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Abstract

Problem 4.124 of the K3 problem list asks whether a hyperbolic integer homology 4-sphere
exists, whether an arithmetic one exists, and more generally whether there is a closed hyperbolic
4-manifold with Euler characteristic 2. By a theorem of Belolipetsky, an orientable arithmetic
example would be the quotient of H* by a torsion-free subgroup of index 28800 of the Coxeter
group W = [5, 3, 3, 3] that lies in the rotation subgroup of W. We prove, with computer assistance,
that W has no torsion-free subgroup of index 14400. This answers a question that goes back to a
remark of Davis from 1985, who thought such a subgroup quite possible. Equivalently: no facet
pairing of a single compact regular hyperbolic 120-cell with dihedral angle 27/3 gives a closed
hyperbolic 4-manifold; every torsion-free subgroup of finite index of W has index 14400 m with
m > 2 (Conder and Maclachlan found one with m = 8); and no closed manifold that covers
the orbifold H*/W has Euler characteristic 1. The proof reduces the question, with complete
proofs, to the enumeration of certain involutions of the 14400 flags of the 120-cell. It then rests on
two exhaustive enumerations, made by two separately written programs with different symmetry
reductions and different pruning rules; both find nothing. No complete gluing was reached in either
enumeration, so the result depends on every pruning rule being a necessary condition. We prove
this for each of the 13 rules of the first program and each of the 14 rules of the second, and we
report controls, mutation tests and partial re-enumerations with a third program. The theorem
decides none of the three questions of Problem 4.124. It excludes only those subgroups of index
28800 that correspond to double covers of one-cell manifolds; the case of index 28800 itself is out
of reach of our programs, and the problem stays open. This is an unrefereed note.

1 Introduction

1.1 The problem and what is known

Problem 4.124 of the list K3: A New Problem List in Low-Dimensional Topology [BKR26], proposed
by A. Reid, begins: “Does there exist a hyperbolic integer homology four-sphere? What about an
arithmetic one?”! Since a homology 4-sphere has Euler characteristic 2, the problem then asks, more
generally, whether there is any closed hyperbolic 4-manifold with Euler characteristic 2. A hyperbolic
4-manifold M has volume %WQX(M ), and a closed orientable one has even Euler characteristic [CMO05,
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Section 1]. So an orientable example would be a closed orientable hyperbolic 4-manifold of the smallest
possible volume. The smallest closed orientable example known has x = 16 [CMO05].
The third remark to the problem in [BKR26] points to the arithmetic case. Let

W =1053,3,3]=(r,....r5 | 12, (r1ir2)%, (rar3)®, (rara)®, (rars)®, (rirj)? (Ji —j| > 2))

be the Coxeter group of the compact hyperbolic Coxeter 4-simplex with diagram 5-3-3-3, and let
W be its subgroup of index 2 consisting of the words of even length. Belolipetsky [Bel04, Bel07]
proved the following.

Theorem 1.1 (Belolipetsky [Bel07, Theorem 5.5']; see also [Bel04, Theorem 5.5]). Let I'y be the
group of the smallest arithmetic hyperbolic 4-orbifold, and let M be a compact orientable arithmetic
hyperbolic 4-manifold with x(M) < 16. Then M is defined over Q[\/5], and M is isometric to T 5 \H*
for a torsion-free subgroup Uy < T of index 7200 x(M).

By [Bel04, Section 5.6], I'; is the orientation-preserving subgroup of the Coxeter group with
diagram 5-3-3-3; that is, ['y = W™ up to conjugation. The proof of the uniqueness of the smallest
orbifold, on which this identification depends, was corrected in [Bel07]. Hence an orientable arithmetic
closed hyperbolic 4-manifold with y = 2, in particular an arithmetic hyperbolic integer or rational
homology 4-sphere, is H*/G for a torsion-free subgroup G of index 28800 of W with G < W+. This
is the reduction stated in [BKR26], which speaks of an index-28800 cover of the reflection group with
this diagram. Note the hypotheses: the theorem concerns compact, orientable, arithmetic manifolds.
We use Theorem 1.1 only to explain the context. We did not re-verify it, and our theorem does not
depend on it.

Belolipetsky also proposed a computation. In [Bel04, Section 5.6] he suggests searching by com-
puter for the torsion-free subgroups of the Coxeter group of index 14400 x(M ), and remarks that “the
computation looks more or less realistic”. Conder and Maclachlan [CMO05] carried out such a search
with low-index subgroup methods. They found a torsion-free subgroup ¥ of index 115200 = 8 - 14400
in W. The manifold H*/Y is non-orientable with y = 8, and its orientable double cover has x = 16.
They note that the index of a torsion-free subgroup of W is divisible by 14400, the order of the finite
subgroup (r1,...,7r4), and they close with the remark that “There may still be torsion-free subgroups
in I'; of smaller index” (their I'; is our W). What they exclude are torsion-free subgroups of smaller
index that arise as an intersection of two subgroups of index at most 480 of W, or of two subgroups
of index at most 4 in any of these. So the indices 14400m with 1 < m < 7 were left open. Long
[Lon08| gave further non-orientable examples with y = 8, that is, of the same index 115200 (we
know that paper from its abstract only). His doctoral thesis [Lon07, Chapter 7] is the source closest
to the present note. It calls it “an outstanding question” whether W has a torsion-free subgroup
of index 14400, and it notes that the manifold of such a subgroup would have Euler characteristic
1. The thesis lists, for each index up to 720, the number of conjugacy classes of subgroups of W,
and it gives three torsion-free subgroups of index 115200, none of them contained in W, which it
describes as different from the subgroup of Conder and Maclachlan. It contains two statements on
the index 14400. Proposition 7.3.1 of the thesis says that there is no epimorphism of W onto [5, 3, 3]
with torsion-free kernel. This is the case of normal subgroups of Theorem 1.2: a torsion-free normal
subgroup N of index 14400 meets the finite subgroup (ry,...,7r4) =[5, 3, 3] trivially, so this subgroup,
which has order 14400, maps isomorphically onto W/N. Theorem 7.1 of the thesis says that if G < W
is torsion-free of index 14400 and N is the largest normal subgroup of W contained in G, then W/N
has no epimorphism onto a sporadic simple group. The thesis leaves the question open; its conclusion
says that “a possible approach towards determining the minimal index torsion-free subgroup of this
group is outlined”.

The question goes back to Davis. In the remarks at the end of [Dav85] he notes that the symmetry
groups of the two other tessellations of H* by regular 120-cells, which are [5,3, 3, 3] and [5, 3, 3, 4], have



Euler characteristics 1/14400 and 17/28800. He concludes that the second group has no torsion-free
subgroup of index 14400, and he writes of the first that it “quite possibly does”. Theorem 1.2 below
shows that it does not. In geometric form the question was taken up by Ratcliffe and Tschantz [RT00,
Section 1.3], who consider the manifolds that can be glued from one or two regular 120-cells with
dihedral angle 27/3. They write that a purely combinatorial search for such manifolds “is essentially
intractable”, and that their searches for side pairings under “some simple restrictions” found no
manifold. Theorem 1.2 settles the case of one cell by a complete search; the case of two cells is still
out of reach (Section 8).

A closed hyperbolic 4-manifold with Euler characteristic 1 would be non-orientable, because the
Euler characteristic of a closed orientable one is even. Parity alone does not exclude it. In the same
section Ratcliffe and Tschantz report two closed non-orientable hyperbolic 4-manifolds with Euler
characteristic 17, glued from two right-angled 120-cells; in terms of Davis’s remark these belong to
the group [5,3, 3,4], with index 28800. According to Chen [Che25, Section 5.3|, they are the only
closed hyperbolic 4-manifolds of odd Euler characteristic that he could find in the literature.

Emery [Emel4] proved that for n > 4 there is no compact arithmetic hyperbolic n-manifold M with
|x(M)| =2, and he notes that the case n = 4 is not solved and is reduced by Belolipetsky’s theorem
to the Coxeter group [5,3,3,3]. In Martelli’s survey [Mar18] the Conder—-Maclachlan manifold is the
smallest closed orientable hyperbolic four-manifold known, and the list of open questions includes:
“What is the smallest volume of a closed oriented hyperbolic four-manifold?”

For the Coxeter group [5, 3, 3, 5] the analogous question has a positive answer. The Davis manifold
[Dav85] is glued from one 120-cell with dihedral angle 27 /5 and corresponds to a torsion-free subgroup
of index 14400 of [5, 3, 3, 5] [CMO05, Section 2]. According to [Marl18, Section 2], Ratcliffe and Tschantz
[RT01] proved that it is the unique smallest manifold covering that simplex orbifold; we did not consult
[RT01]. In dimension 3 the same method, the determination of the torsion-free subgroups of minimum
index of a string Coxeter group, is classical. The manifolds glued from one Platonic solid were classified
by several authors; see Everitt [Eve04] and the references there. Conder and Liversidge [CL23] treat
all infinite groups [p, ¢, r] with p,q,r >3, 1/p+1/q¢>1/2 and 1/q+ 1/r > 1/2 (we know that paper
from its abstract only). The present note applies this method to the rank-5 group [5, 3, 3, 3], whose
cell group has order 14400.

Two papers with related titles treat different questions. Ma and Zheng [MZ21] classify the ori-
entable small covers of the right-angled 120-cell (dihedral angle 7/2); these are closed hyperbolic
4-manifolds of volume 16 - 3—??772, that is, with x = 136. Conder and Kellerhals [CK22] construct
cusped hyperbolic manifolds of dimension at most 5 from the Coxeter groups [3,...,3,6]. We know
both papers from their abstracts.

1.2 The result

Let H = (r1,re,r3,74) < W. It is the Coxeter group [5, 3, 3] of order 14400, the symmetry group of
the regular 120-cell. The smallest index that a torsion-free subgroup of W could have is therefore
14400. A subgroup of this index is the same thing as a closed hyperbolic 4-manifold glued from a
single 120-cell (Theorem 2.5).

Theorem 1.2 (computer-assisted). The Cozxeter group W = [5,3,3,3] has no torsion-free subgroup
of index 14400.

The proof is computer-assisted, and we state precisely what certifies it. Sections 2 and 3 reduce
the statement, with complete proofs, to the following: there is no involution p of the set H that
commutes with right multiplication by 1,72, r3, satisfies (pry)® = 1, and makes the four finite groups
Py = (rj:j#1),1i <4, act freely (Proposition 3.4). Sections 4 and 5 prove that two search programs



program A program B

slices (root classes / root types) 154 140
jobs (one log each) 383 935
unit of work search nodes trial gluings
total work 1596433384 326322489739
complete gluings reached 0 0
solutions 0 0
maximal depth of the search tree 6 6
cpu time 36.48 h 65.15 h
pruning rules (each proved necessary) 13 14

Table 1: The two enumerations behind Theorem 1.2. “Complete gluings reached” counts the complete
candidate involutions handed to the final test. The slices of the two programs are different decompo-
sitions of the same set of solutions (Remark 3.13).

are exhaustive for such involutions, up to the relabellings x +— ax, a € H. The remaining part is two
complete enumerations:

o program A (source fsearch_production.c): 154 slices, 383 jobs, 1596 433 384 search nodes,
36.48 cpu-hours, 0 solutions;

o program B (sources fps_final.c and fps_v7.c): 140 slices, 935 jobs, 326322489739 trial
gluings, 65.15 cpu-hours, 0 solutions.

Both were run on an Apple M3 Max (macOS 26.6.2) with binaries compiled by Apple clang 21.0.0 and
tables generated with Python 3.13.5. Each of the 383+ 935 logs ends with the normal termination line
of its own job and reports 0 solutions. All logs are in the reproducibility package. Their aggregate
SHA-256 checksums are

program A 22bb406cal4479324db761d10c4e6cb78bf4a799f3£3d47fbb5d3acad7¢c1912¢
program B e93013be9073d3e89fcb906648716dcI9b646e0eaabc902f82¢cfda679822b2c9f

(the two recipes are given in Section 6). Table 1 collects the main numbers. A reader who wants to
check the result has to check the mathematics of Sections 2 to 5 against the two sources, and either
trust or repeat the 102 cpu-hours of computation. Section 7 describes what has been done to make
the count 0 credible, and what has not.

Theorem 1.2 has three equivalent forms.

Corollary 1.3. (a) (Geometric form.) Let P be the compact reqular hyperbolic 120-cell with dihe-
dral angle 27 /3. No facet pairing of P gives a closed hyperbolic 4-manifold (Definition 2.4).

(b) (Index form.) Ewvery torsion-free subgroup of finite index of W has index 14400 m with m > 2.
The smallest index of a torsion-free subgroup of W is 14400 mg with 2 < mg < 8.

(c) (Euler characteristic form.) No finite-sheeted manifold cover of the orbifold H*/W , that is, no
quotient H*/G by a torsion-free subgroup G < W of finite index, has Euler characteristic 1.

Form (a) is a statement about isometric facet pairings whose quotient metric is hyperbolic. It is
not a statement about arbitrary topological identifications of the facets of a 120-cell. In form (c) the
word “finite-sheeted” cannot be omitted, since H* itself is a manifold cover with Euler characteristic
1. The upper bound in (b) is the theorem of Conder and Maclachlan.



What this does and does not say about Problem 4.124. Theorem 1.2 decides none of the
three questions of Problem 4.124. Those questions concern Euler characteristic 2, which for covers of
H*/W means index 28800. Our theorem is a related result on the reduction in the third remark to the
problem. It excludes those torsion-free subgroups of index 28800 that are contained in a torsion-free
subgroup of index 14400. Geometrically these are the double covers of manifolds glued from one
120-cell. If a one-cell manifold existed, it would be non-orientable (its Euler characteristic would
be 1), and its orientation cover would be an arithmetic closed orientable hyperbolic 4-manifold with
x = 2. Theorem 1.2 shows that no example arises in this way. It says nothing about the remaining
subgroups of index 28800, which correspond to manifolds glued from two 120-cells that do not cover
a one-cell manifold. It says nothing about closed hyperbolic 4-manifolds that do not cover H*/W, in
particular nothing about non-arithmetic ones. Problem 4.124 stays open. The direct content of the
theorem concerns the closing remark of Conder and Maclachlan, the computer search proposed by
Belolipetsky, and the question of the smallest closed hyperbolic 4-manifold: the lower bound for the
smallest index of a torsion-free subgroup of W goes from 14400 to 28800.

We tried to enumerate the case of index 28800 with both programs. Both attempts are incomplete,
and we estimate that a complete enumeration with the present methods needs between 10% and 10%
core-hours (Section 8). No statement about index 28800 is claimed.

1.3 Method and organization

A subgroup G < W of index 14400 in which H acts freely on the cosets is described by one permutation
p of the set H, the action of 5 on G\W = H. Geometrically, p pairs the 120 dodecahedral facets of
the 120-cell and prescribes one of the 120 possible gluing maps for each pair; the relation (r475)% = 1
says that three cells meet around every pentagon. Torsion-freeness is equivalent to the free action of
the five maximal finite subgroups Pi, ..., Ps; (Lemma 3.2). The search space is large (the first facet
alone has 119 - 120 possible gluings), but the relation around the pentagons propagates strongly.

Both programs glue facets one after the other and discard a partial gluing only if it violates a
condition that every solution extending it would have to satisfy. They differ in the conditions used.
Program A propagates the pentagon relation and filters by the conjugacy class (“type”) of the gluing;
program B propagates the free action of the vertex group P; = S5 and uses the types only through one
exact filter. They also differ in the symmetry reduction: program A uses 154 slices given by classes
under conjugation by K = (r1,ra,r3), program B uses 140 slices given by classes under conjugation
and inversion, and for 47 of its 53 expensive slices a further lex-leader reduction under the stabilizer
of the first gluing. The two programs were written separately from the statement of Proposition 3.4,
with different tables and data structures.

Section 2 introduces the group, the 120-cell and the honeycomb, and proves the equivalence of the
geometric form. Section 3 contains the reduction. Sections 4 and 5 describe the two programs and
prove their completeness, rule by rule. Section 6 documents the computation, Section 7 the controls
and rejection tests, including the weaknesses that the verification found and how each was closed.
Section 8 discusses index 28800.

Conventions. Groups act on the right on coset spaces and on the left on H*. A hyperbolic manifold
is a connected Riemannian manifold of constant sectional curvature —1; closed means compact without
boundary. ¢ = (14 v/5)/2 = 2cos(r/5). File names refer to the reproducibility package that
accompanies this note; line numbers refer to the source files in that package.



|T| orders |Wr| (the subset T is written before the colon) Yo 1/|Wr|

0 0:1 1

1 five groups of order 2 5/2

2 12:10, 23:6, 34:6, 45:6, the other six: 4 21/10

3 123:120, 124:20, 125:20, 134:12, 135:8, 145:12, 234:24, 235:12, 245:12, 345:24 13/20

4 1234: 14400, 1235:240, 1245:60, 1345:48, 2345:120 721/14400

Table 2: The proper standard parabolic subgroups of W = [5,3,3,3]. The orders follow from the
types of the subdiagrams (Hy, Hs, A4, As, Az, I2(5), A; and their products). They were also
recomputed with exact matrix groups by the scripts verification_engine/own/h4_classes.py and
independent_run_2/r2_group.py.

2 The group, the 120-cell and the honeycomb

2.1 Notation and standard facts

Let m12:5, m23:m34:m45:3andmij = 2 for ‘2—j| > 2. For T C {1,...,5} let W = <’I”Z':7;€
T); we write Wiag for Wiy 54y and so on. We use the following subgroups throughout:

H = Wia34, K = Wiag3, D = Wi,
Pi=Wga spgy (1<i<5), Hi=Whagapnp (1<i<4).

So Ps=H, H = K, and H; < P, H. By the general theory of Coxeter groups, Wr is the Coxeter
group of the subdiagram on 7' [Bou02, Ch. IV, §1], [Hum90, Chapter 5]. Every proper subdiagram is
a diagram of a finite Coxeter group. The orders of the 31 proper subgroups Wy are listed in Table 2.
In particular

|H| = 14400, |K|=120, |D|=10, |Py =240, |Ps| =060, |P,|=48, |P|= 120,

since H is of type Hy, K of type Hs, Py = K X (r5), P3s = D X (rq,75), Po = (r1) x (rs,r4,rs) and
Py = (rg,...,r5) = S5. The subgroups Hy, Hy, H3, Hy have orders 24,12,20,120, so that [P, : H;| =
5,4,3,2 fori=1,2,3,4.

The simplex. The matrix (— cos(w/mij)), with m;; = 1, is tridiagonal. Its leading principal minors
are 1, (3 —¢)/4, (2—¢)/4, (5 —3p)/16 and (3 — 2¢)/16. The first four are positive and the last is
negative, so the matrix has signature (4, 1); all its proper principal submatrices are positive definite,
because the proper subdiagrams are of finite type. Hence there is a compact simplex A ¢ H*, unique
up to isometry, bounded by hyperplanes Iy, ..., II5 such that the dihedral angle between II; and II;
is m/m;;. It is one of the five compact Coxeter simplices of H* (Lannér’s list); see [Hum90, Chapter 6],
[Dav08, Chapter 6], [CMO05, Section 2]. We identify r; with the reflection of H* in II;. The following
facts are standard [Vin85], [Dav08, Chapter 6], [Rat19, Chapter 7].

(G1) The reflections in Ily, ..., II5 generate a discrete subgroup of Isom(H*) with the presentation of
W. The simplices wA, w € W, called chambers, cover H*, they have pairwise disjoint interiors,
and w — wA is injective. Every W-orbit meets A in exactly one point.

(G2) The stabilizer in W of a point y € A is Wy, where T'(y) = {7 : y € II;}.

In particular W is infinite, because A is compact and H? is not. We write F; = ANII; for the facets of
A, v; for the vertex of A opposite to Fj;, and H;r for the closed half-space bounded by 1I; that contains
A. A mirror is a hyperplane wlIl;; it is the fixed hyperplane of the reflection wr;w™ € W. A mirror



never meets the interior of a chamber: if s = wr;w™! fixed an interior point of w’'A, the chambers
w'A and sw’A would have a common interior point, so s = 1 by (G1). Hence every chamber lies in
one closed half-space of every mirror. Finally r5 ¢ H, because otherwise W = H would be finite.

2.2 The polytope F,

Let
Py= | ha, g = Py N 1.
heH

The group H fixes vs, the common point of 11y, ..., II;. By (G1) the 14400 simplices hA are distinct
and have disjoint interiors. A flag of a convex polytope @ of dimension n is a chain Qo C Q1 C --- C
Qn—1 of faces with dim Q; = j.

Lemma 2.1. (i) Py =(\pen h(IIF). So Py is a compact convex polytope with non-empty interior.

(ii) For h € H we have hlls = II5 if and only if h € K. The polytope Py has exactly 120 facets,
namely the sets h®q with hK € H/K, and ®¢ = |J,.cx £ F5.

(iii) ®¢ has 12 two-dimensional faces, which are pentagons and are permuted transitively by K. The
dihedral angle of Py along every two-dimensional face is 27/3.

(iv) The isometries of H* that map Py onto itself are exactly the elements of H, and H acts simply
transitively on the flags of Py. FEwvery isometry of the facet ®y onto itself is the restriction of
exactly one element of K.

So Py is a regular polytope with 120 dodecahedral facets and dihedral angle 27/3: a compact
regular hyperbolic 120-cell. The 14400 simplices hA are its characteristic simplices in the sense of
Coxeter [Cox73], and they correspond to its flags. We call the elements of H flags, the cosets x K
facets, and we say that the flag = lies in the facet xK; the facet K corresponds to the facet x®g of
Py.

Proof. (i) Let h € H. The mirror hll; does not contain vs = hvs, because vs ¢ II5. The chamber A
lies in one closed half-space of hll5 and contains vs, and vs lies in A(II7). So A C h(II}) for all h € H,
and therefore WA C hW'h(IIF) for all h, ' € H. This proves Py C Q = (), h(II§). Conversely let
z € Qandlet C =17 N---NILJ, a cone with apex vs; then A = C'NII;. The chambers that contain
vs are the simplices hA, h € H, by (G1) and (G2). A small ball around v5 meets only finitely many
chambers, and all of them contain vs. So one of them, say hA with h € H, contains an initial piece
of the geodesic segment from vs to x. Then the cone hC contains the whole segment, so h~tz € C.
As Q is H-invariant, h ™'z € Q C H;. Hence h™'z € A and z € P,.

(ii) For ¢ < 3 the reflection r; commutes with r5, so it maps the mirror II5 of r5 to itself. Hence
K preserves II5. Conversely let h € H with hll; = II5. The line L = Iy N1Is N 1II3 contains v4 and
vs. It is preserved by r5, which commutes with r1, 79,73, and 75 fixes v4 € L but not v5 € L. So 75
acts on L as the reflection in the point v4, and L meets II5 orthogonally in v4. Thus vy is the point
of II5 closest to vs, and h, which fixes vs and preserves II5, fixes v4. Then h fixes the edge [v4, v5] of
A pointwise, and h € Wia3 = K by (G2).

Since K fixes vs, the half-space h(IIJ") depends only on the coset hK. By (i), Py is the intersection
of 120 half-spaces with distinct boundary hyperplanes, permuted transitively by H. The hyperplane
II5 meets Py in ®¢ DO F5, which is three-dimensional. So each of the 120 hyperplanes carries a facet,
and there are no other facets. It remains to show ®, C |J, kF5; the other inclusion is clear. Let
x € &y be a point that lies in no face of codimension > 2 of a chamber. Such points are dense in .
Let x € hA with h € H. A mirror does not meet the interior of a chamber, so x lies in the relative



interior of exactly one facet hF; of hA, and the mirror II5, which passes through x and misses the
interior of hA, equals hIl;. Then r5 = hr;h~!. Since r5 ¢ H, we get i = 5, hence hll5 = II5, h € K
and x € hF5. The union |J, F5 is closed, so it contains ®.

(iii) We repeat the argument one dimension lower, inside II5. The group K acts on II; and fixes vy,
and P is the union of the 120 tetrahedra xF5. Two tetrahedra xFj5 and kr;Fs, i < 3, lie on different
sides of their common triangle, so the relative interior of that triangle is interior to ®3. On the other
hand ®y C Py C kry(IIF) by (i), and the hyperplane rr4Il5 meets II5 in the plane x(I1;N1I5), because
r4 fixes II4 N 115 pointwise; so the triangle x(Fy N F5) lies in the boundary of @y in II5. Hence this
boundary is the union of the triangles x(Fy N F5), and every two-dimensional face of ®g is the image
under some k € K of the face ¥y that contains Fy N F5. The line II; NIl N 1I5 through vs and vy is
orthogonal to the plane Iy N1I5, because II; and Ils are orthogonal to I and to II5. So, as in (ii), an
element of K that preserves the plane 114 N1l5 fixes vs, vy and vs and lies in Wip = D by (G2). The
triangles s (Fy N F5) that lie in this plane are those with x € D, so Vg = (J cp d(F4 N F5), and there
are |K|/|D| = 12 faces. The triangle Fy N F5 has the vertices v, v2,v3, and D is a dihedral group of
order 10 of isometries of the plane II4 N II5 fixing v3. The reflection r fixes vo and preserves the line
through vy and g, so [v1, v2] Ur1[v1, v2] is a segment with midpoint ve. Hence ¥y is a pentagon with
centre vz, with the five vertices dv; and the five edge midpoints dvsy, d € D.

The facets &g C II5 and r4Pg C r4ll5 of Py both contain Fy N F5, hence Wy. The polytope Py lies
in the wedge I3 Nry(IIF), and this wedge is the union of the two wedges II] NI and ry(IT; NIIY)
of angle m/3. So the dihedral angle of Py along ¥y is 27/3. Every two-dimensional face of Py lies in
a facet h®g and is therefore the image of Wy under an element of H.

(iv) An isometry of H™ that preserves a convex n-polytope @ and a flag of @ is the identity. This
follows by induction on n: the isometry preserves the hyperplane of the facet ;,—1 and is the identity
on it by induction (for n = 1, an isometry of a line that preserves a segment and fixes one of its end
points is the identity); so it is the identity or the reflection in that hyperplane, and the reflection does
not preserve (). Therefore the group of isometries preserving () has at most as many elements as @)
has flags. By (iii), ®¢ has 12 - 10 = 120 flags, and K acts faithfully on II5, because an element of K
that is the identity on II5 and fixes v5 is trivial. So the isometries of 15 preserving ®( are exactly the
restrictions of the 120 elements of K. By (ii), Py has 120 - 120 = 14400 = |H| flags, and H preserves
Py. So the isometries preserving Py are exactly the elements of H, and H is simply transitive on the
flags. O

Remark 2.2. A compact regular 120-cell in H* with dihedral angle 27/3 is congruent to P,. Indeed,
its characteristic simplex has the dihedral angles 7/5, /3, 7/3 at the hyperplanes through the centre,
the angle 7/3 (half the dihedral angle of the polytope) at the facet hyperplane, and right angles
otherwise [Cox73]; a compact hyperbolic simplex is determined up to isometry by its dihedral angles.
So “the compact regular hyperbolic 120-cell with dihedral angle 27 /3” is well defined up to isometry.
In what follows P always denotes the polytope Fp.

Lemma 2.3. The polytopes wP,y, w € W, called tiles, cover H* and have pairwise disjoint interiors,
and wPy = w' Py if and only if wH = w'H. The facets of the tile wPy are the sets wh®qy, h € H.
The reflection in the hyperplane of wh®q is whrs(wh)™' € W; it maps wPy to the tile whrs Py, which
is the only other tile that contains wh®y. FEvery tile can be reached from Py by finitely many such
reflections in facets. The group of all isometries of H* that permute the tiles is W.

Proof. The first sentence follows from (G1), because P is the union of the chambers hA, h € H.
The facets of wPy are given by Lemma 2.1(ii). The hyperplane of wh®q is whlls, with reflection
whrg,(wh)_l, which maps wFPy = whFPy to whrsFPy. Two tiles with a common facet lie on different
sides of it, and at most one tile can lie on a given side, so whrs Py is the only other tile through wh®.
Every w € W is a product hirshors - --r5hy, with h; € H, and the tiles hyrs---hjrs Py, j = 0,1,...,



form a chain in which each tile is the mirror image of the previous one in a common facet. Finally,
an isometry f that permutes the tiles maps Py to some wPy; then w™!f preserves Py and lies in H
by Lemma 2.1(iv), so f € W. O

The set of tiles is the regular honeycomb {5, 3,3,3} of Coxeter [Cox56]: three tiles meet at every
two-dimensional face, since the dihedral angle is 27 /3.

2.3 Facet pairings and the geometric form

Definition 2.4. Let P = Py. A facet pairing of P consists of an involution F — F”’ of the set of the
120 facets of P and, for every facet F, an isometry ¢p: ' — F’ of F onto F”’, such that ¢p = (b}l.
Let ~ be the equivalence relation on P generated by y ~ ¢p(y) for all facets F' and all y € F, let
M = P/~ with the quotient topology and ¢: P — M the quotient map. The facet pairing gives a
closed hyperbolic manifold if M is a topological manifold that carries a Riemannian metric of constant
curvature —1 for which ¢ restricted to the interior of P is a local isometry.

A facet may a priori be paired with itself (F” = F). The proof below shows that this does not
happen when the pairing gives a hyperbolic manifold.

Theorem 2.5. (a) If a facet pairing of P gives a closed hyperbolic manifold M, then M is isometric
to H*/G for a torsion-free subgroup G < W of index 14400.

(b) If G < W is a torsion-free subgroup of index 14400, then H*/G is a closed hyperbolic manifold,
P is a fundamental polytope for G, and there is a facet pairing of P that gives H*/G.
In particular, Theorem 1.2 is equivalent to Corollary 1.3(a).

Proof. (a) Step 1: developing. M is compact, hence complete, so there is a Riemannian covering
p: H* — M whose group G of deck transformations is a discrete group of isometries acting freely,
with M = H*/G. The polytope P is simply connected, so ¢ lifts to a continuous map §: P — H*
with p§ = ¢. On the interior of P the map § is a local isometry between open subsets of H*. Such
a map is locally the restriction of an isometry of H*, two isometries that agree on a non-empty open
set are equal, and int(P) is connected; so ¢ is the restriction of one isometry . Replacing p by py
and G by 1 ~'Gv, we may assume that ¢ = p|p. Since ¢ is onto, the polytopes gP, g € G, cover H*.
An interior point of P lies in no facet, so its ~-class is a single point and ¢ is injective on int(P); as
G acts freely, int(P) N gint(P) = ) for g # 1. So the sets gP form a locally finite tessellation of H*
on which G acts simply transitively.

Step 2: the tile across a facet. Let F be a facet of P and II its hyperplane. We claim that there
is an element gr € G, gr # 1, such that gr P lies on the other side of II, F' is a common facet of P
and gpP, gr(F') = F and ¢p = g;1|p. Choose a point in the relative interior of F' and a small ball
B around it such that BN P is a half-ball and B N1II C relint(F'). Only finitely many tiles meet B,
and the tiles gP with g # 1 cover B\ P. Every point of the disc B N1II is a limit of points of B\ P,
so the disc is covered by the finitely many closed sets gP N1I, g # 1. One of them has non-empty
interior in II. So there are g # 1 and a non-empty open subset U of II with U C relint(F) NgP. The
convex set P N gP has empty interior and contains U, so it lies in II; the points of U are boundary
points of the convex polytope gP, so Il supports gP, gP N1l is a facet of gP, and gP lies on the side
of II opposite to P. For y € U the points y and g~y of P have the same image in M, so y ~ g~ 4.
The ~-class of a point y in the relative interior of F' is {y, ¢r(y)}, because ¢r(y) lies in the relative
interior of F’ and in no other facet. As g~ 'y # y, we get g~'y = ¢p(y) for all y € U. The isometric
embeddings g¢r and the inclusion of F' into H* agree on the open subset U of F, so they agree on F.
Hence g(F') = F and ¢r = g~ !|F, and we put gr = g. If I = F, then g maps the compact convex
set F' onto itself and fixes its circumcentre, which contradicts the freeness of the action. So F’ # F.



Step 3: rigidity. We claim gpP = s(P), where s is the reflection in II. Both A = s(P) and
A’ = gpP are congruent to P, have F as a facet and lie on the same side of II. Let u be an isometry
with u(A) = A’. By Lemma 2.1 the group of isometries preserving A’ is transitive on its facets, so
we may assume u(F) = F. Again by Lemma 2.1(iv), applied to A, the isometry (u|r)~' of F is the
restriction of an isometry k that preserves A. Then uk maps A to A’ and is the identity on F, so uk
is the identity or s. It is not s, since s(A) = P lies on the other side. Hence A’ = A.

Step 4: the tessellation is the honeycomb. By Steps 2 and 3, applied to the tile g P and the pairing
transported by g, the set 7 = {gP : g € G} contains with a tile its mirror images in all its facets. It
contains P = Py. By Lemma 2.3 it contains every tile wPy, w € W. These already cover H* with
disjoint interiors, so 7 = {wPy : w € W}. Every g € G permutes 7, hence G < W by Lemma 2.3.
The group G acts simply transitively on the tiles, that is, on W/H. So W = GH and GNH =1, and
[W : G] = |H| = 14400. A discrete group of isometries of H* that acts freely is torsion-free, because
a non-trivial element of finite order fixes the centre of an orbit of the finite group it generates.

(b) W is discrete, so point stabilizers in W are finite, and the torsion-free group G acts freely on
H*. As [W : G] < 0o and A is compact, H*/G is a closed hyperbolic manifold. For every w € W the
finite group wHw ™! meets G trivially, so H acts freely on G\W from the right; since |G\W| = |H|,
there is one orbit, W = GH, and G acts simply transitively on the tiles wFy. For a facet F' of P
let gr € G be the element such that grpP is the tile on the other side of F' (Lemma 2.3). Then
F' = g'(F) is a facet of P, the tile on the other side of F' is gz.' P, so g = gp', and ¢p = gp'|F
defines a facet pairing with ¢p = (b;l. Let p: H* — H*/G be the projection. Then p|p is onto and
constant on ~-classes. We show that p(y) = p(y') for y,y' € P implies y ~ /. Let ¢ = gy with g € G.
The point 3/ lies in the tiles P and gP. Let ¢A be a chamber that contains y'. By (G1) and (G2) the
chambers that contain 3y’ are the chambers cuA with w € Wy, T = T(c™'y/), and Wr is generated
by the r; with ¢ € T. For i € T the chambers cuA and cur;A lie in the same tile if ¢ < 4, and in
the two tiles cuPy and curs Py with the common facet cu®y > 3’ if i = 5. Every tile that contains y’
contains a chamber that contains 1. It follows that there is a chain of tiles P = Ty, T4, ..., Tp = gP,
all containing ¢/, such that T;_; and Tj are equal or have a common facet that contains y'. Write
T; = g;P with g; € G, go = 1, g = g, and put y; = g;ly’ € P. If T;_y # T} have the common facet
E >4/, then F = gj__llE is a facet of P containing y;_1, the tile across F' is gj__llng, SO gj__llgj =gp
and y; = g;lyj_l = ¢p(yj—1). Hence y = yo ~ y1 ~ --- ~ yr = y. So p induces a continuous
bijection of the compact space P/~ onto the Hausdorff space H*/G, which is a homeomorphism, and
p is a local isometry on int(P). Thus the pairing gives the closed hyperbolic manifold H*/G. O

2.4 Euler characteristic, and the forms (b) and (c)

Proposition 2.6. Let G < W be a torsion-free subgroup of finite index n. Then 14400 divides n, the
quotient H*/G is a closed hyperbolic manifold, and x(H*/G) = n/14400.

Proof. For T C {1,...,5} the finite group Wy acts freely on G\W from the right, because a point
stabilizer is of the form Wy Nw™!Gw. So |Wr| divides n; for Wy = H this gives 14400 | n. As in the
proof of Theorem 2.5(b), G acts freely on H* and H*/G is a closed hyperbolic manifold. The faces of
the chambers form a W-invariant triangulation of H*. For T' C {1,...,5} the face Ap = ;o7 F; of A
has dimension 4 — |T'| and stabilizer W by (G2), and every face of a chamber is wAr for exactly one
T and one coset wWr. The open faces map injectively to H*/G, since G acts freely and two points of
a chamber in the same W-orbit are equal. The G-orbits of faces of type 1" correspond to the double
cosets in G\W/Wr, of which there are n/|Wr|. Hence, with Table 2,

5 21 13 721 n
HA /G = (2 9 — . O
X(H/G) ZT:( T g 5710 20" 14400) 14400
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The number 1/14400 is the rational Euler characteristic x(W); see [CMO05, Section 2], [Dav08,
formula (16.8)], [Bro82, Chapter IX]. For one cell the count reads 1 — 60 + 240 — 300 + 120 = 1: one
120-cell, 120/2 facets, 720/3 pentagons, 1200/4 edges and 600/5 vertices.

Proof of Corollary 1.3 from Theorem 1.2. (a) is Theorem 2.5. (b) By Proposition 2.6 the index of
a torsion-free subgroup of finite index is 14400 m, and m # 1 by Theorem 1.2; the subgroup ¥ of
[CMO05] has m = 8. (c) A subgroup G < W acts freely on H* if and only if it is torsion-free, and
H*/G — H*/W is finite-sheeted if and only if [W : G] is finite. The Euler characteristic of H*/G is
then [W : G]/14400 by Proposition 2.6. Conversely, each of (a), (b), (¢) implies Theorem 1.2 by the
same results. O

Remark 2.7. A torsion-free subgroup G of index 14400 could not lie in W, because a closed orientable
hyperbolic 4-manifold has even Euler characteristic. Then G N W™ would be a torsion-free subgroup
of index 28800 inside W ™. This is the sense in which Theorem 1.2 excludes one family of candidates
for Problem 4.124.

3 The reduction

3.1 Finite subgroups and torsion

Lemma 3.1. Every finite subgroup of W is conjugate to a subgroup of one of Py,..., Ps.

Proof. By a theorem of Tits, every finite subgroup of a Coxeter group is conjugate to a subgroup of
a finite standard parabolic subgroup [Dav08, Theorem 12.3.4(i)], [Bou02, Ch. V, §4, Exercise 2d)].
Here W is infinite and all W with |T| = 4 are finite, so the maximal finite standard parabolic
subgroups are P, ..., Ps. For this particular group there is also a direct argument. A finite group F
of isometries of H* fixes a point x, the circumcentre of an orbit. By (G1), = wy with w € W and
y €A, and w Fw < Wr(y) by (G2). The five hyperplanes II; have no common point, so T'(y) omits
some i, and Wrp,) < P;. O

Lemma 3.2. A subgroup G < W is torsion-free if and only if each of Pi,..., Ps acts freely on the
coset space G\W by right multiplication.

Proof. The stabilizer of the coset Gw in P; is P, Nw™'Gw. If G is torsion-free, this finite group is
trivial. Conversely, let all these stabilizers be trivial and let g € G have finite order. By Lemma 3.1,
w~tgw € P; for some w and i, hence w™lgw € P,Nw ™ !Gw =1 and g = 1. O

3.2 Gluings
Definition 3.3. A gluing is a map p: H — H such that

(RO) p(p(x)) =« for all z € H;
(R1) p(zk) = p(x)k for all z € H and k € K
(R2) 9;’) = id, where 0,(x) = p(x)rs.

Condition (R1) for k € {ry,re,r3} implies it for all k € K. By (R1), p maps the facet xK onto
the facet p(x)K and is determined on zK by the image of one flag: a gluing pairs the facets, and for
a pair of facets there are |K| = 120 possible gluing maps.
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Proposition 3.4. (a) For every gluing p there is exactly one right action of W on the set H with
x-r; =xr; fori <4 and x-rs = p(x). Every right action of W on the set H that extends the
right reqular action of H arises in this way from exactly one gluing.

(b) Let G < W be a subgroup of index 14400 such that H acts freely on G\W. Then x — Gz
is a bijection of H onto G\W, and the map pg defined by Gzrs = Gpg(x) is a gluing. The
assignment G — pg is a bijection from the set of these subgroups onto the set of gluings; its
inverse maps p to the stabilizer G, of the point 1 € H in the action of (a). The group G is
torsion-free if and only if Py, ..., Py act freely on H in the action defined by pc.

c) For a gluing p and a € H let p*(x) = ap(a™'z). Then p® is a gluing and G = aGya~".
p P

Two subgroups as in (b) are conjugate in W if and only if their gluings lie in the same orbit
{p*:a € H}.

A gluing is called free if Py, ..., Py act freely in the action of (a). A solution is a free gluing. The
passage from p to p® is called a relabelling. By Lemma 3.2 every torsion-free subgroup of index 14400
satisfies the hypothesis of (b). So:

Theorem 1.2 holds if and only if there is no solution. (1)

Proof. (a) W is defined by the relations 77 = 1 and (r;r;)™ = 1. The relations among r1, ..., rs hold
for right multiplication in H. The relation 72 = 1 is (R0). For i < 3 the word r;75 acts as x — p(ar;),
and by (R1) and (RO) its square is @ + p(p(xr;)1;) = p(p(x)) = x; conversely (r;r5)? = 1 together
with r2 = 1 gives (R1) for K = r;. The word 7574 acts as 0, so (r5r4)® = 1 is (R2), and (r475)3 is
conjugate to (r5r4)3. This proves both statements.

(b) H acts freely on the set G\W of 14400 = |H| points, so the action is regular and x — Gz is a
bijection. Transporting the action of W on G\W to H gives an action as in (a), with 5 acting as pg;
S0 p¢ is a gluing. The stabilizer of the point 1, which corresponds to the coset G, is G. Conversely let
p be a gluing. The action of (a) is transitive, so [W : G,] = 14400, and G ,w +— 1-w is an isomorphism
of W-sets from G,\W onto H that maps G,z to x for x € H. Hence H acts freely on G,\W and
pG, = p- The last statement is Lemma 3.2, since P5s = H acts freely.

(¢) The left multiplication A\, : & + ax commutes with the right action of H, and p® = \,pA;*. So
p° satisfies (R0)—(R2), and A, is an isomorphism from the WW-set defined by p onto the W-set defined
by p®. Therefore G e is the stabilizer of the point A\;*(1) = a™! = 1-a~! in the action defined by p,
which is aGpafl. The conjugates of G, in W are the stabilizers of the points of H, and every point
of H is of the form 1-a~! with a € H. O

For a gluing p and a flag « we call
T(z) =2 p(x) € H
the gluing element at x; thus p(z) = x 7,(x).

Lemma 3.5. Let p be a gluing, x,a € H and k € K. Then

To(xk) = IﬁilTp(fL‘)li, To(p(x)) = Tp(x) "7, Tpa(ax) = Tp(x).

Proof. T,(zk) = "tz p(z)k by (R1); 1,(p(z)) = p(z) "tz by (RO); and 7pe(az) = (az) tap(z). O

Lemma 3.6 (necessary condition). Let p be a solution and x € H. Then the element r57,(x) ™ of
W has infinite order. In particular, fori € {1,2,3,4}, no flag x satisfies p(x) € xH;, and no facet is
glued to itself.
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Proof. Let z = 7,(x). In the action of Proposition 3.4(a) we have z - (rs271) = p(z)2~! = z. So rsz~
lies in the stabilizer of =, which is a conjugate of G, and hence torsion-free by Proposition 3.4(b).
Moreover r5z~1 # 1, because 5 ¢ H. If p(x) € xH;, then z € H; and 752! lies in the finite group
P;, a contradiction. The case ¢ = 4, where Hy = K, says that p(z) ¢ zK. O

A flag x with p(x) € xH; is called a loop: for i = 1,2,3,4 it means that = and p(x) lie in the same
cell and share their vertex, edge, pentagon or facet.

Remark 3.7. For this group the converse of the loop condition holds, although we do not use it: a
gluing without loops is free. Indeed, P; acts on the [P; : H;] = 5,4,3,2 cosets of H; as the full
symmetric group, hence 2-transitively, so P, = H; U H;r5H;. A non-trivial element of H; has no
fixed point on H. If hirshe with hy, he € H; fixes z, then y = zh satisfies p(y) = yhflhgl € yH;.
This explains why the two programs, which enforce different consequences of freeness, prune in a very
similar way (Section 7).

3.3 The exact finite-order test

By Lemma 3.6, an element z € H cannot be a gluing element of a solution if r5z~! has finite order in
W. This is tested exactly as follows. Let eq,...,e5 be the standard basis of Z[gp]5 and let S; be the
matrix of the linear map

ej — €5 + ¢ijeq, Cii = —2, Cl2=1C21 =, (23=0C32=0C34=C43 =C45 = Cpq = 1,

and ¢;; = 0 otherwise. Since ¢;; = 2cos(m/my;) for i # j, r; — S; is the geometric representation
of W, written over Z[p]. It is a faithful representation (Tits) [Bou02, Ch. V, §4, no. 4, Corollary 2],
[Dav08, Theorem 6.12.10]. For z = 1y, Ty - - - T, € H let

Mz = S5Swl o Swzswla

the image of 7527 . The matrices are computed with exact integer arithmetic: an element a + by is
a pair of integers of unbounded size, and ¢? = ¢ + 1. An element z is flagged if M¢ is the identity
matrix for some 1 < e < 60.

Lemma 3.8. If z € H is flagged, then z is not a gluing element of any solution.

Proof. If M¢ = 1, then (r5271)® = 1 in W because the representation is faithful. Now apply
Lemma 3.6. O

Only this implication is used by the programs. The converse also holds: by Lemma 3.1 an element
of finite order of W is conjugate into some P;, and the orders of the elements of P, ..., P5 divide 60
(the element orders are 1,2,3,4,5,6,10,12,15,20,30 in H; they divide 30 in Py and Ps3, 12 in P, and
60 in P;). So z is flagged if and only if r52~! has finite order. Since r5 commutes with K, and since
zrs = (rsz~1) 7! is conjugate to r5z, the set of flagged elements is invariant under conjugation by K
and under inversion. The elements of H; U ---U Hy are flagged, as the proof of Lemma 3.6 shows.

3.4 Types and classes

The group K acts on H by conjugation, z — s~ 'zx. The orbits are called K-classes; [2] denotes the
class of 2z and [2]7! = [27}] the inverse class. By Lemma 3.5 the class [7,(z)] depends only on the
facet ' = K. It is called the type of F' with respect to p. The partner facet p(z)K has the inverse
type, and a relabelling does not change the types: the facet azK has the same type with respect to

p® as K with respect to p.

13



A K-class is called a loop class if it contains an element of H; U Ho U H3 U Hy, an elliptic class if
it is not a loop class and its elements are flagged, and admissible otherwise. A type class is the union
[2] U [2]7! of a K-class and its inverse class.

Proposition 3.9 (computed). H has 188 K-classes: 17 loop classes with 480 elements in total (the
10 classes contained in K are among them), 17 elliptic classes with 1200 elements, and 154 admissible
classes with 12720 elements. The 34 classes that are not admissible are equal to their inverse classes.
Of the 154 admissible classes, 126 are equal to their inverse classes and 28 form 14 pairs of mutually
inverse classes. So there are 140 admissible type classes. The flagged elements are exactly the 1680
elements of the 34 classes that are not admissible.

This is the result of three computations with exact arithmetic that agree element by element:
the table generator of program A, the table generator of program B, and the script verification_
engine/own/h4_classes.py of an independent verification run, which builds H from matrices over
Z[y] and also confirms the number 188 by the Burnside count ﬁ > wer |Cr(K)| (Section 7). A fourth
computation, written from scratch for the last verification run (independent_run_2/r2_group.py,
Section 7.8), gave the same numbers, the same classes as the table of program A and the same flagged
elements as the file of program B.

Corollary 3.10. All 120 facet types of a solution are admissible.

Proof. Let z = 7,(z). If [2] is a loop class, then x 12k € H; for some £ € K and i < 4, so

p(xr) = K Ty(rk) € xxH; by Lemma 3.5, contradicting Lemma 3.6. If [2] is elliptic, z is flagged,
contradicting Lemma 3.8. O

3.5 Slices

The search space is cut into slices by normalizing the gluing of one facet. The two programs do this
in two ways.

Slices of program A. Let cg,cq,...,c153 be the admissible K-classes in a fixed order, and let
2t € ¢ be a fixed representative. (Program A uses the order of its table file, which was chosen by a
calibration run before the enumeration, and takes for z; the smallest element of ¢; in the numbering
of the table. Any order and any representatives would do.) For 0 <t < 153 let

S ={p: pisasolution, p(1) = z, and every facet type of p is one of ¢, ci41,...,c153}.

Proposition 3.11. Let p be a solution and let t be the smallest index such that c; is the type of a facet
of p. Then p® € S; for some a € H. Hence there is no solution if and only if Sy = -+ = S153 = 0.

Proof. By Corollary 3.10 all types of p are among the c;, so t exists. Let K be a facet of type ¢; and
choose k € K with k7 !7,(z)k = 2. Put y = zx and a = y~'. Then p(1) = y~!p(y) = 7,(y) = 2 by
Lemma 3.5. The solution p® has the same types as p, so all of them have index > t. O

If ¢, L= ¢y with ¢/ < ¢, then S; is empty: the facet K of the flag 1 has type ¢, so its partner facet
has type ¢y. By Proposition 3.9 this happens for 14 values of ¢.

Slices of program B. Let dy,...,di39 be the admissible type classes in a fixed order, and ¢; € d; a
fixed representative. (Program B numbers the type classes by their smallest elements in the numbering
of its own table and takes the smallest element for ¢;.) The type class of a facet is the type class
containing its type; the two facets of a pair have the same type class. Let

S/ ={p: pisasolution, p(1) =t;, and the type class of every facet is one of d, ..., d139}.
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Proposition 3.12. Let p be a solution and let i be the smallest index such that d; is the type class of a
facet of p. Then p* € S! for some a € H. Hence there is no solution if and only if S, = -+ - = Si39 = 0.

Proof. Let xK be a facet with type class d;. By Lemma 3.5 the gluing elements 7,(y) of the 240 flags
y of the two facets xK and p(z)K are the elements /@*ITp(x)ﬂ/i, k € K, that is, all elements of d;.
Choose y with 7,(y) = t; and put a = y~'. Then p®(1) = ¢;, and the type classes are unchanged. [J

Remark 3.13. The numbers 154 and 140 are consistent. Program A has one slice for every admissible
K-class; the 14 slices whose inverse class has a smaller index are empty, which leaves 126 4 14 = 140.
Program B has one slice for every admissible type class. The two decompositions use different orders,
so the slices themselves are different sets and only the totals can be compared.

3.6 Partial gluings and the search scheme

Both programs build a gluing facet by facet. We fix the common terminology and prove once the
argument that both completeness proofs use.

Definition 3.14. A state s consists of a set of facets, called the glued facets of s, with union Us C H,
and a map ps: Us — U, with ps(ps(z)) = z, ps(xk) = ps(x)k and ps(x) ¢ xK. The other facets are
unglued. A state is complete if all facets are glued. A state s’ extends s if U; C Uy and py|y, = ps; @
gluing p extends s if p|y, = ps. If x and y lie in two different unglued facets of s, then s + (z +— y)
denotes the state in which these two facets are glued in addition, by xx — yx and yk — k.

Lemma 3.15. Let the solution p extend the state s, let F' be an unglued facet of s and x € F. Then
p(z) lies in an unglued facet of s different from F, and p extends s + (x — p(z)).

Proof. 1f the facet F' of p(x) were glued in s, then ps(F") = p(F') = F would be glued as well. F/ # F
by Lemma 3.6. The rest is clear. O

For every facet F' we fix a flag xp € F', the probe flag. Consider a finite rooted tree in which every
node N carries a state sy, the state of a child extends the state of its parent, and every node carries
lists Ly(F') C H for some of the facets F' that are unglued in sy. Let S be a set of solutions.

Lemma 3.16 (search scheme). Let p € S. Assume that the following holds for all nodes N whose
state is extended by p.

(T) (Trials.) At N a procedure trial(sy, F,y) is available, which may depend on N and which either
fails or returns a state extending sy + (xp — y). For every unglued facet F' of sy the trial of
y = p(zp) does not fail and returns a state extended by p.

(L) (Lists.) FEwvery list Ly (F') is either created at N or derived from a list Ly/(F) of the parent
N’ of N. It contains every flag y with the following properties: y lies in an unglued facet of
sy different from F; if the list is derived, y € Ly/(F); the trial of y in sy does not fail; and y
passes the additional tests of the procedure, if there are any. The additional tests never reject
y=p(zr).

(B) (Branching.) If sy is not complete and no list of N is empty, then N carries at least one list,
and for one of the facets F with a list the following holds: if p(xp) € Ly(F) and the trial of
p(xp) does not fail, then N has a child with state trial(sy, F, p(zF)).

If the state of the root is extended by p, then the tree has a node whose state is complete and equal to
p.
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Proof. Let N be a node whose state is extended by p. We show first that every list Ly (F') contains
y = p(zF), by induction on the depth of N. By Lemma 3.15, y lies in an unglued facet different from
F. If Ly(F) is derived from a list of the parent N’, then sy is extended by p too, and y € Ly/(F)
by induction. The trial of y does not fail by (T), and y passes the additional tests. So y € Ly (F)
by (L). Consequently no list of N is empty. If sy is not complete, (B) and (T) give a child of N
whose state is trial(sy, F, p(zr)) for some F' and is extended by p. It has more glued facets than sy.
Starting from the root we reach, after at most 60 steps, a node whose state is complete and extended
by p, hence equal to p. O

In the applications a list is either created at the node from all flags of all unglued facets, or taken
over from the parent with or without a new filtering. A list that is taken over unchanged satisfies
(L) trivially. A program that follows every element of one list satisfies (B) for every p. The lemma
shows that lists never have to be enlarged again, although the candidates were tested in an earlier
state: what was refuted in a smaller state stays refuted. It also shows what has to be checked for
each program: the root, the trial (T), the way lists are filtered (L), and the exhaustive branching (B).
A search that prunes only in this way and reaches no complete state proves that S is empty, whether
or not its final test of complete states is correct.

4 Program A

Program A consists of the table generator programA/gen_tables.py and the search engine programA/
fsearch_production.c, from which the production binary fsearch was built. The same folder
contains gsearch.c, a plain version of the search without candidate lists, which was used for reruns
of complete slices (Section 7), and aux_counter_csearch.c, an auxiliary counter of the completions
of a given partial gluing, written from the statement of Definition 3.3 alone and used only for cross-
checks. All production runs used the options

-k 1 -root t -ell 1 -keys 8 -sub S [,

which mean: one cell; the slice S;; the elliptic classes are excluded; up to 8 candidate lists are kept;
the sub-slice I of S. In this section line numbers refer to fsearch_production.c.

4.1 Tables and data structures

The table file contains the right regular representation of H as four arrays h — hr; on the points
0,...,14399, with 0 the identity. The generator obtains it from the root system of type Hy in
floating point and then verifies it exactly: the four maps are fixed-point-free involutions, they satisfy
every Coxeter relation at every point, they generate a transitive group, and the number of points
is 14400 = |W (H4)|; so the arrays are the regular representation. All other tables are derived from

these arrays with integer arithmetic: an enumeration kg = 1, k1,..., k119 of K with its multiplication
and inversion; the facets 0,...,119 (the left cosets zK') with a representative rep(F’) for each facet
F, where facet 0 is K and rep(0) = 1; ridge representatives d1,...,012 € K, one for every coset kD;

the K-classes with their flags (loop class, elliptic class) and inverse classes, ordered as described in
Section 3.5; and, for every facet F and every h € H, the class of rep(F)~'h. The flagged classes are
computed as in Section 3.3.

A flag is stored as a pair (F,p), meaning rep(F)k,. The 12 ridges of a facet F' correspond to the
flags rep(F')d;; the facet adjacent to F' across the j-th ridge is the facet of rep(£)d;ry. The probe flag
of Fis xp = rep(F'). A state s (Definition 3.14) is stored as an array that contains, for every glued
facet F', the flag ps(xFr); then ps(zrky) = ps(xF)kp. Every change of the state is recorded on a trail
and undone when the search backtracks (lines 86-88).
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A K-class c is called allowed in the slice t if ¢ and ¢! are admissible and both have index at least
t in the order ¢y, ..., c153. The program tabulates this property (lines 415-423). If p € S;, then every
facet type of p is allowed, because the inverse class of a type is the type of the partner facet.

4.2 The rules

We list everything the engine does to a state, as rules (A1)—(A13). The rules (A2)—(A5) and (A7)-
(A12) can discard something; (A1), (A6) and (A13) are stated for completeness.

(A1) Representation (lines 54-58, 69-70, 81). A gluing of two facets is entered for both facets at once:

if ps(x) = y with z = (F,p) and y = (F',p'), then ps(zp) = yx, ' and ps(zp) = am;,l.

The procedure glue(z,y) (lines 61-85) tries to pass from s to s + (z — y). Let F, F’ be the facets of

z,y.

(A2) If F or F' is glued in s: if both are glued and ps(x) = y, nothing is done and the result is
“known”; otherwise the result is “contradiction” (lines 63-66).

(A3) If F = F’, the result is “contradiction” (line 67).

(A4) Let ¢ be the class of l‘;l ymzjl, the type that I would get, and ¢’ the class of x;,l zk}, the
type that I’ would get. If ¢ or ¢ is not allowed, the result is “contradiction” (lines 71-76).
This excludes (a) loop classes, (b) elliptic classes and (c) classes below the threshold ¢, for both
facets.

Otherwise the state becomes s + (z +— y) and the result is “new”.

(A5) Propagation (lines 127-142). The newly glued facets are put into a queue. For a facet F' taken
from the queue and every j < 12 such that the facet adjacent to F' across its j-th ridge is glued,
let

xo = xFdj, x4 = ps(T0) T4, x3 = ps(Tora) ra,

and call glue(xs,x4). If the result is “contradiction”, the propagation fails; if it is “new”, the
two facets are added to the queue.

(A6) Candidates (lines 223-233, 257). The candidates for the image of zp, for an unglued facet F,
are all flags of all unglued facets other than F'.

(AT) Type prefilter (line 236). A candidate y for F is dropped if the class of :U}ly is not allowed.

(A8) Quick test (lines 239-255 and 268-288). A candidate y for F, lying in the facet F’, is dropped
if for some j such that the facet adjacent to F' across its j-th ridge is glued, the flags

x3 = ps(xpdjra) T4, Ty = Yo;T4,
with facets F3 and F}, satisfy one of the following conditions:
Q1

Q2

(Ql) Fj is glued, and Fj is unglued or ps(z4) # x3;
(Q2)
(Q3) F3 = Fuy;
(Q4)
(Q5)

F, is unglued and F3 is glued;

Q4 F3=F&IldF47§F/;
Q5 F3:F’andF47$F;
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(Q6) F5 ¢ {F,F'} and Fy € {F, F'};
(Q7) F3 and Fy are unglued, different from each other and from F and F’, and the class of
x;j [E3/€;41 is not allowed, where x4 = (Fy,p4).
(A9) Trial (lines 201-207 and 369-372). The trial of a candidate y for F' is glue(zp,y) followed, if the
result is “new”, by the propagation (A5) started with the two facets. It fails if a contradiction
occurs. When a trial is made only to filter a list, the state is restored afterwards.

(A10) Lists (lines 209-264, 289-308, 334). A list for F'is created at a node as the set of all candidates
(A6) that pass (A7) and (A8) and whose trial (A9) does not fail. A list is passed on to the
children of the node as long as F' is unglued. A child uses an inherited list unchanged or filters
it: a candidate is dropped if its facet has been glued in the meantime (line 302), if the quick
test (A8) rejects it (line 303), or if its trial fails (line 304).

(A11) Empty lists (lines 336, 352, 360, 362). A node is abandoned as soon as one of its lists is found
to be empty.

(A12) Branching (lines 365-374). A node that is not abandoned chooses one of its lists, say for the
facet F', and makes, for every y in the list, the trial of y for F'; if it does not fail, the resulting
state is the state of a child node. At the node of depth 1 of a job with the option -sub S I,
only the candidates whose position in the list is congruent to I modulo S are followed (line 368).

(A13) Leaf test (lines 327-332 and 145-176). When all facets are glued, the complete map p; is tested
from scratch: (RO), (R1), (R2), the absence of fixed points, transitivity, and that every orbit of
P; has | P;| points for i = 1,...,4. It is reported as a solution if it passes.

The search starts with glue(1, z;) and its propagation (lines 445-453). If this fails, the job ends
with 0 nodes. Otherwise the resulting state is the state of the node of depth 1, and the recursion
begins (lines 310-376). A node whose state is complete applies (A13). Any other node keeps the
inherited lists of the facets that are still unglued. If there is none, it selects up to 8 unglued facets
(preferring facets with many glued neighbours) and creates their lists. It then filters the shortest list if
that list is inherited, and all inherited lists if the shortest list has more than 8 elements, and branches
on the shortest list. Which facets are selected, which lists are filtered and which list is branched on
affects the running time only.

With the options of the production runs the following parts of the source are inactive: the orien-
tation test (lines 77-80, 221, 228, 237, 421), the option -nosame (lines 72, 227, 251, 282), the special
treatment of cells without glued facets (lines 224-226, 343 and 356, which matter only for several cells)
and the recomputation of lists when a further cell is entered (line 336), the node and depth limits
(lines 311, 313-326, 373), the option -resel (line 335), and the generic propagation for other Coxeter
labels (lines 91-121). Every log records the command of its job (line START) and the option values
(line PARAMS). The options -maxnodes and -resel are not printed in the line PARAMS; no command
contains them.

4.3 Proofs of necessity

Lemma 4.1 (ridge relation). Let p be a gluing and xo € H. Then p(p(xo)rs) = p(xors) r4.

Proof. With § = 6, we have 0~ '(z) = p(zrs) by (RO). By (R2), 0(6(z0)) = 6 *(z¢), that is,
p(p(xo)ra) ra = p(xora). O

Geometrically: the three cells around a pentagon are joined by three gluings, and two of them
determine the third.
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Proposition 4.2. Let p € S; extend the state s.

(a) If p(x) =y, then glue(z,y) does not result in a contradiction, and the state after it is extended
by p.

(b) The propagation (A5), started in s with any queue of glued facets, does not fail, and the state
after it is extended by p.

(c) If F is an unglued facet of s, the trial (A9) of y = p(xr) does not fail and results in a state
extended by p. The candidate y = p(x ) is not dropped by (A7) or by (AS8).

Proof. (a) Let F, F' be the facets of z,y, so p(F) = F'. If F is glued in s, then ps(z) = p(x) = y, hence
F’ is glued too, and (A2) gives “known”. The same holds if F’ is glued, since p(y) = =. So (A2) never
gives a contradiction. If both are unglued, then F' # F’ by Lemma 3.6, so (A3) does not apply. The
classes ¢ and ¢ in (A4) are the types of F' and F’ with respect to p, because p(zr) = p(zr, ) = yr,*
and likewise for F’. They are allowed, since p € S;. So the result is “new”, and the new state
s+ (z — y) is extended by p (Lemma 3.15).

(b) Whenever (A5) calls glue(zs,x4), the current state s’ is extended by p (by induction over
the calls), and the facets of x¢ and zgry are glued in s'. So py(x0) = p(x0), ps(xors) = p(xers),
and p(z4) = x3 by Lemma 4.1. By (a) the call does not result in a contradiction and leaves a state
extended by p.

(c) The first statement follows from (a), (b) and Lemma 3.15. The class tested in (A7) is the
type of F' with respect to p, which is allowed. For (A8) let F’ = p(F) and let j be as in (A8). Then
x3 = p(xpdjra)ry and x4 = p(xr)djrs = p(xFd;)ra, so p(xs) = x3 by Lemma 4.1 and p(Fy) = F3. We
show that none of (Q1)—(Q7) holds. (Q1): if Fy is glued in s, then ps(z4) = p(x4) = x3, so F3 is glued
and ps(r4) = x3. (Q2): if F3 is glued in s, so is Fy = p(F3). (Q3): F3 # Fy by Lemma 3.6. (Q4),
(Q5), (Q6): p exchanges F and F’ and exchanges F3 and Fy; so F3 = F if and only if Fy = F’, and
F3 = F'ifand only if Fy = F. (QT7): the class in question is the type of Fj with respect to p, because

p(zr,) = plaaky}) = z3k, ) it is allowed. -

Theorem 4.3 (completeness of program A). Let 0 <t < 153 and S > 1, and assume that the table
of Section 4.1 is correct. If S # (), then one of the S jobs with the options -k 1 -root t -ell 1
~keys 8 -sub S I,0<1 < S, reaches a complete state, provided the S jobs run to their normal end.
More precisely, every p € S; is the state of a leaf of exactly one of these jobs.

Proof. Let p € &. Since p(1) = z and xx = 1, the state after glue(1,z;) and its propagation is
extended by p, and this step does not fail, by Proposition 4.2. This state and the lists of the node of
depth 1 are the same in all S jobs, because the program is deterministic and I is used only in (A12).
Let F be the facet on which the node of depth 1 branches, let k£ be the position of p(zr) in its list
(it is in the list by the argument of Lemma 3.16), and let I = k (mod S). We apply Lemma 3.16 to
the search tree of the job I, with S = S;. Condition (T) is Proposition 4.2(c). Condition (L) holds
by (A6), (A7), (A8), (A10): a created list consists of all flags of all unglued facets other than F' that
pass the two additional tests (A7), (A8) and whose trial does not fail; a filtered list consists of the
elements of the parent’s list whose facet is still unglued, which pass (A8) and whose trial does not
fail; and by Proposition 4.2(c) the additional tests never reject p(zr). Condition (B) holds by (A11)
and (A12): a node that is not abandoned has at least one list (it has an unglued facet, so it inherits
or creates one), and it follows every element of one list, at depth 1 every element whose position is
congruent to I modulo S, among them p(zr). A node is abandoned only because of an empty list
or because its state is complete. Hence the tree of the job I contains a node with the complete state
p. It is the only such node in the S trees, because different children of a node glue the same facet in
different ways. O
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A complete state is counted in the field leaves of the log, and a job that was cut by a node or
depth limit, or killed, does not print the final line DONE (lines 454-462). So the theorem gives the
following criterion, which does not involve the leaf test (A13).

Corollary 4.4. If all jobs of the slice t end with a line DONE that shows leaves=0, then S; = ).

4.4 The empty slices

For 14 classes t, namely t = 9, 21, 35, 53, 54, 56, 58, 65, 72, 76, 78, 82, 140 and 141, the inverse class of
¢¢ has a smaller index than ¢. Then the class ¢ itself is not allowed in the slice ¢, the initial glue(1, z;)
is refused by (A4), and the job reports nodes=0. This is correct: Sy = () for these ¢ (Section 3.5), and
a solution in which the type ¢; occurs belongs, after relabelling, to the slice of its smallest type, where
both ¢; and ct_1 are allowed. In 13 further slices (¢t = 3, 7, 10, 11, 15, 23, 25, 26, 31, 32, 34, 152, 153)
the root gluing is accepted but one of the first lists is empty, and the job reports nodes=1.

5 Program B

Program B consists of the table generator programB/gen_tables.py and two versions of one search
engine: programB/fps_final.c and programB/fps_v7.c. The second is the first plus two options,
-bw and -sym; the file programB/diff_fps_final_ v7.txt shows the difference. Program B treats
a general string Coxeter group; we describe what it does for W and one cell (its “mode B”). The
production runs used

-m B -t ¢ -1 tables/t5333.inadm -fd 2 -F 16 -F2 12 -dr 3 -br 1
and optionally -s j/16 and -bw 200 -sym,

which mean: one cell with the slice S/; the file of flagged elements; the numbers of candidate lists
that are created or filtered at depth 1, at depth 2 and below (16, 12 and 3); a rule for the choice of
the branching list at depth 1; the sub-slice j of 16; and, for fps_v7 only, a wider window for that
choice and the symmetry reduction of Section 5.4. In this section line numbers refer to fps_final.c
unless “v7” is written. We keep the notation of Section 3; the source calls the gluing o, the group K
is called Hy there, and H is called C.

5.1 Tables and the vertex model

The generator obtains the right regular representations of H and of the wvertex group V = P, =
(ro,...,r5) = S5 by Todd—Coxeter coset enumeration over the trivial subgroup, and the orders
120, 48, 60, 240, 14400 of Py, ..., Ps in the same way. With the option --inadm it writes a file with one
entry for every z € H, equal to 1 if M is the identity matrix (Section 3.3; the power is computed
by repeated squaring with integers of unbounded size). By Section 3.3 these are the flagged elements.
The engine derives all other tables when it starts (lines 156-267): the facets with probe flags xp, the
multiplication of K, left multiplications and inverses in H, the type classes, and the data of the vertex
model described now. It refuses a file of flagged elements that is not a union of type classes (line 275).
A type class is allowed in the slice i if it is one of d;, ..., d139 (lines 846-852, 864, 883).

Let C, = Hy = (rg,73,74), a group of order 24 contained in H and in V. A corner is a coset zC,,
in H: the 24 flags at one of the 600 vertices of the cell. Every corner u has a fixed representative flag
rep(u). In the W-set defined by a gluing p, the orbit of a flag under V' consists of the flags around
one vertex of the glued space; if p is free, it has 120 elements and meets five corners.

For the current state s the engine keeps a partition of the set of corners into components, a root
corner in every component, and an element E[u] € V for every corner u. They satisfy:
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(INV) for every gluing p that extends s and every corner u with root a: rep(u) = rep(a) - E[u], where
the dot is the action of W on H defined by p;

(DIS) for two different corners u,u’ of one component: E[u]C, # E[u'|C,.

At the beginning every corner is a component of its own, with F[u] = 1. Every component has a table
that records which of the five cosets of C,, in V' are occupied by its corners.

5.2 The rules

The procedure define_pair(X,Y’) (lines 460-511) tries to pass from s to s+ (X — Y'). Let F, F' be
the facets of X,Y.

(B1) If F = F’: conflict (line 464).
(B2) If F or F’ is glued in s: conflict (line 465).

B3) Type filter (lines 467-472). If the type class of 7' Ykl where X = zpk, is not allowed:
F
conflict.

Otherwise the pair is entered. Then, for each of the 20 vertices of the facet F', one flag x = zpr’ at
that vertex is taken, with its image y = ps(x). Let ¢,u be the corners of z,y, and write x = rep(t)a,
y = rep(u)b with a,b € C,. The procedure link_corners(t,u, g) with g = arsb=! € V (lines 402-446)
is called.

(B4) If t and w lie in the same component and Elt]g # Elu|: conflict (line 407).

(B5) If t and u lie in different components with roots a’ and ¥/, let G = E[t] g E[u]~!. The component
of b’ is merged into the component of @’ with the new values GFE[m] for its corners m (the roles
are exchanged, with G~!, if the component of @ is the smaller one). If a new value lies in a
coset of C,, that is already occupied: conflict (lines 408-412).

(B6) Forced values (lines 417-443). After a merge, for every corner m that received a new value
and each of the four flags X' = rep(m)ag, where aq,...,as represent the cosets C,/(ro,rs),
let ¢ = E[mlagrs. If the coset cC, is occupied by a corner w, let d = E[w] 'c € C, and
Y’ = rep(w)d. If the facet of X' is glued and ps(X’) # Y”: conflict. If the facet of X is unglued:
conflict if the facet of Y’ is glued, or equal to the facet of X', or if the type class of the gluing
X' — Y’ is not allowed; otherwise the pair (X’,Y”) is put into a queue.

(B7) Propagation (lines 513-523). For a pair (X’,Y”’) taken from the queue: if the facet of X’ is
glued, conflict unless ps(X’) = Y’; otherwise, conflict if the facet of Y’ is glued; otherwise
define_pair(X',Y’) is called.

(B8) Options (lines 662—-671). The options for the image of xp, for an unglued facet F, are all flags
of all unglued facets other than F.

(B9) Lists (lines 684-696, 737, 747-754, 759-769, 789-791). The trial of an option Y for F is
define_pair(zp,Y’) followed by the propagation (B7) (lines 537-543). A list is created from
all options (B8) by deleting those whose trial ends in a conflict. A list is passed on to the
children while its facet is unglued; a child uses it unchanged, or filters it by deleting the options
whose trial ends in a conflict.

(B10) Empty lists (lines 752, 768). A node is abandoned if a list that it has created or filtered is empty.
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(B11) Branching (lines 794-803). Otherwise the node chooses one of the lists it has created or filtered
and follows every option of it whose trial has no conflict. At depth 1 of a job with the option

-s j/J, only the options whose position in the list is congruent to j modulo J are followed (line
796).

(B12) Min-type rule (line 883). The type classes dy,...,d;—1 are not allowed in the slice 7. (This is
part of the definition of “allowed” used in (B3) and (B6); we list it separately because it is the
symmetry reduction of Proposition 3.12.)

(B13) Symmetry of the root gluing, in fps_v7 with —sym only: see Section 5.4.

(B14) Leaf test (lines 546-575). When all facets are glued, the complete map is tested from scratch:
it is an involution without fixed points, it satisfies the relations with r,...,r4, the action is
transitive, and every orbit of P; has |P;| elements for i = 1,...,5. The log counts the complete
maps that pass (solutions) and those that fail (complete_rejected).

The search starts with the trial of the option ¢; for the facet K, whose probe flag is 1 (line 888).
The node of depth 1 creates 16 lists. A node of depth 2 filters up to 12 inherited lists and creates new
ones up to a total of 12; a deeper node filters up to 3 inherited lists, and creates a list only if it has
none. The node then branches on the shortest of the lists it has created or filtered; at depth 1 the
choice is among the lists that are at most 1.25 times (fps_final) or 2 times (fps_v7 with -bw 200)
as long as the shortest one. A node always ends up with at least one such list: if it has an inherited
list it filters at least one, and otherwise it creates one. As for program A, these choices affect the
running time only.

The following parts of the source are inactive in the production runs: the orientation condition
(lines 437, 466, 571, 624, 637, 667, 676, 850), the code for two cells (lines 475-491, 669, 675-681 and
the branches marked special) and for the generic mode, the optional filter by products of gluing
elements (option -f; lines 279-387 and 541), the plain search without lists (option -o0ld; lines 604—
647), the node limit (option -L; lines 606, 714), and the restriction options -R, -C (lines 849, 853-858).
The first line of every log (START) records orient=0, filter=0, minrule=0, 01d=0, restrict=-, the
file of flagged elements, and admissible=140; a restriction by -R or -C would lower the last number.

5.3 Proofs of necessity

Lemma 5.1. The properties (INV) and (DIS) hold for every state that the engine reaches without a
conflict.

Proof. They hold at the beginning. The data change only in (B5). Let p be any gluing that extends
the state in which 1ink_corners(t,u, g) is called. Then p(rep(t)a) = rep(u)b, that is, rep(t) - (ars) =
rep(u) - b, hence

rep(u) = rep(t) - g, g=arsb L. (2)

By (INV) before the merge, rep(t) = rep(a’) - E[t], rep(u) = rep(V') - Eu] and rep(m) = rep(V') - E[m)]
for the corners m of the second component. So rep(d') = rep(a’) - E[t]gE[u]~" = rep(a’) - G and
rep(m) = rep(a’) - GE[m]: (INV) holds after the merge. (DIS) holds after the merge because (B5)
reports a conflict otherwise. When the search backtracks, the previous data are restored (lines 448—
457). 0

Proposition 5.2. Let p € S extend the state s, and let p(X) =Y, where the facet of X is unglued
in s. Then define_pair(X,Y) followed by the propagation (B7) ends without a conflict, in a state
that is extended by p.
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Proof. We show that none of (B1)-(B7) reports a conflict as long as the current state is extended by
p and the pair that is being entered is a restriction of p; by induction over the calls of define_pair
this proves the proposition.

(B1) and (B2): Y lies in an unglued facet different from the facet of X by Lemma 3.15. (B3):
the element x;lYﬂa_l equals 7,(zp), and its type class is allowed because p € S/. After the pair is
entered, the state is still extended by p, so (INV) applies to p (Lemma 5.1).

(B4): if t and u have the same root @', then by (INV) and (2) rep(a’) - E[u] = rep(u) = rep(t) - g =
rep(a’) - E[t]g. So the element E[t]gE[u]~! of V = P fixes the flag rep(a’). Since p is free, it is trivial,
and there is no conflict.

(B5): suppose that after the merge two different corners m, m’ of the component with root o’ had
values in the same coset, say E[m] = E[m']c with ¢ € C,. By (INV), which holds after the merge by
the proof of Lemma 5.1, rep(m) = rep(a’) - E[m/] - ¢ = rep(m’) - ¢ = rep(m/)c. So rep(m) lies in the
corner m’, and m = m’. Hence there is no conflict.

(B6): by (INV), p(X’) = rep(m) - agrs = rep(a’) - E[m]agrs = rep(a’) - E[w]d = rep(w) - d =Y,
because d € C, < H. So the forced value is a restriction of p. If the facet of X’ is glued, then
ps(X") = p(X’) =Y. If it is unglued, the facet of Y’ is unglued and different (Lemma 3.15), and the
type class of the gluing X’ — Y is the type class of that facet with respect to p, which is allowed. So
there is no conflict, and the queued pair is a restriction of p.

(B7): when the pair (X’,Y’) is taken from the queue, the state is still extended by p and
p(X') = Y’'. So either the facet of X’ is glued and ps(X’) = Y’, or both facets are unglued and
define_pair(X',Y”) is called with a restriction of p. O

Note where freeness enters: (B1) uses the free action of Py, (B4) that of P;, and (B3) uses
Corollary 3.10; (B5) and the forced values of (B6) hold for every gluing. The forced values include
the consequences of the ridge relation of Lemma 4.1, since r4 and 75 lie in V. The engine looks for
forced values only from the corners that were moved by a merge; this cannot lose a solution, since
fewer deductions only mean fewer conflicts.

Theorem 5.3 (completeness of fps_final). Let 0 < ¢ < 139 and J > 1, and assume that the tables
are correct. If S # 0, then one of the J jobs of fps_final with the options -m B -t i -I ...-s
3/J, 0 <7 < J, reaches a complete state, provided the J jobs run to their normal end.

Proof. Let p € S]. The trial of ¢; = p(1) for the facet K ends without conflict in a state extended by
p (Proposition 5.2). The lists of the node of depth 1 do not depend on j. Let F' be the facet on which
this node branches, k the position of p(xzp) in its list, and j = k (mod J). We apply Lemma 3.16 to
the tree of the job j. (T) is Proposition 5.2. (L) holds by (B8) and (B9), without additional tests.
(B) holds by (B10) and (B11) and the remark that a node always has a list that it has created or
filtered. O

Corollary 5.4. Suppose that every job of the slice i ends with a line DONE and reports no solution
and no rejected complete map. Then S/ = 0.

For the jobs of fps_final this follows from Theorem 5.3, for the jobs of fps_v7 with -sym from
Theorem 5.7 below. The two counts are the fields solutions and complete_rejected of the log.

A job that reaches a node limit prints ABORTED-AT-NODE-LIMIT instead of DONE, and every error
exit ends the program without a final line (last lines of main). So a log with a line DONE comes from
a search that was traversed completely.
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5.4 The symmetry of the root gluing: rule (B13)

Fix a slice ¢ and write ¢ = t;. The root gluing is the map pp on K UtK with po(k) = tk and po(tk) = K
for k € K. Every p € S/ extends it. Let

S ={g9€ KUK : po(g) = gt}.

Lemma 5.5. (a) & is the set of all g € H such that the left multiplication Ay maps K UtK onto
itself and commutes with pg. In particular & is a subgroup of H. Explicitly, & = Ck(t) U {tk :
k€K, st =t71}.

(b) If pe S/ and g € S, then p9 € S].

Proof. (a) If A\, preserves K UtK and commutes with pg, then g = A\j(1) € K UtK and py(g) =
Ag(po(1)) = gt. Conversely let g € K UtK with po(g) = gt, and let k € K. Then gk € K UtK and
po(gr) = po(g)k = gtk = Agpo(r). Further \j(tk) = gtk = po(gk) lies in K U tK, and po(Ag(tk)) =
gk = Agpo(tk). So Ay maps K UtK into itself and commutes with pg. The elements with this property
form a group. For g = k € K the condition py(g) = gt reads tk = kt; for g = tk it reads k = tkt.

(b) pY is a solution with the same type classes as p (Proposition 3.4 and Lemma 3.5). Since
g~ €6, wehave p(g7") = po(g~') = g 't and p9(1) = gp(g~") = t. O

Now consider the node of depth 1 of the jobs of the slice. Its state, its lists and the facet A on
which it branches are the same in all jobs of the slice. Let X4 = x4 be the probe flag of A and L
the list of A. The flags are the numbers 0, ..., 14399, and < refers to this numbering. For g € & let
B, = g LA, a facet, and let hg € K be defined by gzrp, = Xahy. For every gluing p,

p(Xa)=gplg ' Xa) = gplxp,hy") = gp(zp,) hy". (3)
The engine fps_v7 with -sym adds the following to (B1)—-(B12).

(B13) (a) Removal (v7 lines 688-712 and 854). Before the node of depth 1 branches, an option Y € L
is removed if gY'h;! <Y for some g € & with gA = A. The sub-slice index of (B11) refers to
the positions in the reduced list (v7 line 862).

(b) Lez-leader test (v7 lines 466-472, 491, 865-868). In the subtree of an option Y of the node
of depth 1, beginning with the trial of Y itself, define_pair reports a conflict if one of the two
facets it has just glued is B, for some g € & with g4 # A and g ps(zB,) hg_1 <Y.

Let 8™ be the set of all p € S! with p(X4) < p9(X4) forall g € &.

Proposition 5.6. (a) For every p € S! there is gy € & with p% € SM1. In particular S™» #£ () if
S # 0.

(b) Let p € S™M and Y = p(X4). ThenY is not removed by (B13)(a), and (B13)(b) reports no
conflict in the subtree of Y as long as the state is extended by p.

Proof. (a) By Lemma 5.5 the finitely many gluings p9, g € &, lie in S]. Choose go such that p’ = p%
has the smallest value at X4 among them. For ¢ € & we have (p/)9 = p99%, which is one of them
because G is a group. So p'(X4) < (p')9(Xa).

(b) If gA = A, then By = A and zp, = X4, so gYh;1 = p9(Xa)>Y by (3); Y is not removed. If
gA # A and By is glued in a state s extended by p, then gps(:cBg)hgl = gp(ng)h;1 =pI(Xa) >Y,
so the test reports no conflict. Only strict inequalities lead to a removal or a conflict. ]
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Theorem 5.7 (completeness of fps_v7 with —sym). Let 0 < i <139 and J > 1, and assume that the
tables are correct. If S # 0, then one of the J jobs of fps_v7 with the options -m B -t i -I ...-bw
200 -sym -s j/J, 0 <5 < J, reaches a complete state, provided the J jobs run to their normal end.

Proof. By Proposition 5.6(a) there is p € S™". We apply Lemma 3.16 with S = S™ and this p.
Up to and including the creation of the lists of the node of depth 1, the engine does exactly what
fps_final does (the test (B13)(b) is switched on only in v7 line 865), so the state of that node is
extended by p and its lists satisfy (L). The removal (B13)(a) is an additional test on the list L of
A; it does not reject Y = p(Xa) by Proposition 5.6(b). The lists of this node were created with
the trial of fps_final, whereas its children are made with the stronger trial described next. This is
covered by Lemma 3.16: a trial that fails without (B13)(b) also fails with it, so a list created with
the weaker trial contains every option that (L) requires for the stronger one. Let k be the position
of Y in the reduced list and j = k (mod J). In the job j the option Y is followed. From here on the
trial is “define_pair with (B1)—(B7) and (B13)(b), followed by the propagation”. It satisfies (T) by
Propositions 5.2 and 5.6(b). The lists of the nodes below satisfy (L): they are created or filtered with
this trial, or inherited from the node of depth 1. (B) holds as in the proof of Theorem 5.3. O

Because (B13)(b) can refuse an option of a list that was filtered before the test was switched on,
fps_v7 switches off, in the subtree of Y, an internal consistency check of fps_final (an option of
a list that was just filtered must survive its trial; line 800, v7 line 867). This check is a safeguard
and not a pruning rule. The order of & is 240 divided by the number of elements of d;. The logs of
fps_v7 record |S|, the order of the subgroup fixing A, and the number of removed options (line SYM).

5.5 Which engine produced which logs

The 140 slices were divided by a capped probe run into 87 light slices and 53 heavy slices (programB/
make_jobs.py).

o The 87 light slices (i = 5, 10, 11, 15, 17, 21, 22, 27, 28, 32, 36, and 62 < ¢ < 139 except 66, 67)
were run with fps_final as one job each (programB/jobs_B_light.txt; 87 logs).

o The heavy slices 0, 53, 58, 59, 66, 67 were run with fps_final in 16 sub-slices each (programB/
jobs_B_heavy.txt; 96 logs).

o The other 47 heavy slices were run with fps_v7 and the additional options -bw 200 -sym in
16 sub-slices each (programB/jobs_B_resume.txt and 11 sub-slices of the slice 2 that were run
before that list was written; 752 logs).

No slice mixes the two engines; this matters because the sub-slices of a slice must split one and
the same list. The 752 logs of fps_v7 contain 315824348226 of the 326322489739 trials. So for
program B the proof of Theorem 5.7 carries most of the weight. In 41 of these 47 slices |&] > 2; in
the slices 8, 16, 39, 43, 56, 60 the group & is trivial and -sym has no effect.

6 The computation

6.1 Environment and commands

Both enumerations were run on one machine, an Apple M3 Max with 16 cores and 128 GB of memory
under macOS 26.6.2 (Darwin 25.6.0), which was shared with other work. The C programs were
compiled with Apple clang 21.0.0 (clang-2100.3.34.2, target arm64-apple-darwin25.6.0). The table
generator of program A was run with Python 3.13.5 and numpy 2.5.2; the generator and the drivers
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of program B use only the standard library of Python 3.13.5. All jobs ran with reduced priority
(nice -n 10).

Program A. The table, the binary and the jobs were produced by the following commands, in the
working directory of the program:

python3 gen_tables.py --order out/calib_B.txt tab/t5333B.bin 5 3 3 3
cc -03 -march=native -Wall -o fsearch fsearch_production.c
./fsearch tab/t5333B.bin -k 1 -root t -ell 1 -keys 8 -sub S [

-sol out/B/solutions.txt -id B_tt_slofS

The file programA/out/calib_B.txt fixes the order of the classes. The job list programA/out/jobs_
B.txt contains 383 jobs: for every t € {0,...,153} and a number S = S; of sub-slices that was chosen
from a preliminary cost estimate, the jobs I = 0,...,5; — 1. There are 107 classes with S; = 1, and
Sy takes the values 2, 3, 4, 5, 6,7, 8,9, 12, 14, 17, 18 for 5, 8, 11, 6, 5, 3, 2, 1, 1, 2, 2, 1 classes. The
jobs were run by the queue programA/run_queue.py, which writes one log per job: the line START
with the time and the command, the three lines printed by the program (PARAMS, DEPTH, and SLICE
...DONE with the counters), and the line END. The first job started on 2026-10-03 at 18:26:48 and the
last ended on 2026-10-04 at 00:54:29 (local time, UTC+3).

Program B. The commands were

python3 gen_tables.py 5,3,3,3 tables/t5333 --inadm

cc -02 -o fps_final fps_final.c cc -02 -o fps_v7 fps_v7.c

./fps_final tables/t5333.tab -m B -I tables/t5333.inadm -fd 2 -F 16 -F2 12 -dr 3 -br 1
-S out/runs/solutions_B.txt -t ¢ [-s j/16] -id id

./fps_v7 tables/t5333.tab -m B -I tables/t5333.inadm -fd 2 -F 16 -F2 12 -dr 3 -br 1
-bw 200 -sym -S out/runs/solutions_B.txt -t ¢ -s j/16 -id id

with the job files named in Section 5.5. The light slices were run one after the other by programB/
runlight.sh, the heavy ones by the driver programB/run_slices.py. Both write the output of a
job to a temporary file and give it the name of the log only if the last line is the line DONE of that job.
The first log was written on 2026-10-03 at 20:49 and the last on 2026-10-04 at 11:22 (local time).

Table 3 lists the SHA-256 hashes of the sources, binaries, tables and job lists. On macOS for
arm64 the linker signs a binary with an identifier derived from the name of the output file, so the
hash of a binary is reproduced only if the output name is the one given above.

6.2 Results

Program A. All 383 logs contain the line DONE of their own job with solutions=0 and leaves=0.
The totals are 1596433384 nodes, 46799574720 candidates examined in the creation of lists
(attempts), 428044 087522 trials (tries), and 131311.58 seconds of cpu time. The numbers of
nodes at the depths 1,...,6 are 369, 278165, 199409 287, 1279176 706, 117476 154 and 92 703. The
search never went deeper than depth 6: after three or four branchings the propagation determines so
much that every branch dies. The 14 jobs of the empty slices of Section 4.4 report 0 nodes.

Program B. All 935 logs end with the line DONE of their own job with solutions=0, and all report
complete_rejected=0. Table 4 shows the totals by engine. The numbers of trials at the depths
1,...,6 are 200652480, 12039047854, 148709163452, 163478410996, 1895037701 and 176 321.
Together with the trial of the root gluing, which every log counts as one trial of depth 0 (935 in all),
they add up to the total. In 45 slices the node of depth 1 is already dead.
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file

SHA-256

program A
fsearch_production.c

fsearch (binary)

gen_tables.py

out/calib_B.txt
tab/t5333B.bin (table, 10.9 MB)
out/jobs_B.txt

6£4ad4337cc490fb1a3f640b64f16e8bab46dfe4e388eaab5974fac3851ac3ef
1f5e15d2b28e759cc9b5fab0e5068a2516dce63cdbd5c92d057d1cf027bac316
1d83b42afadeelel14f770eabdfb44b95147e034bfc9e60353ce61e405c586del
671928558d7eda90£fc96775f£22472c6a58f54c6668cf4cb309ab259068fbdc6
c43c166515ab7b70ce1e0a61790292d385414a3e452398e526e6559772ac76e5
17d347ab0de12bdf55101c3£544a873a99449ab232a4ale20aced5c6ad74306a

program B
fps_final.c
fps_v7.c
fps_final (binary)
fps_v7 (binary)
gen_tables.py
tables/t5333.tab
tables/t5333.inadm
jobs_B_light.txt
jobs_B_heavy.txt
jobs_B_resume.txt

a05d00b7a6fcb96353aacecfbb8d926£226£2123040191454ea0fe620a2669ac
£032e5£76396eb6a13fbd4869027786£69420af 1e5£4d722b865£fc1bf6301d12
ac1ab420c4d22280b616444fb686c06eaf9401f68569640bealele09ab953689
17a9410a7afb357c4b437174cab13e3a659fa408975694149394bad2e7016cc6
0639de316948bdb732717£845ac20b7£58757£3641£3¢c171cdcd77b105623a0b
896270810cf047d700e2a9a657e505140d771444c2e1a6322bfd3365ccacf27d
£5476e1a5541f425068d8156e4413966ed812c0adb866fe8eccb7ca6551a1127
cccbc010dcacca78f7dc2136dfc4ff9665ff4fae01def3cd1564fa2d7b3c42ade
0891066a74e963dd85c6ca4d8db66a05254737dfc9231b1113fde25107£6d7e3
8cbbc67310113¢c38ac7442aab36060661£87be9blbc3ee8e664d4£8707c4£352

Table 3: Hashes of the inputs of the two enumerations. The binaries and the three tables are not part
of the reproducibility package; its script setup.sh rebuilds them, and we obtained the hashes above
again when we ran it.

slices  logs work cpu time
program A, fsearch 154 383 1596 433 384 nodes 36.48 h
program B, fps_final, light slices 87 87 1364923686 trials 0.24 h
program B, fps_final, heavy slices 6 96 9133217827 trials 2.13 h
program B, fps_v7 with -bw 200 -sym 47 752 315824348226 trials 62.78 h
program B, total 140 935 326322489739 trials 65.15 h

Table 4: Work and cpu time, summed from the logs. All 1318 logs report 0 solutions.

No complete gluing was reached. In no production job of either program did the search arrive
at a state in which all 120 facets are glued. So the leaf tests (A13) and (B14) were never executed in
the production runs, and Theorem 1.2 rests entirely on the necessity of the pruning rules, that is, on
Theorems 4.3, 5.3 and 5.7, on the agreement of the two sources with the rules as we have described
them, and on the correctness of the tables. Section 7 describes how the last two points were tested.

Proof of Theorem 1.2. By (1) we have to show that there is no solution. By Proposition 3.11 it
suffices that Sy = -+ - = S153 = 0, and this follows from Corollary 4.4 and the 383 logs of program A.
Independently, by Proposition 3.12 it suffices that S = -+ = Sf39 = 0, and this follows from
Corollary 5.4 and the 935 logs of program B. O

Each of the two enumerations alone proves the theorem, under the assumption that the corre-
sponding program and its tables do what Section 4, respectively Section 5, says.

6.3 Logs, checksums and acceptance tests

The logs are text files of at most a few lines. We use two aggregate checksums. For program A:
take from each of the 383 logs the line SLICE ...DONE, delete the field cpu=... at its end, sort the
383 lines, end each with a newline character, and apply SHA-256. For program B: for the 935 file
names B_t*.log in sorted order, feed the bytes of the name followed by the 32 bytes of the SHA-256
digest of the file into one SHA-256. The results are the two values given after Theorem 1.2. The
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script checks/log_checksums . py computes both, and checks/SHA256SUMS_logs_programA.txt and
checks/SHA256SUMS_logs_programB.txt list the digests of the individual logs.

The summary scripts of the two programs accept a log if it contains a DONE line with the right
identifier. An independent verification run found this too weak (Section 7.7) and wrote two strict
checkers, checks/check_pl.py and checks/check_p2.py, which are the acceptance tests of the final
state. They recompute the set of slices from the tables, respectively from the job files; require exactly
one log per job and no other file; parse every line of every log; compare the identifiers, options and
engine recorded in the log with the job; require solutions=0; check the internal consistency of the
counters; and verify that the sub-slices of every slice split one and the same list, using the list lengths
recorded in the logs and a probe of the first branching made with rebuilt binaries. Their outputs
on the packaged logs are checks/out_check_pl.txt and checks/out_check_p2.txt; both end with
RESULT: PASS (0 failures).

7 Controls and rejection tests

A search that returns nothing is easy to get wrong. This section reports what was done to test the
two programs, their tables and their logs. Most of it is the work of two independent verification runs,
made after the enumerations were complete: a mathematical run, which re-derived all proofs, wrote a
third search engine of its own and compared it with both programs, and a computational run, which
examined the logs, binaries and job lists, repeated parts of the computation, and ran controls and
rejection tests. Their scripts and outputs are in the folders checks/, controls/, mutations/ and
verification_engine/ of the reproducibility package. We ran the controls, the mutation tests, the
strict checkers and several scripts of the third engine again from the package; the outputs agreed with
those of the verification runs (details in the file README.md of the package). A third verification run,
which examined the written note and the package with code of its own, is described in Section 7.8.

7.1 Tables and binaries

All tables of both programs were regenerated from the sources and are bit-identical to the tables used
in the production runs. The rebuilt binaries are bit-identical to the production binaries (Table 3).
The source fsearch_production.c is a copy made after the binary was built; its hash equals the
hash recorded for the source at the start of the production run.

The mathematical verification run constructed H independently, as a group of matrices over Z[y]
(verification_engine/own/cox.py, h4_classes.py), and recomputed the classes, the loop classes,
the flagged elements and the inverse classes. The script compare_tables.py then compares every
table entry that the engines read: the regular representations, the facets and their representatives,
the ridge representatives, the 188 classes with their flags and inverse classes, all 120 - 14400 entries
of the class table of program A, the representation of V' used by program B, its 14400 flags and its
140 type classes. All entries agree. The computational run verified in addition that the two programs
exclude the same set of 1680 elements and that the 140 type classes of program B correspond to the
126 self-inverse classes and the 14 pairs of program A (checks/tables/map_classes.py).

7.2 Reruns

With rebuilt binaries, 102 of the 383 jobs of program A and 52 of the 935 jobs of program B were run
again: a random sample with a fixed seed, all jobs of program A that had taken less than two minutes,
and a few longer ones. In all 154 reruns every counter of the log was reproduced (checks/reruns/).
The reruns cover only 2.2% of the nodes of program A and 1.5% of the trials of program B; the long
jobs were not repeated. For 25 jobs of program A the search was also repeated with the generic ridge
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group and cell labelled classes found by the programs

[3, 5, 3], icosahedron 432 7 A: 12 solutions in its slices, 7 classes, for S =1,2,3,5,16;
B: 12 (fps_final) and 8 (fps_v7), 7 classes, for J =
1,2,3,16

[5, 3, 5], dodecahedron 698 12 A: 26 solutions, 12 classes; B: 26 and 16 solutions, 12
classes; same values of S and J

[3,4,3,3], 24-cell 14999 149  A: 239 solutions in 41 slices, 149 classes; B: 337 and 267

solutions in 54 slices, 149 classes, for J =1 and J = 16

Table 5: Positive controls with the production options (one cell in each case; [3,4, 3, 3] has rank 5 and
is Euclidean). The numbers of labelled solutions and of classes were obtained by the third engine,
which implements Definition 3.3 literally. A “class” is an orbit under relabelling, that is, a conjugacy
class of torsion-free subgroups.

propagation and without the quick test (A8): the search trees were identical, level by level. Before
the verification, 103 complete slices of program A had been run a second time with the plain search
gsearch (80356268 nodes, no solution; logs in programA/out/B_gs/); three of these were repeated
with identical counters. A second random sample of 20 jobs was run again in the last verification run
(Section 7.8).

7.3 Positive controls

The programs accept other string Coxeter groups, so they can be run on cases that have solutions.
Table 5 lists the controls that were run with the production binaries and the production options,
including the sub-slice options and, where it exists, the file of flagged elements. None of the numbers
in the table is new: the one-cell manifolds of [3,5, 3] and [5, 3, 5] are the icosahedral and dodecahedral
manifolds of the classification described by Everitt [Eve04], and the first homology groups of our
classes agree with his lists (for [5,3,5] we find nine classes up to the diagram automorphism against
eight manifolds; two of our classes have equal invariants and presumably are two tessellations of one
manifold, which we did not prove).

The third control is the most relevant one: the group [3,4,3, 3] of the Euclidean honeycomb by
24-cells, where the cell group has order 1152. It is our only control with one cell, rank 5 and last label
3, and we do not know another group of this shape that has solutions. Of the six groups [p, ¢, r, 3] with
p,q,r > 3 and a finite cell group [p, ¢, 7], the groups [3, 3, 3, 3] and [4, 3, 3, 3] are finite; [3, 3,4, 3] has no
torsion-free subgroup of index 384, the order of its cell group, because 384 is not divisible by the order
1152 of its finite subgroup (3,4, 3]; [5, 3,3, 3] is the subject of this note; and [3,3, 5, 3], whose vertex
group [3, 5, 3] is infinite, was not examined. The mathematical verification run enumerated all 14999
labelled solutions with its own engine and then compared the sets of solutions slice by slice: every slice
of program A and of fps_final contains exactly the solutions predicted by Propositions 3.11 and 3.12,
and every slice of fps_v7 with -sym contains a relabelling under & of every predicted solution (|&|
is up to 96 there). The elliptic filter of program A is not available for this group, because the label 4
needs /2 instead of o; program A was run with its other production options. In this control the leaf
test of program B is exercised: fps_final rejects 27 complete gluings and fps_v7 rejects 6.

Program B has in addition a validation suite on 24 small groups of rank 3 to 5, in which the engine
is compared with a brute-force enumeration of subgroups of low index and with plain backtracking
(controls/programB/validate.sh, validate_v7.sh): 35 comparisons for fps_final and 37 for
fps_v7 with -sym, all in agreement. This suite does not use the file of flagged elements or sub-slices.

Two further controls concern known manifolds. The Davis manifold is found by fps_final in
two restricted searches in [5,3,3,5] (one solution each, after 3042448 and 12445487 trials; logs in
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controls/programB/out/davis/); the solution is torsion-free and orientable with Hy = Z2*, the
value given for the Davis manifold in [Marl8, Section 2.2]. In [5,3,3,3] itself the subgroup ¥ of
Conder and Maclachlan was converted into a gluing of eight 120-cells, and the gluing maps of the
first n of its 960 facets were prescribed (controls/programA/run_cm_controls.sh). For n = 60
and n = 50 the plain search and the development version of the engine of program A rebuild ¥ by
propagation alone; for n = 45 and n = 40 they find two completions, 3 and a second torsion-free
gluing of eight cells. Both are non-orientable; their first homology groups are Z2 @ (Z/2)?, as stated
for ¥ in [CMO5], and Z? @ Z/2. We do not know whether the second one is among the examples of
[Lon08] and claim nothing about it. This control shows that the pruning rules of program A, with
the tables of the real problem, do not reject a genuine torsion-free gluing in [5,3,3,3]. It uses the
threshold ¢ = 0 and several cells, and needs an option that the production binary does not have; so
it tests the shared code of glue and propagation, not the production binary.

7.4 Mutation tests

To see whether the controls can detect errors, the sources were mutated on purpose and the mutants
were run on the controls [3,5,3] and [5,3,5] (mutations/). For program A: a threshold that is too
strong, a sub-slice selector that skips one residue class, a job list with one sub-slice missing, and a quick
test that rejects too much all lose classes (for example 2 instead of 7 and 12 classes for the threshold,
5 instead of 7 for the quick test). Removing the loop test, lowering the threshold or removing the
test of the inverse type leaves the classes unchanged and increases the number of nodes, as it should.
Without any ridge propagation the search reaches hundreds of thousands of complete gluings, all of
which the leaf test rejects. For program B: forbidding the root type after the root gluing, a wrong file
of flagged elements, a wrong sub-slice selector and a lex-leader test with < instead of < lose classes
on at least one of the controls; ignoring a holonomy conflict (B4) leaves the classes unchanged, and
the leaf test then rejects 171 and 936 complete gluings. The mutant of the removal (B13)(a) with <
is not detected by [3,5, 3] and [5, 3, 5], but by four other groups of the validation suite of fps_v7.

The mutation tests also showed what the small controls cannot see. The test “type and inverse
type at least ¢” is implemented twice in program A (in the table of allowed classes and for both facets
in (A4)), and with the elliptic filter the loop classes are excluded twice; so a mutation of one of these
lines has no effect at all. The group [5, 3, 5] has last label 5 and does not exercise the ridge propagation
for label 3 or the quick test, and it has no elliptic class and no pair of inverse classes; [3, 5, 3] has one
elliptic class, two pairs of inverse classes, and its whole search has 132 nodes. The code paths that
matter for [5,3,3, 3] are therefore covered mainly by other means: the control [3,4, 3, 3], the reruns
with generic propagation, the table comparisons, and the comparisons with the third engine on the
real problem described next.

7.5 Comparisons on the real problem

Cross-check of partial gluings. For 57 partial gluings of one cell of [5, 3, 3, 3|, taken from depths
2 and 3 of the search tree of program A, the number of all completions (without threshold) was
computed with up to five programs: the plain and the list-based search of program A, the auxiliary
counter, and the engine of program B with and without its type filter (checks/crosscheck/; the
engine of program B needed a small patch to accept a prescribed partial gluing). Every finished run
gave 0; in 51 of the 57 states all five programs finished. As all counts are zero, this test can only
detect a program that finds a completion where another does not. On 353 partial gluings of [3,5, 3]
and [5, 3, 5], many of which have completions, the five programs gave equal counts.
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The third engine. The engine verification_engine/own/direct_mask.c of the mathematical
verification run propagates only the relation (R2) and tests freeness at the leaves; it uses its own tables
and none of the data structures of the two programs. On the real problem it gave the following.

e It searched 52 of the 154 slices of program A completely, with the slice definition of Section 3.5:
the 14 empty slices, 12 slices that die at the first node, and 26 larger ones (732580 nodes in
total). It found no solution, and in each of the 26 slices its number of nodes equals that of the
plain search gsearch of program A. This is a spot check and not a third enumeration: the other
102 slices were beyond its means.

o It reproduced the first node of every slice of both programs: for program A the outcome (root
refused, a list empty, or the length of the first branching list) in 154 of 154 slices; for program B
the numbers of lists, trials and surviving options in 140 of 140 slices.

e At about 1400 sampled nodes of depth 2 to 4 it recomputed the candidate lists for the same
partial gluing: 209 nodes of program A, 595 nodes of fps_final and 627 nodes of fps_v7
with -sym. Every list that the program had just created or filtered was equal to the exact
set of candidates computed by the third engine, and every inherited list contained that set, as
Lemma 3.16 requires. For program B the third engine was extended by its own implementation of
the vertex condition, and for fps_v7 the lex-leader condition (B13) was evaluated independently;
495 options were excluded by that condition alone.

o For all 47 slices run with -sym it recomputed |&|, the subgroup fixing A, the number of removed
options and the number of nodes of depth 2; all agree with the logs.

On a further sample of 47 nodes the vertex condition of program B removed no candidate beyond the
ridge relation and the type filter, in agreement with Remark 3.7.

7.6 Manipulated logs

Copies of the logs were manipulated on purpose: a log deleted, truncated, changed to one solution,
changed to a stopped run, replaced by the log of another sub-slice with edited identifiers, replaced by
a run of the other engine, or an extra log added. The strict checkers reject all 14 manipulated sets
and accept the two unmodified ones (checks/manipulated_logs/).

7.7 Weaknesses found, and how they were closed

The verification runs found the following weaknesses. None of them changed a count, but a reader
should know them.

1. Validation of program B without the production options. The original validation suite of pro-
gram B never used the file of flagged elements or the sub-slice option. Closed by the controls of
Table 5, which use both, and by a control in which all 120 root flags of [3, 5, 3] and [5, 3, 5] were
prescribed, with and without the file (432 and 698 labelled completions in all cases).

2. Weak summary scripts. The summary scripts of both programs accept a log by its DONE line
and identifier only, do not notice a renamed log of another sub-slice or a mixture of engines in
a slice, and always exit with status 0. Closed by the strict checkers of Section 6.

3. Validation of program A mnot tied to commands. Some validation scripts of program A call
development binaries that were not kept, and one validation row has no command log. The
controls of Section 7.3 were therefore run again with rebuilt binaries; the remaining rows of the
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original validation table (among them cases with two cells) were not repeated and are not used
in this note.

4. Source newer than binary. See Section 7.1. The source of the plain search gsearch.c was
changed after the production run had started; the stored logs of gsearch are reproduced by the
present source on the slices that were rerun.

5. Leaf tests mnever used. Stated in Section 6. This is not a defect, but it moves all the weight
to the pruning rules. It is the reason for the rule-by-rule proofs of Sections 4 and 5, for the
mutation tests and for the comparisons of Section 7.5.

6. Most of program B depends on -sym. 47 of the 53 heavy slices, with 97% of the trials, were run
with the engine fps_v7 and the reduction (B13); in six of them about half of the options of the
first branching are refused by the lex-leader test. The first summary of the results named only
fps_final. The reduction is an additional symmetry argument and needs its own justification:
this is the proof in Section 5.4, together with the mutation tests, the control [3,4, 3, 3], and the
recomputation of the reduction on all 47 slices. For these slices the independence of the two
programs remains the main safeguard.

7. Minor points of the code. (a) The log of program A does not print the node limit; this is
harmless, because a run that reaches a node limit prints STOPPED instead of DONE. (b) In fps_v7
the internal consistency check mentioned in Section 5.4 is switched off in the whole subtree of
an option and not only where the lex-leader test can interfere; this weakens a safeguard, not
the search. (c) The first line of the logs of fps_final does not print all steering options; they
were confirmed by recomputing the first node of every slice.

Five jobs of program B were started twice, because the driver was interrupted during their first start;
the partial output of the first start was overwritten, and each of these jobs has one complete log.

What was not done: the long jobs were not repeated; there is no third complete enumeration; and
Belolipetsky’s theorem, which we use only for context, was not re-verified.

7.8 A further verification run

After this note and its package had been written, a third verification run, again Al-assisted, examined
both. It read the three sources completely and compared them with the rules (A1)—(A13) and (B1)—
(B14), including the converse question whether anything is discarded outside these rules; it read
the proofs of Sections 2 to 5 again; and it wrote new code from scratch, which is in the folder
independent_run_2/ of the package. The results are as follows.

o Classes and tables. H was generated once more as a group of matrices over Z[¢|. The numbers
of Proposition 3.9 and of Table 2 were obtained again. The flagged elements were determined
by the literal test of Section 3.3. For each of the other 12720 elements z the run found a power
of the matrix of zrs whose trace has absolute value greater than 5 in a real embedding of Z[y].
A 5 x 5 matrix of finite order is diagonalizable with roots of unity as eigenvalues, so this proves
that zrs, and hence its inverse r52~!, has infinite order. Every table entry that the engine of
program A uses in the production runs, among them the 120 - 14400 entries of its class table,
and the file of flagged elements of program B agree with this construction.

o First node. A new implementation of the root step and of the trial (the gluing of Definition 3.3,
closed under the ridge relation of Lemma 4.1, with the type conditions of the slice) reproduced
the first node of every slice: for program A the 14 refused roots, the 13 slices with an empty first
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list and the length of the first branching list in the other 127 slices; for program B the numbers
of lists, trials and surviving options in all 140 slices. With its own implementation of the choice
of the branching list, of the sub-slice selection and of the rule (B13), the run also reproduced
the number of nodes of depth 2 for every job separately: in 356 of 356 jobs of program A and
in 890 of 890 logs of program B, together with the line SYM of all 752 logs of fps_v7. So every
job followed its own share of one and the same list. Nothing below depth 2 was recomputed in
this run.

o Controls. A literal enumeration for [3,5, 3] gave 432 solutions in 7 classes. Program A was run
on [3,4,3,3] with its production options and gave 239 solutions in 149 classes, as in Table 5.

e Reruns. A new random sample of 12 jobs of program A and 8 jobs of program B, drawn from
the jobs with a recorded cpu time between 5 and 300 seconds that had not been run again
before, reproduced every counter. Altogether 174 jobs have now been run twice; they contain
5.0% of the nodes of program A and 1.9% of the trials of program B.

e Package. The hashes of Table 3, the strict checkers, the log checksums, the positive controls of
Table 5 and all totals of Section 6 were reproduced from an extracted copy of the package.

The run found no error in the proofs and no difference between the rules and the code. It required
corrections of the text, among them the references to [RT00, Lon07] and a more complete list of the
inactive parts of the two sources.

8 What remains

The smallest index. By Corollary 1.3(b) the smallest index of a torsion-free subgroup of W is
14400 mg with 2 < mg < 8. The values mg = 2,...,7 are open.

Index 28800. The case that matters for Problem 4.124 is m = 2 with the additional condition
G < WT: two 120-cells, and a gluing p of {0, 1} x H that reverses the parity of the flags. Both programs
have a mode for this case; they cut it into 72 slices and one additional slice (program A) and into
780 slices (program B). We do not reproduce the corresponding coverage arguments, since no result
is claimed. Neither enumeration is complete, and the following numbers prove nothing about index
28800. They are taken from capped probe runs, whose logs are in the folder index28800_probes/ of
the package.

e Program A probed 9 of its 72 slices with a limit of 150 000 nodes each. Two finished without a
solution (one of them has an empty root); seven reached the limit, at depth 8 or 9 of the search.
The additional slice in which no facet is glued inside its own cell is empty.

o Program B finished its 206 cheapest slices (137228 027 trials, no solution). Of 12 further slices,
probed with a limit of 3 - 107 trials each, five ended at once and seven reached the limit.

The extrapolations made from these probes during the development of the two programs are 10? to
10* core-hours for program A and 5-10% to 5- 10 core-hours for program B. They are crude, because
they assume that the visited part of the tree is typical.

The search tree explodes for a structural reason. With one cell, every gluing constrains the same
120 facets, the ridge relation forces further gluings at once, and every branch dies at depth at most
6. With two cells, after the first gluing between the cells the gluings of the facets of the second cell
are hardly constrained until many of its facets are glued. The working notes of program A record one
example: two of the 3347 nodes of depth 2 of one slice led to 573 nodes at depth 3, 5747 at depth 4
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and more than seven million at depth 5. A complete enumeration of index 28800 needs either a much
stronger propagation between the two cells, for instance pairwise compatibility relations between the
candidate lists of adjacent facets, or a further symmetry reduction, or a computing budget that we
do not have. We leave it open, and with it Problem 4.124 in the arithmetic case. A non-orientable
closed hyperbolic 4-manifold with y = 2 covering H*/W would correspond to a torsion-free subgroup
of index 28800 not contained in W ™; this case was not attempted at all.

Verification. The claims were checked as follows.

1. The two enumerations were made by two programs that were written separately from the state-
ment of Proposition 3.4, with different tables, data structures, pruning rules and symmetry
reductions (Sections 4 and 5). Both report 0 solutions.

2. Two independent verification runs, which were Al-assisted, examined the result after the enu-
merations were complete. The first re-derived every proof of Sections 2 to 5, including a verdict
with a proof for each of the 13 + 14 pruning rules, checked the cited theorems on finite sub-
groups and on the faithfulness of the geometric representation in the text of [Dav08], wrote a
third search engine and made the comparisons of Section 7.5. The second checked the coverage
of the job lists, the integrity of the 1318 logs, the correspondence of binaries and sources, reran
154 jobs, and ran the controls, mutation tests and manipulated-log tests of Section 7. Both runs
confirmed the result. They required corrections of the wording (the Euler characteristic form
needs “finite-sheeted”; the role of fps_v7 had to be stated) and found the weaknesses listed in
Section 7.7.

3. For this note all proofs were written out again and compared, rule by rule and line by line, with
the two sources. The tables and binaries were rebuilt from the reproducibility package with the
hashes of Table 3; the strict checkers, the log checksums, the positive controls of both programs,
the Conder—Maclachlan control, all mutation tests, the manipulated-log tests, the comparison
of the stored reruns, the probes of the first branching and seven scripts of the third engine
(classes, table comparison, first node of all slices of both programs, the two recomputations of
the symmetry reduction, sub-slice consistency) were run again from the package and reproduced
the recorded outputs.

4. A third Al-assisted verification run then examined the written note and the package (Sec-
tion 7.8): the proofs, the agreement of the rules with the three sources, the classes and the first
node of every slice with new code, a new sample of reruns, the numbers, the quotations and
the literature. It did not repeat the long jobs, recomputed nothing below depth 2 of the search
trees, and did not read [Lon07, RTO01].

5. After that run the thesis [Lon07] was obtained. Its Chapter 7, the closing remarks of [Dav85]
and Section 5.3 of [Che25] were read, and the account of earlier work in the introduction and
in this section was revised accordingly. The statements, the proofs and the computations of the
note were not changed.

Not checked by anyone: a complete repetition of the long jobs (the jobs that were run twice contain
5.0% of the nodes of program A and 1.9% of the trials of program B), a third complete enumeration,
Belolipetsky’s theorem, and everything concerning index 28800 beyond the probes described above.
The remaining risk is an error common to both programs in a place that the controls, the mutation
tests and the partial third enumeration do not reach; we consider it small but cannot exclude it.
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Scope and priority. The result is Theorem 1.2 with its equivalent forms: the non-existence of a
torsion-free subgroup of index 14400 in [5, 3, 3, 3], of a closed hyperbolic manifold glued from one 120-
cell with dihedral angle 27 /3, and of a finite-sheeted manifold cover of H*/W with Euler characteristic
1. It is a computer-assisted theorem. It makes no claim on Problem 4.124 of [BKR26]: the three
questions of that problem concern Euler characteristic 2 and remain open, also in the arithmetic
case. To our knowledge the result is new. The question itself is not new. Davis [Dav85] raised the
possibility of a torsion-free subgroup of index 14400, [RT00] states the search problem for one or two
120-cells, [Lon07, Chapter 7] calls the question outstanding and contains the case of normal subgroups,
and [CMO05, Lon07] approach the question through subgroups of low index. We read [CMO05] in full,
the relevant statements of [Bel04, Bel07] in the arXiv versions, [Emel4, Marl8] in renderings of
the arXiv versions, and the relevant section of [RT00] in a rendering of the arXiv version of the
proceedings. Of [Lon07] we read the abstract, Section 1.3, Chapter 7 and Chapter 8 in the scanned
copy of the university repository; we did not check its proofs. We read the closing remarks of [Dav85]
in a scan of the journal pages, and the introduction and Section 5.3 of [Che25] in the arXiv version.
We know [Lon08, CL23, MZ21, CK22] from their abstracts only, and we quote the result of [RT01]
from [Marl8]. The problem statement is quoted from the dataset record [ula26]; the remarks to
the problem and its attribution were read in the authors’ preliminary version of [BKR26], and the
published volume was not consulted. Searches of the arXiv listings, of OpenAlex (including the works
that cite [CMO05, Lon08, Emel4, Bel04]), of Crossref and of zbMATH, and five web searches, found no
work that decides whether [5, 3,3, 3] has a torsion-free subgroup of index 14400 or 28800, or whether
a closed hyperbolic 4-manifold with Euler characteristic 1 or 2 exists. Apart from [Lon07], theses and
unpublished computations are not covered by these searches, and specialists may know more; this
negative search is not a proof of priority. The method is classical [Eve04, CM05, CL23], and we claim
no novelty for the control cases: the one-cell manifolds of [3, 5, 3] and [5, 3, 5], the Davis manifold and
the subgroup of Conder and Maclachlan are known. Of the cited books, the statements taken from
[Dav08] (Theorems 12.3.4(i) and 6.12.10, formula (16.8)) were checked in the text; the exercise of
[Bou02] was identified through the citation in [Dav08]; the other books are cited for standard facts at
the level of chapters.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the search and verification programs, and to help prepare this manuscript. The
author has reviewed the proofs, the computations and the sources and is responsible for all claims.
The note has not been peer reviewed.
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