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Abstract

Bolsinov, Konyaev and Matveev asked in 2024 to describe all conservation laws of the normal
forms of two-dimensional gl-regular Nijenhuis operators, or at least to find one regular conservation
law for each of them. A conservation law of L is a function F with d(L∗dF ) = 0, regular if dF and
L∗dF are linearly independent; everything is local and real analytic. The existence of a regular law
was known, by the Cauchy–Kovalevskaya theorem, as were explicit laws at algebraically generic
points and the laws trF (L) at differentially non-degenerate points. For every normal form and all
values of its parameters we give an explicit regular conservation law. For the singular series O, P
and S it has the form f1(λ1) + f2(λ2) anticipated in the problem, with fi a finite sum of negative
fractional powers, or a logarithm, of the eigenvalue; the lower-order coefficients solve a triangular
linear system with unit pivots, and for k = 1 there are closed forms, for instance the analytic root
Φ of 8yΦ3 + 6Φ = c0 + 3x for S3

c . We also describe all real-analytic conservation laws of every
normal form; for O, P and S they consist of an explicit finite principal part subject to finitely
many linear conditions, at most one logarithm, and arbitrary analytic functions of explicit roots
of the eigenvalues. Completeness is proved by complexification, Cauchy estimates on the fibres of
the eigenvalue map and a monodromy argument. No printed answer was found in the sources we
searched; one 2025 survey could not be consulted. This is an unrefereed note.

1 Introduction

1.1 The problem

Let L be an operator field on a manifold and L∗ the dual operator on 1-forms. A function F is a
conservation law of L if the 1-form L∗dF is closed [BKM24d, §4.1]. On a surface a conservation law
is regular at a point p if dF (p) and L∗dF (p) are linearly independent, that is, if dF (p) is a cyclic
covector of L∗(p) [BKM24d, §4.1], [BKM24c, §1]; for a Nijenhuis operator this says that the hierarchy
f1 = F , df2 = L∗df1 consists of functionally independent functions. As in [BKM24d, §4.1], all objects
are local and real analytic.

Problem 4.3 of [BKM24d] (the third problem of its Section 4) refers to the classification of gl-
regular Nijenhuis operators in dimension two by explicit normal forms [BKM24b]. It asks to describe
all conservation laws of each of these operators, and adds: “Or at least, find one regular conservation
law for each of them.” The remark after the problem expects a regular law of the form f1(λ1)+f2(λ2),
where λ1, λ2 are the eigenvalues of L and the fi are not smooth at the singular point while the sum
is; it notes that symmetric choices f1 = f2 give functions of trL and detL, whose differentials vanish
at the singular point as a rule. The problem is record AMR-154-0006 of the UnsolvedMath collection
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[ula26], where it is called Problem 6 (its position among the problems taken from the source) and is
listed as open.

1.2 The normal forms

We use coordinates (x, y) and write L = (lij), where i is the row index (upper index) and j the
column index, so that L∗dF = (l11Fx + l21Fy) dx + (l12Fx + l22Fy) dy. At an algebraically generic
point a gl-regular Nijenhuis operator on a surface has one of the following forms [BKM24b, §5]: (G1)
L = diag(f(x), g(y)) with f 6= g; (G2) L =

(
f −g
g f

)
with f + ig holomorphic in x + iy and g 6= 0;

(G3) L =
(
f(y) 1
0 f(y)

)
. At a point p where the eigenvalues collide, L(p) = λ0 Id + J0 with J0 = ( 0 1

0 0 )

[BKM24b, §5]. Since L−λ0Id is again Nijenhuis and (L−λ0Id)∗dF = L∗dF −λ0 dF , both operators
have the same conservation laws and the same regular ones, and we assume L(p) = J0, p = (0, 0).
Theorem 5.1 of [BKM24b] (Theorem 6.1 of its arXiv version 1, the only one) states that in suitable
coordinates L is one of

Lnil = J0, Lnd =

(
x 1
y 0

)
, M2k−1, M

ε
2k =

(
0 1
0 g(y)

)
, N2k−1, N

ε
2k =

(
g(y) 1
0 g(y)

)
,

with g(y) = y2k−1 resp. g(y) = εy2k (k ≥ 1, ε = ±1), or a member of one of three series defined by
v = trL and u = − detL through the reconstruction formula [BKM24b, (5.1)]

L = J−1

(
v 1
u 0

)
J, J =

(
vx vy
ux uy

)
, (1)

in which the denominator det J cancels. With k ≥ 1, ε = ±1, c = (c0, . . . , ck−1) ∈ Rk and C(y) =
c0 + c1y + · · ·+ ck−1y

k−1:

Od,εk,c : v = αxy2k−1 + ykC(y), u = εyd, α = kc20(1− k
d ) 6= 0, d ≥ 2k + 1, ε = 1 if d is odd;

P k,εs,c : v = αxys + ys−k+1C(y) + 2εyk, u = −y2k, α = 2εkc0 6= 0, s ≥ 2k;

S2k,ε
c : v = αxy2k−1 + ykC(y), u = εy2k, α = k

2 (c
2
0 + 4ε) 6= 0;

S2k+1
c : v = αxy2k + yk+1C(y), u = y2k+1, α = 2k + 1.

Throughout we put
ξ := C(y) + αxyk−1, ξ(0, 0) = c0, (2)

so that (v, u) equals (ykξ, εyd), (2εyk+ys−k+1ξ,−y2k), (ykξ, εy2k) and (yk+1ξ, y2k+1) in the four series.
The eigenvalues λ1,2 are the roots of λ2 − vλ− u.

1.3 Results

Theorem 1.1. Let L be one of the normal forms of [BKM24b, Theorem 5.1], with any admissible
values of the parameters, or of the generic types G1–G3. The function F of Table 1 is real analytic
near the origin, is a conservation law of L, and is regular at the origin. If L(0) = J0, regularity at
the origin is the inequality Fx(0, 0) 6= 0, and the value of Fx(0, 0) is the last entry of the row. For
the series O, P and S, on the half-neighbourhood {y > 0} the law has the form f1(λ1) + f2(λ2), or
2Re f(λ) if the eigenvalues are complex, where the fi are finite sums of powers of the eigenvalue or a
logarithm; the most negative exponents are −2k−1

2k+1 for S2k+1
c , −k−1

k for S2k,ε
c and for λ1 in Od,εk,c, −

k−1
d−k

for λ2 in Od,εk,c, and − s−1
2k for P k,εs,c .
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normal form regular conservation law F Fx(0, 0)

G1 x+ y (dF ∧ L∗dF = (g − f) dx ∧ dy) –
G2 x (dx ∧ L∗dx = −g dx ∧ dy) –
G3, N2k−1, Nε

2k E(x, f ′(y)), where E(x, c) := (ecx − 1)/c and L =
(

f(y) 1
0 f(y)

)
1

Lnil, M2k−1, Mε
2k, Lnd x (for Lnd: x = trL = λ1 + λ2) 1

S3
c Φ = − 1

2 (λ
−1/3
1 +λ

−1/3
2 ), the analytic root of 8yΦ3+6Φ = c0+3x

with Φ(0, 0) = c0
6

1
2

S2k+1
c , k ≥ 2 λγ1 + λγ2 +

∑k−1
j=1

bj
2

(
λ
−2j/(2k+1)
1 + λ

−2j/(2k+1)
2

)
, γ = − 2k−1

2k+1 −(2k − 1)

S2,ε
c , real log|λ1/λ2| = 2arsinh ξ

2 (ε = 1), = 2 sgn(c0) arcosh
|ξ|
2 (ε = −1) q

S2k,ε
c , real, k ≥ 2 (λ1/ρ+)

γ − (λ2/ρ−)
γ +

∑k−1
j=1 bj(λ1/ρ+)

−j/k, γ = −k−1
k −(k − 1)q

S2,−1
c , complex arg λ = arccos ξ

2
q
2

S2k,−1
c , complex, k ≥ 2 Im(λ/ρ0)

γ +
∑k−1

j=1 bj Re(λ/ρ0)
−j/k, γ = −k−1

k − (k−1)q
2

P 1,ε
s,c

√
1 + 2εx Us−2

(√
1 + 1

4εc0y
s−1(1 + 2εx)

)
ε(s− 1)

P k,ε
s,c , k ≥ 2 Ξ +

∑k−1
j=1 bjΥj −ε(s− 1)

Od,ε
1,c log(A/c0) =

1
d

(
(d− 1) log|λ1| − log|λ2|

)
− log|c0| (d−1)c0

d

Od,ε
k,c, k ≥ 2 (λ1/c0)

−(k−1)/k − (−εc0λ2)−(k−1)/(d−k) +
∑k−1

j=1 bj(λ1/c0)
−j/k −(k − 1)c0

Conventions (the formulas in eigenvalues hold on {y > 0}; ξ is (2)). S2k+1
c : λ1 > 0 > λ2, real (2k+1)-st roots. S2k,ε

c ,
real case c20+4ε > 0: q =

√
c20 + 4ε, ρ± = 1

2
(c0±q), λ1,2 = 1

2
yk(ξ±

√
ξ2 + 4ε); the quotients λ1/ρ+, λ2/ρ− are positive

and real powers are used. S2k,−1
c , complex case c20 < 4: q =

√
4− c20, ρ0 = 1

2
(c0+iq), λ is the eigenvalue with Imλ > 0,

arg λ ∈ (0, π), and powers of λ/ρ0 are principal. P k,ε
s,c : Un is the Chebyshev polynomial of the second kind, γ = − s−1

2k
;

if εc0 > 0, the eigenvalues are real, λ± with |λ+| > |λ−|, and Ξ = (|λ+|γ−|λ−|γ)/
√
εc0, Υj = 1

2
(|λ+|−j/k+ |λ−|−j/k);

if εc0 < 0, they are complex, λ is the eigenvalue with Im(ελ) > 0, Ξ = 2 Im(ελ)γ/
√
−εc0 and Υj = Re(ελ)−j/k

with principal powers (for the other eigenvalue Ξ changes sign). Od,ε
k,c: A = 1

2
ξ
(
1 +

√
1 + 4εyd−2kξ−2

)
, λ1 = ykA,

λ2 = −εyd−k/A, so λ1/c0 > 0 and −εc0λ2 > 0. The constants bj solve the triangular system (PC) of Section 3.4;
for k = 2: b1 = 3

5
c0 (S5

c ), b1 = 0 (S4,ε
c , Od,ε

2,c ), b1 = s−1
2

(P 2,ε
s,c ).

Table 1: The regular conservation laws of Theorem 1.1.

For k ≥ 2 the constants bj are polynomials in c1, . . . , ck−2 with coefficients depending on c0 and
on the discrete parameters, given by an explicit recursion (Section 3.4); they do not depend on ck−1

(Remark 3.1).

Theorem 1.2. Let V be the space of germs at the origin of real-analytic conservation laws of L, and
VC the space of complex-valued ones; V consists of the real-valued elements of VC.

(a) For the generic types and the forms Lnil, Lnd, M , N : (G1) V = {F1(x) + F2(y)}; (G2) V is
the space of harmonic functions; (G3, Lnil, N ; L =

(
f(y) 1
0 f(y)

)
) V = {A(y) E(x, f ′(y)) +B(y)};

(M ; g(y) = εym) V = {F : Fx + g(y)Fy depends on y only} = {H(η) +
∫ x
0 φ(Y (t, η)) dt},

with the characteristics Y (t, η) of Section 4.1; (Lnd) V = {trh(L)} = {h(λ1) + h(λ2)}. Here
A,B, F1, F2,H, φ, h are arbitrary analytic germs of one variable.

(b) Let L be Od,εk,c, P
k,ε
s,c , S2k,ε

c or S2k+1
c , and let σ, T1, T2, N0 and the type be as in Table 2. Then
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series σ T1 T2 N0 type κ

S2k+1
c

√
y λ

1/(2k+1)
1 λ

1/(2k+1)
2 2k − 1 symmetric 1

S2k,ε
c , c20 + 4ε > 0 y (λ1/ρ+)

1/k (λ2/ρ−)
1/k k − 1 split q

S2k,−1
c , c20 < 4 y (λ/ρ0)

1/k T1 k − 1 split iq

Od,ε
k,c y (λ1/c0)

1/k (−εc0λ2)1/(d−k) k − 1 split c0

P k,ε
s,c , s odd y (ελ+)

1/k (ελ−)
1/k s−1

2 split 2εw(c0)

P k,ε
s,c , s even √

y (ελ+)
1/(2k) −(ελ−)

1/(2k) s− 1 symmetric εw(c0)

On {y > 0}, with the conventions of Table 1; for P k,ε
s,c with εc0 < 0, λ+ := λ, λ− := λ̄, and the roots are principal.

Each Ti is an analytic function σri of (σ, x), with r1(0, 0) = 1, and r2(0, 0) = 1 (split) or −1 (symmetric) (Section 4.2).
M := N0 + 1 and κ are the exponent and the constant of the fibre derivative (Section 4.6); w(c0) =

√
εc0 if εc0 > 0

and i
√
−εc0 otherwise.

Table 2: Uniformising functions and fibre constants for Theorem 1.2(b).

VC consists of the germs which on {y > 0} are given by

split type: c log
T1
T2

+

N0∑
n=1

(
anT

−n
1 + bnT

−n
2

)
+ g1(T1) + g2(T2),

symmetric type:
N0∑
n=1

an
(
T−n
1 + T−n

2

)
+ g(T1) + g(T2),

where g, g1, g2 are holomorphic germs at 0 ∈ C and the constants c, an, bn ∈ C satisfy the pole-
cancellation condition (PC): the restriction of the finite sum of negative powers to x = 0, which
is a Laurent series in y, has no principal part. (PC) consists of N0 (split), k−1 (S2k+1

c ) or s−2
2

(P k,εs,c , s even) independent linear equations, and each such expression extends to an analytic
germ at the origin.

As λi is a constant multiple of TNi
i , Ni ∈ {2k+1, k, d−k, 2k}, every law of O, P , S is f1(λ1)+f2(λ2)

on {y > 0}, with fi a combination of λ−n/Ni , 1 ≤ n ≤ N0, of log λ (split types) and of an analytic
function of λ1/Ni ; the most negative exponents are those of Theorem 1.1, and they decide regularity:

Corollary 1.3. In Theorem 1.2(b), Fx(0, 0) = −N0κaN0 if N0 ≥ 1, and Fx(0, 0) = κc if N0 = 0 (that
is, for S2,ε

c and Od,ε1,c), where κ 6= 0 is the constant of Table 2. Hence F is regular at the origin if and
only if aN0 6= 0, resp. c 6= 0.

1.4 What was known, and what is new

The problem and the normal forms are due to Bolsinov, Konyaev and Matveev [BKM24d, BKM24b].
By [BKM24c, Theorem 1.5], an existence theorem in the real analytic category, a regular conservation
law exists near every point, and all laws are M∗df for symmetries M and one regular law df . In
dimension two the existence also follows directly from the Cauchy–Kovalevskaya theorem: by (3) the
coefficient of Fxx in E(F ) is l12, which equals 1 at a point where L = J0, so the data F (0, y) = 0,
Fx(0, y) = 1 on the non-characteristic line {x = 0} determine a regular law. At algebraically generic
points, that is, for the types G1–G3, among them Lnil and N , which are Jordan blocks at every point,
the laws are described in [BKM24c] (see [BKM24d, §4.1]), and at differentially non-degenerate points,
as for Lnd, they are the functions trF (L) [BKM24d, §4.1]. New, to our knowledge, are the explicit
regular laws for the singular normal forms M , O, P , S and Theorem 1.2 for these forms; for G1–G3,
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Lnil, N and Lnd the results are known or elementary and are included for completeness (see “Scope
and priority” in Section 5; one survey [Bol25] was not accessible to us). The smooth category, where
the existence of regular laws is open [BKM24c], and higher dimensions are not treated.

2 Preliminaries
For a function F we have d(L∗dF ) = E(F ) dx ∧ dy with

E(F ) := ∂x
(
l12Fx + l22Fy

)
− ∂y

(
l11Fx + l21Fy

)
. (3)

If L(p) = J0, then L∗dF (p) = Fx(p) dy and dF ∧ L∗dF (p) = Fx(p)
2 dx ∧ dy. So:

Lemma 2.1. If L(p) = J0, a conservation law F is regular at p if and only if Fx(p) 6= 0. Regularity
at a point is an open condition.

If F is analytic on a connected neighbourhood W of the origin and E(F ) = 0 on a non-empty
open subset of W , then E(F ) = 0 on W , since E(F ) is analytic. We use this to pass from the
half-neighbourhood {y > 0} to a full neighbourhood.

Lemma 2.2 (eigenvalue functions). Let L be a member of the series O, P , S, or L = Lnd with
(v, u) = (x, y). Then L∗dv = v dv+du and L∗du = u dv. If λ is a real or complex valued C1 function
on an open set U with λ2 = vλ+ u and 2λ 6= v on U , then L∗dλ = λ dλ on U . Hence, if h is C2 on
the range of λ (holomorphic, if λ is complex valued), then L∗d(h◦λ) = d(h̃◦λ) with h̃′(t) = th′(t). In
particular h1(λ1) + h2(λ2) is a conservation law wherever the eigenvalues are real and distinct, and
2Reh(λ) is one wherever they are complex conjugate.

Proof. Formula (1) says JL = ( v 1
u 0 ) J . The rows of J are dv and du and the rows of JL are L∗dv and

L∗du, so the two identities hold where det J 6= 0, hence everywhere, as both sides are polynomial. For
Lnd they are read off the matrix. Differentiating λ2 = vλ+ u gives (2λ− v) dλ = λ dv+du; applying
L∗, which is linear over functions,

(2λ− v)L∗dλ = λ(v dv + du) + u dv = λ2dv + λ du = λ(2λ− v) dλ.

Then L∗d(h ◦ λ) = h′(λ)λ dλ = d(h̃ ◦ λ), a closed form.

Lemma 2.3 (Hadamard). Let H(ξ, y) be analytic near (c0, 0), let m ≥ 0 be an integer such that ∂ξH
is divisible by ym, and let j ≤ k − 1 +m be an integer. Then, with ξ as in (2),

y−jH(ξ, y) = y−jH(C(y), y) + αx yk−1+m−jK(x, y)

with K analytic near the origin and K(0, 0) = (y−m∂ξH)(c0, 0). Consequently, for finitely many such
terms (with mt, jt) put

F :=
∑
t

aty
−jtHt(ξ, y) (y > 0), Λ(y) :=

∑
t

aty
−jtHt(C(y), y).

Then Λ is a convergent Laurent series, F − Λ is analytic near the origin, F extends to an ana-
lytic function near the origin if and only if Λ has no principal part, and in that case Fx(0, 0) =
α
∑

jt=k−1+mt
at (y

−mt∂ξHt)(c0, 0).

Proof. By (2), ξ − C(y) = αxyk−1, and H(ξ, y) − H(C(y), y) = (ξ − C(y))
∫ 1
0 ∂ξH(C(y) + τ(ξ −

C(y)), y) dτ ; the integral is ym times an analytic function K with the stated value at the origin. The
x-derivative of αxyk−1+m−jK at the origin is αK(0, 0) if j = k − 1 +m and 0 if j < k − 1 +m. The
function yJΛ(y), J = maxt jt, is analytic at 0, so Λ is a convergent Laurent series, and it is analytic
at 0 if and only if F = Λ+ (F − Λ) extends analytically.
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We shall use the even functions of z

Sg(Z) :=
sinh(g arsinh z)

z
, Cg(Z) := cosh(g arsinh z), Z = z2,

which are analytic for |Z| < 1, with Sg(0) = g, Cg(0) = 1; the Taylor coefficients of f = zSg(z2) and
f = Cg(z2) in z follow from (1 + z2)f ′′ + zf ′ − g2f = 0, that is, fn+2 = (g2 − n2)fn/((n+ 1)(n+ 2)).
Since arsinh(it) = i arcsin t, we have sin(g arcsin t) = tSg(−t2) and cos(g arcsin t) = Cg(−t2); and
sinh(nθ) = sinh θ Un−1(cosh θ) gives S−n(Z) = −Un−1(

√
1 + Z) for integers n ≥ 1.

3 Proof of Theorem 1.1

3.1 Generic types and elementary forms

For L =
(
f(y) 1
0 f(y)

)
(G3, Lnil with f = 0, N) we have L∗dF = fFx dx+ (Fx + fFy) dy and

E(F ) = Fxx − f ′(y)Fx. (4)

The function F = E(x, f ′(y)) is analytic, as E(x, c) =
∑

n≥1 c
n−1xn/n! is entire, and Fx = ef

′(y)x,
Fxx = f ′(y)Fx; so E(F ) = 0 and Fx 6= 0 everywhere, which is regularity at every point by Lemma 2.1
applied to L − f(y0)Id. For Lnil and M the first row of L is (0, 1), so L∗dx = dy; for Lnd, L∗dx =
x dx+ dy = d(12x

2 + y). For G1, L∗dF = fFx dx+ gFy dy, so E(F ) = (g − f)Fxy and E(x+ y) = 0,
with dF ∧ L∗dF = (g − f) dx ∧ dy 6= 0. For G2, L∗dx = f dx− g dy is closed because fy = −gx, and
dx ∧ L∗dx = −g dx ∧ dy 6= 0.

3.2 The eigenvalues on {y > 0}

In each series we write the eigenvalues as functions of (ξ, y); that their sum is v and their product
−u is checked directly from the expressions of (v, u) after (2). They are distinct and non-zero for
small y > 0. (S2k+1

c ) With s =
√
y and µ := arsinh(sξ/2): λ1 = s2k+1eµ, λ2 = −s2k+1e−µ. (S2k,ε

c ,
c20+4ε > 0) λ1,2 = ykρ±(ξ) with ρ±(ξ) = 1

2(ξ±
√
ξ2 + 4ε), ρ±(c0) = ρ± and ρ′±/ρ± = ±(ξ2+4ε)−1/2.

(S2k,−1
c , c20 < 4) λ = ykeiθ(ξ), θ(ξ) = arccos ξ2 ∈ (0, π), θ′ = −(4−ξ2)−1/2. (P k,εs,c ) Put e := s−2k+1 ≥ 1

and Z := 1
4εy

eξ; then v = 2εyk(1 + 2Z) and −u = y2k. If εc0 > 0, then Z > 0 and λ± = εyke±φ

with coshφ = 1 + 2Z, φ = 2arsinh
√
Z; if εc0 < 0, then Z < 0 and ελ = ykeiψ with cosψ = 1 + 2Z,

ψ = 2arcsin
√
−Z ∈ (0, π). (Od,εk,c) A is the root of A2 − ξA − εyd−2k = 0 with A(ξ, 0) = ξ, analytic

near (c0, 0) as c0 6= 0 and d− 2k ≥ 1; λ1 = ykA, λ2 = −εyd−k/A.

3.3 The terms of the laws

On {y > 0} every term of a law in Table 1 is of the form y−jH(ξ, y) with H analytic near (c0, 0).
(S2k+1
c ) As sinh(g arsinh sξ

2 ) = sξ
2 Sg(

yξ2

4 ), for odd n we get λn/(2k+1)
1 + λ

n/(2k+1)
2 = 2sn sinh nµ

2k+1 =

y(n+1)/2ξ Sn/(2k+1)(
yξ2

4 ), and for even n the sum is 2yn/2Cn/(2k+1)(
yξ2

4 ). The leading term (n = 1−2k) is
y−(k−1)H0 with H0 = ξ Sγ(yξ

2

4 ), and the j-th correction term (with its factor 1
2) is y−jC−2j/(2k+1)(

yξ2

4 ).
(S2k,ε
c ) In the real case (λ1,2/ρ±)

a = yka(ρ±(ξ)/ρ±)
a, so H0 = (ρ+(ξ)/ρ+)

γ − (ρ−(ξ)/ρ−)
γ , Hj =

(ρ+(ξ)/ρ+)
−j/k, and log|λ1/λ2| = log|ρ+(ξ)/ρ−(ξ)|. In the complex case (λ/ρ0)

a = ykaeia(θ(ξ)−θ(c0)),
so H0 = sin(γ(θ(ξ) − θ(c0))), Hj = cos( jk (θ(ξ) − θ(c0))), and arg λ = θ(ξ). (P k,εs,c ) If εc0 > 0, then
1
2(|λ+|

γ − |λ−|γ) = ykγ sinh(2γ arsinh
√
Z) = ykγ

√
Z S2γ(Z) and 1

2(|λ+|
a + |λ−|a) = ykaC2a(Z). Since

2
√
Z = ye/2

√
εc0 ω with ω :=

√
ξ/c0, and kγ + e

2 = −(k − 1), we obtain

Ξ = y−(k−1) ω S−(s−1)/k(Z), Υj = y−j C−2j/k(Z). (5)
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If εc0 < 0, then (ελ)a = ykaeiaψ, Im(ελ)γ = ykγ sin(2γ arcsin
√
−Z) = ykγ

√
−Z S2γ(Z), Re(ελ)a =

ykaC2a(Z) and 2
√
−Z = ye/2

√
−εc0 ω, which gives (5) again. (Od,εk,c) (λ1/c0)

a = yka(A/c0)
a and

(−εc0λ2)b = y(d−k)b(A/c0)
−b, so H0 = (A/c0)

−(k−1)/k − (A/c0)
(k−1)/(d−k), Hj = (A/c0)

−j/k, and
log(A/c0) =

1
d((d− k) log|λ1| − k log|λ2|)− log|c0|.

In all cases the leading term has j = k − 1, the j-th correction term has Hj(c0, 0) = 1, and (i) in
S2k+1
c and P k,εs,c the correction terms depend on ξ only through yξ2 resp. yeξ, so that ∂ξHj is divisible

by y; (ii) in S2k,ε
c and Od,εk,c, H0(c0, 0) = 0.

3.4 End of the proof

Each term is f1(λ1)+ f2(λ2) or 2Re f(λ) with fi smooth on the range of the eigenvalue, which avoids
0, so F is a conservation law on {y > 0} by Lemma 2.2. We apply Lemma 2.3 with m = 0 to all terms.
Let ht,i be the coefficient of yi in Ht(C(y), y) (t = 0 for the leading term, t = j for the corrections).
As hj,0 = 1, the coefficient of y−i, 1 ≤ i ≤ k− 1, in Λ(y) = y−(k−1)H0(C(y), y)+

∑
j bjy

−jHj(C(y), y)
is bi +

∑
j>i bjhj,j−i + h0,k−1−i, and the pole-cancellation system

bi = −h0,k−1−i −
k−1∑
j=i+1

bjhj,j−i, i = k − 1, k − 2, . . . , 1, (PC)

is triangular with unit pivots and has a unique solution. With these bj , F extends analytically to a
neighbourhood of the origin, and E(F ) = 0 there because it vanishes on {y > 0}. By Lemma 2.3,
Fx(0, 0) = α

∑
jt=k−1 at ∂ξHt(c0, 0). The correction with j = k−1 does not contribute: by (i) in S2k+1

c

and P , and in S2k,ε
c and O because bk−1 = −h0,0 = −H0(c0, 0) = 0 by (ii). So Fx(0, 0) = α∂ξH0(c0, 0),

which is (2k + 1)Sγ(0) = −(2k − 1) for S2k+1
c ; k

2q
2 · γ(ρ′+/ρ+ − ρ′−/ρ−)(c0) =

k
2q

2 · 2γ
q = −(k − 1)q

for S2k,ε
c (real) and −k

2q
2 · γθ′(c0) = − (k−1)q

2 (complex); 2εkc0 · ω′(c0)S2γ(0) = 2εkc0 · γc0 = −ε(s− 1)

for P ; and kc20
d−k
d ·

(
−k−1

k − k−1
d−k

)
1
c0

= −(k − 1)c0 for O, as ∂ξA(c0, 0) = 1. For k = 1 there are
no corrections and F = H0 with j = 0: for S2,ε

c , F = log|ρ+(ξ)/ρ−(ξ)| and Fx(0, 0) = α · 2
q = q, or

F = θ(ξ) and Fx(0, 0) = αθ′(c0) =
q
2 ; for Od,ε1,c , Fx(0, 0) = α/c0 = d−1

d c0; S3
c and P 1,ε

s,c are treated in
Section 3.5. All values are non-zero, since q 6= 0, c0 6= 0 for O and P , and s ≥ 2; so F is regular by
Lemma 2.1. The exponents in the statement are read off Table 1.
Remark 3.1. Let k ≥ 2. The coefficients ht,i entering (PC) have i ≤ k − 2, and the coefficient of
yi in Ht(C(y), y) is a polynomial in c1, . . . , ci; so the bj are polynomials in c1, . . . , ck−2 and do not
depend on ck−1. This agrees with the fact that moving the base point along {y = 0} to (x0, 0), that
is, putting x′ = x− x0, turns L into the same normal form with ck−1 replaced by ck−1 +αx0 and the
other parameters unchanged [BKM24b, §5, the paragraph between Remark 5.5 and Proposition 5.6]
(in the arXiv version, the corresponding paragraph of Section 6): ξ, every Ht(ξ, y) and the bj are
unchanged, so the law of Table 1 is the same function in both coordinate systems.

3.5 Closed forms for k = 1

Here ξ = c0 + αx. (S3
c , α = 3.) The function F = λ

−1/3
1 + λ

−1/3
2 = ξ S−1/3(

yξ2

4 ) is analytic. With
S = sinh µ

3 we have F = s−1(e−µ/3−eµ/3) = −2S/s, so Φ := −1
2F = S/s, and sinhµ = 3S+4S3 gives

sξ
2 = 3sΦ+4s3Φ3, that is, 8yΦ3+6Φ = c0+3x on {y > 0}, hence everywhere. As Φ(0, 0) = c0/6 and
the derivative of the cubic in Φ there is 6, Φ is the analytic root given by the implicit function theorem,
and Φx(0, 0) = 3

6 = 1
2 . (S2,ε

c .) For ε = 1, ρ+(ξ) = earsinh(ξ/2) and ρ−(ξ) = −1/ρ+(ξ); for ε = −1,
ρ+(ξ)ρ−(ξ) = 1 and ρ±(ξ) = sgn(c0)e

± sgn(c0) arcosh(|ξ|/2). This gives the entries of Table 1. (P 1,ε
s,c .) Here

ξ = c0(1 + 2εx), ω =
√
1 + 2εx, Z = 1

4εc0y
s−1(1 + 2εx), and (5) with S−(s−1)(Z) = −Us−2(

√
1 + Z)
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(Section 2) shows that the entry of Table 1 is −Ξ; so it is a regular law with Fx(0, 0) = ε(s − 1).
(Od,ε1,c .) A/c0 = 1

2(1 + αx/c0)
(
1 + (1 + 4εyd−2(c0 + αx)−2)1/2

)
with α = c20(d− 1)/d.

4 Proof of Theorem 1.2

4.1 Part (a)

If λ1, λ2 are functions with L∗dλi = λi dλi and dλ1 ∧ dλ2 6= 0, and F = G(λ1, λ2), then L∗dF =
λ1G1 dλ1 + λ2G2 dλ2 and

d(L∗dF ) = (λ2 − λ1)G12 dλ1 ∧ dλ2. (6)

(G1) E(F ) = (g−f)Fxy, so Fxy = 0. (G2) By the Cauchy–Riemann equations E(F ) = −g(Fxx+Fyy).
(G3, Lnil, N) By (4), Fx = A(y)ef

′(y)x, that is, F = A(y)E(x, f ′(y)) + B(y). (M) Here E(F ) =
∂x(Fx + gFy), so F is a law if and only if φ := Fx + g(y)Fy depends on y only. The solution of
dy/dx = g(y) through (0, η) is Y (x, η) = ηex if m = 1 and Y (x, η) = η(1 − ε(m − 1)xηm−1)−1/(m−1)

if m ≥ 2, and η(x, y) = ye−x resp. y(1 + ε(m− 1)xym−1)−1/(m−1); along it d
dxF (x, Y ) = φ(Y ). Hence

F = H(η) +
∫ x
0 φ(Y (t, η)) dt with H(η) = F (0, η), and conversely every such function, with H, φ

analytic, is an analytic law. (Lnd) The function G(l1, l2) := F (l1+ l2,−l1l2) is analytic and symmetric.
Where x2 + 4y > 0 the eigenvalues are real, distinct and coordinates, F = G(λ1, λ2), and Lemma 2.2
and (6) show that E(F ) = 0 forces G12 = 0 on an open set, hence everywhere. So G = h1(l1)+h2(l2),
and by symmetry h1 − h2 is constant; thus F = h(λ1) + h(λ2) + const = tr h(L) + const. Conversely
trh(L) is analytic and a law by Lemma 2.2. This recovers the description of [BKM24d, §4.1] at
differentially non-degenerate points.

4.2 The uniformising functions

Put N := 1, σ := y in the split types and N := 2, σ := s =
√
y in the symmetric types, and let

w(ξ) :=
√
εξ be the branch near c0 with w(c0) =

√
εc0 if εc0 > 0 and w(c0) = i

√
−εc0 if εc0 < 0.

By Section 3.2, on {y > 0} the functions of Table 2 are: T1 = s eµ/(2k+1), T2 = −s e−µ/(2k+1) with
µ = arsinh sξ

2 (S2k+1
c ); T1,2 = y (ρ±(ξ)/ρ±)

1/k, resp. T1,2 = y e±i(θ(ξ)−θ(c0))/k (S2k,ε
c , real resp. complex

case); T1 = y (A/c0)
1/k, T2 = y (A/c0)

−1/(d−k) (Od,εk,c); and for P k,εs,c

T± = y exp
(
± 2
k arsinh

ye/2w(ξ)
2

)
(s odd), T± = ±s exp

(
± 1
k arsinh

sew(ξ)
2

)
(s even),

where for P we used φ = 2arsinh(ye/2w(ξ)/2) in the real case and arsinh(it) = i arcsin t in the
complex case. We use these formulas as definitions on a complex polydisc around (σ, x) = (0, 0),
where ξ = C(σN ) + αxσN(k−1). Thus Ti = σri with ri analytic near (σ, x) = (0, 0) (an analytic
function of (ξ, σ) near (c0, 0)), r1(0, 0) = 1, and r2(0, 0) = 1 in the split, −1 in the symmetric types;
λi = κiT

Ni
i with non-zero constants κi and Ni ∈ {2k + 1, k, d − k, 2k}. In the symmetric types

T1(−s, x) = T2(s, x), because ξ is even and µ, resp. arsinh(sew/2) with e odd, is odd in s.

4.3 The inclusion ⊇

Conservation laws. Each term is h1(λ1) + h2(λ2) with hi holomorphic on the range of the eigenvalue,
which avoids 0; by Lemma 2.2, which holds verbatim for complex valued hi and for λ2 = λ̄1, it is a
conservation law on {y > 0}, hence near the origin once it is analytic there.

Analytic parts. In the split types gi(Ti) = gi(yri) and log(T1/T2) = log(r1/r2) are analytic at the
origin. In the symmetric types g(T1) + g(T2) is analytic in (s, x) and, by the swap, even in s, hence
analytic in (x, y).
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Principal parts. Every negative power, or the combinations below, is y−jH(ξ, y) as in Lemma 2.3.
(S2k,ε
c , O) T−n

i = y−nr−ni , with j = n ≤ k − 1, m = 0. (P , s odd) T−n
+ + T−n

− = 2y−nC2n/k(Z)
(j = n, m = e) and T−n

+ − T−n
− = −y−n+e/2w(ξ)S2n/k(Z) (j = n − e

2 , m = 0), where n ≤ s−1
2 =

k − 1 + e
2 . (S2k+1

c ) T−n
1 + T−n

2 = −y(1−n)/2ξ Sn/(2k+1)(
yξ2

4 ) for odd n (j = n−1
2 ≤ k − 1, m =

0), and 2y−n/2Cn/(2k+1)(
yξ2

4 ) for even n (j = n
2 ≤ k − 1, m = 1). (P , s even) T−n

+ + T−n
− =

−y(e−n)/2w(ξ)Sn/k(Z) for odd n (j = n−e
2 ≤ k − 1, m = 0), and 2y−n/2Cn/k(Z) for even n (j = n

2 ≤
s−2
2 ≤ k − 1 + e, m = e). By Lemma 2.3 the finite sum of negative powers differs from its restriction

to x = 0, a Laurent series in y, by an analytic function, and (PC) makes it analytic. At x = 0 the
term of index n has a pole of order exactly n with leading coefficient 1 in the split types. In the
symmetric types the term of even index n has a pole of order exactly n

2 with leading coefficient 2,
and the term of odd index n has a pole of order at most n−1

2 (S2k+1
c ) resp. n−e

2 (P , s even; no pole if
n < e); its order can be smaller, for instance for S2k+1

c with c0 = 0. So the equation for the coefficient
of y−i involves ai + bi (split), resp. a2i (symmetric), and otherwise only terms of larger index: (PC)
is a triangular system of N0, k − 1, resp. s−2

2 independent equations.

4.4 The inclusion ⊆

Lemma 4.1. Let f be holomorphic on a disc D(z0, R) ⊂ C and a 6= 0 with |f ′−a| ≤ 1
2 |a| on D(z0, R).

Then f is injective on D(z0, R) and f(D(z0, R)) ⊇ D(f(z0),
1
2 |a|R).

Proof. For z 6= z′ in the disc, |f(z)− f(z′)− a(z− z′)| ≤ 1
2 |a||z− z′|, so f(z) 6= f(z′). If |w− f(z0)| <

1
2 |a|R

′ with R′ < R, then on |z − z0| = R′ we have |(f(z)− w)− (a(z − z0) + f(z0)− w)| ≤ 1
2 |a|R

′ <
|a(z−z0)+f(z0)−w|, and by Rouché’s theorem f−w has a zero in D(z0, R

′), as a(z−z0)+f(z0)−w
has one there.

We use four properties of T1, T2, proved in Sections 4.5 and 4.6: for all sufficiently small ρ, r > 0,
on Ω0 := {|σ| < ρ, |x| < r} ⊂ C2,

(I) Ψ := (T1, T2) is injective on Ω := Ω0 ∩ {σ 6= 0};

(II) |∂σTi − ri(0, 0)| ≤ 1
2 ;

(III) D1 := ∂xT1 − ∂σT1 ∂xT2/∂σT2 = κσM (1 + ϵ1) and D2 := ∂xT2 − ∂σT2 ∂xT1/∂σT1 =
−r2(0, 0)κσM (1 + ϵ2) with |ϵi| ≤ 1

4 , where M := N0 + 1 and κ 6= 0 are given in Table 2;

(IV) |∂xTi| ≤ C0|σ| |∂σTi| for a constant C0.

By (II), |Ti/σ − ri(0, 0)| ≤ 1
2 , so 1

2 |σ| ≤ |Ti| ≤ 3
2 |σ| on Ω0.

Let F ∈ VC. Its complexification is holomorphic on a polydisc in C2, bounded there by some K,
and satisfies E(F ) = 0. Choose ρ, r as above and so small that (x, σN ) stays in that polydisc, and
put F̂ (σ, x) := F (x, σN ) on Ω0.

Step 1. By (I), Ψ is a biholomorphism of Ω onto the open set D := Ψ(Ω) (an injective holomorphic
map between open subsets of C2 has a holomorphic inverse), and D is connected. The function
G := F̂ ◦Ψ−1 is holomorphic on D and |G| ≤ K.

Step 2. Put λi := κiT
Ni
i on Ω. On the real part {0 < σ < ρ, |x| < r} these are the eigenvalue

functions, so λ1 + λ2 = v and λ1λ2 = −u there, hence on Ω. On Ω the discriminant v2 +4u, which is
y2k(ξ2 + 4εyd−2k), 16y2kZ(1 +Z), y2k(ξ2 + 4ε), y2k+1(4 + yξ2) for O, P , S2k, S2k+1, does not vanish,
nor do the λi. Near each point of Ω, (x, y) = (x, σN ) are coordinates, Lemma 2.2 gives L∗dλi = λi dλi,
and dλ1 ∧ dλ2 6= 0 since Ti 6= 0 and Ψ is biholomorphic. By (6), E(F ) = 0 gives ∂2G/∂T1∂T2 = 0 on
D.
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Step 3 (fibre lemma). For fixed x, the map σ 7→ T1(σ, x) is injective on |σ| < ρ and its image
contains D(0, ρ2), by (II) and Lemma 4.1 with R = ρ, |a| = 1. So for 0 < |t| < ρ

2 the set Ψ−1({T1 = t})
is the graph {(σ1(t, x), x) : |x| < r} of a holomorphic function, hence connected, and ∂G/∂T1, whose
T2-derivative vanishes, is constant on {T1 = t}∩D. This defines a holomorphic function χ1 on 0 < |t| <
ρ
2 with ∂G/∂T1 = χ1(T1). We bound it for 0 < |t| < ρ

6 . Let σ0 := σ1(t, 0) and T ∗
2 := T2(σ0, 0); then

|σ0| ≤ 2|t| and |T ∗
2 | ≤ 3

2 |σ0| ≤ 3|t| < ρ
2 . Applied to T2, the same argument shows that {T2 = T ∗

2 } ∩ Ω
is the graph of σ(x) := σ2(T

∗
2 , x), |x| < r, and |σ(x)| ≤ 2|T ∗

2 | ≤ 6|t| < ρ: the level set stays inside
Ω. Along it, τ(x) := T1(σ(x), x) satisfies τ(0) = t, (τ(x), T ∗

2 ) ∈ D and |G(τ(x), T ∗
2 )| ≤ K, and

τ ′ = D1(σ(x), x) because σ′ = −∂xT2/∂σT2. By (IV), |σ′/σ| ≤ C0, so |σ(x)/σ0 − 1| ≤ eC0|x| − 1 ≤ 1
8M

for |x| ≤ R := min{r, C−1
0 log(1 + 1

8M )}. With a := κσM0 , (III) gives on D(0, R)

|τ ′/a− 1| ≤ 5
4

(
(1 + 1

8M )M − 1
)
+ 1

4 ≤ 5
4(e

1/8 − 1) + 1
4 <

1
2 .

By Lemma 4.1, τ(D(0, R)) ⊇ D(t, 12 |κ||σ0|
MR), so G(·, T ∗

2 ) is holomorphic and bounded by K on that
disc, and Cauchy’s estimate gives

|χ1(t)| = |∂T1G(t, T ∗
2 )| ≤

2K

|κ|R|σ0|M
≤ 2K(3/2)M

|κ|R
|t|−M .

The same argument with T1 and T2 exchanged, using D2, gives the bound for χ2. By Riemann’s
theorem tMχi(t) extends holomorphically to t = 0: χi has at most a pole of order M at 0.

Step 4 (monodromy). On Ω′ := {0 < |σ| < ρ
3 , |x| < r} we have |Ti| < ρ

2 , so on the connected set
D′ := Ψ(Ω′), dG = χ1(T1) dT1 + χ2(T2) dT2. Along the loop θ 7→ (σ∗e

iθ, x∗) in Ω′ both Ti = σri wind
once around 0, since |arg(±ri)| < π

6 by (II). As G is single valued, 0 =
∮
dG = 2πi(res0 χ1 + res0 χ2).

Split type: let c := res0 χ1 = − res0 χ2 and let Hi be the Laurent series with H ′
i = χi ∓ c/t, a pole of

order at most M − 1 = N0 and no constant term. The function log(T1/T2) := log(r1/r2) (principal
branch) is holomorphic on Ω′ with differential dT1/T1−dT2/T2. So G−c log(T1/T2)−H1(T1)−H2(T2)
has zero differential on D′ and is constant. Symmetric type: F̂ is even in s, Ω′ is invariant under
s 7→ −s, and this map exchanges T1 and T2; so G(w1, w2) = G(w2, w1) on D′, χ1 = χ2 =: χ, the
residue of χ vanishes, and G = H(T1) +H(T2) + const with H ′ = χ, a pole of order at most N0.

Step 5. Writing Hi (resp. H) as its principal part plus a holomorphic germ, we obtain the form
of Theorem 1.2(b) on Ω′, in particular on {y > 0}. The logarithm and the holomorphic parts are
analytic at the origin (Section 4.3), hence so is the sum of negative powers, and by Lemma 2.3 it
satisfies (PC). This proves Theorem 1.2(b).

4.5 Injectivity

S2k,ε
c and O. As functions of (ξ, y) near (c0, 0), the map (ξ, y) 7→ (R, T2), R := r1/r2, has Jacobian

determinant ∂ξR(c0, 0) = (∂ξr1 − ∂ξr2)(c0, 0) at (c0, 0), which is 2
kq , − 2i

kq and d
k(d−k)c0 for S2k,ε

c (real
and complex) and O, by Section 3.2 and ∂ξA(c0, 0) = 1. So it is injective near (c0, 0); (T1, T2) =
(RT2, T2) determines (R, T2) as T2 6= 0; and (x, y) 7→ (ξ, y) is injective on {y 6= 0}. P , s odd.
T+T− = y2 determines y up to sign, and the sign by (II), since T−/y is close to 1. Then T+/T− =

exp( 4k arsinh
ye/2w(ξ)

2 ) with a small exponent determines ye/2w(ξ), hence w(ξ)2 = εξ and x. Symmetric
types. T1T2 = −s2 determines s up to sign, and the sign by (II). Then −T1/T2 = e2µ/(2k+1), resp.
e

2
k
arsinh(sew(ξ)/2), with a small exponent determines sξ, resp. sew(ξ), hence ξ and x.

4.6 The fibre derivative

Write Ti = σri(ξ, σ) with ξ = C(σN ) + αxσN(k−1) and ri analytic near (c0, 0). Then

∂xTi = ασ1+N(k−1)∂ξri, ∂σTi = ri + σ
(
∂ξri ∂σξ + ∂σri

)
.
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At (σ, x) = (0, 0), ∂σTi = ri(0, 0) = ±1; this gives (II) by continuity, and (IV) since |∂xTi| ≤ C|σ|. As
∂σT2 6= 0 near (0, 0), the function

D1 = ασ1+N(k−1)
[
∂ξr1 − ∂ξr2

∂σT1
∂σT2

]
(7)

is analytic on a polydisc around (σ, x) = (0, 0), including σ = 0. We show D1 = σMh(σ, x) with h
analytic and h(0, 0) = κ 6= 0; then |h/κ − 1| ≤ 1

4 on a smaller polydisc by continuity, and the same
holds for D2 = −(∂σT2/∂σT1)D1, whose factor tends to −r2(0, 0); this is (III). (S2k,ε

c , O; N = 1)
The bracket in (7) is analytic with value ∂ξR(c0, 0) at the origin, as ∂σT1/∂σT2 → r1/r2 = 1; so
M = k and κ = α∂ξR(c0, 0), that is q, iq and c0. (S2k+1

c ; N = 2) Here r1 = eµ
′ , r2 = −e−µ′ with

µ′ = 1
2k+1 arsinh

sξ
2 , so ∂ξr1 = eµ

′
∂ξµ

′, ∂ξr2 = e−µ
′
∂ξµ

′, ∂ξµ′ = s
2(2k+1)(1 +

yξ2

4 )−1/2, and the bracket
is ∂ξµ′ [eµ

′ − e−µ
′
∂sT1/∂sT2], where the last factor tends to 1 − (−1) = 2. So D1 = (2k + 1)s2k−1 ·

s
2(2k+1) · 2 (1+O(|s|+ |x|)): M = 2k, κ = 1. (P , s odd; N = 1) Here r± = e±ν

′ , ν ′ = 2
k arsinh

ye/2w(ξ)
2 ,

∂ξr± = ±r±∂ξν ′, ∂ξν ′ = 1
ky

e/2w′(ξ)(1 + Z)−1/2, and the bracket is ∂ξν ′[r+ + r−∂yT+/∂yT−], the
last factor tending to 2. So M = k + e

2 = s+1
2 and κ = 2α

k w
′(c0) = 2εw(c0), using w′ = ε/(2w)

and c0/w(c0) = εw(c0). (P , s even; N = 2) Here r± = ±e±ν , ν = 1
k arsinh

sew(ξ)
2 , ∂ξr± = e±ν∂ξν,

∂ξν = 1
2ks

ew′(ξ)(1 + Z)−1/2, and the bracket is ∂ξν[eν − e−ν∂sT+/∂sT−], the last factor tending to 2.
So M = 2k − 1 + e = s and κ = α

kw
′(c0) = εw(c0). In every case M = N0 + 1 (Table 2). For k = 1

the function h(0, x) depends on x, which is harmless.

4.7 Proof of Corollary 1.3

We compute Fx(0, 0) with Lemma 2.3, using the representations of Section 4.3. The holomorphic
parts do not contribute: in the split types gi(Ti) = gi(yri) has j = 0 and ∂ξ divisible by y, and in
the symmetric types ∂xTi = O(σ). The logarithm log(r1/r2) has j = 0, m = 0 in S2k,ε

c and O, so it
contributes c α ∂ξR(c0, 0) = cκ when k = 1 and nothing when k ≥ 2; in P , s odd, ∂ξ of log(T+/T−) =
4
k arsinh

ye/2w
2 is divisible by ye/2 and there is no contribution. Among the negative powers only

the index n = N0 contributes: in S2k,ε
c and O, (PC) gives aN0 + bN0 = 0, and the contribution is

−N0α(aN0∂ξr1 + bN0∂ξr2)(c0, 0) = −N0κaN0 ; in P , s odd, only −1
2(aN0 − bN0)y

−(k−1)w(ξ)S2N0/k(Z)

contributes, with bN0 = −aN0 by (PC), giving −αaN0w
′(c0)

2N0
k = −N0κaN0 ; in S2k+1

c the odd term
n = N0 = 2k − 1 gives −αaN0SN0/(2k+1)(0) = −N0aN0 ; in P , s even, the odd term n = N0 = s − 1

gives −αaN0w
′(c0)

N0
k = −N0κaN0 . The even terms of the symmetric types and the sums T−n

+ + T−n
−

in P , s odd, have m ≥ 1 and j < k − 1 +m.
For the laws of Table 1 one finds aN0 = 1 (S2k+1

c , S2k,ε
c real and O, k ≥ 2), −1

2 (S3
c ), 1

2i (S2k,−1
c ,

k ≥ 2), ±1/w(c0) (P ; − for k = 1), and c = 1, 1
2i ,

d−1
d for S2,ε

c (real, complex) and Od,ε1,c , in agreement
with the last column of Table 1.

5 Computations and reproducibility
No theorem depends on a computation. The program check_note.py of this note (standard library,
exact arithmetic over Q and Q(i), about 20 seconds; 355 checks, all passed) checks in the notation
of the note: the series O, P , S rebuilt by (1) (112 parameter sets with k ≤ 4) and Lnil, Lnd, M , N ;
Theorem 1.1 for these 112 sets as exact series in the box x≤6y≤9 ((PC), no poles, E(F ) = 0, Fx(0, 0)),
the quoted bj , Remark 3.1 and three negative controls; the closed forms of Section 3.5 (38 instances);
the factorisation of D1 with the constants of Table 2 (25 instances); Theorem 1.2(b) and Corollary 1.3
on 5-jets (16 instances: the 5-jets of formal solutions form a space of dimension 11 = 2N +1, spanned
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by the generators of Theorem 1.2(b), but not without their negative powers); and Theorem 1.2(a).
The package also contains the programs with which the results were first obtained (original/, with
SymPy and mpmath; among them Theorem 1.1 as exact series to total degree 9 in 124 instances, and
the jet count in 23), run again when the note was written with outputs identical to the recorded ones
(about three minutes in all), and the programs and outputs of the three verification runs described
next (verification_run_A/, verification_run_B/, independent_run_2/).

Verification. The results were first obtained with written proofs and the programs in original/.
Two independent verification runs, both AI-assisted, followed; each re-derived the proofs and wrote
its own programs, and neither read the other’s report. The first compared the statement and the
normal forms with [BKM24d], both versions of [BKM24b], and [BKM24c], re-derived all proofs, and
checked 20 normal forms, the closed forms (26 instances), Theorem 1.1 as exact series (29 instances,
k ≤ 4), the formulas in eigenvalues to 40 digits (34), the exponents and constants of Section 4.6 (25),
and the jet count (18, N = 6). The second checked Theorem 1.1 with its own exact series package
in 160 instances with k ≤ 6 (boxes up to x≤10y≤16, with negative controls), the closed forms and
Lemma 2.2 symbolically, the factorisation of D1 (32 instances) and the jet count (39, N = 8); it ran
the programs of original/ again with byte-identical outputs, and repeated the literature search and
the Crossref check of the bibliography. Neither run found a mathematical error. Both required the
general computation of the fibre derivative (Section 4.6); their other corrections, all made, concerned
the number of instances (124, not 125), the reference for the shift of ck−1 (Remark 3.1), the branch
conventions of Table 1, the description of [Akp22], journal versions, the regularity criterion (Corol-
lary 1.3, optional) and the survey [Bol25]. Section 4.6, Corollary 1.3, Remark 3.1 and check_note.py
were written with the note from the computations of the two runs.

A third independent verification run, also AI-assisted, then examined the note as written. It
compared the statement, the normal forms and the cited theorems with [BKM24d], both versions
of [BKM24b] and [BKM24c] once more, re-derived every proof line by line, including the radii and
constants of the fibre lemma and of Section 4.6, and wrote its own programs (independent_run_2/).
These compute the eigenvalues as exact Puiseux series from the characteristic equation with the
conventions of Table 1 and form the laws from them, without the representations of Section 3.3 and
without the recursion (PC); they check Theorem 1.1 in 113 instances with k ≤ 4 (no poles, E(F ) = 0
in boxes from x≤2y<14 to x≤2y<32, Fx(0, 0), the quoted bj and Remark 3.1), the closed forms (38
instances), and Table 2, the factorisation of D1, the rank of (PC), Corollary 1.3 and the jet count
in 36 instances with k ≤ 3, as well as Theorem 1.2(a). The run also re-ran check_note.py and
the programs of original/, with outputs identical to the recorded ones, and repeated the literature
search. It found no mathematical error. It required three corrections of the text, which were made:
the statement of novelty is restricted to M , O, P and S (the forms Lnil and N are algebraically
generic), a sentence on pole orders in Section 4.3 now says “at most” for the terms of odd index, and
the description of [Akp22] was corrected.

Scope and priority. The note answers both parts of Problem 4.3 of [BKM24d] in the real analytic
category; the smooth category and higher dimensions are not treated. The problem, the normal
forms and (1) are due to Bolsinov, Konyaev and Matveev [BKM24d, BKM24b]; the existence of
regular laws is [BKM24c, Theorem 1.5]; the laws at algebraically generic points are described in
[BKM24c] (see [BKM24d, §4.1]), and at differentially non-degenerate points, such as the origin for
Lnd, they are the functions trF (L) [BKM24d, §4.1]. So Theorem 1.2(a) and the laws of Table 1 for
G1–G3, Lnil, N and Lnd are known or elementary and are included for completeness: for a Jordan
block, [BKM24c, Theorem 1.4] treats an eigenvalue that is constant or has non-zero differential, which
covers Lnil and N1, and for the other forms N and G3 the description in Theorem 1.2(a) is a direct
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computation. What the note adds, to our knowledge, are the explicit regular laws for the singular
normal forms M , O, P , S and the description of all analytic laws of these forms; no priority is
claimed. No printed answer to the question was found in the sources searched: the LATEX source of
[BKM24d] (version 1; the published chapter was not accessible to us); [BKM24b] in both versions,
[BKM24c], [BKM24a]; the full texts of [AB26, Akp26, AM26] and of [Akp22], which studies the
singular points with d trL 6= 0 (among the normal forms above: Lnd, M1, O and P with k = 1,
and S2,ε

c with c0 6= 0), but contains no conservation laws; two papers of the same authors on Stäckel
problems (arXiv:2512.17609, arXiv:2604.03195), where conservation laws occur only in general form;
the abstracts of further recent papers of these authors and of the two works found to cite [BKM24d]
(arXiv:2411.02290, arXiv:2512.22064); and searches in arXiv, Crossref, OpenAlex, zbMATH Open and
Semantic Scholar, and six web searches, on 18 October 2026, partly repeated by the third verification
run. The survey [Bol25] was not accessible to us: its full text could not be retrieved (the host of
the journal’s full texts was unreachable, again at a last attempt on 18 October 2026), and only its
abstract, keywords and references were read. Its keywords include conservation laws, and a full-
text index (OpenAlex) reports the phrases “regular conservation law”, “normal forms” and “singular
points” in it; an overlap with this note cannot be excluded. A search that finds nothing is not a
proof of novelty. What was read: Section 4 of [BKM24d], Section 5 of [BKM24b] in both versions (we
use the numbering of the published version), and Section 1 of [BKM24c] (arXiv numbering). From
[BKM24b] we use only the list of normal forms and (1); the proofs of cited results were not checked,
and those of [BKM24c] are not used.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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