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Abstract

An elementary net (carpet) of order n over a field K is closed if its elementary net group contains
no new elementary transvections, and it is completable if its diagonal can be supplemented to a
full net. Completable nets are closed. Koibaev gave closed nets that are not completable over
fields of characteristic 0 and 2 and asked for such nets in odd characteristic (Kourovka Notebook,
Problem 21.76). Nuzhin (2026) has answered this question, with examples in every characteristic,
using closures of finitely generated subgroups over a rational function field in two variables. We
give explicit examples with short proofs. An elementary lifting lemma turns a closed pair of
additive subgroups of a quotient ring R/J into a closed elementary net of every order n > 3. With
Flz,y] — F[z] and a degree argument it gives, for every field F, the net with Fa + yF[z,y] in
positions (1,2) and (2,1) and yF[z,y] elsewhere. Lifting the two exceptional pairs of Levchuk’s
refinement of Dickson’s theorem along F3[t] — Fg and Fa[t] — Fy gives closed nets over F3(t) and
Fa(t) that are not completable. These one-variable nets also satisfy the hypotheses of Kourovka
Problem 19.48. Together with a theorem of Koibaev and Nuzhin on algebraic extensions, it follows
that in characteristics 2 and 3 a field carries such nets if and only if it is not algebraic over its
prime field. For p > 5 we do not know whether examples exist over F,(t); by Levchuk’s theorem,
lifting from a finite field cannot produce them. This is an unrefereed note.

1 Introduction

We use the definitions of the Kourovka Notebook [KM26, Problems 19.48 and 21.76]. Let K be a
field and n > 2. A net (or carpet) of order n over K is a system o = (0y5), 1 < ¢, < n, of additive
subgroups of K such that

OirOrj - Oij for all i,T’,j,

where a product of subgroups denotes the additive subgroup generated by the products of their
elements. An elementary net is a system (o;;);2; without the diagonal satisfying the same inclusions
for all pairwise distinct 4,r,j. It is irreducible if all o;; are nonzero. Write t;;(cr) = 1 + ave;; for the
elementary transvections and

E(O’) = <t,~j(a) RSN 175 j> < SLn(K)

for the elementary net group. The elementary net o is closed if E (o) contains no new elementary
transvections, that is, ¢;;(8) € E(o) with 8 € K implies 8 € 0;;. It is completable if there are additive
subgroups 11, ..., 0ny of K such that (0;)1<i j<n is a net. Completable elementary nets are closed.

Koibaev constructed irreducible closed elementary nets that are not completable over fields of
characteristic 0 and 2 [Koillb, Koi21], and asked the following question.
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Problem 21.76 (V. A. Koibaev [KM26]; paraphrased). Is there, over some field of odd
characteristic, an irreducible closed elementary net of order n > 3 that is not completable?

Nuzhin [Nuz26, Corollary 1] has shown that for every n > 2 there is an irreducible closed elemen-
tary net of order n over a field of arbitrary characteristic that is not completable; to our knowledge
this is the first answer to Problem 21.76. His nets arise, in a study of carpet Lie rings, as the closures
{t € K : z,(t) € G} of finitely generated subgroups G of Chevalley groups over the field K = F(y, 2)
of rational functions in two variables. A key ingredient is a free-product property of two unipotent
subgroups [Nuz26, Lemma 8], closely related to Koibaev’s theorem on closed pairs [Koilla]. Gutnova
and Koibaev [GK20] also construct a closed elementary net that is not weakly supplemented, hence
not completable. Over fields that are algebraic over F,, there are no examples: by Koibaev and Nuzhin
[KN17], every irreducible elementary net of order n > 3 over such a field is conjugate by a diagonal
matrix to a net whose entries all equal one subfield, so it is completable.

This note gives explicit examples with short proofs, including examples over fields of transcendence
degree one. All of them come from an elementary lifting lemma (Lemma 2.2). Theorem 1.1 is
an explicit relative of Nuzhin’s construction and uses the same free-product property (Lemma 3.1).
Theorem 1.2 lifts the two exceptional pairs in Levchuk’s refinement of Dickson’s theorem [Lev83].

Theorem 1.1. Let F be a field, n >3, R= Flx,y], K = F(z,y) and J = yR. Put
o192 =091 = Fz+ J, oij = J  for all other i # j.
Then o is an irreducible closed elementary net of order n over K that is not completable.
Theorem 1.2. Let n > 3.
(a) Let R=T3t], K =F3(t), f=t>+1 and J = fR. Then
o193 = F3 + J, 091 =F3t + J, oy =J for all otheri # j
is an irreducible closed elementary net of order n over K that is not completable.
(b) Let R=Ts[t], K =Fa(t), f=t>+t+1 and J = fR. Then
o193 = Fo + J, 091 = Fot + J, oy =J for all otheri # j
is an irreducible closed elementary net of order n over K that is not completable.

(c) In both cases every o;j is a module over the polynomial ring Ry = IFy,[f], a principal ideal domain,
and K is an algebraic extension of degree 2 of the field of fractions F,(f) of Ry.

Part (c) says that the nets of Theorem 1.2 also satisfy the hypotheses of the second paragraph of
Problem 19.48 [KM26]; Problem 21.76 refers to 19.48 only for its definitions. So, in characteristic 3,
the answer to Problem 21.76 remains affirmative under these additional hypotheses. The nets are
closed, so they do not bear on the question asked in Problem 19.48. The quadratic extension in (c)
is essential: if K is the field of fractions of a Dedekind domain Ry, for instance of a principal ideal
domain, then every irreducible elementary net of order n > 3 over K whose entries are Rg-modules
is conjugate by a diagonal matrix to a net of fractional ideals 7;; of an intermediate ring P with
mi;mji C P [Koi25], see also [DKN18]; by Lemma 2.1 such a net is completable.

Corollary 1.3. Let K be a field of characteristic p € {2,3} and n > 3. There is an irreducible closed
elementary net of order n over K that is not completable if and only if K is not algebraic over IF,.



For p > 5, Theorem 1.1 (or [Nuz26]) gives examples over every field of transcendence degree at
least 2 over F,, by the transport argument in the proof of Corollary 1.3, and there are none over
algebraic extensions of F,. This leaves open the fields of transcendence degree one over F,. An
example over [F,(t) would give examples over all of them.

Question 1.4. Let p > 5 and n > 3. Is there an irreducible closed elementary net of order n over
IF,,(t) that is not completable?

2 Two lemmas

The first lemma is a well-known criterion; see [Bor87], [Lev82, Lemma 6], [GK20] and [Nuz26,
Lemma 9]. We include the short proof.

Lemma 2.1. An elementary net o of order n > 2 over a field K is completable if and only if
00405 € 0y for all i # j. The condition does not depend on the field K containing the o;;.

Proof. 1f additive subgroups o;; complete o to a net, then o;;05; C 0;; and 04,045 C 045, S0 045005 C
0ij-

Conversely, assume the inclusions and let o4 be the subring of K generated by [, £i OirOri. By
construction oj,.0,; C oy for r # i, and 0404 C 04. For oy045 C 045 with j # ¢ it suffices to show
abc € 0y for a € 04, b € 0y (1 # i) and ¢ € 0y5; products of several such generators and sums are
then handled by induction. If r # j, then be € 045045 C 05 and a(bc) € o405 C 045. If 7 = j, then
abc € 0ij04i045 - O0jj- The inclusion 0350345 - Oij is symmetric. So (O'ij)lgi,jgn is a net. The last
sentence of the lemma is clear. ]

The second lemma lifts a closed pair from a quotient ring; it is an elementary congruence argument.
For a ring @ we write U12(Q) = t12(Q) and U2 (Q) = t21(Q) for the root subgroups of SL2(Q). A pair
(Ao, Bp) of additive subgroups of @ is closed if the group H = (t12(Aop),t21(Bo)) < SL2(Q) satisfies
HnNU(Q) = t12(Ao) and H N U21(Q) = t21(Bo), that is, if the elementary net (Ag, By) of order 2
over () is closed.

Lemma 2.2 (Lifting lemma). Let R be a subring of a field K, let J # 0 be an ideal of R, and let
m: R — Q = R/J be the quotient map. Let Ay, By be additive subgroups of Q) such that the group
H = (t12(Ao),t21(Bo)) < SLa(Q) satisfies

HnN Ulg(Q) = tlg(Ao) and HnN Ugl(Q) =191 (Bo)

Forn >3 put 010 = 7 1(Ag), 021 = 7 1(By) and oij = J for all other i # j. Then o is an irreducible
closed elementary net of order n over K. If AgBoAg € Ag, then o is not completable.

Proof. Net inclusions. Let i,r,j be pairwise distinct. The pairs (i,7) and (r,j) cannot both lie in
{(1,2),(2,1)}, since then i,7,j would all lie in {1,2}. So one of o4, 0,; equals J and the other is
contained in R. Hence 04,.0,; C JR = J C 0. All 0;; contain J # 0, so o is irreducible.

Closed. All generators of E(o) lie in SL,(R), so E(o) < SL,(R). Let t;;(8) € E(o) with 8 € K.
Then f$ is an entry of a matrix in SL,,(R), so 5 € R. Let m,: SL,(R) — SL,(Q) be the homomorphism
induced by 7. It maps t12() to tiz(m(a)) with 7m(a) € Ag for a € 012, similarly for (2,1), and ¢;;(«)
to 1 for @ € J. Hence m.(F(0)) is contained in the copy Hy of H in the upper left 2 x 2 block of
SLn(Q), and t;;(7(B)) = m(ti;(B)) € Ho. If {3,5} # {1,2}, the (¢,j) entry of every element of Hy is
zero, so () = 0 and B € J = 0y;. If (i,5) = (1,2), then the upper left 2 x 2 block of m,(t12(5)) is
ti2(m(B)) € HNUi2(Q) = t12(Ao), so m(8) € Ag and 8 € o12. The case (i,5) = (2,1) is the same.

Not completable. 1f AgBoAg € Ag, there are a,a’ € Ay and b € By with aba’ ¢ Ay. Choose
preimages o, o € o192 and ' € g91. Then 7(af'a’) = aba’ ¢ Ay, so af'a’ € 12021012 \ 012, and o is
not completable by Lemma 2.1. O



3 Two variables

The closed pair for Theorem 1.1 comes from a free-product property of two unipotent subgroups of
SLa(Fx]). Lemma 3.1 is the case A = B = Fz of Koibaev’s theorem that any two additive subgroups
of the polynomials without constant term over a domain form a closed pair [Koilla], and of [Nuz26,
Lemma 8. We include the short proof for completeness.

Lemma 3.1. Let F be a field and H = (U,L) < SLa(F[x]), where U = {ti2(cx) : ¢ € F} and
L ={tai(cx):c€ F}. Then

HnN U12(F[.’E]) =U and HnN Ugl(F[.T]) = L.

Proof. Every element of H can be written as a reduced word g = wy, - - - w1 with k > 0, whose letters
lie in (U U L)\ {1} and alternate between U and L. Each letter is t12(cx) or to1(cx) with ¢ # 0.

For a vector v = (v, v2) € Flx]? write d; = degv;, with deg0 = —o0. If d; > da, then to1(cx)v =
(v1, v2 4 cxvy) with ¢ # 0, and the second coordinate has degree dy + 1, which exceeds the degree d;
of the first. Symmetrically, if do > dj, then the first coordinate of ¢12(cz)v has degree do + 1, which
exceeds do.

Suppose first that £ > 1 and w; € L. Apply wy,we,...,wk in turn to e; = (1,0), for which
di = 0 > do = —o0. By the previous paragraph the coordinate of larger degree alternates at each
step, and the largest degree increases by one each time, since the letters alternate between L and U
starting with L. Hence ge; has a coordinate of degree k > 1, so ge; # e1. Every element of U (F'[z])
fixes e1, so g ¢ Ura(Fx]).

Now suppose that w; € U and that g contains a letter from L. Then k > 2 and gwf1 = W+ - Wo
is a reduced word whose rightmost letter lies in L. By the first case gw; ' ¢ Uia(F[z]). As w; €
Ur2(F'[z]), also g ¢ Ura(F'[z]).

Therefore an element of H N Uj2(Fx]) is a word without letters from L, that is, an element of U.
The reverse inclusion is clear. The statement for Us; follows by exchanging the two coordinates. [

Proof of Theorem 1.1. Apply Lemma 2.2 to R = Flz,y] C K, J = yR and 7: R — R/J = F[z],
y +— 0, with A9 = By = Fz. The pair is closed by Lemma 3.1, and 7~ !(Fz) = Fz + J. Finally
v-x-x=2%¢ Fz,s0 AgBoAy € Ao. O

Remark 3.2. Explicitly, if o011 were a diagonal entry completing the net of Theorem 1.1, then 22 €
012091 C 011 and 22 € g11012 C 012 = Fo+yF[z,y], which is false. The pair (Fz, Fz) alone is closed,
and Fz - Fx - Fx = Fa? ¢ Fx is what prevents completion.

4 One variable

Proof of Theorem 1.2. (a) Here Q = F3[t]/(t> + 1) = Fg. Write ¢ for the image of ¢, so > = —1 and
Fg = Fg EBF?,L. Take AO = Fg and BO = Fg/,, and let H = <t12(A0),t21(Bo)> = <t12(1),t21(L)> § SLQ(Q).
We have |H| = 120. Indeed AgBy = F3t, so by Levchuk’s theorem [Lev83] the image of H in PSL2(9)
is isomorphic to As, and H contains a matrix (_80_1 8), whose square is —1. Hence |H| = 2-60 = 120.
As —1 is the only involution of SL2(9), the group H is not A5 x Co, and so H = SLy(5). Independently,
closing the two generators under multiplication inside SLy(9), a group of order 720, gives a group of
order 120 whose elements have orders 1,2,3,4,5,6,10 with multiplicities 1,1, 20, 30, 24, 20, 24, as in
SL2(5) (Section 6). As |H| = 120 = 23 - 3 - 5, the Sylow 3-subgroups of H have order 3. The group
H N Uja(Fy) is a subgroup of the elementary abelian group Uj2(Fg) of order 9, so it is a 3-group,
and it contains t12(F3), which has order 3. Hence H N Uj2(Fg9) = t12(Ap), and in the same way



H N Uy (Fy) = ta21(By). Moreover 1-¢v-1 =1 ¢ F3, so AgByAyg € Ap. Now Lemma 2.2 applies, and
7 Y F3) =F3 +J, 71 (F3) = Fzt + J.

(b) Here Q = Fa[t]/(t? +t + 1) = F4. Write w for the image of ¢, so w? = w + 1. Take Ag = Fy,
By = Fow, and let a = t12(1), b = t91(w) and H = (a,b). In characteristic 2 we have a? = b? = 1.

The product
—ab— 1+w 1
== uw 1

has trace w and determinant 1, so it satisfies g> + wg + 1 = 0. The polynomial X? + wX + 1 divides
X5—1 over Fy, since (X2 +wX +1)(X2+w?X +1) = X*+ X3+ X2+ X +1. Hence g° = 1, and g # 1,
so g has order 5 and H is dihedral of order 10; this is the dihedral case of Levchuk’s theorem [Lev83].
Its Sylow 2-subgroups have order 2. Asin (a), HNUj2(F4) is a 2-subgroup containing t12(F2) = {1, a},
so it equals t12(Ap), and H NUsz1(Fy) = t21(By). Moreover 1-w-1 = w ¢ Fy. Now Lemma 2.2 applies,
with 771(Fy) = Fo + J and 7~ }(Faw) = Fat + J.

(c) In both cases f € J and 0;; C R, so fo;; € fR =J C 0y5. Hence every o;; is an F,,[ f]-module.
As f is transcendental over F,, the ring F,[f] is a polynomial ring in one variable, hence a principal
ideal domain. Finally ¢ is a root of X? + 1 — f, resp. X2+ X + 1 — f, over F,(f), so K = F,(¢) has
degree at most 2 over Fy(f). The degree is exactly 2, because t ¢ F,,(f): the automorphism ¢ — —t,
resp. t — t + 1, of F,(¢) fixes f but not t. O

Remark 4.1. With Ay = Fs, the other lines By of Fg behave differently. The line F3 gives SL2(3), a
closed pair with AgByAg C Ap. The lines F3(1 £ ¢) generate SL2(9), so these pairs are not closed.
Over Fy, both lines Fow and Fow? give dihedral groups of order 10.

Remark 4.2. The lifting lemma also applies in characteristic 0. The quotient map Z[i| — Z[i]/3Z][i] =
Fg and the pair (Fs3,Fs:) of part (a) give the closed elementary net 019 = Z + 3Z[i], 091 = Zi + 3Z]i],
oij = 37Z[i] otherwise, over the number field Q(7), and it is not completable. So in characteristic 0,
unlike in characteristic p, such nets exist over some fields that are algebraic over the prime field. The
entries of this net are modules over the order Z[3:] but not over Z[i|; for instance i -1 ¢ o12. This
is necessarily so: by a theorem of Koibaev [Koi20], every irreducible elementary net of order n > 3
over Q(i) whose entries are Z[i]-modules is conjugate by a diagonal matrix to a net of ideals of an
intermediate ring, and such a net is completable. Examples in characteristic 0 were given earlier by
Koibaev [Koi21]; we do not know whether his example is of this kind.

5 Algebraic extensions and the proof of Corollary 1.3

The following proposition is a special case of a theorem of Koibaev and Nuzhin [KN17], applied with
k = TF,: every additive subgroup of K is an IF,-subspace. For the reader’s convenience we include a
short direct proof.

Proposition 5.1. Let K be an algebraic extension of F, andn > 3. Then every irreducible elementary
net of order n over K is completable.

Proof. Every subring P of K (with 1 € P) is a field: each finitely generated subring of P lies in a
finite subfield of K, so it is a finite domain and hence a field, and P is the union of these.

By Lemma 2.1 it suffices to show ABA C A for A = 0;; and B = 0j;, where i # j. Choose
k ¢ {i,j}, and let P be the subring of K generated by all products ab with a € A, b € B. For such
a, b the net inclusions give, for ¢ in the indicated subgroup,

c€ o be e o, albe) € oi; c€ oy cb€ oy, (cb)a € oyy;
cEoji: ac € o, blac) € oji; CcE oyt ca€ oy, (ca)be oy,



So ik, okj, 0jk and oy; are P-modules. Choose nonzero u € o, v € oyj, v € ojk, v\ € ok, and
put w = wv and w' = vw'v". Then Pw = (Pu)v C o40k; € A and, in the same way, Puw’ C B.
As P is a field and 0 # ww’ € AB C P, the element ww’ is invertible in P. For a € A we
have aw’ € AB C P, so a € Pw'™' = Pw. Hence A = Pw, and similarly B = Pw’. Therefore
ABA = Pww'w = Pw = A. O

Proof of Corollary 1.53. If K is algebraic over [F),, every irreducible elementary net of order n > 3 over
K is completable by Proposition 5.1.

Otherwise choose s € K transcendental over F,. Then ¢ — s defines an embedding F,(t) — K,
and the image of the net of Theorem 1.2 is an irreducible elementary net o of order n over K. Its
net group E(o) lies in SL;,(F,(s)), so every transvection ¢;;(3) € E(o) has € F,(s), and o is closed
over K because it is closed over F,(s). It is not completable over K, since 012021012 € 012 and the
criterion of Lemma 2.1 does not depend on the field. O

Remark 5.2. For p > 5, lifting from a field cannot produce examples. Let @) be a field that is algebraic
over Fp,, p > 5, and let (Ao, By) be a closed pair of nonzero additive subgroups of Q). By Levchuk’s
theorem [Lev83], the group (t12(Ap), t21(Bp)) is conjugate to SLy(P) by a diagonal matrix diag(ds, ds),
where P is the subfield generated by AgBy. With ¢ = d;/ds its intersections with U12(Q) and Us;1(Q)
are t1o(cP) and to1 (¢~ P). So closedness gives Ag = cP and By = ¢! P, and both AgByAy C Ap and
BypApBy C By hold. A computer search confirms this for ¢ € {25,49,121, 125}, and it finds no closed
pair violating one of these inclusions over the rings F5[e]/(e2), Fs[e]/(e%), Fr[e]/(¢?), Fr[e]/(3), F5 x Fs5,
F2, F5[e]/(e?) x F5 and F; x F7 either. The one-variable examples above use the two exceptional cases
of Levchuk’s theorem. We do not know the answer to Question 1.4.

6 Verification and scope

The proofs above are complete; for |H| = 120 in Theorem 1.2(a) they use Levchuk’s theorem, and
this order was also checked by a direct computation. The following exact computations were used as
checks. The scripts, written independently by the author and by two referees, and their outputs are
in the source archive (folder reproducibility).

1. Lemma 3.1: all reduced words of length at most 20 over F3, at most 10 over F5 and at most 8
over 7, and 1500 random reduced words of length up to 400 over each of these fields, satisfy
the degree invariant, and no word of length at least 2 is unitriangular.

2. Theorem 1.1: the net inclusions for n = 3,4 on spanning monomials and on random products;
and all words of length at most 5 in 24 generators of E(o) for n = 3 over F3: every transvection
that occurs (228 of them) has its entry in oy;.

3. Theorem 1.2 and Remarks 4.1 and 4.2: the group H of part (a) has order 120 with the element
orders of SLy(5), is perfect with centre {£1}, and meets Ui2(Fy) and Us;(Fy) in ¢12(F3) and
to1(F3e); the group of part (b) has order 10; the net inclusions, the witnesses and the module
property hold on random products. All words of length at most 6 (over Fs(t)), 7 (over Fa(t))
and 5 (over Q(¢)) in generators of E(c) for n = 3 produce only transvections with entries in o;;.

4. Proposition 5.1: every irreducible elementary net of order 3 over F, for ¢ = 4, 8, 9, 16, 25, 27,
32, 49, 81, and of order 4 over F, for ¢ =4, 8, 9, 25, 27, normalised by diagonal conjugation, is
completable.

5. Remark 5.2: all pairs of additive subgroups over the listed fields and rings, up to diagonal
conjugation, with closedness decided exactly.



Scope and priority. To our knowledge Problem 21.76 was first answered by Nuzhin [Nuz26], whose
paper appeared in July 2026. Version 46 of the notebook (1 September 2026, still the current version
on 28 September 2026) does not yet record this. The contributions of this note are the explicit
nets of Theorems 1.1 and 1.2 with elementary proofs, the one-variable examples in characteristic 3,
which also satisfy the hypotheses of Problem 19.48, and Corollary 1.3 for p = 3. They combine
Levchuk’s exceptional pair with an elementary reduction modulo an ideal. In characteristics 0 and
2 examples were known earlier [Koillb, Koi21]. We have not seen the full text of [Koillb], and for
p = 2 Corollary 1.3 may already follow from it together with [KN17]. Searches of zbMATH, Crossref,
OpenAlex, mathnet.ru and arXiv in September 2026 found no other treatment of examples over fields
of transcendence degree one in characteristic 3. This negative search is not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the construc-
tions and the proofs, to write and run the verification programs, to referee the arguments, and to
help prepare this manuscript. The author has reviewed the proofs and the sources and is responsible
for all claims. The note has not been peer reviewed.
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