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Abstract
Problem 1.19 of the list K3: A New Problem List in Low-Dimensional Topology (Baykur, Kirby

and Ruberman, eds., 2026) asks: if Y = Y1#Y2 is a connected sum of 3-manifolds, neither of them
S3, and the twist Φ about the connected-sum sphere is not isotopic to the identity, is there a
knot K ⊂ Y such that K and Φ(K) are not isotopic? The question goes back to Aceto, Bregman,
Davis, Park and Ray. They proved the analogous statement for prime 3-manifolds, conjectured it
in general, and recorded, in all versions of their paper since 2020, that Etnyre and Margalit have
a proof of the general statement. That proof has not appeared, and to our knowledge no written
proof exists. This note supplies one, for closed orientable 3-manifolds. It may well coincide with
the argument of Etnyre and Margalit, with whom we have not been in contact, and we claim no
priority. Let K be a knot in a closed, connected, orientable 3-manifold Y whose complement is
hyperbolic with trivial isometry group; such knots exist by a theorem of Kawauchi. We show that
every diffeomorphism f of Y for which f(K) is isotopic to K is isotopic to the identity. Hence
every diffeomorphism that is not isotopic to the identity changes the isotopy class of a knot, and
the answer to Problem 1.19 is yes. The proof is the classical description of the symmetries of a
hyperbolic knot (Mostow–Prasad, Waldhausen, Hatcher). Using a theorem of Chen and Tshishiku
on finite group actions, we also show that a twist about a connected-sum sphere which is not
isotopic to the identity changes the isotopy class of every knot with hyperbolic complement. This
is an unrefereed note.

1 Introduction
Manifolds, embeddings and isotopies in this note are smooth, unless we say otherwise. Let Y be a
closed, connected, oriented 3-manifold. Following Aceto, Bregman, Davis, Park and Ray [ABD+26],
two knots in Y are equivalent if an orientation-preserving diffeomorphism of Y takes one to the other,
and isotopic if this diffeomorphism can be chosen isotopic to the identity. They proved that if Y is
prime and f is an orientation-preserving diffeomorphism of Y which is not isotopic to the identity,
then K and f(K) are not isotopic for some knot K ⊂ Y [ABD+26, Theorem 1.1]. The published
version proves the same for connected sums of copies of S1 × S2 [ABD+26, Corollary 4.4]. The first
version of [ABD+26] (arXiv, July 2020) conjectures that in every oriented 3-manifold equivalent knots
are isotopic only if the orientation-preserving mapping class group is trivial (Conjecture 1.8), and a
note there adds that J. Etnyre and D. Margalit have a proof of this conjecture by different methods.
The published version (2026) says in a note that Etnyre and Margalit communicated to the authors
a different proof of Theorem 1.1, which extends to the non-prime case and has not yet appeared. Its
Remark 1.6 explains that the main remaining case is that of twists along separating 2-spheres. This
case became a problem of the list K3 [BKR26].
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Problem 1.1 ([BKR26, Problem 1.19], in paraphrase). Let Y = Y1#Y2 be a connected sum of 3-
manifolds with Yi 6= S3 for i = 1, 2, and let Φ: Y → Y be a Dehn twist about the connected-sum
sphere. Assume that Φ is not isotopic to the identity. Is there a knot K ⊂ Y such that K and Φ(K)
are not ambiently isotopic?

This is Problem 1.19 of the list [BKR26] of 2026, not Problem 1.19 of Kirby’s list of 1997, which
is a different problem; in the UnsolvedMath dataset [ula26] it is record KP-1.19. To our knowledge,
the proof of Etnyre and Margalit has not appeared, and there is no other written proof of the general
statement. This note supplies one, for closed, connected, orientable 3-manifolds. It may well coincide
with the argument of Etnyre and Margalit, which we do not know; we have not been in contact with
them, and we claim no priority.

A knot K ⊂ Y is hyperbolic if Y \ K admits a complete hyperbolic metric of finite volume. By
Mostow–Prasad rigidity this metric is unique up to isometry, and its isometry group is finite. We call
a hyperbolic knot asymmetric if the identity is the only isometry of this metric; orientation-reversing
isometries are included. We regard knots as subsets: two knots K,K ′ ⊂ Y are isotopic if h(K) = K ′

for a diffeomorphism h of Y that is isotopic to the identity. No orientation of the knots is fixed.

Theorem A. Let Y be a closed, connected, orientable 3-manifold and let K ⊂ Y be an asymmetric
hyperbolic knot. If f is a diffeomorphism of Y such that f(K) is isotopic to K, then f is isotopic
to the identity. Moreover, Y contains infinitely many asymmetric hyperbolic knots with pairwise
non-diffeomorphic exteriors (Kawauchi [Kaw92]).

So a single knot detects all mapping classes of Y , orientation-reversing ones included: the map
[f ] 7→ [f(K)] from π0Diff(Y ) to the set of isotopy classes of knots is injective.

Corollary 1.2. Let Y be a closed, connected, oriented 3-manifold.

(a) For every diffeomorphism f of Y that is not isotopic to the identity there is a knot K ⊂ Y such
that f(K) is not isotopic to K.

(b) Y contains a pair of equivalent knots that are not isotopic if and only if the group π0Diff+(Y )
of isotopy classes of orientation-preserving diffeomorphisms is non-trivial.

(c) The answer to Problem 1.1 is yes.

Part (a), for orientation-preserving f , is [ABD+26, Theorem 1.1] without the hypothesis that Y
is prime. Part (b) is Conjecture 1.8 of the first version of [ABD+26], for closed manifolds and in the
smooth category. For twists about spheres more is true, and no asymmetry is needed.

Theorem B. Let Y = Y1#Y2 be a closed, connected, oriented 3-manifold with Yi 6= S3, and let Φ
be the twist about the connected-sum sphere. If Φ is not isotopic to the identity, then Φ(K) is not
isotopic to K for every hyperbolic knot K ⊂ Y .

Hyperbolic knots exist in every closed, connected, orientable 3-manifold [Mye82, Thu82]. If Y is
not prime and not a connected sum of lens spaces and copies of S1 × S2, then Theorem 4.4 extends
Theorem B to all orientation-preserving diffeomorphisms of Y that induce inner automorphisms of
π1(Y ).

About the proofs. Both theorems rest on Proposition 3.3: if K is a hyperbolic knot and f(K)
is isotopic to K, then f is isotopic to a diffeomorphism ĝ of finite order which acts on the exterior
of K as an isometry. This is the classical description of the symmetries of a hyperbolic knot, by
Mostow–Prasad rigidity, Waldhausen’s isotopy theorem and Hatcher’s theorem on the solid torus. If
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K is asymmetric, then ĝ is the identity. For Theorem B, ĝ induces an inner automorphism of π1(Y ),
and a theorem of Chen and Tshishiku [CT26] shows that ĝ is the identity unless Y is a connected sum
of lens spaces and copies of S1 × S2; for those Y the twist Φ is isotopic to the identity. None of the
ingredients is new, and the use of hyperbolic knots without symmetries to detect diffeomorphisms is
a natural idea. Our contribution is to write down the proof that these results settle Problem 1.1 and
the conjecture of [ABD+26] for closed manifolds, and Theorem B. Experts may regard Theorem A as
an easy consequence of known results; we did not find it stated.

2 Conventions and results used
Conventions. Diff(W ) is the group of diffeomorphisms of a manifold W , with the C∞ topology,
and Diff+(W ) is the subgroup of orientation-preserving ones. Two diffeomorphisms are isotopic if they
lie in the same path component of Diff(W ). For compact W , Diff(W rel ∂W ) and Homeo(W rel ∂W )
are the groups of diffeomorphisms and of homeomorphisms of W that restrict to the identity on ∂W .
Groups of homeomorphisms carry the compact-open topology, and homeomorphisms are isotopic if a
path of homeomorphisms joins them. Isotopic diffeomorphisms of a connected manifold W induce the
same element of Out(π1(W )), the group of automorphisms of π1(W ) modulo inner automorphisms. A
diffeomorphism acts trivially on π1(W ) if this element is trivial. Knots and their isotopy are defined
in the introduction. In [ABD+26] a knot is an embedding of the oriented circle, and knots are isotopic
if they are joined by a path of embeddings; by the isotopy extension theorem, their images are then
isotopic in our sense. So knots that are not isotopic in our sense are not isotopic in the sense of
[ABD+26].

Theorem 2.1 (Mostow [Mos73], Prasad [Pra73]; see [Thu80, Theorem 5.7.2 and Corollary 5.7.4]).
Let M be a complete hyperbolic 3-manifold of finite volume, and let Isom(M) be the group of all
its isometries. Every automorphism of π1(M) is induced by an isometry of M , and this isometry
is determined by the class of the automorphism in Out(π1(M)). So the natural map Isom(M) →
Out(π1(M)) is an isomorphism, and both groups are finite.

Theorem 2.2 (Waldhausen). Let W be a compact, connected, orientable, irreducible 3-manifold with
non-empty incompressible boundary, and let x be a point in the interior of W . If v is an orientation-
preserving diffeomorphism of W with v(x) = x which induces the identity of π1(W,x), then v is
isotopic to the identity.

This is part of [HW10, Proposition 2.1]: for such W , also with empty boundary, the map from the
group of isotopy classes of orientation-preserving diffeomorphisms of W that fix x to the automorphism
group of π1(W,x) is injective. The diffeomorphisms and the isotopies need not fix ∂W . The result is
attributed there to Waldhausen [Wal68, Theorem 7.1]. The hypothesis on the orientation is needed.
If F is a closed orientable surface of genus at least one, the reflection (y, t) 7→ (y, 1 − t) of F × [0, 1]
fixes the points with t = 1

2 and induces the identity of π1, but it reverses the orientation and is not
isotopic to the identity; see Remark 3.4.

Theorem 2.3 (Cerf, Hatcher). (a) For every compact 3-manifold W , the inclusion of the group
Diff(W rel ∂W ) into the group Homeo(W rel ∂W ) is a weak homotopy equivalence. In particular
it is a bijection on path components.

(b) The group Diff(S1 ×D2 rel ∂) is contractible. In particular it is path-connected.

Cerf derived (a) from the statement that Diff(D3 rel ∂D3) is contractible [Cer59, Théorème 5,
Corollaire 1], and this statement is Hatcher’s theorem [Hat83]. Part (a) is statement (3) of the
appendix of [Hat83], in the topological form mentioned there, and part (b) is statement (9). In

3



[Cer59] the diffeomorphisms are required to be tangent to the identity to infinite order along ∂W . We
use only two consequences, which hold with either reading: (i) diffeomorphisms of a closed 3-manifold
that are isotopic through homeomorphisms are isotopic; (ii) every homeomorphism h of a solid torus
N that is the identity on ∂N is isotopic to the identity in Homeo(N rel ∂N). For (ii), by (a) h is
isotopic in this group to a diffeomorphism, and by (b) this diffeomorphism is isotopic to the identity.

Theorem 2.4 (Kawauchi [Kaw92, Main Theorem]). Let Y be a closed, connected, oriented 3-manifold
and let L ⊂ Y be a knot. Then there are a constant C+ and an infinite family of knots L∗ ⊂ Y with
the following properties. For every L∗ in the family, Y \ L∗ admits a complete hyperbolic metric of
volume less than C+, and the isometry group of this metric is trivial. Moreover, C+ is the supremum
of these volumes.

In [Kaw92] the theorem is stated for good (3, 1)-manifold pairs (M,L): M is a compact, connected,
oriented 3-manifold, and L is a compact proper 1-submanifold which meets every 2-sphere in ∂M in
at least three points. A knot in a closed manifold is such a pair. A compact 3-manifold E bounded
by tori is called hyperbolic there if its interior has a complete metric of constant curvature −1,
and VolE and IsomE are the volume and the isometry group of this metric; by p. 299 of [Kaw92],
IsomE is isomorphic to Out(π1(E)), so it is the full isometry group. The Main Theorem gives an
infinite family of pairs (M,L∗), called almost identical imitations of (M,L), with hyperbolic exteriors
E(L∗,M). If L is a knot, then so is L∗, because the imitation map restricts to a diffeomorphism from
a neighbourhood of L∗ onto a neighbourhood of L [Kaw92, Section 2]. Part (1) of the theorem says
that VolE(L∗,M) < C+ and that C+ is the supremum of these volumes. Part (2) is a statement on
the isometry groups of branched coverings, which contains the assertion IsomE(L∗,M) = {1}. See
also [Kaw93, Theorem 1.1]. The volumes are smaller than their supremum, so infinitely many of them
are different, and the volume is an invariant of the exterior by Theorem 2.1. Hence the family contains
infinitely many asymmetric hyperbolic knots with pairwise non-diffeomorphic exteriors. Hyperbolic
knots, not necessarily asymmetric, exist in every closed, connected, orientable 3-manifold Y . By
Myers [Mye82, Theorem 6.1], Y contains a knot whose exterior is irreducible and boundary-irreducible
and contains no essential annulus or torus, and by Thurston’s hyperbolization theorem [Thu82] the
complement of such a knot is hyperbolic.

The exterior of a hyperbolic knot. Let K ⊂ Y be a hyperbolic knot. Fix a complete hyperbolic
metric of finite volume on M = Y \K, and write M = H3/Γ. The manifold M has one end. So by
[Thu80, Proposition 5.11.1] there is a closed set C ⊂ M , the quotient of a horoball B̃ ⊂ H3 by its
stabiliser P ∼= Z2 in Γ, such that M0 = M \ intC is compact. The boundary T = ∂C = ∂M0 is a flat
torus. We put N = C ∪K and X = M0 = Y \ intN . Then N is a closed tubular neighbourhood of
K, and X is the exterior of K. This is standard; here is the argument. Let N1 ⊂ intN be a closed
tubular neighbourhood of K. Then ∂N1 lies in a region T × [0, 1] ⊂ C between T and a horospherical
torus inside N1, and it separates the two boundary components of this region. The manifold T × [0, 1]
is irreducible, so a compressible torus in it bounds a solid torus or lies in a ball [Hat00, Section 1.2],
and then it does not separate them. So ∂N1 is incompressible. By [Hat00, Proposition 1.11], applied
to a product Seifert fibration of T × [0, 1], it is isotopic to a vertical torus, and hence to a level torus.
So the region between ∂N1 and T is a collar, and N is a tubular neighbourhood as well. Let µ ⊂ T
be a meridian of N .

The inclusion X → M is a homotopy equivalence. We identify π1(X) with Γ in such a way that
the image of π1(T ) is P . The map π1(T ) → Γ is injective, so T is incompressible in X. Moreover
X is irreducible, because its interior is covered by H3; see [Hat00, Theorem 1.1 and Proposition 1.6].
The translates of B̃ under Γ are pairwise disjoint or equal, and two horoballs with the same centre
intersect. So P is the stabiliser in Γ of the centre ξ of B̃. Every non-trivial element of P is parabolic,
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with ξ as its only fixed point at infinity. This gives the following property.

If 1 6= a ∈ P , δ ∈ Γ and δaδ−1 ∈ P , then δ ∈ P . (∗)

Indeed, δaδ−1 fixes δξ only, so δξ = ξ.
Every isometry σ of M maps C to itself, because the cusp neighbourhoods of M are nested and

σ preserves the volume. So σ(X) = X and σ(T ) = T . Let E : T × (−ϵ, ϵ) → M be the normal
exponential map of T , with E(T × [0, ϵ)) ⊂ C. It is a bicollar of T in Y , and σ(E(x, s)) = E(σ(x), s).

3 Mapping classes that fix a hyperbolic knot
We keep the notation of Section 2 for a hyperbolic knot K ⊂ Y .

Lemma 3.1. Let v be a diffeomorphism of X which acts trivially on π1(X). Then v|T induces the
identity of H1(T ;Z), and v preserves the orientation of X.

Proof. Let x0 ∈ T and let β be a path in T from v(x0) to x0. The automorphism a 7→ [β̄ · (v ◦ a) · β]
of π1(X,x0) = Γ represents the outer class of v, so it is the conjugation by some δ ∈ Γ. If a ∈ P , then
v ◦ a and β lie in T , so δaδ−1 ∈ P . By (∗), δ ∈ P . Since P is abelian, [β̄ · (v ◦ a) · β] = a for all a ∈ P ,
and this holds in π1(T, x0) as well. Hence v|T is the identity on H1(T ;Z). In particular v|T preserves
the orientation of T , and so does v on X, as it maps inward normals to inward normals.

Lemma 3.2. Let σ be an isometry of M such that (σ|T )∗[µ] = ±[µ] in H1(T ;Z). Then there is a
diffeomorphism ĝ of Y which agrees with σ on a neighbourhood of X in Y , satisfies ĝ(N) = N , and
has the same order as σ. If σ = id, then ĝ = id.

Proof. Write T = R2/Λ for a lattice Λ. Then σ|T is a map x 7→ Ax + b with A ∈ O(2) and
AΛ = Λ. Let m ∈ Λ be a primitive vector which represents [µ]. Then Am = εm with ε = ±1. Put
c = |m| and e = m/c, and let D2 ⊂ C be the unit disc. The circle R/cZ acts freely on T × D2 by
s · (x, z) = (x + se, e−2πis/cz). The quotient V is a solid torus, and x 7→ [x, 1] identifies T with ∂V .
The discs {[x, z] : z ∈ D2} are meridian discs of V . They are bounded by the orbits of R/cZ on T ,
which are closed geodesics in the class ±[µ]. Every point [x, z] with z 6= 0 is [x′, r] with a unique
x′ ∈ T and r = |z|; this defines a collar of ∂V .

Let τ̃(x, z) = (Ax + b, z) if ε = 1, and τ̃(x, z) = (Ax + b, z̄) if ε = −1. Then τ̃(s · (x, z)) =
(εs) · τ̃(x, z), so τ̃ induces a diffeomorphism τ of V . It restricts to σ|T on ∂V = T , and in the collar
it is τ [x′, r] = [σ(x′), r]. If (σ|T )k = id, then Ak = 1, hence εk = 1 and τk = id.

The solid tori V and N have the same boundary T and the same meridian class ±[µ]. So the
identity of T extends to a diffeomorphism θ : V → N . By the uniqueness of collars we may assume
that θ[x′, r] = E(x′, 1− r) for r close to 1. Let ĝ = σ on X and ĝ = θτθ−1 on N . For small s ≥ 0 we
have ĝ(E(x, s)) = E(σ(x), s) = σ(E(x, s)). So ĝ agrees with σ on a neighbourhood of X, and it is a
diffeomorphism of Y . If σk = id, then τk = id and ĝk = id; conversely ĝk = id implies σk = id on X,
hence on M . If σ = id, then τ = id and ĝ = id.

Proposition 3.3. Let K be a hyperbolic knot in a closed, connected, orientable 3-manifold Y , and
let f be a diffeomorphism of Y such that f(K) is isotopic to K. Then there is an isometry σ of
M = Y \K with (σ|T )∗[µ] = ±[µ] such that f is isotopic to the diffeomorphism ĝ of Lemma 3.2. In
particular, f is isotopic to a diffeomorphism of finite order. If K is asymmetric, then f is isotopic to
the identity.
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Proof. Step 1: a normal form. Let h be a diffeomorphism of Y , isotopic to the identity, with
h(f(K)) = K. Then hf(N) is a closed tubular neighbourhood of K. By the uniqueness of tubu-
lar neighbourhoods [Hir76, Chapter 4], there is a diffeomorphism ρ of Y , isotopic to the identity, with
ρ(hf(N)) = N . Put g = ρhf . Then g is isotopic to f , and g(N) = N , g(X) = X, g(T ) = T . Since
g|N is a diffeomorphism of the solid torus N , we have (g|T )∗[µ] = ±[µ].

Step 2: the isometry. By Theorem 2.1 there is an isometry σ of M which induces the same element
of Out(Γ) as g|X . Then u = (σ|X)−1 ◦g|X is a diffeomorphism of X which acts trivially on π1(X). By
Lemma 3.1, u preserves the orientation, and (σ|T )∗ = (g|T )∗ on H1(T ;Z). So (σ|T )∗[µ] = ±[µ]. Let ĝ
be the diffeomorphism of Lemma 3.2, and put k = ĝ−1g. Then k(X) = X, k(N) = N and k|X = u.

Step 3: u is isotopic to the identity in Diff(X). Let x be a point in the interior of X. There is
a diffeomorphism d of X, isotopic to the identity, with d(u(x)) = x. The automorphism of π1(X,x)
induced by du is inner. Pushing the point x once around a suitable loop gives a diffeomorphism d′ of
X, isotopic to the identity, with d′(x) = x, such that v = d′du induces the identity of π1(X,x). The
diffeomorphism v is isotopic to u, preserves the orientation and fixes x. As recalled in Section 2, X
is irreducible and its boundary is incompressible. By Theorem 2.2, v is isotopic to the identity. So
there is a path (ut)t∈[0,1] in Diff(X) with u0 = id and u1 = u. The next two steps use only that this
is a path of homeomorphisms of X.

Step 4: extension to Y . Let c : T × [0, 1] → N be a collar of ∂N , with c(x, 0) = x. For t ∈ [0, 1]
define a homeomorphism λt of N by λt(c(x, s)) = c(ut+(1−t)su

−1(x), s) on the collar, and by the
identity elsewhere. Then λ1 = id, and λt = utu

−1 on T . Let κt = ut on X and κt = λt ◦ k on N . The
two definitions agree on T . So (κt) is a path of homeomorphisms of Y , from κ0 to κ1 = k, and κ0 is
the identity on X.

Step 5: the solid torus. The restriction of κ0 to N is a homeomorphism of the solid torus N
which is the identity on ∂N . By consequence (ii) of Theorem 2.3, it is isotopic to the identity in
Homeo(N rel ∂N). We extend this isotopy by the identity on X. Together with Step 4 this shows
that k is isotopic to the identity through homeomorphisms of Y . Hence g = ĝk and ĝ are isotopic
through homeomorphisms. By consequence (i) of Theorem 2.3, they are isotopic. So f is isotopic to
ĝ. By Theorem 2.1, σ has finite order, and so has ĝ. If K is asymmetric, then σ = id and ĝ = id.

Proof of Theorem A and Corollary 1.2. The first assertion of Theorem A is the last sentence of Propo-
sition 3.3. For the second, orient Y and apply Theorem 2.4 and the remarks after it to any knot L ⊂ Y .

Let K be an asymmetric hyperbolic knot in Y . Part (a) of Corollary 1.2 follows from Theorem A,
with this K for every f . For (b), if π0Diff+(Y ) is trivial, then equivalent knots are isotopic. If not,
let f be an orientation-preserving diffeomorphism which is not isotopic to the identity. Then K and
f(K) are equivalent and not isotopic; by Section 2 this also holds for oriented knots in the sense of
[ABD+26]. For (c), Φ is a diffeomorphism of the closed, connected, oriented manifold Y = Y1#Y2. If
it is not isotopic to the identity, then K and Φ(K) are not isotopic.

Remark 3.4. Waldhausen’s theorem is commonly stated for homeomorphisms which are homotopic to
the identity through maps of pairs (W,∂W ) → (W,∂W ). The reflection described after Theorem 2.2
is homotopic to the identity, but not through maps of pairs, since it exchanges the two boundary
components. For the map u of Step 3 the condition holds, and this can be checked without Theorem 2.2.
The manifold X is aspherical and u acts trivially on π1(X). So there is a homotopy H from the identity
to u. Let α be the track of a point x0 ∈ T , and let β be a path in T from u(x0) to x0. As in the
proof of Lemma 3.1, the class of the loop α · β conjugates P to itself, so it lies in P by (∗). Thus
α is homotopic, relative to its end points, to a path in T . The covering XP → X with group P
deformation retracts onto a lift T̃ of T . The restriction of H to T × [0, 1] lifts to XP , and the lift maps
T ×{0, 1} into T̃ . So this restriction deforms into T , relative to T ×{0, 1}, and H can be replaced by
a homotopy of pairs.
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4 Twists about spheres
Let S ⊂ Y be an embedded 2-sphere with a product neighbourhood U ∼= S2 × [0, 1]. Let φ : [0, 1] →
SO(3) be a smooth loop which is the identity near 0 and 1 and represents the generator of π1(SO(3)) ∼=
Z/2. The twist TS about S is the diffeomorphism of Y given by TS(x, t) = (φ(t)x, t) on U and by
the identity outside U . Its isotopy class depends only on S, and T 2

S is isotopic to the identity by an
isotopy with support in U ; see [CT26, Section 2.1] and [HW10, Section 2]. This is the Dehn twist of
Problem 1.1, called a Gluck twist in [ABD+26] and a sphere twist in [CT26]. For a connected sum
Y = Y1#Y2 let Φ = TS , where S is the connected-sum sphere. A lens space is an L(p, q) with p ≥ 2.

Lemma 4.1 ([CT26, Lemma 2.1]). Let ∗ ∈ Y \ U . Then TS induces the identity of π1(Y, ∗). In
particular TS acts trivially on π1(Y ).

Proof. A loop at ∗ which is transverse to ∂U is a concatenation of paths in Y \ intU , which TS fixes
pointwise, and of paths in U with end points on ∂U . The image of such a path has the same end
points, and it is homotopic to the path relative to them, since U is simply connected.

Lemma 4.2. Let Y = Y1#Y2 with connected-sum sphere S. If every prime summand of Y1 is a lens
space or S1×S2, then TS is isotopic to the identity. Consequently, if TS is not isotopic to the identity,
then each of Y1 and Y2 has a prime summand which is neither a lens space nor S1×S2, and Y is not
a connected sum of lens spaces and copies of S1 × S2.

Proof. (a) Let Q be S1 × S2 or a lens space. Then Q carries an action Rθ of the circle R/2πZ with a
fixed point x0 at which the differential of Rθ is the rotation by the angle θ about an axis. On S1×S2 we
rotate the factor S2 about an axis. On L(p, q), the quotient of S3 ⊂ C2 by (z, w) 7→ (e2πi/pz, e2πiq/pw),
we put Rθ[z, w] = [z, eiθw] and x0 = [1, 0]. Choose an invariant metric and concentric geodesic balls
D ⊂ D′ around x0. In polar coordinates D′ \ intD ∼= S2 × [0, 1], with ∂D = S2 × {0}, we have
Rθ(y, t) = (ρθy, t), where ρθ ∈ SO(3) is the rotation by θ about a fixed axis. The loop θ 7→ ρθ,
0 ≤ θ ≤ 2π, generates π1(SO(3)). Let λ : [0, 1] → [0, 1] be smooth, equal to 0 near 0 and to 1 near 1.
For r ∈ [0, 1] let Hr be the identity on D, let Hr(y, t) = (ρ2πrλ(t)y, t) on D′ \ intD, and let Hr = R2πr

outside D′. This is an isotopy of Q, fixed on D, from the identity to a twist about a sphere parallel
to ∂D. So in Q \ intD this twist is isotopic to the identity relative to the boundary.

(b) Let W ⊂ R3 be a closed round ball minus n ≥ 1 disjoint open round balls with centres on an
axis. The same construction, with the rotations about this axis and with radial collars of the n + 1
boundary spheres, gives an isotopy of W , fixed near ∂W , from the identity to the composition of
the twists about the n + 1 spheres parallel to the boundary; see also [HW10, Section 2] and [CT26,
Lemma 2.5]. Since twists have order two up to isotopy, the twist about the outer sphere is isotopic,
relative to ∂W , to the composition of the twists about the inner spheres.

(c) Let Y1 = Q1# . . .#Qn be a prime decomposition; n ≥ 1 because Y1 6= S3. The complement of
an open ball in Y1 is the union of W and of the manifolds Qi \ intDi, glued along the inner boundary
spheres of W , and S is the outer boundary sphere of W . We may take TS with support in a collar of
the outer sphere in W . By (b), TS is isotopic to the composition of the twists about spheres parallel
to the ∂Di, and by (a) each of them is isotopic to the identity. The last assertion follows from the
uniqueness of the prime decomposition [Mil62].

Theorem 4.3 (Chen–Tshishiku). Let Y be a closed, connected, oriented 3-manifold which is not
prime and which is not a connected sum of lens spaces and copies of S1×S2. Let g be an orientation-
preserving diffeomorphism of Y of finite order which acts trivially on π1(Y ). Then g = id.

This is a special case of [CT26, Lemma 6.1]: if a closed, oriented 3-manifold M is reducible and
not a connected sum of lens spaces, then the kernel of the map from Diff(M) to Out(π1(M)) is
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torsion-free. See also [CT26, Theorem 1.4]; its additional hypothesis, that M is not a connected sum
of copies of RP 3, holds for our Y . In [CT26] the manifold S1 × S2 = L(0, 1) is counted as a lens
space, acting trivially on π1 has the same meaning as here [CT26, Remark 2.2], and reducible is used
in the usual sense (some embedded 2-sphere does not bound a ball), so a manifold that is not prime
is reducible. We refer to the published version of [CT26]. In the second arXiv version, Theorems 1.4
and 2.4 and Lemma 2.5 are Theorems 1.5 and 2.3 and Lemma 2.4; the other numbers that we cite
are the same.

Theorem 4.4. Let Y be a closed, connected, oriented 3-manifold which is not prime and which
is not a connected sum of lens spaces and copies of S1 × S2. Let f be an orientation-preserving
diffeomorphism of Y which acts trivially on π1(Y ) and is not isotopic to the identity. Then f(K) is
not isotopic to K, for every hyperbolic knot K ⊂ Y .

Proof. Suppose that f(K) is isotopic to K. By Proposition 3.3, f is isotopic to a diffeomorphism
ĝ of finite order. Then ĝ preserves the orientation and acts trivially on π1(Y ), because isotopic
diffeomorphisms induce the same element of Out(π1(Y )). By Theorem 4.3, ĝ = id. So f is isotopic
to the identity, a contradiction.

Proof of Theorem B. The manifold Y is not prime, since Y1, Y2 6= S3. The twist Φ preserves the
orientation, and it acts trivially on π1(Y ) by Lemma 4.1. If Φ is not isotopic to the identity, then Y is
not a connected sum of lens spaces and copies of S1×S2, by Lemma 4.2. So Theorem 4.4 applies.

Remark 4.5. (1) By [CT26, Theorem 2.4 and its proof], the twist Φ of Y1#Y2 is not isotopic to the
identity if and only if each of Y1 and Y2 has a prime summand which is neither a lens space nor S1×S2.
Lemma 4.2 is the easy direction. (2) The isotopy classes of orientation-preserving diffeomorphisms
which act trivially on π1(Y ) are the products of twists about spheres; see [CT26, Section 1]. So if Y is
as in Theorem 4.4, every hyperbolic knot in Y detects every non-trivial element of the twist group of
Y . For a connected sum of lens spaces and copies of S1 × S2 the argument gives nothing: every non-
trivial element of its twist group contains a diffeomorphism of order two [CT26, Theorem 5.1]. (3) In
Theorem B the knots must be hyperbolic. A knot which is disjoint from S, or meets S transversally in
two points, is invariant under a suitable twist about S. By Theorem B, such knots are not hyperbolic
if Φ is not isotopic to the identity.

Verification. The proofs above do not depend on computation. The following checks were made.

1. The statements quoted from [Kaw92], [Kaw93], [Hat83], [Cer59], [HW10] (fourth arXiv version),
[CT26] (published version), [Thu80], [Mye82], [Hat00] and from the first, the third and the pub-
lished version of [ABD+26] were read in the sources, and Problem 1.1 in the authors’ preliminary
version of [BKR26].

2. A program of the author, lead_checks.py, tests numerically the formulas in the proof of
Lemma 3.2 and the local form of the circle actions in the proof of Lemma 4.2. It checks (∗) in
exact arithmetic for all reduced words of length at most 7 in the two standard generators of the
figure-eight knot group. These are sanity checks of formulas, not proofs.

3. A first independent verification run, AI-assisted, examined a working write-up of Proposition 3.3
and of Section 4, re-derived every step and found no mathematical error. It read Kawauchi’s
theorem in the original and confirmed that it gives Theorem A, a route which the write-up had
only mentioned. It asked for Theorem A to be stated first, for an account of the proof of Etnyre
and Margalit and for a check of the classical theorems against the sources. The text was then
rewritten.
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4. A second independent verification run, AI-assisted, examined the rewritten text line by line,
including the parts that were new: Lemma 3.1, the argument that C∪K is a tubular neighbour-
hood, and Steps 3 to 5 of the proof of Proposition 3.3, which it compared with the statements of
[HW10], [Hat83] and [Cer59]. It read the sources of item 1 again, repeated the literature search,
and found no mathematical error. Its own program, run2_checks.py, tests in exact arithmetic
the formulas of Lemma 3.2 for the symmetries of six lattices that preserve a primitive class up
to sign, the collar formula of Step 4, and (∗) in the same group for all reduced words of length
at most 10. At its request the account of the proof of Etnyre and Margalit was made more
precise, Remark 4.5(2) was restricted to the manifolds of Theorem 4.4, and an appendix with
a variant proof of Theorem 4.3 was removed, because the equivariant sphere theorem and the
results of Smith theory on which it relied could not be read in the originals.

Scope and priority. The results concern closed, connected, orientable 3-manifolds in the smooth
category. Problem 1.1 speaks of 3-manifolds without further specification; its remarks refer to
[ABD+26], where the manifolds are closed and oriented. Manifolds with boundary and non-orientable
manifolds are not treated. Theorem A answers Problem 1.1, and it proves Conjecture 1.8 of the first
version of [ABD+26] for closed manifolds in the smooth category; that version works in the topological
category, which we do not treat.

All versions of [ABD+26] since 2020 record that Etnyre and Margalit have a proof of the general
statement; the published version of 2026 says that it has not yet appeared. We found no written proof,
and this note supplies one. It may well coincide with their argument, which we do not know; we have
not been in contact with them, and we claim no priority. The ingredients are known: Proposition 3.3
is the standard description of the symmetries of a hyperbolic knot, and Theorem B rests on the
theorem of Chen and Tshishiku, quoted from the published version of [CT26].

We read the statement of Kawauchi’s theorem and the definitions, not its proof. We did not see
[Wal68, Mos73, Pra73, Thu82, Mil62, Hir76]; they are quoted in their standard forms, and Wald-
hausen’s theorem in the form of [HW10, Proposition 2.1]. The formulation in Remark 3.4 is the one
commonly quoted; we did not check it against [Wal68]. We searched arXiv, most recently on October 3,
2026, for joint work and recent papers of Etnyre and Margalit, for papers on twists about spheres,
on equivalent and isotopic knots, on knots and mapping class groups of 3-manifolds, on hyperbolic
knots without symmetries, and on the list [BKR26]. We searched Crossref, OpenAlex, OpenCitations,
Semantic Scholar and zbMATH, in particular for papers that cite [ABD+26] or [CT26], and we ran
web searches; an earlier search covered MathOverflow. We found no solution of Problem 1.1 and no
statement of Theorem A. MathSciNet and Google Scholar were not searched. This negative search is
not a proof of priority.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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