Sending Loxodromic Elements of Right-Angled Artin Groups to
Pseudo-Anosov Mapping Classes: A Partial Answer to Problem 2.28
of the K3 List

Alper Ferudun*

October 9, 2026

Abstract

Problem 2.28 of the list K3: A New Problem List in Low-Dimensional Topology (Baykur, Kirby
and Ruberman, eds., 2026), recorded by T. Koberda, asks: if I" is a finite graph that is not a join,
is there an injective homomorphism from the right-angled Artin group A(T") to the mapping class
group of a surface which sends every loxodromic element to a pseudo-Anosov mapping class? We
give a partial answer; the problem remains open in general. We prove that such a homomorphism
exists, with a closed surface as target, when I' is chordal, when the complement graph of I" is
chordal, when T is the complement of a cycle of length at least five (this includes the pentagon),
and more generally when the complement of I' is obtained from complete graphs and cycles by
gluing along cliques. The answer is also positive for disjoint unions of graphs of these kinds and
of joins, with isolated vertices added, and for connected graphs whose right-angled Artin groups
have finite index in the group of a connected graph with a positive answer. Further constructions
treat the hexagon, graphs obtained by duplicating vertices, and complements of cycles with one
more vertex. Together with a computer enumeration of small graphs, the constructions give a
positive answer for every graph with at most six vertices that is not a join and for 758 of the 853
such graphs with seven vertices; four more of these are settled by the finite-index property, and
for the remaining 91 we have no answer. The homomorphisms are those of Clay, Leininger and
Mangahas: the generators are sent to pseudo-Anosov maps of subsurfaces, and by a theorem of
these authors the property asked for is equivalent to a filling condition, which we verify. The proofs
use subsurface projections (Masur—Minsky, Behrstock) and, for complements of cycles and for the
hexagon, planar configurations of discs lifted to totally ramified cyclic covers of the sphere. This
is an unrefereed note.

1 Introduction

1.1 The problem

All graphs in this note are finite and simplicial, and subgraphs are induced. For a graph I' with vertex
set V. =V/(I), the right-angled Artin group is

A(T) = (V| [v,w] = 1 whenever v and w are adjacent in I").

The complement of I (also called the opposite graph) has the same vertices and the reversed adjacency;
we always denote it by A. The graph I' is a join if V' is the disjoint union of two non-empty sets J, Jo
such that every vertex of Jj is adjacent to every vertex of Jo; we then write I' = Jy x Jo. Equivalently,

*Mercury Software GmbH. Email: alper@mercurycodelab.com. GitHub: https://github.com/AlperTheKing.
Unrefereed preprint. CC BY 4.0.


mailto:alper@mercurycodelab.com
https://github.com/AlperTheKing
https://creativecommons.org/licenses/by/4.0/

A is disconnected, and equivalently A(I') is a non-trivial direct product. A join of I' is an induced
subgraph J that is a join, and A(J) < A(T') is then called a join subgroup. Following Koberda,
Mangahas and Taylor [KMT17] and Kim and Koberda [KK14a], an element of A(T') is elliptic if it is
conjugate into a join subgroup, and loxodromic if it is not the identity and not elliptic; see Section 2.2
for a discussion of this definition.

The following problem was recorded by T. Koberda in the problem list [BKR26]. It is record
KP-2.28 of the UnsolvedMath dataset [ula26].

Problem ([BKR26, Problem 2.28]). Let I" be a graph that is not a join. Is there an injective homo-
morphism from A(T') to the mapping class group of a surface such that every loxodromic element of
A(T) is sent to a pseudo-Anosov mapping class?

In [BKR26] the problem is worded for a graph that is “not a nontrivial join” and asks for an
“injective map”; we read this as above, in accordance with the remarks that accompany the problem.
These remarks explain its background. Injective homomorphisms from right-angled Artin groups to
mapping class groups exist in abundance [CP01, CLM12, Kob12]. An injective homomorphism never
sends an elliptic element to a pseudo-Anosov class [KK14a, Theorem 38|, so the problem asks for an
embedding under which an element has a pseudo-Anosov image exactly when this is not excluded for
algebraic reasons. Not every embedding has this property: Kim and Koberda [KK14a, Proposition 40]
describe an embedding of A(Py), where Py is the path on four vertices, into the mapping class group
of the closed surface of genus two under which a loxodromic element becomes reducible. (Theorem
and proposition numbers of [KK14a] refer to the arXiv version.) By [MT16, KMT17], the restriction
of an embedding as in the problem to a subgroup all of whose non-trivial elements are loxodromic
is convex cocompact; such subgroups are free. Finally, Remark (4) of the problem reformulates it,
in light of [KMT17], as a question about subsurfaces: it suffices to find a surface S and pairwise
non-nested, non-annular subsurfaces S, (v € V), each supporting a pseudo-Anosov map, such that
S, and S, intersect essentially exactly when v and w are not adjacent in I'; and such that for every
connected subgraph Y of A with the property that every vertex of A is adjacent to a vertex of Y,
every curve of S essentially intersects S, for some v € Y. This reformulation rests on the work of
Clay, Leininger and Mangahas [CLM12], and it is the form in which we treat the problem.

We use the following terminology. An LPA embedding of A(I') is an injective homomorphism
A(T") — Mod(S), for some connected orientable surface S of finite type, that sends every loxodromic
element to a pseudo-Anosov mapping class. An LPA realization of T on S is a family {X,},cy of
proper, connected, non-annular essential subsurfaces of S (the conventions are fixed in Section 2.3)
such that

(R1) X, and X,, are disjoint, up to isotopy, if v and w are adjacent in T’

(R2) X, and X,, overlap if v # w are not adjacent in I': they cannot be isotoped to be disjoint, and
neither can be isotoped into the other;

(F) for every non-empty set Y C V' that is not contained in a join of I', the family {X, }yey fills S:
no curve of S can be isotoped to be disjoint from all X, y € Y.

Conditions (R1) and (R2) say that {X,} realizes I nicely in the sense of [CLM12]. By two theorems of
Clay, Leininger and Mangahas, an LPA realization gives LPA embeddings: one sends v to a mapping
class supported on X, and pseudo-Anosov there, with large translation length (Proposition 3.2). For
homomorphisms of this kind, (F) is also necessary. A non-empty vertex set is not contained in a join
of I' if and only if it induces a connected subgraph of A and every vertex outside it has a neighbour
in it with respect to A (Lemma 3.1); so for graphs without isolated vertices an LPA realization is
exactly what Remark (4) of the problem asks for.



1.2 What was known

We found the following positive answers in the literature. For a graph without edges, A(T') is free and
all its non-trivial elements are loxodromic, and LPA embeddings are the free purely pseudo-Anosov
subgroups of mapping class groups, which are classical; see [FM02]. Loa [Loa21, Theorem 1.1] proved
that two groups generated by multitwists about multicurves that are far apart in the curve graph
generate their free product, and that every element of it which is not conjugate into a factor is
pseudo-Anosov. This is an LPA embedding of A(I") for the disjoint union I' of two complete graphs
with at least two vertices each. Aougab, Bray, Dowdall, Hoganson, Maloni and Whitfield [ABD 26,
Theorem A and Corollary 1.1] treat homomorphisms of the kind of [CLM12] for a graph that is
a disjoint union of at least two subgraphs: if the subgroup of each subgraph is reducible and the
boundaries of supports belonging to different subgraphs are at distance at least 3 in the curve graph,
then for large powers the homomorphism is injective and every element that is not conjugate into a
factor is pseudo-Anosov. When every subgraph is a join, these are exactly the loxodromic elements,
so their theorem gives a positive answer for disjoint unions of at least two joins. For connected graphs
I" we found no positive answer in the literature. The idea of obtaining subsurfaces for the pentagon
from a planar picture and a branched cover is in [CLM12, Section 2.4], where five discs with three
punctures each on a sphere with eight punctures are lifted to a two-fold branched cover of genus three;
this gives a nice realization, and the filling property (F) is not discussed there. Mangahas and Taylor
[MT16] (Section 8 of the arXiv version) realize the complement of the cycle Ca,, n > 2, nicely on a
surface of genus n+ 1, by rotated copies of a one-holed torus and of a sphere with four holes, and find
convex cocompact free subgroups of the resulting group; property (F) is not considered there either.

1.3 Results

The problem remains open in general. We answer it positively for the following classes of graphs. In
all cases the surface is closed, and when I" has no isolated vertex the embedding comes from an LPA
realization. A graph is chordal if it has no induced cycle of length at least four.

Theorem 1.1 (chordal graphs). Let T be a chordal graph with n > 2 vertices and no isolated vertex,
and let S be a closed orientable surface of genus at least n+ 2. Then I' has an LPA realization on S
by one-holed tori.

Theorem 1.2 (graphs with chordal complement). Let I' be a graph without isolated vertices whose
complement A is connected and chordal, and let r be the number of maximal cliques of A. Then I' has
an LPA realization by one-holed tori on every closed orientable surface of genus at least 2r.

Chordal graphs include forests, interval graphs and block graphs. Theorem 1.2 applies, for instance,
to the complements of trees that are not stars.

Theorem 1.3 (complements of cycles). Let m > 5, let T' be the complement of the cycle C,,, and
let d > 5 be an odd integer. Then I' has an LPA realization on the closed orientable surface of genus
(d—1)(m — 2)/2 by subsurfaces of complexity at least two. For m =5, where I" is the pentagon, and
d =5, this is a realization on the surface of genus 6 by five subsurfaces of genus 2 with one boundary
component.

A graph is a clique-sum of two induced subgraphs A; and As if their vertex sets cover it, their
intersection K is a non-empty clique, both contain vertices outside K, and there is no edge between
V(A1) ~ K and V(A2) ~ K. Let KC be the smallest class of graphs that contains all complete graphs
and all cycles of length at least four and is closed under clique-sums. A connected graph is chordal if
and only if it can be built from complete graphs by clique-sums, so K contains the connected chordal
graphs and all cycles of length at least four.



not joins of these, connected
vertices | all (i) (ii) (i) | all (i) (ii) (iii)
4 6 6 6 6 1 1 1 1
5 21 21 21 21 8 8 8 8
6 112 93 105 112 | 68 49 61 68
7 853 47T 578 758 | 662 305 394 567

Table 1: Numbers of graphs, up to isomorphism, for which a positive answer follows from (i) The-
orems 1.1 to 1.3 and the closure properties of Theorem 1.5; (ii) Theorem 1.5; (iii) Proposition 9.3,
which combines Theorems 1.5 and 1.6. The numbers are the result of a computer enumeration (Sec-
tion 11). The four graphs with seven vertices that are settled by Remark 3.9 are not counted. For
graphs with one, two or three vertices that are not joins (1, 1 and 2 graphs) the answer is positive by
Theorem 1.5.

Theorem 1.4 (gluing along cliques). Let I' be a graph without isolated vertices whose complement
lies in IKC. Then T" has an LPA realization by one-holed tori on a closed orientable surface.

Theorem 1.4 contains the existence statements of Theorems 1.2 and 1.3; the subsurfaces of Theo-
rem 1.3 are used as building blocks for it. The genera that occur are described in Remark 7.3.

Theorem 1.5 (closure properties; small graphs). Let I' be a graph that is not a join, and let '~ be
the graph obtained by remowving its isolated vertices. Suppose that every connected component K of
I'~ is of one of the following kinds:

(a) K is chordal;
(b) the complement of K lies in K;
(c) K is a join.

Then A(T') has an LPA embedding into the mapping class group of a closed surface. Every graph with
at most five vertices that is not a join satisfies this hypothesis.

In addition, the class of connected graphs I' that are not joins and whose groups A(I") have LPA
embeddings is closed under passing to right-angled Artin subgroups of finite index (Proposition 3.8).

For graphs with isolated vertices, and more generally for graphs that are not connected, Theo-
rem 1.5 depends on the reading of the word “loxodromic” explained in Section 2.2: the definition
above is applied verbatim, which makes the powers of an isolated vertex loxodromic. For connected
graphs no such choice is involved.

The next theorem collects constructions that go beyond clique-sums of complete graphs and cycles.
A false twin of a vertex v is a new vertex with the same neighbours as v and not adjacent to v; a true
twin of v is a new vertex adjacent to v and to all neighbours of v.

Theorem 1.6 (further graphs).

(1) The hexagon Cg has an LPA realization on the closed orientable surface of genus 6 by siz
subsurfaces of genus 2 with one boundary component.

(2) Let m > 5, and let I be a non-empty set of pairwise non-consecutive vertices of the cycle C,
with 2|I| < m. The graph obtained from the complement of Cy, by adding one vertex adjacent
exactly to the vertices of I has an LPA realization by one-holed tori on a closed surface. For
m = 5 these graphs are the pentagon with a pendant vertex and the pentagon with a triangle
attached along an edge.



(3) Let T be a graph as in Theorem 1.4, or the hexagon, or a graph as in (2). Every graph obtained
from I' by adding false twins repeatedly, and then adding one true twin to each of some pairwise
distinct vertices of the graph obtained, has an LPA realization by one-holed tori on a closed
surface.

(4) If T is a graph with at most siz vertices that is not a join, then A(I') has an LPA embedding
into the mapping class group of a closed surface.

Part (4) follows from the other statements by an enumeration of the 112 graphs with six vertices
that are not joins: Theorem 1.5 covers 105 of them, and the remaining seven are the hexagon and six
graphs covered by parts (2) and (3); see Table 2. The enumeration was done by computer (Section 11).
A more general statement, which combines Theorems 1.5 and 1.6 and covers more graphs than the
two theorems as they are stated here, is Proposition 9.3. Table 1 shows how many graphs with at
most seven vertices are reached.

1.4 What stays open

We do not know whether the answer to the problem is positive for all graphs. Among the 853 graphs
with seven vertices that are not joins, 758 satisfy the hypothesis of Proposition 9.3, and 95 do not; all
of these 95 graphs are connected. Four of them are settled by the finite-index property (Remark 3.9).
For the other 91, among them the heptagon C7, the hexagon with a pendant vertex and the pentagon
with a pendant path of length two, we have no answer. We found no obstruction. A negative answer
for some graph would require control of all injective homomorphisms into all mapping class groups,
not only of those considered here. The surfaces produced in this note have large genus, and we make
no attempt to minimize it; the powers of the pseudo-Anosov maps that are needed come from [CLM12]
and are not explicit; see Section 10.

1.5 About the proofs

Everything rests on the criterion of Section 3: one has to construct subsurfaces that are disjoint or
overlapping as prescribed by I" and such that the right subfamilies fill. For chordal graphs (Section 4)
the tori are chosen one at a time along a perfect elimination ordering. Each new torus is placed in
the complement of the tori of its earlier neighbours, which are pairwise disjoint because the graph is
chordal, and it is moved by a high power of a pseudo-Anosov map of that complement. The filling
property then follows from the Lipschitz property of subsurface projections [MMO00].

For the other theorems the subsurfaces are obtained in two steps. First we construct territories:
subsurfaces U, of genus at least two that are disjoint or not as prescribed, and fill as prescribed, but
may be nested or equal. Then the territory lemma (Lemma 5.2) places a generic one-holed torus
in each territory; this repairs nesting and keeps the filling property. Its proof uses the Behrstock
inequality [Beh06, Man10]. For graphs with chordal complement the territories are unions of pieces of
a surface that is glued along a clique tree (Section 5). For complements of cycles they are preimages
of discs under a totally ramified cyclic branched cover of the sphere (Section 6); the planar picture is
the cyclic chain of arcs joining m points on a circle. Territory systems for two graphs can be glued
along a clique when the territories of every clique have a common interior point (Section 7); this
gives Theorem 1.4. Section 8 contains the constructions of Theorem 1.6, and Section 9 the proof of
Theorem 1.5 and the enumeration of small graphs.



2 Preliminaries

2.1 Graphs and right-angled Artin groups

Let T' be a graph with vertex set V' and complement A. For Y C V we write I'[Y] and A[Y] for
the induced subgraphs. The link lk(v) of a vertex v is the set of its neighbours in I', and its star is
st(v) = {v} Ulk(v). A vertex is isolated if its link is empty. Unless A is mentioned, “adjacent” refers
to . A set Y C V is dominating in A if every vertex outside Y has a neighbour in Y with respect
to A. We write I'y LI 'y for the disjoint union of two graphs, K. for the complete graph, C,, for the
cycle and P, for the path with m vertices.

For Y C V the subgroup of A(T") generated by Y is the right-angled Artin group A(I'[Y]): sending
the generators outside Y to the identity defines a retraction A(I') — A(I'[Y]). For y € V, the
exponent sum in y is the homomorphism A(I') — Z that sends y to 1 and the other generators to 0.
It is constant on conjugacy classes and vanishes on A(I'[Y]) if y ¢ Y. A word in the generators is a
product of syllables v* with v € V and k # 0.

2.2 Loxodromic elements

Definition 2.1. An element g € A(T") is elliptic if it is conjugate into a join subgroup A(J), where
J is a join of I'. It is loxodromic if g # 1 and g is not elliptic.

This is the definition of Koberda, Mangahas and Taylor [KMT17, Sections 2.2 and 2.4], which
is the reference given for the problem in [BKR26|, with the identity excluded explicitly; Kim and
Koberda [KK14a] and [KMT17, Theorem 2.1(5)] classify the non-identity elements into elliptic and
loxodromic ones. (If I' has no edge, the identity is not conjugate into a join subgroup; it has to be
excluded.) Three remarks on this definition.

(1) Let I' be connected, not a join, and with at least two vertices. Then g is loxodromic if and only
if its centralizer in A(I") is cyclic, and if and only if g acts as a loxodromic isometry on the extension
graph of I' [KMT17, Theorem 2.2]. The name comes from the second characterization. We use the
first one in Proposition 3.8; the extension graph is not used in our proofs.

(2) The problem only assumes that I is not a join. For a graph that is not connected, [KMT17] do
not discuss loxodromic elements, and the extension graph is not connected. In this note Definition 2.1
is applied verbatim to all graphs. This is an extension of the terminology of [KMT17], and it is the
demanding one: if g = g192 with g; € A(J;) lies in a join subgroup A(Jy * Jz), then, for the action
by conjugation on the extension graph, ¢" maps a vertex vy € Jy to g5'vag; ', which is adjacent to
g3'v1g5 " = vy for vi € Ji; so an elliptic element has a bounded orbit, and an element all of whose
orbits are unbounded is loxodromic in our sense. With our definition, A(I') contains loxodromic
elements if and only if T" is not a join, as in Remark (2) of the problem: if T" is not a join, the product
of all generators is loxodromic (see the proof of Proposition 3.2). If I" has an isolated vertex y, then
y* is loxodromic for k # 0, because y lies in no join. For connected graphs none of this matters.

(3) The converse of the property asked for in the problem holds for every injective homomorphism
¢: A(I') — Mod(S): if g # 1 is elliptic, then ¢(g) is not pseudo-Anosov [KK14a, Theorem 38].
Indeed, an element g = g1g2 # 1 of a join subgroup A(J;) x A(J2) lies in a subgroup isomorphic to
72 (generated by g; and go if both are non-trivial, and by g1 and a vertex of .J5 if go = 1), whereas
the centralizer of a pseudo-Anosov class is virtually cyclic.

2.3 Surfaces and subsurfaces

We follow the conventions of [CLM12, Section 2.3]. A surface S is connected, orientable and of finite
type, with genus g and n punctures, and its complexity £(S) = 3g — 3 4+ n is positive. The mapping



class group Mod(.S) is the group of isotopy classes of orientation preserving homeomorphisms of S. A
simple closed curve is essential if it does not bound a disc or a once-punctured disc. A curve of S is
an essential simple closed curve, usually considered up to isotopy. A mapping class is pseudo-Anosov
if none of its non-zero powers fixes the isotopy class of a curve. The geometric intersection number
of two curves is i(+, ). Two transverse simple closed curves are in minimal position if they realize the
intersection number of their classes. By the bigon criterion [FM12, Section 1.2.4], this is the case if
and only if they do not form a bigon, that is, there is no embedded disc whose boundary is the union
of an arc of one curve and an arc of the other. If there is a bigon, there is one whose interior is disjoint
from both curves. Distinct simple closed geodesics of a complete hyperbolic metric of finite area are
in minimal position (loc. cit.).

All surfaces constructed in this note are closed of genus at least two. Let S be such a surface.
A subsurface of S is a compact connected subsurface W whose boundary components are essential
curves of S and which is neither an annulus nor a pair of pants; W = S is allowed. These are the
non-annular essential subsurfaces of [CLM12]. A curve of W is a simple closed curve in W that is
essential in S and not parallel to a boundary component of W. A subsurface is 7i-injective, and two
curves of W that are isotopic in S are isotopic in W. Two curves of W that are in minimal position
in W are in minimal position in S: a bigon in S formed by them lies in W, because the boundary
curves of W do not bound discs. A one-holed torus is a subsurface homeomorphic to a torus with an
open disc removed.

Let W, W' be subsurfaces. They can be isotoped apart if W' is isotopic to a subsurface disjoint
from W; they are nested if one of them is isotopic to a subsurface contained in the other (this includes
the case that they are isotopic); and they overlap if they cannot be isotoped apart and are not nested.
A curve ¢ misses W if it is isotopic to a curve disjoint from W, and cuts W otherwise. A curve that
misses W has intersection number zero with every simple closed curve contained in W. A family of
subsurfaces fills S if every curve of S cuts at least one of them.

2.4 Curve graphs and subsurface projections

Let W be a subsurface of S with £(W) > 2 (boundary components count as punctures); all subsurfaces
to which we project have genus at least two. The curve graph C(W') has the isotopy classes of curves
of W as vertices, and two vertices are adjacent if the curves can be made disjoint. It is connected; dyy
denotes its path metric. For subsets A, B C C(W) we write dy (A, B) = diam(AU B), as in [CLM12].
The subsurface projection of a curve c of S to W is the finite set 7y (c) C C(W) defined as follows
[MMOO, Section 2.3], [CLM12, Section 3.1]. Put ¢ in minimal position with OW. If ¢ is contained in
W and is a curve of W, then my(c) = {c}. If ¢ meets OW, then 7y (c) consists of the curves of W
that are boundary components of regular neighbourhoods of a U OW, where a runs through the arcs
of cNW. Otherwise my (c) = 0. Thus my (c) = 0 if and only if ¢ misses W; this includes the curves
parallel to a boundary component of W. For W = S we have mg(c) = {c}. For a multicurve, the
projection is the union of the projections of its components. We use the following published results.

(K1) Lipschitz projection [MMOO, Lemma 2.3]. If ¢ and ¢ are disjoint or equal curves of S and
mw(c), T (¢') are non-empty, then dy (mw (c), 7w () < 2. We mostly use the contrapositive:
if dw(z,2") >3 for some x € Ty (c) and ' € mw (), then i(c,c’) > 0.

(K2) Pseudo-Anosov maps move curves linearly [MM99, Proposition 4.6] (Proposition 3.6 of the arXiv
version). There is a constant x > 0, depending on W, such that dy (p" (a),a) > x|N| for every
pseudo-Anosov mapping class p of W, every curve a of W and every integer V. Consequently, for
finitely many curves ai, ..., ap, by, ...,b, of W and every D there is N with dw (p" (a;),b;) > D
for all 7, j.



(K3) Euzistence of pseudo-Anosov maps. There are homeomorphisms of S that are the identity outside
W and whose restriction to W is pseudo-Anosov, for instance suitable products of Dehn twists
about two multicurves that fill W [Thu88, Pen88|.

(K4) Behrstock inequality [Beh06, Theorem 4.3], in the form of Mangahas [Man10, Lemma 2.5] (num-
bering of the arXiv version). Let W, W’ be overlapping subsurfaces and x a multicurve with
non-empty projections to both. If dy (z,0W') > 10, then dy (z,0W) < 4.

In (K2) the mapping class group of W is that of the interior of W, a surface with punctures, and
(K2) is applied to it. The same constant is used in [CLM12]: a mapping class f of S supported on
W has a translation length Ty (f) = limg_,o0 dw (a, ¥(a))/k, which does not depend on the curve a
of W, is positive if and only if f is pseudo-Anosov on W, and satisfies 7y (f~) = N 7y/(f). This is
the stable translation length. It is also defined for subsurfaces of complexity one, such as one-holed
tori, with the usual modification of the curve graph [MMO00, CLM12]; we need this case only through
Theorems 2.4 and 2.5.

2.5 Elementary facts about subsurfaces

The following facts are standard. We include the short proofs, because the arguments below use them
constantly.

Lemma 2.2. Let S be a closed orientable surface of genus at least two, and let W, W' be subsurfaces

of S.

(a) If a curve ¢ contained in W misses W, then ¢ is parallel in W to a boundary component of W.
In particular o curve of W cuts W.

If W W' and c is a curve of W, then c is a curve of W'.

=

If W W and a curve misses W', then it misses W.

—
o
~

If W is isotopic to a subsurface of W' and not isotopic to W', then some boundary component
of W is isotopic to a curve of W'.

2

(e) If W and W' overlap, then some boundary component of W' cuts W and some boundary
component of W cuts W'.

(f) Let X be a one-holed torus. A simple closed curve in X that is essential in S is either non-
separating in S or parallel to 0X.

(g) Suppose that the genus of S is at least three. Two one-holed tori with isotopic boundary curves
are isotopic, and the boundary curves of two disjoint one-holed tori are not isotopic.

Proof. (a) Let ¢ be a curve disjoint from W and isotopic to ¢. We may assume that ¢ lies in the
interior of W. Then ¢ and ¢ are disjoint and isotopic, so they bound an annulus A. The boundary
of A is disjoint from OW, so AN OW is a union of boundary components of W. They are essential in
S, hence parallel to the core of A, and there is at least one, because c lies in W and ¢’ does not. The
part of A between ¢ and the nearest of them lies in W.

(b) The curve c is essential in S. Suppose that it is parallel in W’ to a boundary component §’ of
W', through an annulus A C W'. If A C W, then ¢’ is a boundary component of W and c is parallel
to it in W. Otherwise A contains boundary components of W, which are parallel to its core, and the
part of A between c¢ and the nearest of them lies in W. In both cases ¢ is not a curve of W.

(c) is clear.



(d) We may assume that W C W’ and that every boundary component of W lies in the interior of
W' or is a boundary component of W’. Suppose that no boundary component of W is a curve of W'.
Then every boundary component § of W is parallel in W’ to a boundary component of W’ through
an annulus As C W’ (which degenerates to a circle if § C 9W'). The boundary components of W in
the interior of As are parallel to its core and cut A into annuli that lie alternately inside and outside
W. None of them lies in W, because W is connected and not an annulus; so As meets W only in 4.
Hence W’ is the union of W and of collars As of its boundary, and W’ is isotopic to W.

(e) Suppose that every boundary component of W' misses W. Then every boundary component
of W' has intersection number zero with every boundary component of W, and after an isotopy of
W’ the multicurves W’ and OW are disjoint (by the argument of Lemma 2.3 below, applied to the
multicurve W), where those components of JW’ that are isotopic to boundary components of W
are placed outside W. A component of OW' in the interior of W would now be a curve of W, which
cuts W by (a). So W’ is disjoint from W, and the connected set W lies in W’ or is disjoint from
W’. Both are excluded. The second assertion follows by symmetry.

(f) A simple closed curve in X that separates X cuts off a disc or an annulus neighbourhood of
0X, because the genus is one. A curve that does not separate X does not separate S.

(g) After an isotopy the two tori have the same boundary curve v, and each is the closure of a
component of S~ «. These have genus 1 and g —1 > 2, so both tori are the closure of the first one. If
two disjoint one-holed tori had isotopic boundaries, the boundaries would bound an annulus outside
the tori, and S would be the union of the tori and the annulus, of genus two. O

Lemma 2.3 (simultaneous disjointness). Let A be a finite set of essential simple closed curves on a
surface, any two of which are disjoint or transverse and in minimal position. Let ¢ be a simple closed
curve with i(c,0) = 0 for all 6 € A. Then c is isotopic to a curve that is disjoint from all curves of

A.

Proof. Put ¢ in general position with respect to the curves of A: transverse to each of them, and
disjoint from the finitely many points in which two of them meet. Suppose that ¢ meets some of them.
A curve of A that meets ¢ forms a bigon with ¢, by the bigon criterion. Among all bigons formed
by c and a curve of A choose one, B, that is minimal with respect to inclusion; let it be formed by
c and 0. An arc of ¢ in the interior of B would have both end points on the side of B that lies on 9,
and would cut off a smaller bigon; so ¢, and in the same way J, does not meet the interior of B. Let
0" € A be different from §. No component of ¢ lies in B, because ¢’ is essential. An arc of &' N B
with both end points on ¢ would cut off a smaller bigon formed by ¢ and ¢, and an arc with both
end points on § would cut off a bigon formed by §’ and §, which do not form bigons. So every arc of
4’ N B joins the two sides of B. Pushing ¢ across B therefore removes two points of ¢ N ¢ and does
not change the number of points of ¢ N ¢’ for §' # §. After finitely many such steps ¢ is disjoint from
all curves of A. The argument applies without change to a multicurve ¢ with essential components
in place of a single curve: no component of ¢ lies in B, and no arc of ¢ meets the interior of B. O

2.6 The theorems of Clay, Leininger and Mangahas

Let {X,}yev be proper subsurfaces of S satisfying (R1) and (R2) of Section 1; in the terminology of
[CLM12, Section 2.4] they realize I" nicely. Let f, € Mod(S) be fully supported on X,: it is represented
by a homeomorphism that is the identity outside X, and pseudo-Anosov on X,. Mapping classes
with disjoint supports commute, so v — f, defines a homomorphism ¢: A(I') — Mod(S). We quote
two results with the numbering of the published version of [CLM12]; the first one is Theorem 2.1 in
the arXiv version, and Theorem 2.1 of the published version is the statement (K2) above.



Theorem 2.4 ([CLM12, Theorem 2.2]). For a nice realization {X,} of I' in S there is a constant
C > 0 such that, if the f, are fully supported on the X, and 7x,(fy,) > C for all v, then ¢ is a
quasi-isometric embedding.

In particular ¢ is then injective, since a homomorphism that is a quasi-isometric embedding has
finite kernel and A(T") is torsion free. For the second result let o € A(T"), and let ¢’ be a conjugate of
o that has the least number of syllables among all words representing conjugates of o. Let Y C V be
the set of generators that occur in o’; it does not depend on the choice of ¢’ [CLM12, Section 6].

Theorem 2.5 ([CLM12, Theorem 6.1]). Under the hypotheses of Theorem 2.4, and with C the
constant found in its proof, ¢(o) is pseudo-Anosov if and only if the family {Xy}yey fills S.

In [CLM12] the condition is written Fill(X, : y € Y) = S, where the left-hand side is the smallest
union of subsurfaces containing the X ; it is characterized there by the property that every curve
inside it has non-empty projection to some X, so it is equal to S exactly when the X, fill S in our
sense. The constant C' depends on S and on the realization and is not explicit. Mapping classes as
required exist: by (K3) every X, carries a fully supported class h,, and 7x,(hY) = N1y, (h,) > C
for large N.

2.7 Chordal graphs and clique-sums

A graph is chordal if it has no induced cycle of length at least four. We use three classical facts.

(C1) A graph is chordal if and only if it has a perfect elimination ordering: an ordering us, ..., u, of
its vertices such that, for every t, the neighbours of u; among w41, ..., u, are pairwise adjacent
[Dir61, FG65].

(C2) A connected chordal graph has a clique tree: a tree T' whose nodes are the maximal cliques K;
of the graph, such that for every vertex v the set T, of nodes t with v € K; spans a subtree of
T [Gav74, Bun74].

(C3) A connected chordal graph that is not complete has a clique whose removal disconnects it [Dir61].
Consequently the connected chordal graphs are exactly the graphs obtained from complete
graphs by repeated clique-sums.

(For the last sentence note that a clique-sum of chordal graphs is chordal: an induced cycle cannot meet
both parts outside the common clique.) Splitting a connected graph repeatedly along cliques whose
removal disconnects it ends with graphs that have no such clique, the atoms of the decomposition
[Tar85]. The class K of Section 1 can be recognized by atoms.

Lemma 2.6. A connected graph lies in K if and only if the atoms of one, equivalently of every,
decomposition along clique separators are complete graphs or cycles of length at least four.

Proof. If K is a clique whose removal disconnects a connected graph L and C' is a component of the
rest, then L is the clique-sum of L[K UC] and L[V (L) \ C] along K. So a graph all of whose atoms,
for some decomposition, are complete graphs or cycles lies in K. Conversely, let L € K and let A be an
atom of some decomposition of L; it is a connected induced subgraph of L without clique separator. If
a graph is the clique-sum of L1 and L5 along K, then such a subgraph A lies in Ly or in Lo: otherwise
AN K would be a clique whose removal disconnects A. By induction on the construction of L, the
graph A is an induced subgraph of a complete graph or of a cycle. It is therefore complete, or the
whole cycle, since a path with at least three vertices has a cut vertex. ]
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3 The criterion and general reductions

3.1 Joins and connected dominating sets

Lemma 3.1. Let I’ be a graph with complement A, and let Y be a non-empty set of vertices. Then
Y is contained in a join of T if and only if A[Y] is disconnected orY is not dominating in A.

Proof. If A[Y] is disconnected, then Y = Y¥; U Y5 with non-empty parts and no edge of A between
them, so I'[Y] = Y7 * Y3 is a join. If some vertex u ¢ Y has no neighbour in Y with respect to A, then
LY U{u}] =Y x{u} is a join. Conversely, let Y be contained in a join Jj * Jy of I'. If Y meets both
J1 and Js, there is no edge of A between Y N J; and Y N Jo, and A[Y] is disconnected. If Y C Jy, a
vertex of Js lies outside Y and has no neighbour in Y with respect to A. O

We record three consequences. First, a non-empty set Y that is not contained in a join induces
a connected subgraph of A; if I' has no isolated vertex, then Y has at least two elements, because a
vertex v with a neighbour w lies in the join {v} % {w}. Second, subsets of sets contained in a join are
contained in a join. Hence, for a family {X,} of subsurfaces of S, property (F) is equivalent to the
following: for every curve ¢ of S, the set

M(c)={veV:cmisses X, }

is empty or contained in a join of T'. Third, the sets Y in condition (iii) of Remark (4) of the problem
are the non-empty sets that are not contained in a join. Here we read “every vertex of A is adjacent
to a vertex of Y7 as “Y is dominating”; for a connected Y with at least two vertices this is the same
as the literal reading, and the two readings differ only for Y = {v} with v an isolated vertex of T

3.2 The criterion

Proposition 3.2 (criterion). Let S be a closed orientable surface of genus at least two, and let
{ X, }vev be proper subsurfaces of S that realize I nicely: they satisfy (R1) and (R2). Let C be the
constant of Theorem 2.4, let f,, € Mod(S) be fully supported on X, with translation length Tx,(f,) > C,
and let ¢: A(T') — Mod(S) be the homomorphism with ¢(v) = f,. Then ¢ is injective, and the
following are equivalent:

(1) ¢ sends every lozodromic element to a pseudo-Anosov mapping class;
(2) the family {X,} has property (F).
In particular, if T' has an LPA realization on S, then A(T') has an LPA embedding into Mod(S).

Proof. Injectivity was noted after Theorem 2.4. Assume (F), and let g be loxodromic. Let ¢’ be a
conjugate of g with the least number of syllables, and let Y be the set of generators that occur in ¢'.
Then Y # () and ¢’ € A(T'[Y]). If Y were contained in a join J, then g would be conjugate into A(J).
So Y is not contained in a join, {Xy},ey fills S by (F), and ¢(g) is pseudo-Anosov by Theorem 2.5.

Conversely, suppose that (F) fails: there is a non-empty set Y, not contained in a join, such
that {X,}yey does not fill S. Let w be the product of the elements of Y, each taken once, in some
order. For y € Y the exponent sum in y is 1 on every conjugate of w. Hence every word representing
a conjugate of w contains every generator of Y; so w has the least number of syllables among its
conjugates, with set of generators Y, and a conjugate of w lies in A(I'[Z]) only if Y C Z. Therefore
w is loxodromic, and ¢(w) is not pseudo-Anosov by Theorem 2.5. O

Remark 3.3. The hypotheses that Proposition 3.2 inherits from [CLM12] are: the X, are proper,
connected and non-annular; they are disjoint up to isotopy for adjacent vertices and overlapping for
non-adjacent ones; and the f, have large stable translation length. One-holed tori are admitted. No
hypothesis on the connectedness of I" or A is needed. For a graph that is a join, property (F) is empty.
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3.3 Transfer, induced subgraphs, isolated vertices

The following obvious principle is used several times.

Lemma 3.4 (transfer). Let ¢: A(T) —iA(f) be an injective homomorphism that maps loxodromic
elements to loxodromic elements. If A(I') has an LPA embedding, then so has A(T).

Lemma 3.5 (induced subgraphs). Let I' be an induced subgraph of T such that, for every vertex x
of T outside I, the set Ik(xz) N V(') is empty or contained in a join of I'. Then a subset of V(L)
that is contained in a join of T is contained in a join of T, and the inclusion A(T) — A(T) maps
loxodromic elements to loxodromic elements. In particular, the restriction of an LPA realization of r
to the vertices of I' is an LPA realization of I.

Proof. Let J = Ji  J3 be a join of I'. If both J; and Jo meet V(T'), then J N V(T') is a join of T.
If, say, Jo does not meet V(I'), then J N V(') C lk(z) N V(') for any x € J, and this set is empty
or contained in a join Aof I'. This proves the first statement. Now let g € AA(F), g # 1, and suppose
that hgh~! lies in A(J) for some h € A(T'). Applying the retraction 7: A(T') — A(T'), we find that
r(h) gr(h)~! lies in the subgroup generated by Jn V(I'). This set is not empty because g # 1, so it
is contained in a join of I', and g is elliptic in A(I'). The last statement follows from the first one,

because (R1) and (R2) are inherited by subfamilies. O

Proposition 3.6 (isolated vertices). Let I' be a graph, let I be its set of isolated vertices and I'™ =
I' — 1. Let IV be the disjoint union of I'" and of one copy PY of the path Py for every y € I. Let
t: A(T) — A(T) be the homomorphism that is the identity on A(I'") and sends y € I to the product
ayby of the two end vertices of PY. Then v is injective and maps lozodromic elements to lozodromic
elements. The graph T has no isolated vertex, and it is chordal if and only if T is.

Proof. The group A(T') is the free product of A(I'") and the infinite cyclic groups (y), y € I, and
A(T) is the free product of A(I'") and the groups A(PY). Write PY as b — a’ — b’ — a. Every join of
this path is contained in {b,a’,b'} or in {a’,¥’,a}, so no join contains both end vertices. For k # 0
the exponent sums of (ab)* in a and in b are k; hence every conjugate of (ab)* in A(PY) involves a
and b, and (ab)* is loxodromic in A(PY). In particular ab has infinite order. So ¢ is a free product
of injective homomorphisms between the free factors; it is injective, and it maps a cyclically reduced
element of length ¢ > 2, in the sense of normal forms for free products, to a cyclically reduced element
of length £.

We use the conjugacy theorem for free products [LS01, Chapter IV, Section 1]: a cyclically reduced
element of length at least two is not conjugate into a free factor, and if a non-trivial element of a free
factor F' is conjugated by h into a free factor F’, then F/ = F and h € F. A join is connected, so
every join subgroup of A(T") or of A(I"”) lies in one of the free factors named above. Let g € A(T") be
loxodromic. If g is not conjugate into a free factor, it is conjugate to a cyclically reduced element of
length at least two; so is ¢(g), which is therefore not conjugate into a free factor, and not into a join
subgroup. If g is conjugate to gy € A(I'"), go # 1, and ¢(go) = go is conjugate into a join subgroup
A(J) of A(T'), then J C T'~ and the conjugating element lies in A(I'"); so g is elliptic in A(T), a
contradiction. If g is conjugate to y* with y € I and k # 0, then ¢(y*) = (ayb,)¥, and a conjugate
of it in a join subgroup A(J) would force J C PY and would make (a,b,)* elliptic in A(PY). The
statements about I' are clear. O

3.4 Disjoint unions

Proposition 3.7 (disjoint unions). Let S be a closed orientable surface of genus at least two. Let
Iy, Ty be graphs without isolated vertices, with vertex sets Vi, Va, and let { Xy tuev; and { Xy }bwev,

12



be proper subsurfaces of S that satisfy (R1), (R2) and (F) for I'1 and for I'y, respectively. Let ¢ be
a pseudo-Anosov mapping class of S. Then, for all large N, the family { Xy buev, U {o™ (Xw) }wevs
satisfies (R1), (R2) and (F) for the disjoint union I'y U Ts.

For a join, property (F) is empty; so the proposition applies when I'y or I'y is a join with any nice
realization.

Proof. By (K2), applied to S, for N large every boundary component of every ¢ (X,,) is at distance
at least 3 in C(S) from every boundary component of every X,,. Fix such an N, and let u € Vj, w € V5.
Then every boundary curve of X, intersects every boundary curve of ¢V (X,,) essentially. If the two
subsurfaces could be isotoped apart or were nested, their boundaries could be made disjoint; so they
overlap, as required for the non-adjacent vertices u, w. A curve that misses a proper subsurface is
disjoint from, or equal to, each of its boundary curves, up to isotopy. So a curve missing both X,
and ¢ (X,,) would put a boundary curve of the first at distance at most 2 from a boundary curve of
the second. Hence X, and o™ (X,,) together fill S.

Conditions (R1) and (R2) within V; and within V5 are inherited, because ¢!V is a homeomorphism.
Let Y C V4 U V5 be non-empty and not contained in a join of I'y U T's. If Y meets both V; and V5,
the corresponding family fills by the previous paragraph. Otherwise Y C V; for some i, and Y is not
contained in a join of I';; then the family fills by (F) for I';, which is preserved by the homeomorphism
oN. 0

3.5 Subgroups of finite index

Proposition 3.8 (finite index). Let I' and T be connected graphs with at least two vertices that are
not joins, and let v: A(I') — A(T") be an injective homomorphism whose image has finite index. Then
L maps lozodromic elements to loxodromic elements. Hence, if A(T') has an LPA embedding, so has

A(D).

Proof. By [KMT17, Theorem 2.2], a non-trivial element of the group of a connected graph with at
least two vertices that is not a join is loxodromic if and only if its centralizer is cyclic. Let g € A(T)
be loxodromic. The centralizer of (g) in A(T') contains its intersection with the image of ¢ as a
subgroup of finite index, and this intersection is the image of the centralizer of g, which is infinite
cyclic. A torsion-free group with an infinite cyclic subgroup of finite index is infinite cyclic. So ¢(g)
is loxodromic, and the last statement follows from Lemma 3.4. [

Remark 3.9 (doubles along stars). Let t be a vertex of a graph f, and let I' be the double of r along
st(t): two copies of ' glued along the copies of st(t). By Lemma 50 of the arXiv version of [KK13]
(see the proof of Theorem 2 given there), the kernel of the homomorphism A(T') — Z/2 that sends
t to 1 and the other generators to 0 is isomorphic to A(I'). So Proposition 3.8 applies whenever r
and its double are connected and not joins. For example, the double of the pentagon along the star
of a vertex consists of two pentagons that share a path with three vertices; by Theorem 1.3 and
Proposition 3.8 its group has an LPA embedding. This graph has seven vertices and does not satisfy
the hypothesis of Proposition 9.3. Among the 95 graphs with seven vertices that do not satisfy this
hypothesis, exactly four are doubles along stars of connected graphs with at most six vertices that
are not joins (Section 11); by Theorem 1.6(4) and Proposition 3.8 their groups have LPA embeddings.
These four graphs are not counted in Table 1.

4 Chordal graphs

In this section I' is a chordal graph with n > 2 vertices and no isolated vertex, and S is a closed
orientable surface of genus g > n + 2. We prove Theorem 1.1.
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4.1 The construction

By (C1), reversing a perfect elimination ordering, we can number the vertices vy, ..., v, so that for
every k the set
Ly ={j <k :vj is adjacent to vy }

is a clique of I'. We write j ~ k if v; and vy, are adjacent. One-holed tori Xy,...,X,, C S, with X},
belonging to v, are chosen inductively so that for all ¢ # j:

(a) if i ~ j, then X; N X; = 0;

(b) if i o4 7, then ’L(@XZ,GXJ) > 0.

Property (b) implies that X; and X overlap: if they could be isotoped apart or were nested, their
boundary curves could be made disjoint.

Step k. Suppose that Xi,..., Xx_1 have been chosen with (a) and (b). Since Ly is a clique, the
tori Xj, j € Ly, are pairwise disjoint by (a). Let

Ry =S~ | int X;.
JjELg

This is a connected compact surface of genus g—|Lg| > g— (n—1) > 3 with |Li| boundary components;
it is a subsurface of S, and Ry = S if Ly is empty. Choose a one-holed torus X ,g in the interior of Ry.
Its boundary is a curve of Rj, because the complement of X,g in Ry has genus at least two. Choose
a homeomorphism p;, of S that is the identity outside Ry and pseudo-Anosov on Ry (K3), and put
X, = p]kv (X,g), where N is chosen below. Then X} lies in the interior of Ry, so (a) holds for the pairs
(i,k) with ¢ € Ly,.

Lemma 4.1. For j < k with j ¢ Ly, the projection mg, (0X;) is not empty.

Proof. Otherwise 0.X; misses Ry, that is, 0.X; is isotopic to a curve in X; for some ¢ € Ly; here 7 # j.
The curve 0.X; separates S, so by Lemma 2.2(f) it is isotopic to 0X;. This is impossible: if i ~ j, the
tori X; and X; are disjoint and Lemma 2.2(g) applies, and if i o¢ j then i(0X;,0X;) > 0 by (b). O

By (K2) we can choose N so large that
dr, (0Xk,x) > 10 for all j < k with j ¢ Ly and all z € 7g, (0X;). (4.1)

Since 7, (0Xk) = {0X}, (K1) gives i(0Xy,0X;) > 0 for these j, which is (b) for the pairs (j, k).
After n steps we have one-holed tori Xi,...,X,, with (a) and (b). They satisfy (R1) and (R2), and
they are proper subsurfaces.

4.2 The filling property

For a curve ¢ of S let M(c) be the set of indices m such that ¢ misses X,,. Note that ¢ misses X,
if and only if i(c,0X,,) = 0 and c is not isotopic to a curve of X,,; and that c is isotopic into X,,,

meaning isotopic to a simple closed curve in X,,, if and only if it is isotopic to a curve of X,, or to
0X .

Lemma 4.2. Let ¢ be a curve of S and k € {1,...,n}.
(1) If wg,(c) # 0 and i(c,0Xy) = 0, then i(c,0X;) > 0 for every j < k with j ¢ L.

(2) If 7, (c) =0, then c is isotopic into X; for some i € Ly.
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(3) If c is isotopic into Xy, then c is isotopic to a curve of Ry, and dpg, (c,0X}) < 1.

Proof. (1) By (K1), every x € mg, (c) satisfies dg, (z,0X)) < 2. If i(c,0X;) = 0, then dg, (z,y) < 2
for y € 7g, (0X;), again by (K1); this set is non-empty by Lemma 4.1. So dg, (0Xy,y) < 4, which
contradicts (4.1).

(2) The curve ¢ can be isotoped off Ry, that is, into the union of the tori X;, i € L.

(3) We may assume ¢ C X C int R;. If ¢ were parallel in Ry to a boundary component 0X;,
i € Lg, then ¢ would separate S, so by Lemma 2.2(f) it would be parallel to 90X, and the disjoint
tori X} and X; would have isotopic boundaries, contradicting Lemma 2.2(g). So ¢ is a curve of Ry,
and it is disjoint from or equal to 0Xj. O

Lemma 4.3. If p # q are not adjacent, then no curve is isotopic into both X, and X,.

Proof. Let ¢ < p, so that ¢ ¢ L,, and let ¢ be isotopic into X,. By Lemma 4.2(3), c is a curve
of R, with dg,(c,0X,) < 1. If ¢ were also isotopic into Xy, then i(c,0X,) = 0, and (K1) would
give dg,(c,y) < 2 for y € 7g,(0X,), which is non-empty by Lemma 4.1. Then dg,(0X,,y) < 3,
contradicting (4.1) for k = p. O

Lemma 4.4. If a curve c is isotopic into X;, then M (c) C st(i).

Proof. Let m € M (c) with m # i and m # i; we derive a contradiction. Note that i(c, 0X,,) = 0 and

If m < i, then m ¢ L;. By Lemma 4.2(3), ¢ is a curve of R; with dg,(c,0X;) <1, and by (K1)
dr,(c,y) <2fory € mg,(0Xy). So dgr,(0X;,y) < 3, contradicting (4.1) for k = .

If m > i, then i ¢ L,,. If g, (c) were non-empty, Lemma 4.2(1), applied to k¥ = m and j = i,
would give i(c,0X;) > 0. So mg,,(c) = 0, and by Lemma 4.2(2) the curve c is isotopic into X,/ for
some ' € Ly,; here ¢/ # . If i ~ ¢/, the tori X; and X,/ are disjoint, so c is parallel to the boundary
of both by Lemma 2.2(a), which contradicts Lemma 2.2(g). If i # i, we have a contradiction with
Lemma 4.3. O

Lemma 4.5. If a curve c is not isotopic into any of the tori, then M(c) is a clique of T.

Proof. Let m’ < m be elements of M (c) that are not adjacent, so m’ ¢ L,,. By Lemma 4.2(2), 7g,, (c)
is not empty. Since i(c, 0X,,) = 0, Lemma 4.2(1) gives i(c,0X,,/) > 0, although ¢ misses X,,,. O

Proof of Theorem 1.1. The tori satisfy (R1) and (R2). Let ¢ be a curve of S. By Lemmas 4.4 and 4.5,
M (c) is a clique or is contained in a star st(i). A clique with at least two vertices is a join; a single
vertex v lies in the join {v} % {w} for a neighbour w of v; and st(i) = {i} * lk(¢) is a join, because
k(i) # 0. So M(c) is empty or contained in a join. By the remark after Lemma 3.1, this is property
(F). O

Remark 4.6. Chordality is used at one place: the earlier neighbours of each vertex have pairwise
disjoint tori, so that the complement of Ry is a disjoint union of tori and Lemma 4.2(2) holds. The
genus bound g > n + 2 guarantees that the surfaces Ry have genus at least three; it is not claimed to
be optimal. The graph need not be connected.

Remark 4.7 (comparison with [ABD'26]). Let u and w be non-adjacent vertices without a common
neighbour, for instance vertices in different connected components of I'. Then the boundary curves
of the tori satisfy ds(0X,,0X,) > 3. Indeed, i(0X,,0X,) > 0 by (b). Suppose that a curve c is
disjoint from both boundary curves, up to isotopy. The set {u,w} is not contained in a join, so by (F)
the curve ¢ does not miss both tori. If ¢ is isotopic into X, and misses X,,, then w € M(c) C st(u)
by Lemma 4.4, which is false, and symmetrically; and ¢ is not isotopic into both tori by Lemma 4.3.

15



So, for a disjoint union of complete graphs with at least two vertices each, the tori of Theorem 1.1
satisfy the hypotheses of [ABD*26, Theorem A]: the subgroup of each component is reducible, and
boundary curves of supports from different components are at distance at least three. For this class
of graphs the existence of an LPA embedding is therefore not new: it follows from [ABD"26], and
from [Loa21] for two components. Note that in general the filling of S by two subsurfaces is weaker
than distance at least three between their boundary curves.

5 Territories, and graphs with chordal complement

5.1 Territory systems

Definition 5.1. Let I" be a graph with vertex set V' and complement A, and let S be a closed orientable
surface of genus at least two. A territory system for I on S is a family {U, },cy of subsurfaces of S
of genus at least two such that

(T1) if v # w are adjacent in I', then U, and U,, have disjoint interiors; if v # w are not adjacent in
T', then U, and U, cannot be isotoped apart;

(T2) for every non-empty set Y C V that is not contained in a join of I', the family {Uy},cy fills S.
The system is pointed if in addition

(P) for every non-empty clique @ of A, the interiors of the territories Uy, ¢ € @, have a common
point.

The subsurfaces U, are called territories. It is allowed that U, = S, and that U, = U, for v # w.
Two territories that cannot be isotoped apart overlap or are nested; so a territory system satisfies
everything that is required of an LPA realization, except that territories of non-adjacent vertices may
be nested or equal. If I" has no isolated vertex, all territories are proper subsurfaces, because each of
them is disjoint from the interior of another one. The following lemma repairs nesting.

Lemma 5.2 (territory lemma). Let I' be a graph, S a closed orientable surface of genus at least two,
and {Uy }yey subsurfaces of S of genus at least two that satisfy (T1). Then there are one-holed tori
Xy in the interior of U,, v € V, that satisfy (R1) and (R2). If T' has no isolated vertex and {U,} is
a territory system, the tori can be chosen so that they also have property (F); they are then an LPA
realization of T on S.

Proof. Number the vertices vy, ..., v, arbitrarily, and write U, = U,,. Put D = 30. We choose the
tori X3 = X,, inductively, and write a;, = 0Xj. In step k, let X]g be a one-holed torus in the interior
of Ug. Its boundary is a curve of Uy, because Uy has genus at least two. Let By be the finite set of
curves consisting of all boundary components of all territories and of the curves a; with j < k. Let
px be a homeomorphism of S that is the identity outside Uy and pseudo-Anosov on Uy (K3), and put
Xi = pY(X?), where N is so large that

dy, (ag,x) > D for all b € By, and all z € 1y, (b); (5.1)
this is possible by (K2). Since 7y, (ar) = {ax}, two applications of (K1) give:

if ¢ is a curve with 7, (¢) # 0 and i(c, ar) = 0, then i(c,b) > 0 for every b € By, with
71 (b) £ 0.

Indeed, if i(c,b) = 0, then dy, (z,y) < 2 for z € 7y, (c) and y € 7y, (b), and dy, (z,ax) < 2, so
dUk(ak,y) <4< D.

(5.2)
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Step 1: (R1) and (R2). If v; and vy, are adjacent, the tori X; and X}, lie in the interiors of U;
and Uy, which are disjoint. Let j # k be such that v; and v, are not adjacent. We show i(a;, ay) > 0;
then X; and X}, overlap, because otherwise their boundary curves could be made disjoint. By (T1)
there are three cases.

The territories U; and Uy, overlap. By Lemma 2.2(e) there are a boundary component b of Uj
with 7, (b) # 0 and a boundary component 0" of Uy with my, (') # 0. By (5.1) for k and (K1),
i(ag,b) > 0; so ap cuts Uj, that is, 7y, (ax) # 0. Suppose i(aj,ar) = 0. Then dy,(aj,y) < 2 for
y € 7y, (ax) by (K1). The curve ay lies in the interior of Uy and is disjoint from b', so dy, (y,2) < 2
for z € my, (). Hence dy,(aj, 2) < 4, contradicting (5.1) for j.

One territory is isotopic to a subsurface of the other, and they are not isotopic. Let U; be isotopic
to a subsurface of Uj. By Lemma 2.2(d) some boundary component b of U; is isotopic to a curve of
U. By (5.1) for k and (K1), i(ag,b) > 0, so 7y, (ax) # 0. If j > k, then ax € By, and (5.1) for j
with (K1) gives i(aj,ar) > 0. If j < k, then a; is a curve of Uj, hence isotopic to a curve of Uy by
Lemma 2.2(b), and a; € By; so (5.1) for k gives dy, (ax,a;) > D and i(a;,a) > 0.

The territories are isotopic. Let j < k. Then a; is isotopic to a curve of Uy and lies in By, and
(5.1) for k gives i(a;,ar) > 0.

Step 2: property (F). Now let T' have no isolated vertex and assume (T2). Let Y be non-empty
and not contained in a join, and suppose that a curve ¢ misses X, for all y € Y. Let M be the set
of all m such that ¢ misses X,,,. It contains Y (in the numbering), so it is not contained in a join;
by Lemma 3.1, A[M] is connected and |M| > 2. Let My be the set of m € M with 7y, (¢) # 0. We
claim that Ms is empty. Suppose m € My, and let m’ € M be a neighbour of m in A. Then vy, v,
are not adjacent in I', and i(c, ay,) = i(c, any) = 0. By (T1) we are in one of the following four cases.

Case 1: Uy, and U,y overlap. Let b be a boundary component of U, with 7y, (b) # 0 and
V' a boundary component of U, with 7y ,(b') # 0 (Lemma 2.2(e)). By (5.2) for m, i(c,b) > 0;
so my_,(c) # 0. By (K1), dy,, (2,am) < 2 for x € 7y, (c), and by (5.1) for m the distance from
am, to every point of my, (b) is at least D. Hence dy,, (¢,0U,) > D — 2 > 10, and the Behrstock
inequality (K4) gives dy _,(c,0U,,) < 4. By (5.1) for m/, dy _,(ans,2) > D for z € my_,(V'). So
dy, ,(am,2") > D —4 > 2 for 2’ € my_,(c), which contradicts (K1), because i(c, @) = 0.

Case 2: U, is isotopic to a subsurface of Uy, and they are not isotopic. A boundary component
b of U,y is isotopic to a curve of Uy, (Lemma 2.2(d)). By (5.2) for m, i(c,b) > 0, so my _,(c) # 0.
If m" < m, then a,, is isotopic to a curve of Uy, and lies in B,,, and (5.2) gives i(c,a,/) > 0, a
contradiction. If m’ > m, then i(as,,b) > 0 by (5.1) for m, so 7y _,(am) # 0, and am € Byy. Since
i(c,am) = 0, (K1) gives dy_,(«',y) < 2 for 2’ € 7y _,(c) and y € 7y _, (am); with (5.1) for m/ this gives
dy, ,(@m,2") > D — 2 > 2, contradicting (K1) and i(c, a,,) = 0.

Case 3: U, is isotopic to a subsurface of Uy, and they are not isotopic. By Lemma 2.2(c), ¢
cuts U, so m’ € Ms. Exchanging the roles of m and m’ we are in Case 2.

Case 4: U,, and U, are isotopic. Then m’ € My as well, and we may assume m’ < m. The curve
any is isotopic to a curve of Uy, and lies in By, so (5.2) gives i(c, a,,) > 0, a contradiction.

This proves the claim. So ¢ misses the territory U,, for every m € M, in particular for every y € Y.
This contradicts (T2). O

5.2 Territories from a clique tree

Proposition 5.3. Let I' be a graph whose complement A is connected and chordal, and let r be the
number of maximal cliques of A. Then I' has a pointed territory system on every closed orientable
surface of genus at least 2r.

Proof. Let T be a clique tree of A (C2), with nodes ¢ corresponding to the maximal cliques K, and
let T}, be the subtree of nodes t with v € K;. For every node ¢ take a compact orientable surface P;
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U1 U4

Us

Figure 1: The territories of Proposition 5.3 for the path A = P, with vertices 1,2, 3,4. The maximal
cliques are A = {1,2}, B = {2,3}, C' = {3,4}, the clique tree is the path A — B — C, and the surface
is glued from three pieces of genus two. The territories U; C Uy and Uy C Us are nested, Us and Us
overlap, and the other pairs have disjoint interiors. The only minimal vertex set that is not contained
in a join of I" is {2,3}, and U U U3 = S.

of genus g; > 2 with one boundary circle for each edge of T at ¢, and glue P; to Py along a circle ¢y
for each edge tt’ of T. The result is a closed orientable surface S of genus >, ¢, which can be any
integer > 2r. Each circle ¢ separates S into two parts that contain a piece of genus at least two,
so it is an essential curve; and no two of these circles are isotopic, because they are disjoint and the
region between them contains a piece. Let p be the multicurve formed by them. Put

Uv: UPt

teTy,

Since T, is a subtree, U, is connected; it is a subsurface of genus at least two, bounded by the circles
ey with t € T, and ' ¢ T, (and U, = S if v lies in all maximal cliques).

(T1). Two vertices v # w are adjacent in A if and only if they lie in a common maximal clique,
that is, if and only if T}, and T}, have a common node. If they have none, U, and U,, have disjoint
interiors. If ¢ is a common node, then U, and U, contain the piece P;, and P, contains two curves a,
b of P, with i(a,b) > 0. If U, and U, could be isotoped apart, a and b could be made disjoint.

(P). A clique @ of A is contained in a maximal clique K;, and then P, C U, for all ¢ € Q.

(T2). Let Y be non-empty and not contained in a join of I'. By Lemma 3.1, A[Y] is connected
and Y is dominating in A. We use two facts.

(i) Bvery mazimal clique Ky meets Y. Let Ty be the union of the subtrees T, y € Y. It is connected,
because the subtrees of two vertices that are adjacent in A meet and A[Y] is connected. Suppose
that a node ¢ is not in Ty, and let ¢ be the neighbour of ¢ on the path from ¢ to Ty. Every
u € K; lies outside Y and has a neighbour y € Y in A. The vertices u and y lie in a common
clique K, where s € T,y C Ty. The subtree T, contains ¢ and s, hence t'. So K; C Ky, which
contradicts the maximality of K;.

(ii) For every edge tt' of T, somey € Y lies in K;NKy. Otherwise every subtree T, y € Y, lies on
one side of the edge tt’. Since Ty is connected, all of them lie on the same side, and the clique
of the node on the other side does not meet Y. This contradicts (i).

Now suppose that a curve ¢ misses Uy, for all y € Y, and put ¢ in minimal position with p. If ¢ is
isotopic to a component ¢y of p, take y € Y with t,¢' € T, by (ii). Then ¢ lies in the interior of
U, with the pieces P; and Py on its two sides; so it is a curve of U, and cuts U, (Lemma 2.2(a)), a
contradiction. If ¢ is not isotopic to a component of u, let y € Y. The boundary of U, consists of
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components of , which have intersection number zero with ¢; so ¢ is disjoint from 9U,. It does not
lie in Uy, because it would then be parallel to a boundary component of U, by Lemma 2.2(a). So ¢
is disjoint from U, for every y € Y. But by (i) the territories Uy, y € Y, cover S. O

Proof of Theorem 1.2. Since I' has no isolated vertex, Proposition 5.3 and the territory lemma give
one-holed tori that form an LPA realization of I" on every closed orientable surface of genus at least
2r. O

In the situation of Theorem 1.2 one has r > 3: if a connected graph has exactly two maximal
cliques, a vertex in their intersection is adjacent to all other vertices.

5.3 Nice realizations of arbitrary graphs

For join components we need nice realizations without any filling property. Their existence is well
known [CLM12, Section 2.4]; we need them on closed surfaces of every large genus.

Lemma 5.4. For every graph A there is go such that on every closed orientable surface of genus at
least go there are one-holed tori X,, v € V(A), satisfying (R1) and (R2) for A.

Proof. Let E’ be the set of pairs e = {v, w} of distinct non-adjacent vertices. Take compact orientable
surfaces ), (v a vertex), Q. (e € E') and @, all of genus at least two, with boundary circles as follows:
Q. has one circle for each e € E’ containing v and one more; Q. has one circle for each of its two
elements and one more; Qg has one circle for each vertex and one for each e € E’. Glue a circle of Q,
to a circle of (). whenever v € e, and the remaining circles of the @, and Q. to the circles of Q. The
result is a closed orientable surface, and by varying the genus of Qg we obtain every sufficiently large
genus. Every gluing circle is essential, since it has a piece of genus at least two on either side. Let
U, be the union of @, and the @, with v € e. It is a subsurface of genus at least two. If v # w are
adjacent in A, then U, and U,, have no common piece. If they are not adjacent, both contain Qy, .},
and they cannot be isotoped apart, by the argument given for (T1) in the proof of Proposition 5.3.
So (T1) holds, and the first statement of the territory lemma gives the tori. O

6 Complements of cycles

In this section subsurfaces are obtained as preimages of discs under a branched cover of the sphere;
they intersect in the same pattern as the discs.

6.1 Totally ramified cyclic covers

Let P C S? be a finite set. We consider branched coverings 7: S — §2 of degree d, where S is a
closed connected orientable surface, that are unbranched over S? \. P and such that every point of P
has exactly one preimage. We call such a covering totally ramified over P.

Lemma 6.1. Let d > 3 be odd, let P C S? be finite with |P| > 3, and let w: P — Z/d, p — w,, take
values in the units of Z/d and satisfy ) ,cp

of degree d, totally ramified over P, such that S has genus (d — 1)(|P| — 2)/2 and such that for every
closed disc D C S? with 9D N P = () the preimage 7~1(0D) has gcd(d, ZpGPﬂD wp) components.

w, = 0. Then there is a branched covering w: S — S?

Here the sum is taken in Z/d, and ged(d,0) = d.
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Proof. The group 71 (S? \. P) is generated by loops vp around the points of P, subject to one relation
which says that a product of the ~, is trivial. So v, + w, defines a homomorphism to Z/d, which is
onto because the w, are units. Let 5° = 52 <P be the corresponding connected covering of degree
d. Since wj, generates Z/d, the preimage of a small punctured disc around p is connected; so the
covering extends to a branched covering 7: S — 52 of a closed surface with exactly one point over
each p € P. The Riemann-Hurwitz formula gives x(5) = 2d — |P|(d — 1). The boundary of a disc D
as in the statement is freely homotopic in S? . P to a product of the loops Yp, » € PN D, so it is

mapped to s = £ p~p Wy, and its preimage has d/ ord(s) = ged(d, s) components. O
Lemma 6.2. Let d > 5 be odd.
(a) BEwvery element of Z/d is a sum of two units.

(b) For every m > 5 there are units wy, ..., Wy, of Z/d with wi + -+ wpy =0 and wj—1 +w; # 0
for all j, indices taken modulo m.

Proof. For s € 7Z/d let N(s) be the number of units a such that s — a is a unit. By the Chinese
remainder theorem, N(s) is the product, over the prime powers ¢¢ exactly dividing d, of the number
of residues modulo £¢ that are not congruent to 0 or to s modulo ¢; so N(s) > [[(¢ — 2)¢¢~!. This
product is at least 3 for every odd d > 5: it is at least £ — 2 > 3 if a prime ¢ > 5 divides d, and equal
to 3¢~ > 3 if d = 3° with e > 2. This proves (a).

(b) Let s=—(m—2). If s #0inZ/d, put w1 = -+ = wyy—2 = 1, wpy—1 = a and w,, = s—a, where
a and s —a are units and a # —1, a # s+ 1; such an a exists because N(s) > 3. The sums of cyclically
consecutive terms are 2, 1+a, s and s —a+ 1, all non-zero. If s =0in Z/d, put wy = -+ = wy,—3 =1
and (Wp—2, Wnm—1, W) = (2,1, —2). The sum is m — 2 = 0, and the consecutive sums are 2, 3, 3, —1,
-1 O

6.2 The lifting lemma

Lemma 6.3 (lifting). Let P C S? be finite with |P| > 4, and let w: S — S be a branched covering of
degree d > 5 that is totally ramified over P. Let Dy, ..., D,, C S? be closed discs with 2 < |D;NP| <

|P| — 2 whose boundary curves avoid P and, pairwise, are disjoint or are transverse and in minimal
position in S* \ P. Put X; = n~*(D;).

(1) Every component of m=1(dD;) is an essential curve of S, and )Z'j is a proper subsurface of S

with Euler characteristic d — |D;j N P|(d — 1) and complexity £(X;) > 2.

2) For i i, every component of 7 1(0D;) and every component of m—1(0D;) are disjoint or
J Y P Y D J 5)
transverse and in minimal position.

(3) If DiND; =0, then X; N )N(j =0. If 0OD;NOD; # 0, then X, and )A(/j overlap.

(4) Let Y C {1,...,m} be such that every component of S? Uer

contains at most one point of P. Then every curve of S has positive intersection number with
a component of m~1(0Dy) for some y € Y. In particular {X,}yey fills S.

0Dy is an open disc that

(5) The hypothesis of (4) is satisfied if for every partition P = AU B with |A],|B| > 2 there is
y €Y such that the four sets DyN A, D,N B, A~ D,, B~ Dy are non-empty.

Proof. We use the Riemann-Hurwitz formula in the following form. Let R C S? be a component of
the complement of finitely many of the curves dDj, let k = |[RN P|, and let W be a component of
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7 1(R). Then W — R is a branched covering of some degree d’ < d. If k > 1, the unique preimage
of a point of RN P lies in the closure of every sheet over R, so W = 7= 1(R), d’ = d and

X(W) = dx(R) — k(d —1).

If & = 0, then x(W) = d'x(R). In particular: if R is an open disc with at most one point of P,
then W is an open disc (it is a connected surface that covers a disc, or a connected surface with
X(W)=d—(d—1) =1 that is not closed).

(1) Suppose that a component of 7~1(0D;) bounds a disc in S. Among the discs in S bounded
by components of ﬂfl(aDj) choose one, B , that is minimal with respect to inclusion. Its interior W
is a component of 77!(E) for one of the two open discs E bounded by dD;. But k = |EN P| > 2
gives X(W) =d — k(d — 1) <2 —d < 1. So all components of 771(dD;) are essential. The set )ij is
a compact surface with boundary 77_1(6Dj). It is connected, because every point of it can be joined,
by lifting a path in Dj, to the unique point over a given point of D; N P. Its Euler characteristic is
d—k(d—1) with k = |D;NP| > 2. Its boundary covers dD; with degree d, so it has b < d components.
If h is its genus, then

3X()2(j) b 3k(d—21) —Ad L oy

£(Xj)=3h—3+b=—

Finally X j# S.

(2) Let o = dD; and B = dD;, and suppose that a component of 7~ 1(a) and a component of
771(B) are not in minimal position. They are transverse, so they form a bigon. Among all bigons
formed by a component of 7~!(a) and a component of 7~!(3) choose one, B, that is minimal with
respect to inclusion. Its interior W does not meet 7~ (o U B8): an arc of 7~ !(a) in B would have
both end points on the side that lies on 77!(3) and would cut off a smaller bigon; a closed component
in B would be inessential, against (1); and the same holds for 3. So W is a component of 7~ 1(R)
for a component R of S% \ (a U ), and x(W) = 1. This forces x(R) = 1, so R is an open disc;
with k = |[RN P| we get k =0 and d =1, or k = 1 and d’ = d. The closure of R is a disc whose
boundary consists alternately of arcs of a and of 3; so it has an even number, at least two, of corners.
The boundary circle of B covers the boundary circle of R with degree d’, and corners are mapped
to corners. Hence 2 = d’ - (number of corners of R), so d = 1, k = 0, and R is a bigon of « and /8
without points of P. This contradicts the minimal position of a and 3 in S? \. P.

(3) The first statement is clear. If dD; and dD; intersect, some component of 7~1(9D;) meets
some component of 7~1(8D;), and by (2) these two boundary curves of X; and )?j have positive
intersection number. If )?Z and X ; could be isotoped apart or were nested, their boundaries could be
made disjoint.

(4) By the remark at the beginning of the proof, every component of the complement of
Uyey 7~ Y8Dy) in S is an open disc. Let A be the set of all components of the multicurves 7= HdDy),
y € Y. They are essential by (1), and any two of them are disjoint or transverse and in minimal
position by (2). If a curve ¢ of S had intersection number zero with all of them, it would be isotopic
to a curve disjoint from all of them by Lemma 2.3, hence to a curve in an open disc. For the
last assertion, note that a curve that misses )?y has intersection number zero with the boundary
components of )N(y.

(5) Let R be a component of S? \ Uer 0D,. If R contained two points p,q of P, no D, would
separate them, contradicting the hypothesis for A = {p, ¢}. Suppose that R is not simply connected.
Then there is a simple closed curve ¢ C R ~. P such that both components of S? \ ¢ contain points
outside R. Each of them then contains a whole curve dD,, because these curves do not meet ¢, and
therefore contains one of the two discs bounded by this curve; so each side of ¢ contains at least two
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points of P. Let A and B be the sets of points of P on the two sides of ¢, and let D, be as in the
hypothesis. The curve 9D, lies on one side of ¢, say on the side of A. Then the closure of the other
side is a connected set that does not meet 0D,, so the points of B are all inside or all outside D,,.
This is a contradiction. O

6.3 The planar picture and the proof of Theorem 1.3

Let m > 5. Let s1,...,5s,, be points in this cyclic order on a round circle in S?, with indices modulo
m, and P = {s1,...,sn}. Let e; be the arc of the circle from s;_; to s;, and D; a thin closed disc
neighbourhood of e;, so that

D]’ NP = Pj = {ijl, Sj}

and D; N Dj = ( unless j' € {j — 1, j,j+ 1}; see Figure 2. The disc D; belongs to the vertex j of the
cycle A = C,,, in which j is adjacent to j & 1; the graph I' is the complement of C,,.

Figure 2: The planar picture for m = 5. The disc D, is a neighbourhood of the arc from s;_; to
sj (drawn straight) and contains the two punctures s;_i, s;. Consecutive discs share one puncture,
and the other pairs are disjoint; so two discs are disjoint exactly when the corresponding vertices are
adjacent in the pentagon I', the complement of the cycle 1 —2 —3 —4 — 5.

Lemma 6.4. Let m > 4 and let T be the complement of the cycle Cy, with vertices 1,...,m. The
minimal non-empty vertex sets that are not contained in a join of I' are the m sets Y; =V ~{j,j+1},
and every non-empty set that is not contained in a join contains one of them. Moreover, for every j
and every partition P = Al B with |Al,|B| > 2 there is y € Y; such that Py, has one point in A and
one in B.

Proof. By Lemma 3.1 we have to determine the vertex sets that induce a connected subgraph of C,
and are dominating. A connected set is a set of consecutive vertices; it dominates itself and the two
vertices next to it, so it is dominating if and only if at most two vertices are missing. This proves
the first statement. The pairs Py, y € Y}, are the m — 2 pairs of consecutive points in the sequence

$j41,8j+42,---,5j—1, which contains all points of P except s;. If no P, had one point in A and one
in B, these m — 1 points would all lie in A or all in B, and the other part would have at most one
point. O

Proposition 6.5. Let m > 5, let I' be the complement of Cy,, let d > 5 be odd, and let wy, ..., wpn
be units of 7Z/d with sum zero. Let m: S — S? be the covering of Lemma 6.1 for P and ws; = wj.
Then there are discs D;- with D;- N P = Pj, isotopic to Dj in S2 . P, such that the subsurfaces
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X = F_I(D;) form an LPA realization of I" on §, with X; N X =0 for non-consecutive j,j'. The
genus of S is (d — 1)(m — 2)/2, and X; has genus (d — b;)/2 and b; boundary components, where
bj = ged(d, wj—1 +wj). If wj—1 +w; # 0 for all j, then all X; have genus at least two, and {X;} is
a pointed territory system for L.

Proof. Fix a complete hyperbolic metric of finite area on S%~ P. The curve 0Dj is essential in S 2P,
because both sides contain at least two punctures. Let v; be the closed geodesic in its isotopy class,
and let D;- be the disc bounded by «; with D; NP = P;. The geodesics v; are pairwise distinct, since
they separate P in different ways, and distinct simple closed geodesics are in minimal position. If j
and j" are not consecutive, then dD; and 0D; are disjoint, so y; and -y are disjoint. Two discs in
the sphere with disjoint boundary curves are disjoint, or nested, or cover the sphere; the discs D;- and
D;, are not nested, because P; and P} are disjoint and non-empty, and they do not cover the sphere,
because m > 5. So D; N D}, = (). For consecutive indices the four sets P; N Pji1 = {s;}, P \ Pjt1,
Pji1~\ Pj and P~ (P; U Pj41) are non-empty; so the curves 7; and ;41 are not disjoint.

Now apply Lemma 6.3 to the discs D;; note that 2 = |P;| < m — 2. By (1) the X; are proper
subsurfaces of complexity at least two, by (3) they are disjoint for non-consecutive indices and overlap
for consecutive ones. So (R1) and (R2) hold for I". Let Y be a non-empty set that is not contained in
a join of I'. By Lemma 6.4 it contains some Y;, and for every partition P = AU B with |A|,|B| > 2
there is y € Yj such that Dj N P = P, has one point in A and one in B; then A\ D and B\ D, are
non-empty as well. By (5) and (4) of Lemma 6.3, {X,},cy fills S. This is (F).

The genus of S and the number b; of boundary components of X; are given by Lemma 6.1, and
the genus h; of X; follows from 2 — 2h; — b; = x(X;) =2 —d. If wj_1 + w; # 0, then b; is a proper
divisor of the odd number d, so b; < d/3 and h; > d/3 > 1. In that case the X; form a territory
system: (T1) and (T2) are (R1), (R2) and (F). It is pointed, because the cliques of C,, are the vertices

and the edges {j,j + 1}, and the point of S over s; lies in the interior of X; and of X;4q. O

Proof of Theorem 1.3. Take units wy, ..., wy, with sum zero (Lemma 6.2) and apply Proposition 6.5.
For m = 5 and d = 5 we can take all w; = 1; then S has genus 6, the sums w;_1 + w; = 2 are units,
and every X; has genus 2 and one boundary component. O

Remark 6.6. Total ramification is what makes the lifting lemma work: a bigon of two curves on the
sphere that contains one puncture lifts to a polygon with 2d corners, not to a bigon. The degree is
odd so that units with sum zero exist for every m, and at least five so that the preimage of a disc
with two punctures has complexity at least two. For m = 4 the curves 9D and 0D3 are isotopic; the
4-cycle is treated differently in Section 7.

7 Gluing along cliques

In this section we prove Theorem 1.4. The building blocks are pointed territory systems for complete
graphs and for cycles, and they are combined by a gluing lemma. It is convenient to index territory
systems by the complement graph: a territory system for the complement of A is a territory system
for the graph I whose complement is A. In terms of A, condition (T1) says that territories of non-
adjacent vertices have disjoint interiors and territories of adjacent vertices cannot be isotoped apart,
and by Lemma 3.1 condition (T2) concerns the non-empty vertex sets Y such that A[Y] is connected
and Y is dominating in A.

7.1 The blocks

Lemma 7.1. The following graphs A have pointed territory systems for their complements:
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(1) the complete graph K,, r > 1, on every closed orientable surface of genus at least 2;
(2) the cycle Cy,, m > 5, on the closed orientable surface of genus e(m —2) for every integer e > 2;
(3) the cycle Cy, on every closed orientable surface of genus at least 4.

Proof. (1) Put U, = S for all v. Condition (T1) holds because any two vertices are adjacent in A,
and (T2) and (P) are obvious.

(2) Let d = 2e+ 1, choose units wy, . .., wy,, of Z/d with sum zero and without vanishing cyclically
consecutive sums (Lemma 6.2(b)), and apply Proposition 6.5.

(3) Let A be the cycle a; — by — a2 — by — a1, and let S be a closed orientable surface of genus at
least four. Let c4 be a separating curve of S such that both sides have genus at least two, let ¢ be
a pseudo-Anosov mapping class of S, and let cg = ™ (ca) with N so large that dg(ca,cp) > 3 (K2).
Put the two curves in minimal position. Let U,, and U,, be the closures of the two components of
S N ca, and Uy, Up, those of S \ cp. They are subsurfaces of genus at least two. The territories
Ua,, Ua, have disjoint interiors, and so have Up,, Usy,. Since i(ca,cp) > 0, the territories U,, and
Up; cannot be isotoped apart. This is (T1). A connected dominating vertex set of Cy contains two
adjacent vertices a;, bj. A curve that misses U,, and Uy, is, up to isotopy, disjoint from or equal to
ca and to cp, which is impossible because dg(ca,cp) > 3. This is (T2). The non-empty cliques of Cy
are the vertices and the edges {a;,b;}, and near a point of ¢4 Ncp all four sets int U,, N int Us, are
non-empty. This is (P). O

7.2 The gluing lemma

Let A be the clique-sum of Ay and As along the non-empty clique K, with vertex sets Vi, V5, so that
ViNVa =K. Fori=1,2let {Ul},ecy, be a pointed territory system for the complement of A; on a
closed surface S;. By (P) we can choose a point p; € S; in the interior of all U,f;, k € K, and not on
the boundary of any territory, and a closed disc A; around p; with the following properties: A; lies in
the interior of every territory that contains p; and is disjoint from the other territories; and for every
non-empty clique ) of A; there is a common interior point of the U;, q € Q, outside A;. Let S be
the closed surface obtained from S; N\ int A; and S5 N\ int As by gluing along the boundary circles; let
¢ C S be the image of these circles, and let Sy C S be the image of S; \ int A;. Define

U= ULNSHUWENSS) fork € K, U,=U:NnSy forveV;~K.

See Figure 3. For v € V; \ K the territory U, is equal to U!, or to U! with the open disc int A,
removed.

S° Uk, ke K So

Figure 3: The gluing lemma, schematically. The surfaces S; and Sy are cut open at discs that lie in
the territories of the vertices of the clique K, and are glued along the curve c¢. The territories U, ,3 and
U ,? of a vertex k € K are joined to one territory Uy; a territory U} with v € V3 \ K stays on its side.
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Lemma 7.2 (gluing lemma). The family {Uy,}veviuv, @5 a pointed territory system for the complement
of A onS.

Proof. The surfaces S; have genus at least two, so ¢ is an essential curve of S. We need two remarks
on simple closed curves ¢, 3 in the interior of S7; they apply to S5 as well.

(G1) If « is essential in St, it is essential in S. If « is essential in S and not isotopic to ¢ in S, it is
essential in S7.

(G2) ig(a,ﬁ) > isl (O‘75)'

For (G1): a disc in S bounded by « does not contain the essential curve ¢, so it lies in S7; and a disc
in S7 bounded by « either lies in ST or contains Aj, and in the second case « is parallel to c. For
(G2): move « and /8 by an isotopy inside S until they are transverse and do not form a bigon in
ST. A bigon in S formed by them cannot contain ¢, so it would lie in S7. Hence they are in minimal
position in S, and the number of their intersection points is at least ig, (o, 3), because the isotopy
took place in ST C S7.

The U, are subsurfaces of genus at least two. They are compact and connected, and removing a
disc or gluing two surfaces along a circle does not lower the genus. Their boundary components are
boundary components of the old territories, which are essential in S by (G1), and possibly the curve
c.

(T1). Let v # w be non-adjacent in A. If v € V; \ K and w € Vo \ K, then U, and U, lie on
different sides of ¢. Otherwise v, w € V; for some 4, and the interiors of U} and U}, are disjoint; then
the interiors of U, and U, are disjoint, also if one of the two vertices lies in K, because in that case
the other territory does not contain p;. Now let v # w be adjacent in A. Then v, w € V; for some i,
say i = 1. Since U} and U} cannot be isotoped apart in Sy, there are simple closed curves « in the
interior of U} and # in the interior of U} with ig, (o, 3) > 0. (If the two territories overlap, take for
3 a boundary component of U. that cuts U}, pushed into U}, and for a a curve of U} at distance
at least 3 from 71 (8). If Ul is isotopic to a subsurface of U}, take two curves of U}l with positive
intersection number, and move one of them into the interior of U} by an isotopy.) Push a and 3 off
A inside the interiors of the territories. By (G2), ig(a, 5) > 0, with o C U, and 5 C Uy,. So U, and
U,, cannot be isotoped apart in S.

(P). A non-empty clique @ of A lies in V; or in V3, because there is no edge between V; \ K and
Vo~ K. By the choice of A;, the territories Ug, q € @, have a common interior point outside 4;, and
it is a common interior point of the Uj.

(T2). Let Y be a non-empty vertex set such that A[Y] is connected and Y is dominating in A.
Then:

(i) Y meets K. It Y C Vi1 \ K, a vertex of Vo \ K is not in Y and has no neighbour in Y the
same holds with the indices exchanged. And if Y met both Vi ~\ K and Vo ~\ K but not K, then
A[Y] would be disconnected.

(ii) Y; = Y NV, induces a connected subgraph of A; and is dominating in A;, for i = 1,2. A path
in A[Y] between two vertices of Y] leaves V; only through K, and each of its excursions into
Vo . K can be replaced by an edge of the clique K, or omitted. A vertex of Vi \ K outside Y
has all its neighbours in Vi, hence a neighbour in Y7; and a vertex of K outside Y is adjacent
to the vertices of Y N K, which is non-empty by (i).

Suppose that a curve ¢’ of S misses Uy for all y € Y, and let £ € Y N K. The curve c lies in the
interior of Ug. It is not parallel in Uy to a boundary component ¢ of Uy: the annulus between them
would lie in some S, and together with A; it would be a disc in \S; bounded by 4. So ¢ is a curve of
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Uk, and by Lemma 2.2(a) ¢’ is not isotopic to ¢. Moreover ig(c,c) = 0, because ¢’ misses Uy. After
an isotopy, ¢ is disjoint from ¢ and lies in the interior of SY, say. By (G1), ¢ is essential in S;. We
show that ¢ misses U; in S for every y € Y7; by (ii) this contradicts (T2) for A;.

Let y € Y1. Every boundary component § of Uyl lies in ST and is, up to a small isotopy, contained
in Uy; so ig(¢/,8) =0, and ig, (¢/,d) = 0 by (G2). Hence ¢’ is isotopic in S} to a curve ¢’ disjoint from
aUyl. If ¢” lies outside Ug} or is parallel to a boundary component of Uyl, then ¢’ misses U;. Otherwise
" is a curve of U, (this includes the case U, = S1), and there is a curve ¢ of U, with ig, (¢, ) > 0.
Push ¢ off A; inside the interior of U). Then ¢ C Uy, and ig(c,e) > ig (¢/,e) > 0 by (G2). This
contradicts the assumption that ¢’ misses U,. ]

Proof of Theorem 1.4. By induction on the construction of a graph in K, using Lemma 7.1 for com-
plete graphs and cycles and Lemma 7.2 for clique-sums, every graph in X has a pointed territory
system for its complement on some closed orientable surface. If the complement I" has no isolated
vertex, the territory lemma gives an LPA realization of I' by one-holed tori. O

Remark 7.3 (genus). The surface produced for a graph A € K is glued from the surfaces of the blocks,
and its genus is the sum of their genera: any integer > 2 for a complete block, any integer > 4 for a
block Cy, and e(m — 2) with any integer e > 2 for a block C,,, m > 5. Let N be the least common
multiple of the numbers m — 2 over the blocks C,, with m > 5 used in the construction (N = 1 if
there are none). Then every sufficiently large multiple of N occurs as the genus of a closed surface
on which I' has an LPA realization as in Theorem 1.4.

8 Further graphs: twins, cycle complements with one more vertex,
the hexagon

This section contains the constructions behind Theorem 1.6(1)—(3).

8.1 Twins

Let v be a vertex of a graph I'. Recall that a false twin of v is a new vertex w with lk(w) = lk(v),
and a true twin of v is a new vertex t with lk(¢) = lk(v) U{v}. In the complement graph the roles are
exchanged: w is adjacent to v in A, and t is not.

Proposition 8.1 (false twins). Let {Uy }uev be a territory system for T on S, and let Tt be obtained
from I’ by adding a false twin w of a vertex v. Then {Uy}uev together with U, := U, is a territory
system for T on S. If the given system is pointed, so is the new one.

Proof. (T1): the vertex w is adjacent to the neighbours u of v, and U, = U, and U, have disjoint
interiors; it is not adjacent to v, and to the vertices u # v that are not adjacent to v, and U, = U,
cannot be isotoped apart from U, or from such a U,,.

(T2): let Y be a non-empty set of vertices of I't that is not contained in a join of I'"; by
Lemma 3.1, Y induces a connected subgraph of the complement AT of I'* and is dominating in A™.
In AT the vertex w is adjacent to v and has otherwise the same neighbours as v. Let Y’/ be Y with
w replaced by v if w € Y, and Y/ =Y otherwise. Then A[Y”] is connected, because a path through
w can be led through v, and Y’ is dominating in A, because a vertex with the neighbour w in AT is
equal or adjacent to v. So Y’ is not contained in a join of I', and {Uy}yey = {Uy }yey~ fills S.

(P): if Q is a clique of AT that contains w, then (Q ~ {w}) U {v} is a clique of A with the same
set of territories. O
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For true twins the territories of v and of its twin are equal although the two vertices are adjacent,
so (T1) fails for this pair. The following variant of the territory lemma places two disjoint tori in one
territory.

Lemma 8.2 (territory lemma with partners). Let I'" be a graph without isolated vertices, and let
P be a set of pairwise disjoint pairs {v,t} of adjacent vertices of T". Let S be a closed orientable
surface of genus at least two and {Uy},cv (r+) subsurfaces of genus at least two such that

(T1) U, = Uy for{v,t} € P; for all other pairs of distinct vertices, U, and U, have disjoint interiors
if w and v’ are adjacent, and cannot be isotoped apart if they are not;

(T2) for every non-empty set Y that is not contained in a join of T, the family {Uy}yey fills S.
Then there are one-holed tori X, in the interior of U, that form an LPA realization of T on S.

Proof. We repeat the proof of Lemma 5.2 with the following changes. The vertices are numbered so
that the two vertices of each pair of P are consecutive, vy and vgy1. For such a pair the two tori are
chosen in the same step: let Xlg and X,gH be disjoint one-holed tori in the interior of Uy = Ug;.
Their boundary curves are curves of Uy, because the complement of each torus in Uy contains the
other one and so is not an annulus. With a homeomorphism py as before put X; = p& (X?) and
X1 = péV(XQH), where N is so large that (5.1) holds for ay, = 09X} and for ag1 = 0Xk1 with the
same set Byy1 := By; for [ > k + 1 the sets B; are defined as before and contain a; and agy;. Thus
ar ¢ Bi+1, and (5.2) holds for k£ and for k + 1.

The tori X and Xy are disjoint, as required for the adjacent vertices vy, vg11. In the rest of the
proof of Lemma 5.2 the conditions (5.1) and (5.2) for an index k are applied to curves a; € By, only
for pairs (j, k) of non-adjacent vertices, in Step 1 as well as in Step 2, where m and m’ are adjacent
in the complement graph. Such a pair is never a pair of P, so a; € By holds for all pairs that occur,
and both steps go through word for word, with (T1’) in place of (T1). O

Proposition 8.3 (true twins). Let {U,}uev be a territory system for a graph T' without isolated
vertices on S. Let I'" be obtained from T by adding true twins ti,...,ts of pairwise distinct vertices
v1,...,0s of T, one after the other (so every vertex of T' receives at most one twin, and no twin of a
twin is added). Then 'Y has an LPA realization on S by one-holed tori.

Proof. In I'" the vertex ¢; is adjacent to v;, to the neighbours of v; in I, and to t; exactly when v;
and v; are adjacent; this does not depend on the order in which the twins are added. Put Uy, := U,,
and P = {{v;,t;}}. Let r: V(') — V be the map that sends t; to v; and is the identity on V. Two
vertices x # y of I'" that do not form a pair of P satisfy r(x) # r(y), and they are adjacent in I'" if
and only if r(z) and r(y) are adjacent in T'. Since U, = U, (), condition (T1") follows from (T1) for
r.

For (T2) let Y be a non-empty set of vertices of 't that is not contained in a join of I't. We claim
that r(Y) is not contained in a join of I'. Suppose r(Y) C Jy * J2, and let J;" = r=!(.J;). Then J;"
and J2+ are disjoint and non-empty, and every vertex of Jf“ is adjacent to every vertex of JQ+ , by the
description of adjacency above; so Y is contained in the join J1+ * J2+ of I', a contradiction. Hence
{Uytyey = {Uu}uer(y) fills S. The graph 't has no isolated vertex, and Lemma 8.2 applies. O

8.2 Complements of cycles with one more vertex

We return to the situation of Section 6. The following lemma is a local version of part (4) of the
lifting lemma.
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Lemma 8.4. In the situation of Lemma 6.3, let i # j be such that 0D; and 0D; intersect and every
component of int D; \ 0D; is an open disc that contains at most one point of P. Let ¢ be a curve of
S that is isotopic to a simple closed curve in X;. Then ¢ has positive intersection number with some
component of 7~ Y(0D;); in particular ¢ cuts )?j.

Proof. Suppose that ¢ has intersection number zero with all components of 7! (0D;). It also has inter-
section number zero with the components of 7 1(8D;) = 0X;. By Lemma 6.3(1),(2) and Lemma 2.3
we may assume that c is disjoint from 771(9D; UD;). Then c lies in a component W of the preimage
of a component R of S?\ (0D;UdD;). If R C D;, then R is an open disc with at most one point of P
and W is an open disc, by the remark at the beginning of the proof of Lemma 6.3; this is impossible
for an essential curve. So c¢ is disjoint from X;. Since c is isotopic to a simple closed curve in )Z'Z-, that
curve is parallel to a boundary component Jy of 552 by Lemma 2.2(a), so c¢ is isotopic to dy. But dp
covers dD;, which meets dDj; so dy meets a component ¢ of 7~1(dD;), and i(c,d) = i(dp,d) > 0 by
Lemma 6.3(2). This is a contradiction. O

Proposition 8.5. Let m > 5, let I' be the complement of the cycle Cy, with vertices 1,...,m, and
let I be a non-empty set of pairwise non-consecutive vertices of the cycle with 2|I| < m. Let I'; be
the graph obtained from I' by adding a vertex q that is adjacent exactly to the vertices in I. Then, for
every integer e > 2, the graph I'; has a pointed territory system on the closed orientable surface of
genus e(m — 2). Hence I'r has an LPA realization by one-holed tori on this surface.

For m = 5 the possible sets I are a single vertex, which gives the pentagon with a pendant
vertex, and two vertices that are adjacent in the pentagon I', which gives the pentagon with a triangle
attached along an edge.

Proof. Let d = 2e + 1, and let 7: S — S2, the discs D’ and the subsurfaces X; = 7T71(D9) be as in
Proposition 6.5, for units w; with sum zero and without vanishing consecutive sums. The X; form a
pointed territory system for I', and X; has b; < d/3 boundary components. The discs D/, i € I, are
pairwise disjoint. Put

Uj=X,(1<j<m), U= 77_1<S2 N Uinth) =5 Jint X,
el el

The set S \ |J,¢; int D} is connected and contains m — 2|I| > 1 points of P, so Uy is connected. It is
a compact surface whose boundary components are boundary components of the X;, ¢ € I; there are
b=">,crbi <|I|d/3 of them, and

X(Ug) = d (2 = [I]) = (m = 2|I[)(d = 1).

A short computation gives the genus h = (2 — x(U;) — b)/2 of Uy: for |I| = 1 we get —x(U,) >
3(d—1)—dand h > (5d/3 —1)/2 > 1; for |I| > 2 we get —x(Uy) > (d — 1) + d(|I| — 2) and
h>(1+d(2/1|/3—-1))/2> (1+d/3)/2> 1. So Uy is a subsurface of genus at least two.

(T1). For i € I the territories U, and U; have disjoint interiors. Let j ¢ I. If j is consecutive to
some ¢ € I, the boundary curves of U; and of U; have positive intersection number, and the boundary
of U; is part of the boundary of Ugy; so U; and U, cannot be isotoped apart. Otherwise U; is disjoint
from all U;, i € I, so U; C Uy, and a curve of U; is a curve of U, and cuts U, (Lemma 2.2(a),(b));
again they cannot be isotoped apart. The pairs not involving ¢ are covered by Proposition 6.5.

(T2). Let A be the complement of I'j: the cycle Cy, together with the vertex ¢, which is adjacent
toall j ¢ I. Let Y be a non-empty vertex set that induces a connected subgraph of A; and is
dominating in A7, and suppose that a curve ¢ misses U, for all y € Y. If ¢ ¢ Y, then Y induces a
connected subgraph of €y, and is dominating in C,,, and the U, fill by Proposition 6.5. Let ¢ € Y.
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Since ¢ misses Uy, it is isotopic to a simple closed curve in X; for some i € I. The only neighbours of
iin Ay arei— 1 and i+ 1. If i ¢ Y, one of them lies in Y, because Y is dominating; if i € Y, one
of them lies in Y, because A7[Y] is connected and contains ¢ # 7. So Y contains a vertex j = i & 1.
The geodesics 0D} and aD;- are in minimal position and intersect in exactly two points: they are not
disjoint, their number of intersection points is even, and the boundaries of the thin discs D;, D; of
Section 6, which are isotopic to them, meet in two points. Hence int D} ~\ 8]_); has two components,
the lens D} N D} and its complement in D}, and each of them is an open disc with exactly one point
of P. By Lemma 8.4, c cuts X; = U;. This is a contradiction.

(P). The non-empty cliques of A are those of C,,, the sets {q} and {q, j} with j ¢ I, and the sets
{q,7,7+ 1} with j,j+1 ¢ I. Let j ¢ I. The disc D} is connected, the discs D, ¢ € I, are pairwise
disjoint, and none of them contains both s;_; and s;; so D} is not contained in the union of these
discs, and int U; Nint U, is not empty. If j,j + 1 ¢ I, the point s; lies in no D) with ¢ € I, and its
preimage is a common interior point of Uj, Uj41 and Uj,.

The last statement follows from the territory lemma, since I'; has no isolated vertex. O

8.3 The hexagon

The complement of the hexagon Cg is the triangular prism. It has no clique whose removal disconnects
it, and it is neither complete nor a cycle; so the hexagon is not covered by Theorem 1.4. We realize
it by another planar picture.

Let a, b, c be the vertices of a triangle in the plane, t; a point inside the triangle and tp a point
outside, and let P = {a,b,c,t7,to} C S%. Consider six arcs: the sides

a1 = [e,al, asg = [a,b], as = [b, (]

of the triangle, and three arcs as, ay, ag from t; to tp that are pairwise disjoint except for their end
points, such that ao crosses the side as once and is disjoint from the other two sides, a4 crosses ag
once and is disjoint from the other two sides, and ag crosses ag once and is disjoint from the other
two sides. Let D, be a thin closed disc neighbourhood of «;, the six neighbourhoods having different
widths, so that their boundary curves are in general position; see Figure 4. Each D; contains exactly
two points of P, the end points of «;.

Lemma 8.6. The discs D1, ..., Dg have the following properties, with indices modulo 6.
(H1) DjNDjq = 0 for all j.

(H2) For each of the nine other pairs {j,k} the curves 0D; and 0Dy, are transverse, they intersect,
and every component of S?~\ (0D; UdDy) that is bounded by one arc of each curve contains a
point of P. Hence the two curves are in minimal position in S* . P.

(H3) For each of the sets Y = {1,4}, {2,5}, {3,6}, {1,3,5}, {2,4,6}, every component of S? ~
Uer 0D, is an open disc that contains at most one point of P.

Proof. (H1) The arcs o and a1 are a side of the triangle and an arc from ¢ to tp through a different
side. They are disjoint, and so are their thin neighbourhoods.

(H2) There are three types of pairs. Two sides of the triangle, say Dy and D3, with the common
vertex a: the boundary curves meet in two points, and the complement of their union has four
components: the lens D N D3, which contains a; the rest of D;, which contains c; the rest of Dj,
which contains b; and the complement of D1 U D3, which contains ¢; and to. Two arcs from t; to to,
say Do and Dy: the boundary curves meet in four points, two near t; and two near tp, and there are
six components: two lenses, which contain ¢; and tp; the middle parts of Dy and of Dy, which contain
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Figure 4: The planar picture for the hexagon: five punctures and six discs. The discs D1, D3, D3
are neighbourhoods of the sides of the triangle abc, and Do, D,, Dg are neighbourhoods of three arcs
from t7 to to. The disc Dj is disjoint from Dj41 (indices modulo 6) and meets the other three discs.
The square on the right shows a neighbourhood of 7, enlarged. The coordinates are those of the
computer checks of Section 11.

no puncture and are bounded by two arcs of each curve; and the two components of the complement
of Do U Dy4. The latter are separated by the closed curve as U ay, which crosses the triangle at one
point of each of the sides a5 and a1 and so separates their common vertex ¢ from a and b. So one
component contains ¢ and the other contains a and b. A side and the arc that crosses it, say D1 and
Dy: the intersection D1 N Dy is a square around the crossing point, the boundary curves meet in its
four corners, and there are six components: the square, which contains no puncture and is bounded
by two arcs of each curve; the two ends of D;, which contain ¢ and a; the two ends of D4, which
contain t; and tp; and the complement of D; U Dy, which contains b and is bounded by two arcs of
each curve. In all cases the components bounded by one arc of each curve contain a puncture. If
the two curves were not in minimal position in S? \. P, they would form a bigon there, and a bigon
whose interior does not meet the two curves would be the closure of a component without punctures
bounded by one arc of each curve.

(H3) For Y = {1,4} the components were listed above: the square, four ends with one puncture
each, and the outer component with the puncture b; they are open discs. The sets {2,5} and {3,6}
are of the same type. For Y = {1, 3,5} the union of the three discs is a neighbourhood of the triangle.
Its complement has two components, the inner one with the puncture t; and the outer one with
to; inside the union there are three lenses, which contain a, b and ¢, and the three middle parts of
the discs. All eight components are open discs. For Y = {2,4,6} the union of the three discs is a
neighbourhood of the graph as U ay U ag, which has two vertices and three edges and cuts the sphere
into three discs, each containing one of the points a, b, c. So the complement of the union has three
components with one puncture each. The other components lie in the union of the discs. The three
boundary curves meet in twelve points, so there are fourteen components in all, and each of them is
an open disc, because the union of the three curves is connected. The points ¢; and o lie in different
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components, since Dy N Dy consists of two lenses around ¢; and fp. So no component contains two
punctures. O

The statements of Lemma 8.6 concern an explicit finite configuration in the plane. They were also
checked by four computer programs (Section 11), which compute the components, their corners and
their punctures for the coordinates used in Figure 4.

Theorem 8.7. Let d > 5 be odd. The heragon Cg has an LPA realization on the closed orientable
surface of genus 3(d — 1)/2 by six subsurfaces of genus at least two, which is at the same time a
territory system for Cg. For d =5 the surface has genus 6, and the six subsurfaces have genus 2 and
one boundary component.

Proof. Choose units w, = wp = we = 1 and wy,, wy, of Z/d with wy, + w, = —3 (Lemma 6.2(a));
for d = 5 all five can be taken equal to 1. Let 7: S — 52 be the covering of Lemma 6.1; its genus is
3(d—1)/2. The discs D; satisfy the hypotheses of Lemma 6.3: |P| = 5, each disc contains two points
of P, and the boundary curves are pairwise disjoint or transverse and in minimal position by (H1)
and (H2). Let X; = 7~ (D;). By Lemma 6.3(1),(3) and (H1), (H2) the X; are proper subsurfaces of
complexity at least two, X; and X1 are disjoint, and X; and X}, overlap for the other pairs. Since
the hexagon has the edges {j,j + 1}, this is (R1) and (R2).

The complement of the hexagon is the prism, in which j is adjacent to j +2, j+3 and j+4. A
connected dominating vertex set of the prism contains one of the five sets of (H3): the pairs {j, 7+ 3}
and the two triangles {1,3,5}, {2,4,6} are connected and dominating; a connected set that contains
no pair {j,j + 3} lies in one of the two triangles; and a proper subset of a triangle is not dominating.
So, by Lemma 3.1, every non-empty set Y that is not contained in a join of the hexagon contains one
of these five sets, and {X,} ey fills S by (H3) and Lemma 6.3(4). This is (F).

By Lemma 6.1, X; has b; = ged(d, s;) boundary components, where s; is the sum of the exponents

of the two punctures in Dj, that is, s; = 2 for odd j and s; = —3 for even j. Both are non-zero in
Z/d, so bj < d/3, and the genus (d — b;)/2 of X; is at least two. For d = 5 we get b; = 1 and genus
2. Finally (T1) and (T2) for the family {X;} are (R1), (R2) and (F). O

Remark 8.8. The territory system of Theorem 8.7 is not pointed: the discs Dy, D3, D5 have no
common point, although {1,3,5} is a clique of the prism. So it cannot be used in the gluing lemma
as it stands. Propositions 8.1 and 8.3 do apply to it. The partition criterion of Lemma 6.3(5) does
not hold for this picture, for instance for Y = {2,4, 6} and the partition {¢;,to}U{a,b, c}; this is why
part (4) of the lifting lemma is formulated in terms of the complementary regions.

9 Closure properties and small graphs

9.1 Proof of Theorem 1.5

If T is a single vertex, then A(T") = Z, there are no joins, every non-trivial element is loxodromic, and
a homomorphism that sends the generator to a pseudo-Anosov class of a closed surface is an LPA
embedding.

Let I" have at least two vertices and satisfy the hypothesis of the theorem, and let I be the graph
of Proposition 3.6: the disjoint union of ' and of one path P, for each isolated vertex of I'. By
Proposition 3.6 and Lemma 3.4 it suffices to find an LPA embedding of A(I"), and by Proposition 3.2
it suffices to find proper subsurfaces of a closed surface that satisfy (R1), (R2) and (F) for I".

The connected components of I have at least two vertices. Let I'g be the union of the chordal
components (the paths are among them), and let I'y, ..., Ty be the other components; each of them is
of kind (b) or (c). Each of these graphs has subsurfaces with (R1), (R2) and (F) on closed orientable
surfaces of the following genera:
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o Ty, if it is not empty: every genus > |V (I'g)| + 2 (Theorem 1.1);

o a component of kind (b): every sufficiently large multiple of an integer N that depends on the
component (Theorem 1.4 and Remark 7.3);

o a component that is a join: every sufficiently large genus (Lemma 5.4; property (F) is empty
for a join).

So there is a genus G on which all of them are realized. Applying Proposition 3.7 ¢ times, to
Iou--- ULy and T, gives subsurfaces of the closed surface of genus G with (R1), (R2) and (F) for
I

It remains to check the statement about graphs with at most five vertices. Let K be a connected
component of I'™ that is not chordal; it has four or five vertices and contains an induced cycle of
length four or five. If K contains an induced 5-cycle, then K = C5, whose complement is C5 € K.
Otherwise K contains an induced 4-cycle a — b — ¢ — d — a. If K has four vertices, it is this cycle,
which is a join. If K has a fifth vertex x, then x is adjacent to at least one vertex of the cycle. If z is
adjacent only to a, the complement of K consists of the triangle {x, b, d} and the path z — ¢ —a; if =
is adjacent exactly to a and b, the complement of K is the path a — ¢ — x —d — b. Both complements
are connected and chordal, hence in K. In the remaining cases (z adjacent exactly to a and ¢, to
three, or to all four vertices of the cycle) the complement of K is disconnected, so K is a join. Up to
the symmetries of the cycle these are all cases. O

9.2 The classes 7 and 7y; proof of Theorem 1.6

For m > 5 and a set I as in Proposition 8.5, let A, r be the complement of the graph I'; considered
there: the cycle C), together with one more vertex that is adjacent to all vertices of the cycle outside
1.

Definition 9.1. Let 7 be the smallest class of graphs that contains the complete graphs, the cycles
of length at least four and the graphs A,, r, and that is closed under clique-sums and under adding
true twins. Let T be the union of 7 and of the class of graphs obtained from the triangular prism
by adding true twins repeatedly.

Thus K C T C 7o, and all graphs in 7y are connected.

Lemma 9.2. For every graph A € Ty there is an integer N > 1 such that the complement of A has
a territory system on the closed orientable surface of genus g for every sufficiently large multiple g of
N. For A € T these territory systems can be chosen pointed.

Proof. For complete graphs and cycles this is Lemma 7.1, with NV = 1 for complete graphs and for
C4, and N = m — 2 for Cp, with m > 5. For A,, 1 it is Proposition 8.5, with NV = m — 2. A true
twin in A is a false twin in the complement, so Proposition 8.1 gives a (pointed) territory system on
the same surface. For a clique-sum the gluing lemma gives a pointed territory system on a surface
whose genus is the sum of the genera of the two given surfaces; so the least common multiple of the
two integers can be taken for N. For the prism the statement is Theorem 8.7, with N = 3, and for
the prism with true twins added it follows again from Proposition 8.1. O

Proposition 9.3. Let I' be a graph that is not a join, and suppose that every connected component
K of I'™ is of one of the following kinds:

(a) K is chordal;

(¢) K is a join;
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(d) K is obtained from a graph Ky without isolated vertices, whose complement lies in Ty, by adding
one true twin to each of some pairwise distinct vertices of Ko (possibly to none).

Then A(T") has an LPA embedding into the mapping class group of a closed surface.
A component of kind (b) of Theorem 1.5 is of kind (d), with Ky = K.

Proof. A component K of kind (d) has an LPA realization by one-holed tori on the closed surface
of genus g for every sufficiently large multiple g of an integer N: by Lemma 9.2 the graph K, has a
territory system on these surfaces, and Proposition 8.3 applies (the territory lemma, if no twins are
added). With this information the proof of Theorem 1.5 goes through. O

Proof of Theorem 1.6. Part (1) is Theorem 8.7 for d = 5, and part (2) is Proposition 8.5. For part
(3), the graph I' has no isolated vertex and has a territory system on a closed surface, by the proof
of Theorem 1.4, by Theorem 8.7, or by Proposition 8.5. Adding false twins repeatedly gives graphs
with territory systems on the same surface (Proposition 8.1), and Proposition 8.3 gives the LPA
realization after true twins have been added (the territory lemma, if there are none). Part (4) follows
from Proposition 9.3 and the enumeration described below: every graph with at most six vertices
that is not a join satisfies the hypothesis of Proposition 9.3. O

9.3 The enumeration

The graphs with at most seven vertices were enumerated up to isomorphism by computer; there
are 1,2,4,11,34,156,1044 graphs with 1,...,7 vertices, of which 1,1,2,6,21,112,853 are not joins.
For each of them the hypotheses of Theorem 1.5 and of Proposition 9.3 were tested component by
component. Chordality and the join property are tested directly. Membership of a connected graph
in IC is tested by Lemma 2.6: the graph is split along clique separators until none is left, and the
atoms are inspected. Membership in T is tested by an exhaustive search over all ways of obtaining
the graph by a clique-sum or by adding a true twin, and kind (d) by an exhaustive search over the
sets of true twins. The results are in Table 1. Column (i) of that table counts the graphs all of whose
components are chordal, joins, have a connected chordal complement, or are complements of cycles
of length at least five.

All graphs with at most five vertices that are not joins satisfy the hypothesis of Theorem 1.5, in
accordance with the argument given above. Of the 112 graphs with six vertices that are not joins,
105 satisfy the hypothesis of Theorem 1.5; 93 of these are covered without Theorem 1.4, and twelve
need it. The remaining seven graphs are connected. They are shown in Figure 5 and listed in Table 2,
and all of them satisfy the hypothesis of Proposition 9.3. Of the 853 graphs with seven vertices that
are not joins, 578 satisfy the hypothesis of Theorem 1.5 and 758 that of Proposition 9.3. The 95
others are connected and have between 7 and 13 edges; their list is part of the output of the programs
(Section 11). Four of them are doubles along stars (Remark 3.9). This leaves 91 graphs with seven
vertices for which we have no answer.

PO G &

Figure 5: The seven graphs with six vertices that are not joins and do not satisfy the hypothesis of
Theorem 1.5.
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no. graph edges covered by

1 C4 with a pendant path of 04 0513 14 23 24 Theorem 1.6(3): a false twin added to
length 2 the path Ps

2 pentagon with a pendant 01 04 12 15 23 34 Theorem 1.6(2) with m =5, |I] =1
vertex

3 hexagon 01 05 12 23 34 45 Theorem 1.6(1)

4 (4 and a triangle with a 02 05 13 14 23 34 35 Theorem 1.6(3): a false twin added to
common vertex the triangle with a pendant path of

length 2

5  pentagon with a triangle on 02 05 12 13 23 34 45 Theorem 1.6(2) with m =5, |I| =2

an edge

6  pentagon with a false twin 01 04 05 12 23 34 35 Theorem 1.6(3): a false twin added to
the pentagon

7  pentagon with a true twin 01 04 0512 1523 25 34 Theorem 1.6(3): a true twin added to
the pentagon

Table 2: The graphs of Figure 5, with vertices 0,...,5 and edges written as pairs of digits. In the
rows 1 and 4 the graph to which the twin is added has its complement in K: a 4-cycle and a triangle
with a common edge, and a 4-cycle with a pendant vertex, respectively.

10 Remarks and open questions

The general problem. We have no answer for the graphs that are reached neither by Proposi-
tion 9.3 nor by Proposition 3.8. Of the 95 graphs with seven vertices that do not satisfy the hypothesis
of Proposition 9.3, four are doubles along stars (Remark 3.9). For the other 91, all connected, we have
no answer; subgroups of finite index other than doubles along stars were not examined. Among these
91 graphs are the heptagon C7, the hexagon with a pendant vertex, the pentagon with a pendant
path of length two, the pentagon with pendant vertices at two different vertices, and the 4-cycle and
the pentagon with a common edge. We know of no reason to expect a negative answer for any of
them.

Reductions. For homomorphisms of the kind of [CLM12] the results of this note reduce the problem
as follows. By the territory lemma it suffices to construct territory systems: nesting of the subsurfaces
does not matter. By the gluing lemma it suffices to construct pointed territory systems for the
complements of graphs A that have no clique separator. One such graph that is neither complete nor
a cycle is the triangular prism, the complement of the hexagon; the territory system of Theorem 8.7
is not pointed. The prism is not the smallest graph of this kind: the complete bipartite graph K 3
has no clique separator either. Its complement K5 LI K3 is chordal and is covered by Theorem 1.1,
but we did not construct a pointed territory system for it.

Problem 10.1. Does the hexagon have a pointed territory system? Does every graph without isolated
vertices have a territory system on some closed surface?

A positive answer to the second question would answer Problem 2.28 positively, by the territory
lemma and Proposition 3.6.

Limits of planar pictures. In Sections 6 and 8 the territories are preimages of connected regions of
the sphere, and two territories have disjoint interiors exactly when the regions have. The complement
graph A is then the intersection graph of a family of connected open subsets of the sphere, hence a
string graph. Not every graph is a string graph [Sin66]; an example is the graph obtained from Kj
by subdividing every edge once. So planar pictures of this kind cannot treat all graphs.
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Genus and powers. The genus has to grow with the graph: for every surface S there are graphs
I such that A(T") does not embed in Mod(S) at all [KK14b, BCG18]. For the complement I' of the
path P,,, Katayama and Kuno [KK18, Theorem 1.3] proved that A(T") embeds in the mapping class
group of the closed surface of genus g > 2 if and only if m < 2¢g + 1; for m > 4, Theorem 1.2 gives an
LPA realization of this graph in genus 2m — 2, about four times the least genus in which the group
embeds. We did not determine whether the nice realization of the pentagon in genus three of [CLM12,
Section 2.4] has property (F), and we do not know the least genus of a closed surface S such that the
group of the pentagon has an LPA embedding into Mod(S). The powers of pseudo-Anosov maps that
are needed in Proposition 3.2 come from Theorems 2.4 and 2.5 and are not explicit. Explicit powers
for which the generators generate a right-angled Artin group are given by Runnels [Run21]; see also
[Seo21]. Of [Run21] we read parts of the arXiv version (version 1, the only one there), whose main
theorem concerns generation and undistortedness, and the abstract of the published version. That
abstract states in addition, for a given collection of pure mapping classes, that “each element is pseudo-
Anosov on the largest possible subsurface”. The introduction of [CLM12] describes Theorem 2.5 in
the same words, so we take this to be a statement of the same kind, on the type of the image of
each element for given supports. A statement of this kind does not answer Problem 2.28, which asks
whether the supports can be chosen so that every loxodromic element becomes pseudo-Anosov on the
whole surface. We did not use [Run21].

11 Computations and reproducibility

The package that accompanies this note contains the programs mentioned below, written in Python
(some use networkx, numpy and scipy), with their outputs and a description. Computations enter
the note at three places.

1. The enumeration of Section 9.3. The numbers in Table 1, the list in Table 2, and therefore
Theorem 1.6(4), rest on it. Columns (i) and (ii) of Table 1 and the list of the seven graphs
were computed by five programs that share no code: coverage.py with coverage_atlas.py and
coverage_E.py, which use the list of graphs of networkx; v2_coverage.py; lead_coverage.py;
c_enum.py; and r4_enum.py. The last four enumerate the graphs themselves. Column (iii), the
list of the 95 graphs with seven vertices that do not satisfy the hypothesis of Proposition 9.3, and
the four doubles of Remark 3.9 among them were computed by the last three of these programs;
their lists agree graph by graph up to isomorphism. The four doubles were also confirmed by
lead_star_multiples.py, which uses the isomorphism test of networkx.

2. Lemma 8.6. The statements (H1)-(H3) are proved in the text. They were checked for the coordi-
nates of Figure 4 by v2_run_planar.py, which computes the arrangement of the six boundary
curves in exact rational arithmetic, and by lead_hexagon_planar.py, which determines the
complementary regions on a fine grid. The first program also builds the d-fold cyclic cover for
d=15,7,9,15 as a cell complex and confirms the conclusions of Theorem 8.7: the genus, the six
subsurfaces, the absence of bigons, and that the lifted curves of each of the five minimal sets
cut the surface into discs, while those of six sets inside joins do not. Two further programs,
c_hexagon.py and r4_hexagon.py, check (H1)-(H3) in exact rational arithmetic for the poly-
gons printed in Figure 4; the first one also treats other coordinates and builds the cyclic covers
of eight degrees d < 25. For all 63 non-empty sets of vertices they find that the hypothesis of
Lemma 6.3(4) holds exactly for the 39 sets that are not contained in a join of the hexagon.

3. Consistency checks of statements proved in the tert. Lemma 3.1 for all graphs with at most six
vertices; the combinatorial steps of the proof of Theorem 1.1 and the facts (i), (ii) in the proofs
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of Proposition 5.3 and of the gluing lemma for all graphs with at most seven vertices to which
they apply; Lemma 6.4 for m < 12; Lemma 6.2(b) for d < 151 and m < 200. The program
v2_cover.py builds the covers of Proposition 6.5 for m < 8 and d = 5,7,9, 15 as cell complexes
and confirms the genus, the boundary curves, the minimal position of the lifted curves and the
filling property. The combinatorial statements in the proofs of Propositions 8.1, 8.3 and 8.5
were checked for small graphs by c_twins.py, c_cycle.py and r4_small.py.

Verification. The claims were checked as follows.

1. The statements quoted from [CLM12] and from [KMT17] were read in the arXiv versions and in
the published versions; for [CLM12] the two numberings were compared. The statements quoted
from [KK14a, KK13, MM99, MM00, Man10, Loa21, ABD*26, KK18, BCG18] were read in the
arXiv versions, and [Beh06, Theorem 4.3] was located there. Problem 2.28 and its remarks were
read in the authors’ preliminary version of [BKR26].

2. All programs were run again for this note, the last time from the source archive of the package;
the outputs agree with the recorded ones, up to lines that report running times.

3. A first independent verification run, Al-assisted, examined a working write-up of Section 3, of
the proof of Theorem 1.1 and of Section 5 line by line. It compared [CLM12] in both versions,
re-derived the filling property for chordal graphs in the form of Lemmas 4.3 to 4.5, proved the
facts of Lemma 2.2, and gave a direct proof of the Behrstock inequality for single curves. It
found no mathematical error. The corrections it requested concern citations and definitions,
among them the numbering of [CLM12] and the exclusion of the identity in Definition 2.1; they
are incorporated.

4. A second independent verification run, Al-assisted, examined the working write-up of Sections 6
and 7 and of the proof of Theorem 1.5 line by line, and re-derived the lifting lemma and the
gluing lemma. It found no mathematical error. It observed that part (4) of the lifting lemma only
uses the complementary regions, found the picture of Figure 4, and proposed the constructions
of Section 8. At its request the result of Loa [Loa2l] is cited, and the description of the open
cases was rewritten.

5. The results of Section 8 and their consequences (Theorem 1.6, Proposition 9.3, column (iii)
of Table 1) were written out after the second run, and the programs lead_coverage.py and
lead_hexagon_planar.py were written for them. A third independent verification run, Al-
assisted, examined the finished manuscript. It re-derived the proofs of Sections 8 and 9 and of
the lemmas added in Section 2 (Lemma 2.2(d),(e), Lemmas 2.3 and 2.6). With its own programs,
written from the text, it reproduced Table 1 in all columns, Table 2 and the list of the 95 graphs,
and it confirmed Lemma 8.6 and the conclusions of Theorem 8.7 in exact arithmetic, with the
cyclic covers of eight degrees. It found no mathematical error and asked for three corrections of
wording, which are incorporated: the number 95 refers to Proposition 9.3; the prism is not the
smallest graph without clique separator that is neither complete nor a cycle; and every vertex
receives at most one true twin.

6. A fourth independent verification run, Al-assisted, read the final text completely. With programs
of its own it reproduced Tables 1 and 2, Figure 5, the 95 graphs and the four doubles, and it
checked (H1)-(H3) of Lemma 8.6 in exact arithmetic for the polygons printed in Figure 4. It
ran the package again from its source archive, compared the cited statements with the sources,
and verified the DOIs of the references through Crossref. It found no mathematical error. The
changes that it asked for concern wording and credit and are incorporated: the numbers for
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seven vertices in the abstract and in Section 1, the sentences on [Run21] and on [MT16], the
wording of the problem in the source, and this paragraph.

Scope and priority. The results are partial: Problem 2.28 of [BKR26] remains open for general
graphs. They concern LPA embeddings into mapping class groups of closed surfaces, in the sense of
Definition 2.1; for graphs that are not connected this definition extends the terminology of [KMT17],
as explained in Section 2.2, and Table 1 gives the numbers for connected graphs separately. The
proofs rely on published theorems whose proofs were not re-derived here: Theorems 2.2 and 6.1
of [CLM12], the results (K1) and (K2) of Masur and Minsky, the Behrstock inequality (K4), and
[KMT17, Theorem 2.2] for Proposition 3.8; Remark 3.9 relies on Lemma 50 of the arXiv version of
[KK13].

Of the published versions we read those of [CLM12] and [KMT17]. The other articles were read
in their arXiv versions, where they exist: the statements used from [KK13, KK14a, MM99, MMO0O0,
Man10, Beh06, Loa21, ABD*26, KK18, BCG18] and parts of [MT16, Run21]; the number of the
proposition of [MM99] in the journal is taken from the citation in [CLM12]. Of [KK14b, Seo21] only
the abstracts were read, and of the published version of [Run21] only the abstract, on the publisher’s
page; what this abstract says beyond the arXiv version is quoted in Section 10 and is not used.
We did not consult [CP01, Kob12], which are cited as in the remarks of the problem, the books
[FM12, LS01], the sources [Dir61, FG65, Gav74, Bun74, Tar85] for the classical facts on chordal
graphs, or [Thu88, Pen88, Sin66, FM02]; these are quoted in their standard forms.

Literature was searched in the arXiv listings, in Crossref, OpenAlex and zbMATH, in particular
for papers citing [KMT17], and by web searches, most recently on October 8, 2026. We found no
source that answers Problem 2.28, and none that gives a positive answer for connected chordal graphs,
graphs with chordal complement, complements of cycles, clique-sums, or the hexagon. The positive
answer for disjoint unions of complete graphs or of joins is due to Loa [Loa21] and to Aougab, Bray,
Dowdall, Hoganson, Maloni and Whitfield [ABD'26]; Theorem 1.1 overlaps with their results for
disjoint unions of complete graphs (Remark 4.7). The use of a branched cover for the pentagon
goes back to [CLM12, Section 2.4], and a nice realization of the complements of even cycles is in
[MT16]; the filling property is not considered in either place. MathSciNet and Google Scholar were
not searched. This negative search is not a proof of priority, and we claim none.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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