in Section 6.3(a), the cut-off of B and the bound on π in Step 2, the
inequalities (9), the bound by 2

∑
j |cj |, Lemma 2.5 with the hypotheses (U1), (U2) for each family,

Corollary 1.3 with the remark on [LNP09, Lemma 4.4], and Steps 1–3 of Section 6; then it re-derived
all other proofs line by line. It compared the quoted statements with [EHHO11], with the preprint of
[LNP09], with the arXiv text of [NPP14] and with the publisher’s version of [DPS18], re-checked the
references in Crossref and repeated the literature search. Its own programs computed the constants of
Section 4 with 50 digits (the suprema of H from its mode and by dense sampling), Φ and its Fourier
coefficients, and (9) for M ≤ 2 · 106 and 4 ≤ Y ≤ 2 · 105; a brute force over 26 groups with the orders
checked, among them GU3(3), GO3(5), GO5(3) and GO±

4 (5)
0; an exact torus model in which the tori

of the groups of similitudes are built from the 2-parts of their elements, without the level identities
of Lemma 2.5, which agrees with all 26 brute-force values and with the 63 exact values of original/
that it also computed; and the witness formula in floating point, with the weights computed from the
valuations, which agrees with the exact model for small N , reproduces Table 1 to all printed digits
for N ≤ 106 and the entry for GL, q = 3, at N = 107, confirms Cv ≤ Tk at every level in the cases it
computed, and gives the level ratios quoted above. It re-ran check_note.py, the constant programs
and the grid of fastcl.c from the archive and reproduced their recorded outputs. It found no error
in a theorem, proposition, lemma or proof. The eight corrections it required were made: the scope
statements for SLn(q) and SUn(q), for which only the order of magnitude is proved; the statement
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on [DPS18]; the condition in the caption of Table 1; the last of the level ratios above (printed as 1.00
before); an explicit bound for the tail of

∑
j |cj |; the description of the Frobenius action for GUn(q);

the reference to [GP12, Theorem 1.2]; and this record.

Scope and priority. The note answers the second part of the question of [EHHO11, pp. 2154–2155],
the order Θ(1/ log n), for every group H with S ≤ H ≤ X in a line of [LNP09, Table 1] (Theorems 1.1
and 1.2, Corollary 1.3), and the first part, the asymptotic value, for the groups of Theorems 1.1
and 1.2: all groups X, and the groups S of the symplectic and orthogonal lines (Theorem 1.4). Its
limits: the full orthogonal groups O±

2m(q) are not covered; for SLn(q), SUn(q) and for S < H < X only
the order of magnitude is proved, with an upper constant carrying the index, and Theorem 1.4 is not
claimed for these groups; for Ω only the upper bound is proved; the constants are not optimised and
no rate of convergence is given; even q is outside the question. The question is due to Praeger, jointly
with Lübeck and Niemeyer [EHHO11]. The lower bound, the list of groups and the description of
the tori and of their involutions are from [LNP09]; the torus formula is the theorem of Niemeyer and
Praeger on quokka sets [NP10, Theorem 1.3], used in the form of [LNP09, Lemma 2.3] and [NPP14,
Theorem 2.2]; the facts (4) and (5) are standard [ABT03]; the classes of the Weyl groups [Car72] and
the correspondence between classes of tori and F -classes [Car85] are used as in [LNP09]. The range
of 2-parts that carries the main term of Theorem 1.4 is the one of [GP12, Theorem 1.2].

What was read: the problem session of [EHHO11], in a text extraction of the report; [LNP09]
completely, in the authors’ preprint of 20 May 2008 (the publisher’s file refused automated access,
and the journal version was not compared); [NPP14], [GP12], [GPRD20] and [NP14] in their arXiv
versions; [DPS18] completely, in the publisher’s version. Seen only through their metadata, abstracts
or restatements: [NP10], through the restatements in [LNP09, NPP14]; [NPP10]; [PS12] and the
survey [NPS13], through their abstracts; [Car72, Car85], as cited in [LNP09]. The main result of
[DPS18], [DPS18, Theorem 1.1], is a lower bound for a different event: for a strong involution t in
GLn(q) and a uniform g ∈ GLn(q), the restriction of the involution z(g) of 〈ttg〉 to an eigenspace of
t is a strong involution with probability at least κ/ log n for n ≥ n0, where one can take n0 = 700
and κ = 0.0002 [DPS18, Remark 1.2]. The proportion |Q|/|G| occurs there only through the lower
bound of [LNP09, Theorem 1.1] ([DPS18, Section 1.1]); [DPS18] contains no upper bound and no
asymptotic value for it.

The searches were made on 18 and 19 October 2026: arXiv (strong involutions; proportions of
elements powering to involutions in classical groups; the authors of the question; quokka sets and
maximal tori), the lists of citing works in OpenAlex (24 works citing [LNP09], 18 citing [NP10], 10
citing [NPP10]), Semantic Scholar (in part refused), zbMATH, Crossref, and web searches (one in
the first work, three by the second verification run and one by the third); the third run repeated the
queries to arXiv, OpenAlex (also the 2 works citing [DPS18]), zbMATH and Crossref. No printed
answer to the question was found in these sources: [LNP09] states that its method gives no upper
bound, and the citing works, by title and available abstract, concern recognition algorithms, other
proportions, or lower bounds for other events, such as [GP12, DPS18, GPRD20]. A search that finds
nothing is not a proof of novelty, and no priority is claimed.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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