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Abstract

V. M. Levchuk asked in 1980 (Kourovka Notebook, Problem 7.27) whether, for all sufficiently
large q, the group SLn(q) contains a diagonal matrix lying in no proper irreducible subgroup except
block-monomial ones. We show that the answer is yes for every n, as a short corollary of density
theorems of Fulman and Guralnick; it is not presented as a new theorem. For fixed n and q → ∞,
almost all regular diagonal matrices d of SLn(q) have the property that every proper subgroup
containing d that is irreducible over Fq permutes the summands of a decomposition of Fn

q into
coordinate subspaces. The deduction combines the density theorems with an elementary count of
the classes of regular diagonal matrices, a description of the maximal subgroups of maximal rank,
and an eigenvalue argument excluding extension field subgroups; the bound for q is not explicit.
For n = 2, Dickson’s list of subgroups gives the complete answer: a diagonal matrix with this
property exists if and only if q ∈ {4, 8} or q ≥ 13 (if irreducibility is meant absolutely, also for
q = 2), and diag(w,w−1) works for every generator w of F∗

q when q ≥ 13. No printed statement of
the general answer was found, and no priority is claimed. This is an unrefereed note.

1 Introduction

1.1 The problem

Problem 7.27 of the Kourovka Notebook [KM26], posed by V. M. Levchuk in the 7th issue (1980),
asks whether the group SLn(q) contains, for sufficiently large q, a diagonal matrix which lies in no
proper irreducible subgroup of SLn(q) “with the exception of block-monomial ones”. The Notebook
adds that the answer is affirmative for n = 2 and n = 3, by work of Levchuk in a Krasnoyarsk volume
of 1973 [Lev73], and that similar problems are of interest for other Chevalley groups. In the current
edition (No. 21, version 48 of the arXiv preprint, October 2026) the problem stands in the list of
open problems, without a comment, and no other problem refers to it. It is record KOU-7.27 of the
UnsolvedMath collection [ula26], where it is listed as open.

Conventions. Throughout, n ≥ 2, q is a prime power, V0 = Fn
q has the standard basis e1, . . . , en,

and VI is the span of the ei with i ∈ I ⊆ {1, . . . , n}. The diagonal matrices d = diag(l1, . . . , ln) of
SLn(q) form a group T of order (q − 1)n−1; d is regular if l1, . . . , ln are pairwise distinct, and T reg

is the set of regular elements of T (it is empty if q ≤ n). A subgroup H of GLn(q) is irreducible if
0 and V0 are the only H-invariant subspaces, and block-monomial if it permutes the summands of a
decomposition V0 = U1 ⊕ · · · ⊕ Ut with t ≥ 2 and all Uj 6= 0; in an adapted basis its matrices have
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one non-zero block in each block row and block column. An irreducible block-monomial H permutes
the Uj transitively, so they have equal dimension; such H lie in members of Aschbacher’s class C2
[Asc84, KL90]. We read the problem with n fixed, asking for a bound q1(n); a bound independent of
n is not asked and is not treated. For d ∈ T we consider

P (d): every proper irreducible subgroup H of SLn(q) with d ∈ H permutes the summands
of a decomposition V0 = VI1 ⊕ · · · ⊕ VIt into coordinate subspaces, t ≥ 2.

A matrix with P (d) answers the question in each reading: irreducibility is taken over Fq, so absolutely
irreducible subgroups are covered, and the blocks are coordinate subspaces.

1.2 Results

Theorem 1.1. Let n ≥ 2, and for a prime power q let Gq be the set of regular diagonal matrices d of
SLn(q) with property P (d). Then

|Gq|
|T reg|

→ 1 and |Gq|
|T |

→ 1 (q → ∞).

In particular there is q1(n) such that SLn(q) contains a regular diagonal matrix d with P (d) for every
prime power q ≥ q1(n), and the answer to Problem 7.27 is affirmative.

The bound q1(n) is not explicit, because the rate in the density theorem that we use is not explicit
(Remark 5.1). For n = 2 the answer is complete:

Theorem 1.2. Let q be a prime power. There is a diagonal matrix d ∈ SL2(q) with P (d) if and
only if q ∈ {4, 8} or q ≥ 13; for q ≥ 13, diag(w,w−1) has P (d) for every generator w of F∗

q. For
q ∈ {3, 5, 7, 9, 11} every diagonal matrix lies in a proper absolutely irreducible subgroup of SL2(q) that
is not block-monomial (Table 1). For q = 2 the identity lies in a proper subgroup that is irreducible
over F2 and not block-monomial, but in no proper absolutely irreducible subgroup.

Proposition 6.3 describes, for every q ≥ 4, all diagonal d ∈ SL2(q) with P (d); Table 2 lists them
for q ≤ 64.

1.3 What is known and what is new

Theorem 1.1 is a short corollary of density theorems of Fulman and Guralnick, stated in Section 3: the
maximal subgroups of SLn(q) that are not of maximal rank cover a proportion of the group that tends
to 0 [FG03, Theorem 3.2] (in [FG12, Theorem 7.3]: the maximal subgroups containing no maximal
torus), while the conjugates of the regular diagonal matrices cover a proportion about 1/n! [FG03,
Section 4]. So almost every regular diagonal matrix lies only in maximal subgroups of maximal rank;
for SLn(q) these are reducible, imprimitive or extension field subgroups (as indicated at the end of
[FG03, Section 4]), and the last ones contain no diagonal matrix whose r-th power is regular. Neither
paper mentions diagonal matrices, Levchuk or the Notebook. Specialists will regard Theorem 1.1 as
a corollary of these theorems, and we claim no priority for it. What this note adds is the deduction,
written out in full in Sections 3 to 5, which to our knowledge is not stated anywhere, and the complete
answer for n = 2 (Theorem 1.2, Proposition 6.3), which follows from Dickson’s classification of the
subgroups of PSL2(q) [Dic01]. A second proof, through all classes of Aschbacher’s theorem [Asc84],
is described in Section 7.

Levchuk’s work of 1973 on n = 2, 3 [Lev73] was not available to us. The subgroups of GLn and
SLn that contain the whole diagonal group were described, in terms of nets, by Borevich [Bor76], by
Vavilov in a series of five papers (1985–1993) beginning with [Vav85], and by King [Kin90]. Containing
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T is a much stronger condition on a subgroup than containing one element d ∈ T (an overgroup of T
contains every d ∈ T , not conversely), so these descriptions do not answer Problem 7.27. Testerman
and Zalesski [TZ15] determine, under certain restrictions, the maximal closed connected subgroups of
simple algebraic groups that contain a regular torus (a torus with abelian centralizer); this analogue
for algebraic groups concerns neither finite groups nor single elements.

2 Preliminaries
Let F be an algebraic closure of Fq, V = Fn ⊇ V0 and G = SLn(F). We write F for the Frobenius
map that raises the coordinates of vectors and the entries of matrices (in the standard basis) to the
q-th power. It is a bijection of V and a ring automorphism of the matrix ring Mn(F), it satisfies
F (λx) = λqF (x) and F (gv) = F (g)F (v), and its fixed points are V0, Mn(Fq) and GF = SLn(q). We
write Z for the centre of SLn(q), the group of scalar matrices of determinant 1.

Lemma 2.1. Let K be a field and x = diag(x1, . . . , xn) ∈ GLn(K) with pairwise distinct xi.

(a) Every matrix commuting with x is diagonal.

(b) Every x-invariant subspace of Kn is spanned by the standard basis vectors that it contains.

Proof. (a) If xy = yx then xiyij = yijxj , so yij = 0 for i 6= j. (b) Let U be invariant and u =
∑

i ciei ∈
U . The vectors xku =

∑
i cix

k
i ei, 0 ≤ k < n, lie in U , and since the Vandermonde matrix (xki ) is

invertible, each ciei is a linear combination of them. Hence ei ∈ U whenever ci 6= 0.

Lemma 2.2. Let W ⊆ V be a subspace with F (W ) = W . Then W is spanned by W0 = W ∩ V0, and
dimFq W0 = dimW .

Proof. The rows of the reduced row echelon matrix whose row space is W form a basis of W that is
determined by W . Applying F entrywise gives the reduced row echelon matrix of F (W ) = W , so the
matrix is fixed by F and its entries lie in Fq. The coordinates of a vector of W in this basis are its
entries in the pivot columns, so W0 is the Fq-span of the basis.

Lemma 2.3. Assume that (n, q) /∈ {(2, 2), (2, 3)} and let π : SLn(q) → PSLn(q) be the quotient map.

(a) Every maximal subgroup M of SLn(q) contains Z, and M 7→ M/Z is a bijection from the
maximal subgroups of SLn(q) onto those of PSLn(q).

(b) For every set M of maximal subgroups of PSLn(q), the union
∪

M̄∈M π−1(M̄) is the preimage
of

∪
M̄∈M M̄ , and its proportion in SLn(q) equals the proportion of

∪
M̄∈M M̄ in PSLn(q).

Proof. (a) Under the assumption, SLn(q) is perfect [Hup67]. If M is maximal and Z 6≤ M , then MZ =
SLn(q); so M is normal (it is normalized by M and by the central subgroup Z), and SLn(q)/M ∼=
Z/(Z ∩M) is abelian, which forces M = SLn(q), a contradiction. The bijection is the correspondence
theorem. (b) Preimages commute with unions, and every subset X of PSLn(q) satisfies |π−1(X)| =
|Z| |X|.

3 The density theorems of Fulman and Guralnick
We state the two theorems as they are formulated in [FG12, FG03].
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Theorem 3.1 (Fulman and Guralnick [FG12, Theorem 7.3]). Let G be an almost simple group whose
socle S is a Chevalley group of fixed rank r defined over Fq, and assume that G is contained in the
group of inner-diagonal automorphisms of S. Let M(G) be the set of maximal subgroups of G that do
not contain a maximal torus of S. Then the proportion of

∪
M∈M(G)M in G tends to 0 as q → ∞.

The theorem states only this limit. The rate is in its proof: the proportion is O(log log q/q), and
O(1/q) once the subfield subgroups are treated separately. The proof starts from the description of
the maximal subgroups in [FG03], which is the next theorem.

Theorem 3.2 (Fulman and Guralnick [FG03, Section 3 and Theorem 3.2]). Fix a type of simple
algebraic group of rank r, of any isogeny type. For a prime p let X be the simple algebraic group of
this type over Fp, and let σ be an endomorphism of X whose group of fixed points X(q) = Xσ is finite.
Every maximal subgroup H of X(q) is of one of the following types:

(1) |H| < N , for a number N that depends only on the type;

(2) H = NX(q)(X(q′)) for a subgroup X(q′) defined over a subfield, twisted forms included;

(3) H = Yσ for a proper σ-stable semisimple closed subgroup Y of X of rank less than r;

(4) H = Yσ for a proper σ-stable closed subgroup Y of X of rank r.

For the fixed type, the union of all maximal subgroups of types (1)–(3) forms a proportion of X(q)
that tends to 0 as q → ∞; only the type is fixed, so the characteristic p may vary with q.

For classical groups, [FG03] calls the description by these four types well known and refers to
Aschbacher’s theorem [Asc84]. Theorem 3.2 of [FG03] is stated without a rate, for groups of a fixed
type of which “only the field size is varying” ([FG03, Section 3]). We apply Theorem 3.2 to the simply
connected type An−1, of rank r = n − 1, that is, with X = SLn over Fp for every prime p and with
σ = F , so that X(q) = SLn(q) for every prime power q. A maximal subgroup of SLn(q) of type (4) is
said to be of maximal rank. If M = Y F is of maximal rank and g ∈ SLn(q), then gMg−1 = (gY g−1)F

is again of maximal rank, because F (g) = g. Hence the union Uq of all maximal subgroups of SLn(q)
that are not of maximal rank is a union of conjugacy classes, and since these subgroups are of types
(1)–(3), Theorem 3.2 gives

εn(q) :=
|Uq|

|SLn(q)|
−→ 0 (q → ∞), (1)

where here and below q runs through all prime powers.
The second ingredient is the proportion of elements conjugate to diagonal matrices with regular

powers. In [FG03, Section 4] it is shown that the regular semisimple elements conjugate into a
maximal torus Tw form a proportion that tends to 1/|CW (σw)|; for the diagonal torus of SLn(q) this
is 1/n!. We need the following explicit version. For N ≥ 1 let

RN = {d ∈ T : de is regular for 1 ≤ e ≤ N}.

Lemma 3.3. Let G = SLn(q) and N ≥ 1.

(a) |T \RN | ≤ n(n− 1)N2 |T |/(q − 1).

(b) If d ∈ T is regular, then CG(d) = T , and the conjugacy class of d meets T exactly in the n!
matrices obtained from d by permuting its diagonal entries.

(c) Let ΩN be the union of the conjugacy classes of the elements of RN . Then |ΩN |/|G| =
|RN |/(n! |T |) ≥ 1

n!

(
1 − n(n − 1)N2/(q − 1)

)
, and every union U of conjugacy classes of G

satisfies |RN ∩ U| ≤ n! |T | |U|/|G|.
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Proof. (a) For i 6= j the map φij : T → F∗
q , d 7→ li/lj , is a homomorphism. Its image has index at

most 2 in F∗
q : for n ≥ 3 it is surjective (use the diagonal matrix with entries w at i, w−1 at some

k /∈ {i, j} and 1 elsewhere, w a generator of F∗
q), and for n = 2 it is the group of squares. So every

fibre of φij has at most 2|T |/(q− 1) elements. Now d /∈ RN if and only if φij(d) has order at most N
for some i < j, and F∗

q has at most
∑

e≤N e ≤ N2 elements of order at most N . Summing over the
n(n− 1)/2 pairs gives (a).

(b) CG(d) = T by Lemma 2.1(a). If g ∈ G and d′ = gdg−1 ∈ T , then d′(gei) = g d ei = li gei, so gei
is an eigenvector of d′ for the eigenvalue li. The diagonal matrix d′ has the same distinct eigenvalues
as d, and its eigenspaces are coordinate lines, so gei ∈ F∗

qeπ(i) for a permutation π, and d′ has the
entry li at position π(i). Conversely, d is conjugate to each of these n! matrices, which are distinct, by
the monomial matrix Pπ diag(sgnπ, 1, . . . , 1) of determinant 1, where Pπ is the permutation matrix.

(c) By (b), each conjugacy class contained in ΩN has |G|/|T | elements and meets T in n! elements,
all of them in RN (a set closed under permutations of the entries); distinct classes meet T in disjoint
sets, and every element of RN lies in one of them. So ΩN consists of |RN |/n! classes, and |ΩN | =
|RN | |G|/(n! |T |); the inequality follows from (a). If U is a union of classes, then RN ∩U is the union of
the intersections with T of the classes contained in ΩN ∩U , whence |RN ∩U| = n! |T | |ΩN ∩U|/|G| ≤
n! |T | |U|/|G|.

Remark 3.4. For large q, Theorem 3.1 applied to G = S = PSLn(q) expresses the same fact as (1).
A maximal torus of S is the image of a maximal torus TF of SLn(q); the scalar matrices of G lie
in every maximal torus, so Z ≤ TF , and by Lemma 2.3 a maximal subgroup of SLn(q) contains TF

if and only if its image contains the image of TF . A maximal subgroup M = Y F of maximal rank
contains a maximal torus of SLn(q): by the Lang–Steinberg theorem [Ste68], Y ◦ contains an F -stable
maximal torus S, which has dimension n − 1, and SF ≤ M . Conversely, for large q every maximal
subgroup M containing a maximal torus TF is of maximal rank: otherwise all conjugates of M lie in
Uq, while they contain the regular semisimple elements conjugate into TF , which form a proportion
tending to 1/|CW (w)| ≥ 1/n! by [FG03, Section 4] (W = Sn, w the type of T), against (1). So for
large q the union in Theorem 3.1 is the image of Uq, and the proof of [FG12, Theorem 7.3] gives
εn(q) = O(log log q/q). We use Theorem 3.2 below because its conclusion, “of maximal rank”, is the
hypothesis of Lemma 4.1.

4 Maximal subgroups of maximal rank
In the language of Aschbacher’s theorem [Asc84, KL90], the next lemma says that a maximal sub-
group of SLn(q) of maximal rank lies in a member of one of the classes C1 (reducible subgroups), C2
(imprimitive subgroups) or C3 (extension field subgroups); this is also indicated at the end of [FG03,
Section 4]. We use three standard facts on linear algebraic groups, see [Bor91, Hum75]: (F1) a unipo-
tent subgroup of GL(V ) fixes a non-zero vector of V ; (F2) a connected reductive group H with a
maximal torus S is generated by S and its root subgroups with respect to S, and its set of roots is
closed under α 7→ −α; (F3) if α is a root of G with respect to a maximal torus S, then the root
subgroup Uα is the only closed connected S-stable subgroup of G whose Lie algebra is the root space
gα.

Lemma 4.1. Let Y be a closed subgroup of G with F (Y ) = Y and Y 6= G, whose identity component
Y ◦ contains a maximal torus of G, and let M = Y F . Then at least one of the following holds:

(i) M stabilizes a subspace U0 of V0 with 0 6= U0 6= V0;

(ii) M permutes the summands of a decomposition V0 = U1 ⊕ · · · ⊕ Ut with t ≥ 2 and all Uj 6= 0;
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(iii) for some prime r dividing n, M normalizes a subfield E of the ring EndFq(V0) with qr elements
that contains the scalar matrices; that is, M is contained in the group ΓLn/r(q

r) of the Fqr -
semilinear maps for the Fqr -vector space structure on V0 defined by E.

Proof. Step 1. Suppose that the unipotent radical U of Y ◦ is non-trivial. It is normal in Y , and
F (U) = U , because F maps Y ◦ onto F (Y )◦ = Y ◦ and closed connected normal unipotent subgroups
onto subgroups of the same kind and dimension. By (F1) the space W of vectors fixed by U is non-
zero, and W 6= V . It is invariant under Y , and F (W ) = W since F (uv) = F (u)F (v). By Lemma 2.2,
U0 = W ∩ V0 is an M -invariant subspace with 0 6= U0 6= V0: case (i).

Step 2. Let Y ◦ be reductive and S ≤ Y ◦ a maximal torus of G. Its weights ε1, . . . , εn on V are
distinct; let b1, . . . , bn be weight vectors, Eij the matrix units for this basis, and Uij = {1+cEij : c ∈ F}
(i 6= j) the root subgroups of G. A root of Y ◦ is a weight of S on the Lie algebra of Y ◦, hence a
root εi − εj of G, and by (F3) its root subgroup is Uij . Let R be the set of pairs (i, j) with i = j or
Uij ≤ Y ◦. By (F2), Y ◦ is generated by S and the Uij with (i, j) ∈ R, i 6= j, and R is symmetric; by
the commutator formula [1+aEij , 1+ bEjk] = 1+abEik (i, j, k distinct) it is transitive. Let c1, . . . , ck
be its classes and Ws the span of the bi with i ∈ cs. If k = 1, then Y ◦ contains all Uij , which generate
G, so Y = G, which is excluded; hence k ≥ 2. The linear span of S is the algebra of the matrices
that are diagonal in the basis (bi), since distinct characters are linearly independent, and the span
of Uij contains Eij ; so the linear span A of Y ◦ is the algebra of the endomorphisms of V preserving
every Ws. The primitive idempotents of its centre are the projections πs onto Ws along the other
summands. Conjugation by y ∈ Y and the map F are ring automorphisms of A (F maps Y ◦ onto Y ◦

and F-spans onto F-spans), so they permute the πs and hence the subspaces Ws = πsV .
Step 3. Let O1, . . . , Om be the orbits of F on {W1, . . . ,Wk} and U (j) the sum of the members

of Oj . By Lemma 2.2, U
(j)
0 = U (j) ∩ V0 spans U (j), and V0 = U

(1)
0 ⊕ · · · ⊕ U

(m)
0 . Every g ∈ M

permutes the Ws and commutes with F , so it permutes the orbits and the U
(j)
0 ; if m ≥ 2 this is case

(ii). Let m = 1 and number the Ws so that F (Ws) = Ws+1 (indices modulo k). Then F (πs) = πs+1,
the Ws have equal dimension, and k | n. The F -fixed elements of the centre of A form the set
E′ = {

∑
s asπs : as+1 = aqs for all s}, and a 7→

∑
s a

qs−1
πs is a ring isomorphism from Fqk onto E′;

the elements of E′ are matrices with entries in Fq, and E′ contains the scalar matrices. Every g ∈ M
normalizes A, hence its centre, and commutes with F , so it normalizes E′ and therefore its subfield
E with qr elements, for a prime r | k. This is case (iii).

Lemma 4.2. Let r be a prime dividing n, let E be a subfield of EndFq(V0) with qr elements containing
the scalar matrices, and let d ∈ T be such that dr is regular. Then d does not normalize E.

Proof. Suppose that d normalizes E. Conjugation by d induces an automorphism of the field E that
fixes the scalar matrices, and the automorphism group of E over Fq has order r; so dr centralizes E.
Choose z ∈ E that is not scalar; since r is prime, E = Fq[z], and the minimal polynomial of z over
Fq is irreducible of degree r ≥ 2. But z commutes with the diagonal matrix dr, whose entries are
distinct, so z is diagonal by Lemma 2.1(a), and the minimal polynomial of a diagonal matrix over Fq

is a product of linear factors. This is a contradiction.

Lemma 4.3. Let d ∈ T be such that de is regular for all e ≤ n!, and suppose that d permutes the
summands of a decomposition V0 = U1 ⊕ · · · ⊕ Ut with t ≥ 2 and all Uj 6= 0. Then d fixes every Uj,
and every Uj is a coordinate subspace.

Proof. Let τ ∈ St be the permutation of the summands induced by d; its order o divides t!, so o ≤ n!.
Then do fixes every Uj , and since do is diagonal with distinct entries, every Uj is a coordinate subspace
by Lemma 2.1(b). A diagonal matrix fixes every coordinate subspace, so τ is the identity.
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5 Proof of Theorem 1.1
Fix n ≥ 2, put N = n!, and let Uq and εn(q) be as in (1). Put G′

q = RN \ Uq. Since Uq is a union of
conjugacy classes, Lemma 3.3(a) and (c) give

|T \ G′
q| ≤ |T \RN |+ |RN ∩ Uq| ≤

(n(n− 1)(n!)2

q − 1
+ n! εn(q)

)
|T |.

By (1) the right-hand side is o(|T |) as q → ∞. We show that every d ∈ G′
q has property P (d). Since

G′
q ⊆ RN ⊆ T reg, this gives G′

q ⊆ Gq, and hence |Gq|/|T reg| ≥ |Gq|/|T | ≥ |G′
q|/|T | → 1, which proves

Theorem 1.1.
Let d ∈ G′

q and let H be a proper irreducible subgroup of SLn(q) containing d. Choose a maximal
subgroup M of SLn(q) with H ≤ M . Since d ∈ M and d /∈ Uq, the subgroup M is of maximal rank:
M = Y F for a proper F -stable closed subgroup Y of G whose identity component contains a maximal
torus of G. We apply Lemma 4.1. Case (i) is impossible, since a subspace stabilized by M is stabilized
by the irreducible group H. Case (iii) is impossible by Lemma 4.2, since d ∈ M and dr is regular
(r ≤ n ≤ N). So case (ii) holds: M , and therefore H, permutes the summands of a decomposition
V0 = U1 ⊕ · · · ⊕ Ut with t ≥ 2. By Lemma 4.3, applied to d ∈ H, every Uj is a coordinate subspace.
As H is irreducible, it permutes the Uj transitively, so they have the same dimension n/t. This is
P (d).
Remark 5.1. Since εn(q) is not explicit (the proof of [FG12, Theorem 7.3] gives εn(q) = O(log log q/q),
see Remark 3.4), neither is q1(n). For small q the set Rn! may be empty even if q > n: for n = 4 and
q = 64 two of the four exponents of the entries with respect to a generator of F∗

64 agree modulo 3, so
some ratio li/lj has order dividing 21. For n = 2, q1(2) = 13 by Theorem 1.2.

6 The case n = 2

In this section n = 2, q = pf , d = diag(l, l−1) with l ∈ F∗
q , and P1 is the set of the q + 1 lines of

V0 = F2
q . We write z ∈ Fq for the line spanned by (z, 1)T and ∞ for the line Fqe1; so Fqe2 is the point

0, and d acts on P1 by z 7→ l2z. Put k = gcd(2, q − 1); bars denote images in PSL2(q) = SL2(q)/Z,
where Z = {±I} ∩ SL2(q), and PSL2(q) acts faithfully on P1. Let m be the order of l2. Since dj ∈ Z
if and only if l2j = 1, m is the order of d̄; it divides (q − 1)/k, and p ∤ m.

Lemma 6.1. A subgroup H of SL2(q) is irreducible and not block-monomial if and only if every orbit
of H on P1 has at least three points. If l4 6= 1, every block-monomial subgroup containing d permutes
the lines Fqe1 and Fqe2.

Proof. H is reducible if and only if it fixes a point of P1, and block-monomial if and only if it preserves
a set {L1, L2} of two distinct lines, that is, if it has an orbit of size 2 or two fixed points. If l4 6= 1,
then d̄ 6= 1 fixes exactly 0 and ∞, and if it interchanges two points z 6= z′ then l4z = z, which is
impossible; so {0,∞} is the only pair of points preserved by d.

For q ≥ 4 the group SL2(q) is perfect, so a subgroup H is proper if and only if H̄ is proper (as in
Lemma 2.3), and H and H̄ have the same orbits. Call a proper subgroup K of PSL2(q) all of whose
orbits on P1 have at least three points a witness. By Lemma 6.1, if some witness contains d̄ then P (d)
fails, whether the blocks are arbitrary or coordinate subspaces (if irreducibility is meant absolutely,
the preimage of the witness must also be absolutely irreducible; see the proof of Theorem 1.2), and if
l4 6= 1 the converse holds as well.

Lemma 6.2. Let q ≥ 4 and m ≥ 3. Every element y ∈ PSL2(q) of order m generates a conjugate of
〈d̄〉, and fixes exactly two points of P1.
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Proof. Let ŷ ∈ SL2(q) be a preimage of y. Its order (m or 2m, and m if p = 2) is prime to p, so ŷ
is diagonalizable over Fq2 , with eigenvalues λ±1, and yj = 1 if and only if λ2j = 1; so λ2 has order
m. If λ /∈ Fq, then λq = λ−1, hence λq+1 = 1 and m divides (q + 1)/k; together with m | (q − 1)/k
this gives m = 1, because (q − 1)/k and (q + 1)/k are coprime. So λ ∈ Fq, and ŷ is conjugate in
GL2(q) to diag(λ, λ−1); it is conjugate in SL2(q) as well, since the diagonal matrices, which centralize
diag(λ, λ−1), have every determinant. As λ2 and l2 generate the same subgroup of F∗

q , λ2 = l2j with
gcd(j,m) = 1, so λ = ±lj and y is conjugate to d̄ j , a generator of 〈d̄〉. Finally d̄ j fixes exactly 0 and
∞.

Hence, for m ≥ 3: P (d) fails if and only if some witness contains an element of order m; and a
subgroup that normalizes a cyclic subgroup 〈y〉 of order m ≥ 3 is not a witness, since it permutes the
two fixed points of y.

We use Dickson’s classification [Dic01] (see also [Hup67]): every subgroup of PSL2(q) is isomorphic
to one of the following groups: (D1) an elementary abelian p-group; (D2) a cyclic group of order z
dividing (q±1)/k; (D3) a dihedral group of order 2z, z as in (D2); (D4) A4; (D5) S4; (D6) A5; (D7) a
semidirect product of an elementary abelian group of order pa by a cyclic group of order t, where
t | pa − 1 and t | (q − 1)/k; (D8) PSL2(q0) with Fq0 ⊆ Fq, or PGL2(q0) with Fq20

⊆ Fq. Moreover
PSL2(q) contains subgroups isomorphic to A4 if p > 2 or f is even, to S4 if q2 ≡ 1 (mod 16), and to
A5 if p = 5 or q2 ≡ 1 (mod 5).

Proposition 6.3. Let q ≥ 4. Then P (d) holds if and only if either

(a) m = 3 and q = 4; or

(b) m ≥ 6, and m divides none of the numbers (q0 ± 1)/ gcd(2, q0 − 1) for subfields Fq0 ⊊ Fq with
q0 ≥ 3, and none of the numbers q0 ± 1 for subfields Fq20

⊆ Fq with q0 ≥ 3.

Proof. The case m ≤ 2. Identify V0 with Fq2 , let λ generate the subgroup of order q + 1 of F∗
q2 , and

let s ∈ SL2(q) be multiplication by λ (its determinant is the norm λq+1 = 1). An eigenvalue of sj

in Fq would satisfy λj(q−1) = 1 = λj(q+1), so that sj = ±I; hence 〈s̄〉, of order (q + 1)/k ≥ 3, acts
semiregularly on P1 and is a witness containing d̄ = 1 if m = 1. If m = 2, then l2 = −1 and q ≡ 1
(mod 4). Let u be the map x 7→ cxq with cq+1 = −1; as x 7→ xq and multiplication by c both have
determinant −1, u ∈ SL2(q), and usu−1 = s−1, u2 = −I. So 〈s̄, ū〉 has order at most q + 1, its orbits
are unions of 〈s̄〉-orbits of size (q + 1)/2 ≥ 3, and it is a witness containing the involution ū. Every
involution of PSL2(q) is conjugate to d̄: a preimage g satisfies g2 = −I (an element g 6= ±I of SL2(q)
has g2 6= I), so its eigenvalues are ±l ∈ Fq and g is conjugate to d as in the proof of Lemma 6.2.

Dickson’s list, m ≥ 3. Groups of type (D1) have no element of order m. In a group of type (D2) or
(D3), an element y of order m ≥ 3 lies in the cyclic subgroup of index at most 2, so 〈y〉 is normal and
the group is not a witness. A non-trivial p-element of PSL2(q) is the image of a unipotent matrix 6= I
and fixes exactly one point; a p-subgroup P 6= 1 lies in a Sylow p-subgroup, a conjugate of the image
of the upper unitriangular group, so it has exactly one fixed point, which every group normalizing
P fixes. So groups of type (D7) with a ≥ 1, and A4 if p = 2, are not witnesses. Let p be odd. A
point stabilizer B̄, the image of a group of upper triangular matrices, has a normal p-subgroup with
cyclic quotient; A4 has no non-trivial normal p-subgroup and is not cyclic, so A4 6≤ B̄; and A4 has no
subgroup of index 2, hence no orbit of size 2. So A4 is a witness. So is S4 (which forces q odd): it
fixes no point since A4 does not, and an orbit of size 2 would give its subgroup A4 a fixed point. A5

fixes no point (B̄ is solvable) and has no subgroup of index 2; it is a witness unless q ∈ {4, 5}, where
it is not proper. Elements of A4, S4 and A5 have order at most 5. Elements of PSL2(q0) of order
prime to p have orders dividing (q0 ± 1)/ gcd(2, q0 − 1), those of PGL2(q0) orders dividing q0 ± 1, and
all these orders occur; for q0 = 2 all element orders are at most 3.
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Subfield subgroups. Let q0 ≥ 3, let K0 be the image of SL2(q0), and if Fq20
⊆ Fq let K1 ⊇ K0 be

the image of GL2(q0), which lies in PSL2(q) because the elements of Fq0 are squares in Fq. Both are
witnesses: P1(Fq0) is a K0-orbit of size q0 + 1; for z ∈ Fq \ Fq0 , an element g 6= 1 of PGL2(q0) fixing z
commutes with x 7→ xq0 , so it fixes zq0 6= z and hence, fixing at most two points, no point of P1(Fq0);
so the stabilizer of z acts semiregularly on P1(Fq0), has at most q0 + 1 elements, and the K0-orbit of
z has at least q0(q0 − 1)/ gcd(2, q0 − 1) ≥ 3 points.

Conclusion. If m = 3 and p is odd, A4 is a witness with elements of order 3. If m = 3, p = 2 and
q 6= 4, then f is even, q ≥ 16, and K0

∼= A5 for q0 = 4 is such a witness. If q = 4, the groups in the
list with elements of order 3 are of types (D2)–(D4) and (D7), the whole group A5

∼= PSL2(4), and
PSL2(2) ∼= S3, which is dihedral; so P (d) holds. If m = 4, then q ≡ 1 (mod 8), so q2 ≡ 1 (mod 16)
and S4 is a witness with elements of order 4. If m = 5, then q ≡ 1 (mod 5), so q ≥ 11 and A5 is
a proper witness with elements of order 5. If m ≥ 6, only subgroups of type (D8) with q0 ≥ 3 can
be witnesses with an element of order m; such an element exists if and only if m divides one of the
numbers in (b), and then K0 or K1 is such a witness.

Proof of Theorem 1.2. Let q ≥ 13 and l = w a generator of F∗
q . Then m = (q − 1)/k ≥ 6. Every

subfield Fq0 in (b) has q0 ≤
√
q, and (q−1)/2 >

√
q+1 for q > 9, so m > q0+1 and (b) holds; so P (d)

holds. For q = 4 and l of order 3, (a) holds. For q = 8 and l 6= 1, m = 7 and the only proper subfield
is F2, so (b) holds. For q = 5, 7, 9, 11 the possible values of m are {1, 2}, {1, 3}, {1, 2, 4}, {1, 5}, so
P (d) fails for every d by Proposition 6.3. More precisely, the full preimages in SL2(q) of a subgroup
A4 (q = 5), S4 (q = 7, 9) or A5 (q = 11) of PSL2(q) are witnesses, by the proof of Proposition 6.3; they
contain Z, a conjugate of every d̄ of order m ≥ 3 (Lemma 6.2) and, for q ≡ 1 (mod 4), a conjugate
of every involution. They are non-abelian, hence absolutely irreducible: an irreducible subgroup of
GL2(q) that is not absolutely irreducible fixes a line L of V and the line F (L) 6= L, so it is diagonal
in a basis of V and abelian. For q = 3 the quaternion group Q8 generated by

(
0 −1
1 0

)
and

(
1 1
1 −1

)
contains ±I; its image, of order 4, acts regularly on the four points of P1, so Q8 is irreducible and
not block-monomial (it is primitive over F3, although monomial over F9; block-monomial is meant
over Fq, as in Section 1), and it is non-abelian. For q = 2, the group of order 3 generated by

(
0 1
1 1

)
permutes the three points of P1 cyclically; it is irreducible over F2 and not block-monomial, and it
contains I. It is not absolutely irreducible, and no proper subgroup of SL2(2) ∼= S3 is, since all of
them are abelian.

Table 1 lists witnesses computed by closure in SL2(q) (part (E) of the program in Section 8);
Table 2 lists, for q ≤ 64, the orders of l for which P (d) holds. The latter table was computed twice,
from Proposition 6.3 and by direct generation using the following lemma, which does not use Dickson’s
list; the results agree.

Lemma 6.4. Let q ≥ 4 and l4 6= 1. Then P (d) holds if and only if 〈d, x〉 = SL2(q) for every
x ∈ SL2(q) that is neither upper triangular, nor lower triangular, nor antidiagonal.

Proof. Such an x moves both 0 and ∞ and does not interchange them. If 〈d, x〉 is proper, an orbit
of size at most 2 would be invariant under d̄, so it would be {0}, {∞} or {0,∞} (Lemma 6.1), which
x does not preserve; so 〈d, x〉 is a witness and P (d) fails. Conversely, let H̄ be a witness containing
d̄, and H its preimage. As H does not preserve {0,∞}, some z ∈ H maps it to another set. If z
fixes neither point, x = z will do. Otherwise, say, z fixes ∞ and not 0, so z is upper triangular and
not diagonal. Since H does not fix ∞, some y ∈ H moves ∞. If y is neither lower triangular nor
antidiagonal, x = y will do. If y is antidiagonal, replace it by yzy−1, which is lower triangular and
not diagonal. If y is lower triangular and not diagonal, then x = zy has non-zero entries in both
off-diagonal positions and in position (2, 2), so it is neither triangular nor antidiagonal. The case
where z fixes 0 is symmetric. In all cases 〈d, x〉 ≤ H is proper.
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q diagonal matrices witness H (image in PSL2(q)) orbits on P1

2 I cyclic of order 3 (irreducible over F2 only) 3
3 ±I Q8 (image C2 × C2), |H| = 8 4
5 all four SL2(3) (image A4), |H| = 24 6
7 all six image S4, |H| = 48 8
9 all eight image S4, |H| = 48 4 + 6

11 all ten SL2(5) (image A5), |H| = 120 12

Table 1: For q ≤ 11, q /∈ {4, 8}, every diagonal matrix of SL2(q) lies in a proper subgroup H that
is irreducible and not block-monomial; for q ≥ 3 the witnesses are non-abelian, hence absolutely
irreducible. The groups were computed by closure in SL2(q), with explicit generators, in part (E) of
the program.

q ord(l) with P (d) q ord(l) with P (d) q ord(l) with P (d)

4 3 19 9, 18 41 20, 40
5 – 23 11, 22 43 7, 14, 21, 42
7 – 25 24 47 23, 46
8 7 27 13, 26 49 24, 48
9 – 29 7, 14, 28 53 13, 26, 52

11 – 31 15, 30 59 29, 58
13 12 32 31 61 12, 15, 20, 30, 60
16 15 37 9, 12, 18, 36 64 21, 63
17 16

Table 2: The orders of l (equal to the order of d) for which d = diag(l, l−1) ∈ SL2(q) has property
P (d), 4 ≤ q ≤ 64; for all other divisors of q − 1, P (d) fails. Computed from Proposition 6.3 and,
independently, by direct generation (Lemma 6.4); the two computations agree.

7 A second proof through all Aschbacher classes
Theorem 1.1 can also be proved without [FG03, FG12], through all classes of Aschbacher’s theorem
[Asc84, KL90]; we only describe this proof. Call d = diag(l1, . . . , ln) ∈ T (B,E)-generic if (G) for
every µ ∈ Zn \ {0} with

∑
i µi = 0 and maxi |µi| ≤ B, the element

∏
i l

µi
i has order greater than

E, and (F) for every prime r with q = qr0 and all i 6= j, (l1/l2)
q0 6= li/lj . For suitable B = B(n)

and E = max(E0(n), 6n
2dlog2 qe), a count of fibres of characters as in Lemma 3.3(a) shows that the

elements that are not generic form a proportion On((log q)
2/
√
q) of T . For a generic d, eigenvalue

arguments exclude the members of C3 (as in Lemma 4.2), of C4 and C7 (a tensor product of matrices of
sizes at least 2 with distinct eigenvalues has four eigenvalues at distinct positions with µ1µ2 = µ3µ4,
against (G)), of C5 and the unitary part of C8 (against (F)), of C6 (order bounded modulo scalars) and
of the bilinear part of C8 (against (G)). The class S is excluded by the classification of finite simple
groups (bounded order for the groups not of Lie type in characteristic p, through the degrees of
their projective representations) and, in defining characteristic, by Steinberg’s restriction and tensor
product theorems [Ste63] and his description of the automorphisms [Ste60], with a bound for the
weights of restricted modules. Aschbacher’s theorem then leaves C1 and C2, and the proof ends as in
Section 5. This route gives explicit genericity conditions and the proportion 1−On((log q)

2/
√
q), but

no explicit q1(n) either. It was found together with the results of this note, and the two verification
runs that examined the first write-up re-derived its steps (Section 8); we do not reproduce it, and
nothing in this note depends on it.
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8 Computations and reproducibility
All theorems, propositions and lemmas of this note are proved without computation. The program
check_note.py of the reproducibility package (Python 3, standard library only; about 80 seconds;
it ends with “TOTAL failures: 0”) checks: (A) the arithmetic of Fq for all prime powers q ≤ 256,
and the computation of orders of subgroups of PGL2(q) by a stabilizer chain, against brute-force
closure (700 pairs of generators); (B) the bound of Lemma 3.3(a) by exact counts for n = 2, 3, 4
(q ≤ 1024, 256, 128); (C) Lemma 3.3(b) by brute force for n = 2, q ≤ 13, and n = 3, q ∈ {4, 5};
(D) Table 2, from Proposition 6.3 and by direct generation through Lemma 6.4, with a checked
witness for every failure, and the same comparison for the 107 pairs (q, ord(l)) with 64 < q ≤ 128 and
ord(l) ∤ 4; (E) Table 1, by closure in SL2(q); (F) P (d) for d = diag(w,w−1) by direct generation for
all prime powers 13 ≤ q ≤ 256, and the inequalities in the proof of Theorem 1.2 for 13 ≤ q ≤ 20000.
With the option --quick it runs in about five seconds. The programs of the first two verification
runs are not part of the package; those of the third, with their recorded outputs, are in the folder
independent_run_2/ of the package. The results of all three are summarized in the accompanying
verification report.

Verification. The results were first obtained with the proof described in Section 7, with the obser-
vation that the answer follows from [FG03, FG12], and with programs for n = 2. Two independent
verification runs, both AI-assisted, followed; each wrote its own programs, and neither read the other’s
report. The first compared the statement with the text and the PDF of the Notebook, read [FG03]
(Sections 3 and 4) and [FG12] (Section 7), wrote out the two steps of the deduction that had only
been named (Lemmas 3.3 and 4.1 here), re-derived every step of the proof of Section 7, and decided
P (d) for n = 2 with its own programs: from Dickson’s list for q ≤ 256, by direct generation for
q ≤ 32, by explicit certificates for all diagonal matrices for q = 5, 7, 9, 11, and by a search of all
two-generated subgroups for q = 2, 3, 4, 8, which showed that q = 2, 3 fail as well. The second decided
P (d) for 4 ≤ q ≤ 64 by direct generation with exact group orders and from Dickson’s list (identical
results; Dickson’s list alone up to q = 20000), recomputed the counting data, tested the eigenvalue
arguments for the symplectic and unitary members of C8 on random similitudes, re-ran the programs
with which the results had been obtained (identical outputs), and checked the bibliography and the
literature. Both runs found that the answer is a short corollary of [FG03, FG12], and neither found
a mathematical error. All their required corrections were made; they are listed in the verification
report. Among them: the result is presented as a corollary, not as new; [FG12, Theorem 7.3] is stated
exactly, with the passage to PSLn(q); the two steps are written out; textbooks are cited by content
only; and the cases q = 2, 3 are included. When the note was written, the deduction was organized
around [FG03, Theorem 3.2], Lemma 4.1 received the proof above, Proposition 6.3, Lemma 6.4 and
the tables were added, and Table 2 was recomputed by the exact program of this note.

A further AI-assisted verification run then examined the final text and the package; its programs
and outputs are in the folder independent_run_2/ of the reproducibility package. It compared the
statement again with the text and the PDF of the Notebook, read [FG03] (Sections 3 and 4) and
[FG12] (Sections 1 and 7) again, re-derived the proofs of Sections 2 to 6 line by line, and wrote its own
programs before re-running the program of this note from the archived package (identical output apart
from running times). Its programs checked Lemma 3.3 by exact enumeration (n = 2, 3, 4; q ≤ 1024,
256, 128) and, in parts (b) and (c), over all of SL3(7) and SL3(8); Lemma 4.2 on all subfields of
M2(Fq) with q2 elements (q ≤ 32), for n = 3 through the normalizer ΓL1(q

3), and for n = 4, r = 2 by
linear algebra; Lemma 4.3 for n = 3 on all decompositions permuted by d; Theorem 1.2 and Table 1
for q ≤ 17 from the definitions alone, through the whole lattice of overgroups of every diagonal
element, without Dickson’s list and without Lemma 6.4, in the four readings (irreducibility over Fq

or absolute, arbitrary or coordinate blocks), which confirms that only q = 2 depends on the reading;
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Proposition 6.3 and Table 2 against direct generation, with a separate implementation of the Schreier–
Sims algorithm, for all 288 pairs (q, ord(l)) with 4 ≤ q ≤ 128; P (diag(w,w−1)) for all prime powers
13 ≤ q ≤ 256 and for q ∈ {289, 343, 361, 509, 512}; and the arithmetic of the proof of Theorem 1.2 for
all prime powers up to 106. It also repeated the literature search and checked the identifiers of the
references. It found no mathematical error. It required that Theorem 3.2 be quoted, as in [FG03],
for a fixed type with the characteristic allowed to vary, which is what Theorem 1.1 needs, and four
corrections of wording (the sentence on n = 2 in the abstract, the overgroups of T in Section 1, the
readings in Section 6, and the description of the earlier runs); all were made.

Scope and priority. The note answers Problem 7.27 of [KM26] affirmatively for every fixed n ≥ 2
and all sufficiently large q, without an explicit bound q1(n) for n ≥ 3, and settles the case n = 2
completely; a version uniform in n is not treated. The problem is Levchuk’s; his work of 1973 on
n = 2, 3 [Lev73] was not available to us and was not read. The density theorems are those of Fulman
and Guralnick [FG03, FG12], which rest on Aschbacher’s theorem [Asc84] and further results cited
there; the case n = 2 rests on Dickson’s classification [Dic01]; the descriptions of the overgroups of
the whole diagonal group [Bor76, Vav85, Kin90] answer a different and weaker question. Specialists
will regard Theorem 1.1 as a corollary of the theorems of Fulman and Guralnick. The deduction in
Sections 3 to 5 is, to our knowledge, not stated anywhere, and we did not find the complete answer
for n = 2 in print; no priority is claimed for either.

What was read: [KM26] in version 48, text and PDF (the wording in version 46 is the same);
[FG03] in full and [FG12] (Sections 1 and 7) in version 1 of the arXiv preprints, whose numbering we
use, the journal versions not being compared; of [TZ15] the abstract; of [Vav85] the zbMATH review;
of [Bor76, Kin90] the bibliographic data. The works [Asc84, KL90, Bor91, Hum75, Hup67, Dic01,
Ste68, Ste60, Ste63] are cited for standard statements, by content; the proofs of the cited theorems
were not checked. The searches were made on 17 and 18 October 2026: the Notebook (Problem 7.27
has no comment, and no other problem refers to it); the arXiv API (Kourovka and Levchuk; “diagonal
matrix” with “irreducible subgroup”; overgroups of regular semisimple elements and of tori; “block-
monomial”; Fulman and Guralnick); zbMATH Open (the records of the authors Levchuk and Nuzhin,
overgroups of semisimple elements, block-monomial groups); Crossref; OpenAlex; and six web searches.
Semantic Scholar refused our requests and was not used. Judging from titles and reviews, none of
Levchuk’s later papers in zbMATH Open treats the question for n ≥ 4. No printed answer to the
question was found in these sources; a search that finds nothing is not a proof of novelty.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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