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Abstract

Tabachnikov asked in 2026 whether, for a domain with smooth boundary in Euclidean space
and a generic point P of it, the time-t wave front (the positions at time ¢ of the unit-speed photons
that leave P in all directions and are reflected optically at the boundary) becomes dense as t — o0;
he added that even the round disk is open. We use the definition of Kang and Knill: the front
becomes dense if it meets every open ball for all sufficiently large t. We give a partial answer. In
a ball of R?, d > 2, the front becomes dense for every source other than the centre, and for the
centre it does not. For the disk this also follows from a theorem of Colin de Verdiére and Vicente
on the length of the front inside a subdomain (2020; Exp. Math. 2024), whose proof is a sketch
and who do not state the density corollary; the ball reduces to the disk by rotational symmetry.
We give a complete proof: on the invariant tori the motion is a linear flow whose frequencies
satisfy a twist condition for every Fourier mode, and the Riemann-Lebesgue lemma gives weak
convergence of the distribution of the position of a photon with a uniformly random direction to
a limit of full support. In an ellipse with semi-major axis a the front becomes dense exactly when
P is not a focus; from a focus all photons meet at a focus at the times 2a,4a,.... Here the twist
condition comes from elliptic coordinates and the limits of the frequencies at the ends of the two
regimes of motion. We also recall, with an explicit C*° table of Penrose type, that for non-convex
smooth domains the answer is negative in general; this is known in substance. General convex and
generic smooth domains, the setting of the conjectures of Kang and Knill, remain open. This is
an unrefereed note.

1 Introduction

1.1 The question

Let D ¢ R% d > 2, be a bounded domain with smooth boundary and let P € D. A photon leaving
P with velocity v, |v| = 1, moves at unit speed on straight lines in D and is reflected at 9D by the
law of optics, v — v — 2(v,n)n with n the unit normal; let v, (¢) be its position at time ¢. The wave

front at time t is
Wi(P) = {7(t): ve S}

In the strictly convex tables of our theorems every trajectory starting at an interior point is defined
for all times. In general, trajectories for which the reflection law does not define the motion are
disregarded, as in [KK26, Section 3].

In his contribution to the collection of open problems [ABB*26], Tabachnikov considers such a
domain and a generic point P of it, and asks whether W;(P) becomes dense as ¢t — co. He refers to
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[KK26] for the discussion, notes “Even the case of a round circle is open”, and mentions the work
on the length of fronts [dVV24, dV21]. Neither “generic” nor “dense” is defined there. We use the
definition of Kang and Knill.

Definition 1.1 ([KK26, Definition 1]). The front W;(P) becomes dense in D if for every open ball
U meeting D there is 7 such that Wy(P)NU # () for all t > 7.

Equivalently, for every € > 0 the e-neighbourhood of W;(P) covers D for all large ¢ [KK26,
Section 3]. This asks more than density for a sequence of times, and much more than illumination
(density of the union of the fronts over all ¢). Kang and Knill use “generic” informally; we state our
results with the exceptional points named.

1.2 Results
Theorem 1.2 (balls). Let d > 2, let B be the open unit ball of R? and let P € B.

(a) If P # 0, then Wi(P) becomes dense in B.

(b) Wi(0) is the sphere of radius dist(t,27) about 0 (the point 0 if t € 27), and it does not become
dense.

For the disk (d = 2), part (a) also follows from a theorem of Colin de Verdiere and Vicente
(Section 1.3); for d > 3 it is an immediate corollary of the case of the disk, by rotational symmetry
about the line through 0 and P (Corollary 3.5).

Theorem 1.3 (ellipses). Let E = {2%/a® + y?/b* < 1} with a > b > 0, let ¢ = Va% — b2, and let
Fi1 = (—¢,0), F5 = (c,0) be the foci.

(a) If P € E is not a focus, then W;(P) becomes dense in E.

(b) Formn > 1, Woun(Fa) = {F1} if n is odd and Wae,(F) = {F2} if n is even; the same holds with

Fy and Fy exchanged. So the front of a focus does not become dense.

Part (b) is elementary (Proposition 4.5). In the disk and in the ellipse the proof of (a) gives more:
for the directions of a suitable arc (in the disk, by symmetry, for all directions) the image of the
uniform measure under v — 7,(t) converges weakly, as t — 00, to a measure whose support is the
closure of the table (Theorem 3.4 and Section 4.4); for the ball in dimension d > 3 we only deduce
density from the disk (Corollary 3.5). The exceptional points are those at which the caustic of the
photons does not depend on the direction: the centre of the ball (all photons move on diameters) and
the foci of the ellipse (all photons pass through the foci).

Remark 1.4 (non-convex tables). Without convexity the answer is negative in general: in the explicit
C* table of Penrose type of Section 5, the fronts of all points of a non-empty open set miss a fixed
disk for all ¢. This is known in substance: as reported in [CGO03, Section 1], Penrose’s region of 1958
[PP58] is not illuminable from some points, and Rauch [Rau78] gave a smooth region not illuminable
from any finite set of points; for the piecewise smooth Penrose table the failure of density is stated
in [KK26, Section 5], and in a note in [KK26, Section 7| credited to Tabachnikov. For convex tables
every point of the table sees every other point, and the question stays open; it is the setting of [KK26,
Conjectures 3-5]: generic convex tables (all P), all convex tables (some P), convex polygons (all P).



1.3 Relation to the literature

Colin de Verdiere and Vicente [dVV24, Section 4] prove, for the unit disk, a source P with a = |P)|
and a smooth domain K in the disk, that the length of W;(P)N K is asymptotic to 2 [, ¥(|z|) dz dy,
where ¥(r) = min(r,a)//1 — min(r,a)? (Theorem 4.1 in the arXiv version). If a > 0, then ¥ > 0
on (0,1], so the length of the front inside every small disk K grows linearly; in particular the front
meets K for all large t. So the disk case of Theorem 1.2(a) follows from their theorem. The corollary
is not stated in [dVV24], and [KK26, Section 5] and [ABB*26] regard the disk as open. The proof of
[dVV24, Theorem 4.1] is a sketch which refers to the proof of their Theorem 3.1, where the oscillatory
integrals are said to tend to 0 by stationary phase; the non-degeneracy of the phase for every Fourier
mode (Lemma 3.2 below) is not written out there. Our proof is self-contained. The second paper
[dV21] treats surfaces without boundary with an integrable Hamiltonian (Theorem 5.1 there: linear
growth of the length of the front) and, for geodesic flows on closed surfaces, the length inside a domain
(Corollary 5.1 there); it does not treat billiards.

Chernov and Galperin [CGO03] study a search light, a narrow beam of directions from one point, in
circles and ellipses, and determine the illuminated set, the union over all times of the points reached by
the beam [CGO03, Theorems 2.1 and 2.3]. The twist of the billiard map drives their proofs as it drives
ours, but illumination does not decide density of the front at each large time. The integrability of the
elliptic billiard (confocal caustics, elliptic coordinates) is classical, see for instance [Tab05, Chapter 4];
what we use is derived in Section 4.1.

A neutral remark: [KK26, Section 5] quotes the length of the front in the unit disk as arcsin(|P|) t+
o(t); the formula proved by Vicente, as stated in [dVV24, Theorem 3.1], is 2 arcsin(|P|) ¢t + o(t), and
the computations of Section 6 agree with the latter.

Section 2 gives a criterion for density (a linear flow on a continuous family of invariant tori, with
a twist condition for every Fourier mode); Sections 3 and 4 verify it for the disk, with the ball as a
corollary, and for the ellipse. Section 5 contains the remark on non-convex tables, and Section 6 the
computations, the verification and the scope of the note.

2 A density criterion

We write T? = R?/Z2, m for its Haar probability measure, and | -| also for Lebesgue measure on R.
Weak convergence of probability measures 14 as the real parameter ¢ — oo means convergence along
every sequence t, — 00; we use the continuous mapping theorem and the portmanteau theorem in
this form [Bil99, Section 2].

Lemma 2.1. Let J C R be open, ¢ € CY(J) real with |{¢' = 0}| = 0, and A € L*(J). Then
I; A(0)e2™ () 49 — 0 as the real parameter t — co.

Proof. The set O = {¢’ # 0} is open and of full measure in J. Given n > 0, choose finitely many
disjoint compact intervals Ki,..., Ky in O with fJ\UKm‘A’ < n. On K, the function ¢ is a C!
diffeomorphism onto an interval, and the substitution s = ¢(6) turns | K, Ae?™ into [ A, (s)e?™ s ds

with A,, = (Ao ¢ 1)|(¢)|, whose L' norm is me|A|. By the Riemann-Lebesgue lemma these
integrals tend to 0 as t — co. Hence the lim sup of the modulus of the integral is at most 7, for every
n > 0. ]

Setting. Let J C R be a finite union of disjoint bounded open intervals, with the probability
measure Ay = df/|J| (the directions), let I C R be an interval (the caustic parameter), and let

k:d—=1, w:I—R? X I xT? R 0% J — T?



be maps such that x and X are continuous, ©° is Borel, and w o x is C'. For § € J and ¢t > 0 put
y(t) = X (k(0), ©°() + tw(x(8))), (1)
and let 14 be the law of I'y(¢) when 6 has the law A;.

Proposition 2.2. In this setting assume that for every k € Z2\ {0} the function () = k- w(k(0))
satisfies |{0 € J : ¢}.(0) = 0}| = 0. Then, ast — oo, v converges weakly to

/X ), - )em dAy(0).

Consequently, if U C RY is open and u(U) > 0, there is T such that for every t > T some 0 € J has
Ty(t) e U.

Proof. Let U, (0) = 0°(0) + tw(k()) in T2, and let p; be the law of (6, T;(f)) on the compact
metric space K = J x T2. We show p; — A; ® m weakly. The functions f(6, ¥) = b(#)e?>*'V with
b€ C(J) and k € Z? span an algebra which contains the constants, separates points and is closed

under conjugation; by the Stone—Weierstrass theorem it is dense in C'(K), so it suffices to test such
f.For k=0, [ fdp, = [bd\; for all ¢. For k # 0,

1 , )
/ e =17 / b(0) >kO°0) e2niten) g —, 0 = / fd(hs ©m)
J

by Lemma 2.1, the amplitude being bounded and Borel.

Let G(0,¥) = X(k(0),¥) on J x T?, and G = 0 on (J\ J) x T2, Then G is Borel, v; = G,px,
and G is continuous (as k and X are) at every point of the open set J x T2, whose complement is
A;®m-null because .J \ J is finite. By the continuous mapping theorem v; — G,(A;®m) = u. Finally,
if U is open, the portmanteau theorem gives liminf; o 14(U) > p(U); if p(U) > 0 there is 7 with
v(U) >0 for all ¢ > 7, and v4(U) > 0 means that I'y(t) € U for a set of § of positive measure. O

The limit is taken along the real parameter ¢, so the conclusion holds for all ¢t > 7, as Definition 1.1
requires; this is where the Riemann—Lebesgue lemma for real ¢t — oo is used. We shall also use two
continuity facts.

Lemma 2.3. Let Y be a metric space.

(a) Let F 'Y x [a, B] = R be continuous with F(y,-) strictly increasing for every y. Then (y,s) —
F(y,-)71(s) is continuous on {(y,s) : F(y,a) < s < F(y,[)}.

(b) Let A:Y x T? — T? be continuous, with every Ay = A(y,-) a homeomorphism. Then (y,©) —

A, 1(©) is continuous.

Proof. In both cases let (yn,sn) — (y,s) and let z,, be the preimage of s,, under F'(yp,-), resp. Ay,
The z,, lie in a compact set, and every limit point z* satisfies F(y,a*) = s, resp. Ay(z*) = s, by
continuity; so z* is the unique preimage, and x, converges to it. ]

3 The disk and the ball

3.1 The disk as a linear flow

Let D C C be the open unit disk and, after a rotation, P =p € (0,1). For 8 € (0,7) let g(t) be the
position at time ¢ of the photon with initial direction e*’; these photons are part of the front, so it
suffices to show that {gg(t) : 0 < B < 7} becomes dense. For p € (0,1) put

a = 2arccos p, {=2y1-p2, ho(f) = e_ifa(l - f+ feio‘), Y(p,¥) = e%i‘plhp(\llg),
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arccos p 1
w(p) = ( , ) 2

(v) 21\/1—p2 2¢/1—p? @
Since h,(0) = h,(1) =1, Y is a continuous function on (0,1) x T2.
Lemma 3.1. For 3 € (0,7) let p = psinB. There is VO(B) € T2, continuous in 3, such that
93(t) =Y (p, ¥O(B) + tw(p)) for allt > 0.
Proof. The angular momentum L = Im(ZZ) is constant during free motion and is unchanged by a
reflection at |z| = 1, since Im(2( — 2Re(2%)z)) = Im(2%) when zz = 1. Initially L = Im(pe’’) = p.
The chord from €™ to e!(¥+®) has length |’ —1| = ¢ and, traversed at unit speed, angular momentum
sina/f = cos(a/2) = p; an inward unit vector at e is determined by its angular momentum,
so the photon, once at €%, runs along this chord, is reflected at ¢/¥+®) runs along the chord to
¢! (¥+29) " and so on. Going back from p in direction —e®®, the photon meets the circle after the time
sp = pcos B+ /1 —p2sin® B > 0, at the point e¥° = p — s5e%?; the forward time to the circle is
—pcos B+ /1 —p?sin?3 > 0, and the two add up to £, so fo = sp/¢ € (0,1). With u = fo +t/¢,
n=|u] and f=u—mn,

gﬁ(w _ (1 N f)ei(1l)0+na) + fei(¢0+(n+1)oz) _ ei(w”””‘)hp(f).

So WO(8) = ((¥o + foa)/2m, fo) works, since tw(p) = (te/(27), t/0); it is continuous in B because
sy, fo, o and e are. O

Lemma 3.2 (twist). For k € Z%\ {0} the function
_ kyarccos(p)/m + ko

is real-analytic and not constant on (—1,1). Consequently, for 0 < p < 1 the function ¢i(8) =
gr(psin B8) has only finitely many critical points in (0,7).

Proof. Analyticity is clear, as /1 — p2 > 0 on (—1,1). If k2 # 0, the numerator tends to ko and the
denominator to 0 as p — 17, so |gi| — o0. If ko = 0, then k1 # 0, gx(0) = k1/4, and gi(p) — ki/(27)
as p — 17, because arccos p = arcsin /1 — p?; and 1/4 # 1/(27). So g is not constant, the zeros of
g, are isolated in (—1,1) and finitely many lie in [0, p]. Now ¢} (3) = g).(psin 3) pcos 3 vanishes only
at 8 = 7/2 and where psin  is one of these zeros, and each value of sin 3 is taken at most twice. [

Lemma 3.3. For p € (0,1) the measure Y (p,-).m has the density (2my/1 — p2/[z[% — p2)71 on the
open annulus {p < |z| < 1} and is carried by its closure.

Proof. Let ¥ have the law m. Given Wo, the argument of ¥ = ezmq’lhp(\llg) is uniform; so argY is
uniform and independent of |Y'| = |h,(¥3)|. Since cosa = 2p* — 1,

ho(F)IP = (1= ))?+ [P+ 2f(1 = feosa = p* + (1 = 2f)*(1 = p?).
With s = [1 — 2Ws|, uniform on (0,1), we get Pr(|Y| < r) = /(r2 —p2)/(1 —p?) for p < r < 1;
differentiating and dividing by 27r gives the density. O

Theorem 3.4. Let 0 < p < 1. If § is uniform on (0,), the law of g3(t) converges weakly as t — oo
to pp = %foﬂ Y (psin B, -).mdg, and p,(U) > 0 for every open set U meeting D. In particular Wi(p)
becomes dense in .

Proof. Lemma 3.1 puts gg(t) in the form (1) with J = (0,7), I = (0,1), x(8) = psin 3, the analytic
w of (2), X =Y and 6° = ¥°; by Lemma 3.2 the hypothesis of Proposition 2.2 holds. So the law
converges weakly to j,. Let U be open with UND # (), and choose zg € UND, zy # 0. For the g with
psin 8 < |z0|, a set of positive measure, zy lies in the annulus {psin 8 < |z| < 1}, so by Lemma 3.3
Y (psing,-),m(U) > 0. Integrating, p,(U) > 0, and Proposition 2.2 gives, for every open ball U
meeting D, a 7 with Wi(p) NU # ) for all t > 7. O



3.2 Proof of Theorem 1.2

For d = 2, part (a) is Theorem 3.4. Part (b): from the centre every photon moves on a diameter and
is at distance dist(¢,2Z) from 0 at time ¢. For the times ¢ with dist(¢,2Z) < 1/4, which are unbounded,
the front misses the ball of radius 1/4 about e;/2. For d > 3, part (a) is an immediate corollary of
the case d = 2.

Corollary 3.5. Letd > 3, P € B\ {0}, p=|P| and e; = P/p. Let ((x) = (x,e1) +ilx — (z,e1)e1]
and 0(z) = Rez +i[lmz|. Then Wy(P) = {z e R?: ((z) € O‘(Wt@) (p))}, where Wt(Q) (p) is the front
of p in the unit disk. Consequently Wi(P) becomes dense in B.

Proof. Every v € S9! can be written v = cosBe; + sin 3w with 3 € [0,7] and w a unit vector
orthogonal to e;. The plane II,, = span(ej,w) contains P and v, and it is invariant under the motion:
a reflection at « € OB N1, is v — v — 2(v,z)x. With E,(z) = (Rez)e; + (Im 2z)w, the motion
in I, N B is the billiard in the unit disk, so v,(t) = Ey(gs(t)), where gg now denotes the planar
photon from p with direction e*®, 8 € [0,7]. Since ((Ey(z)) = o(z), the front lies in the stated set.
Conversely, let ((x) = o(gs(t)) with § € (—m,7]. As g_p(t) = gs(t), we may take 8 € [0,7]. Let w
be the unit vector in the direction of = — (z, e1)e; (any unit vector orthogonal to e; if this is 0); then
x = Ey(gp(t)) if Imgg(t) > 0 and z = E_;(gp(t)) otherwise.

Let U be an open ball meeting B; it contains a point zy € B\Re;. In the coordinates x = s1e1+sow,
59 > 0, the map ( is 81 + isg, 0 it is open on R%\ Rey, and ¢(U N B\ Rep) contains an open set V' in
the upper half of D. By Theorem 3.4, for all large t some g € Wt(z) (p) lies in V; then o(g) = g = ((x)
for some x € UN B, and © € W(P). O

Remark 3.6. The limit p, is the limit of the normalised measure in the parameter 3, not that
of the normalised length measure of the front, which by [dVV24, Theorems 3.1 and 4.1] is
U(|z]) dz dy/ (7 arcsin p); both have a positive density on the disk minus the centre.

4 The ellipse

Throughout, E = {2?/a® + y?/b* < 1} with a > b > 0, ¢ = Va2 — b2, and B = b/c.

4.1 Elliptic coordinates

Put z = x + iy = ccoshw, w = p + iv, so that z = (ccosh pcosv, csinhpsiny). This map is a
conformal diffeomorphism of {u > 0} x R/27Z onto C\ [F1, F3], and a local diffecomorphism wherever
sinhw # 0, with |dz/dw|?> = F := *(sinh? 4 + sin? ). The boundary 9F is { = o}, where
ccosh g = a, csinh g = b. In these coordinates the Euclidean metric is F|dw|?, and unit-speed
straight motion is the Hamiltonian flow of H = (pi—l—p?,)/(ZF) on {H = 3}, with p,+ip, = F(j+i0); if
the velocity is e, then p,+ip, = csinhw e?. On this level the Hamiltonian %(pi—i—p,%)—%F = F(H—%)
has the same orbits, traversed in a time ¢ with dt = F'do, and its equations separate:

du dp, 2 dv dp, e
do Pu: do 2 SI 24, do Pv; do 2 Sty (3)

2 2

Hence « := pz — Zsinh? = Zsin’v — p? is constant during free motion. As the coordinates are
conformal, 9, is normal to OF, and the reflection is p,, — —p,; so & is a first integral of the billiard.
This separation is classical, see [Tab05, Chapter 4]. For the line through z = ¢cosh w with direction
et

k= c2|sinh w|? cos? (8 — 0*) — ¢? sinh? pu, 0* = arg sinh w. (4)



For z € E this gives —b®> < k < ¢®. As pi > 0 and p2 > 0, there are two regimes: for Kk = —c2e?

with 0 < € < B (rotational) the motion stays in {sinh yu > €}, outside a confocal ellipse, and p, # 0;
for k = c2e? with 0 < & < 1 (librational) it stays in {|sinv/| > ¢}, between the branches of a confocal
hyperbola, and p,, # 0. The value x = 0 belongs to the lines through a focus and x = ¢? to the minor
axis.

4.2 Invariant tori and the linear flow

Rotational regime, k = —c%¢?, 0 < ¢ < B. Then pi = ?(sinh? i — €2) and p2 = A(sin® v + £2) > 0;
the sign of p, is constant. Let U = arcosh(B/e) and define u € [-U,U] by sinh y = ecoshu and
signu = sign p,, so that p, = cesinhu. A direct computation shows that (3) becomes

du _ cV'1+ e2cosh?u, dv_ +cv/sin? v + €2, (5)
do do

and the reflection at u = g takes u = U to u = —U. So for each sign of p, the states with this &
form a torus (u,v) € R/2UZ x R/277Z on which the motion in the time ¢ is a product of two circle
flows.

Librational regime, k = c*¢2, 0 < ¢ < 1. Then pi = 2(sinh? u + €2) > 0 and p2 = A (sin? v — €2).
Using ¢ cosh(—w) = ccoshw we take v € [y, ™ — 1], sinv, = ¢, and then pu € [—po, po]: on this band
the map w — ccoshw is injective, a local diffeomorphism (sinv > 0), and p = £pg are the two halves
of OE. Let ¢ = V1 — 2. Define m € R/4uoZ by p=m for m € [—po, pro] (pp > 0) and p = 2pp —m
for m € [po, 3p0] (pu < 0), and x € R/277Z by cosv = ¢siny and p, = —cgcos x. Then (3) becomes

dm . 9 5 dx 0 <2
e = cy\/sinh® u + €2, o =cy\/1— ¢?sin” ¥, (6)

so the states with this x form one torus (m, x) € R/4p0Z x R/27Z (the two bands of v are identified
by w ~ —w), again with a product flow.
In both regimes let P, P, be the o-periods of the two factors and 7}, T, the integrals of ¢?sinh? p

2

and ¢? sin? v over one period:
2 (Y d U e2cosh?ud
rotational: P, = / “ , Ty =2c oSt ucu , (7)
¢Jo \/1+¢e2cosh?u 0 V1+e2cosh®u
P 1 [ dv T ™ sin?vdy
— —_——, = C 77
e Vsin? v 4 €2 ) 0 +/sin?v+e?
4 [ro d 0 sinh® pd
librational: P, = — —N, T, = 46/ M, (8)
cJo \/sinh®p+e2 0 +/sinh? j + 2
4
P,=-K(q), T,=4cE(q),
c
with the complete elliptic integrals K(q) = 5/2(1 — ¢?sin? x)"Y2dy and E(q) = 0”/2(1 —

¢? sin® X)l/de. All are real-analytic in € on the open regime intervals. Let ¢,,¢, € R/Z be the
phases, the o-times along the two factors divided by the periods, measured from fixed base points;
then d¢,/do =1/P, and dy, /do =1/P,.

2 2

Lemma 4.1. Fiz k in a regime and one of its tori. Let ay(p,) = c?sinh? i and az(p,) = sinv
as functions of the phases, A =T, /P, +T,/P,, q1(¢n) = [ (Puar —Tp), a2(00) = [ (Pyaa —T,),
and

Q1+ q2 (J1+CJ2)

An(@uagpu) = (‘Pu + AP’ Pv AP
n v
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Then A, is a C' diffeomorphism of T? with Jacobian F/A > 0, and along the billiard motion © =
Ay () satisfies O(t) = O(0) + tw(k), where

wk) = (Alpu’Alp) - <TM —i—TiPM/PV’ TMPV/]lju —|—Ty)' ©)

Proof. The integrands of q1, g2 are continuous and have mean 0 by the definition of T},,T,, so q1,q2
are C! functions on R/Z. Along the motion %ql = a; —T,/P, and %qg = a9 — T,,/P,, while
g—; = F = a1+ ag; hence t = Ao+ q1 + ¢ +const, and O, = ¢, + (¢1 + q2)/(AP,) = const +t/(AP,),
likewise for ©,. The Jacobian matrix is (pb“l‘“ 3,) with a; = ¢;/(AP,), bj = q;/(AP,); since
a1by = agby, its determinant is 1 + a3 +be = 1 + (a; + g — A)/A = F/A, which is positive because
sinh i > €, resp. sinv > €, on the torus. So A, is a local diffeomorphism of T? homotopic to the
identity, hence a covering of degree one, hence a diffeomorphism. O

Let X..(0) = ccosh(u+iv), where (u,v) is the point of the torus with phases A;!(©). The image
X,(T?) is the closure of the open set

A, = {ccosh(u+iv) : sinhp >e, p < po} resp. A, = {ccosh(u+iv): |u| < po, ve <v <T—1g},
(10)
the region between JF and the confocal ellipse, resp. between the branches of the confocal hyperbola.

Lemma 4.2. On each regime interval I and for each choice of torus, the map (k,0) — X.(©) is
continuous on I x T2.

Proof. Consider the rotational p-factor. With u = U(e)z, € [—1,1], the phase is ¢, = G(e,2) =
U(e) fx dz’
Pu(e) JO C\/1+€200Sh2(U(€)I/)
in z, with G(e, £1) = +1. By Lemma 2.3(a), z is a continuous function of (e, ¢,) € (0, B) x [-3, 3],
and so is p = arsinh(e cosh(U(¢)z)), which takes the value uo at both ends; so p is continuous on
(0,B) x R/Z. The same argument applies to +v (the sign of p,) in the rotational regime and to
m and y in the librational regime, on the fixed intervals [0, 27|, [—wuo, 3uo] and [0, 27], since each of
them moves with a velocity that is positive and continuous in € and in the variable, by (5) and (6).
Hence aq, ay are continuous in (g, ¢), the periods and the integrals T),, T, are continuous in €, ¢i, 2
and A are continuous on I x T?, and so is (k,©) — A_*(6) by Lemma 2.3(b). Composing with the
continuous maps from the phases to (u,v) and with c¢cosh gives the claim. ]

(base point u = 0); G is continuous on (0, B) x [—1, 1], strictly increasing

4.3 The twist condition

Lemma 4.3. For every k € Z?\ {0}, k-w is real-analytic and not constant on the rotational interval
—b? < K <0.

Proof. Analyticity follows from (7) and (9). The end e — B (k — —b?): U — 0, so P,, T, — 0, and
T,,/P,, a weighted mean of c?e? cosh? u over [0,U], tends to ¢>B? = b?, while P,, T, tend to their

positive values at e = B. So w, — o0, and w,, — 1/(b*P, +T,) =1/ fozw Vb2 + c2sinvdr = 1/|0E)|,
the reciprocal of the perimeter, because b? + ¢? sin? v = a?sin? v + b2 cos? v.

The end € — 0 (k — 0); let L = log(1/e). With s = ecoshu, P, = %fEB ﬁ;
0<1—(1+s?)""2 < Bs/2on [0, B] and ngsds/\/s2 —£2 < B, we get P, = 2arcosh(B/e)+0(1) =

2L +O(1). Next, P, =% 07T/2(sin2 v +e2)~12dv, and with S = sinv > 2v/,

since

1 1 V2 — 52 v—S 7w
< - < = < -,
- \/SQ+€2 \/y2—|—52 - SV(S+V) Sv T 12
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while fw/z(y +e2)712dy = arsinh(w/Qe) L+0(1); so P, = 2L4+0(1) and P, /P, — 2. Substituting
s =Ve? +r? gives T, = 2¢ fo sdr/\/l + s2 with a bounded integrand, so T, — 2¢(v1 + B? —

1) =2(a—c); and T, — cfo sinv|dv = 4¢ by dominated convergence. By (9), w — (1/(2(a — ¢) +
2¢), 1/(4(a — ¢) + 4¢)) = (1/(2a),1/(4a)).

If k&1 # 0, then |k -w| — oo at the first end and has a finite limit at the second. If k1 = 0,
the limits are ko/|OF| and ks/(4a), and they differ because |0E| = fo% Va2sin? v + b2 cos? v dv >
fo% alsinv|dv = 4a. O

Lemma 4.4. For every k € Z?\ {0}, k-w is real-analytic and not constant on the librational interval
0<kK<c2

Proof. Analyticity follows from (8) and (9). Let ¢ — 0 and L = log(l /€).

(i) With S = sinh y > p, the difference (5% 4 2)~Y/2 — (u? + £2)~/2 lies between 0 and —(S —
1)/ (Sp), so it is bounded by a constant times p on [0, uol, and it tends to 1/sinhpu — 1/p. By
dominated convergence, with [}*(1* + £2)~12du = log(2u0/€) + o(1) and Joe(1/sinhp — 1/p) dp =
log tanh(pi0/2) — log(r0/2),

P, = 4(log(4/¢) + log tanh(p/2)) + o(1).

(ii) In the same way, writing K(q fo (sin? x + €2 cos? x)~1/2dy and comparing with fOTF/Q(X2 +

e2)~12dy = log(r/e) + o(1) (the dlﬂerence of the integrands is bounded by e + (x — sin x)/(x sin x)
and tends to 1/sin x — 1/x, whose integral is log(4/7)), we get the classical K(q) = log(4/¢) + o(1).
Hence P, = 2L + O(1) and P, — P, — Dy := % log tanh(y/2) < 0.

(iii) The integrand of T}, differs from sinh z1 by at most min(e, £2/(2sinh p)), and /cos? x + £2 sin® y
differs from cosx by at most min(e,&?/(2cosx)); so T, = 4(a — ¢) + O(2L) and T, = 4cE(q) =
4c+ O(2L).

(iv) Hence r = P,/P, = 1+ ¢Dy/(4L) + o(1/L), and (9) gives w, = 1/(T,, + T,r) = 1/(4a +
?Dy/L + o(1/L)) and w, = 1/(T,,/r + T,,) = 1/(4a — c(a — ¢)Do/L + o(1/L)), so

k1 + ko cDy
4a 16a2L

k-w= (k2(a — ¢) — k1c) + o(1/L). (11)
If ka(a — ¢) # kic, the coefficient of 1/L is not 0, and k - w is not constant.

(v) Otherwise k= Aa—c,c) with A # 0, and k-w — A\/4 as ¢ — 0. At the other end, ¢ — 1
(k — % ¢ — 0), with G = arctan(b/c) = [Jdp/coshp: P, — 2n/c, T, — 2mc, P, — 4G/c
and T), — 4c [} (coshp — 1/ coshp) dp = 4(b — ¢G), so A — ¢b/G, w — (1/(4b), G/(2wb)) and
k-w— X((a—c)/(4b) + ¢G/(27b)). Equal limits would mean b+ ¢ — a = (2¢/m) arctan(b/c). This
equation is homogeneous; with a = 1, ¢ =sin ¢, b = cos ¢, 0 < ¢ < 7/2, so that arctan(b/c) = 7/2— ¢,
it reads cos ¢ — 1+ (2¢/7) sin ¢ = 0, and after division by 2sin(¢/2) cos(¢/2), tan(¢/2) = (4/7)(¢/2).
This is impossible: tan is strictly convex on [0, 7/4] with tan0 = 0 and tan(w/4) = 1, so tanx < 4z /7
for 0 < x < m/4. O

4.4 Proof of Theorem 1.3(a)

Let P € E be not a focus, P = ccoshwp with wp = up + ivp and pup > 0, and sp = sinhwp # 0,
0* = argsp. By (4) the photon with direction 6 has x(f) = c?|sp|? cos?(f — 6*) — ¢?sinh® up, a
non-constant trigonometric polynomial.

Case 1: pup > 0, i.e. P ¢ [Fy, Fy). The set {x < 0} is non-empty (k(6* + 7/2) = —c?sinh? jup)
and consists of open arcs on which  takes values in [—c? sinh? pp,0) C (—=b%,0) and tends to 0 at the



2 2

endpoints; there p? = c?sin? vp — k > 0. Let J be one of these arcs; p, has constant sign on .J, so all
these photons move on tori of the same kind (rotational, one sign of p, ).

Case 2: up =0, i.e. P = (ccosvp,0) with 0 < vp < 7. Then k(0) = ¢%sin? vpsin® ; let J be the
component of {0 < x < ¢?} which has 0 as an endpoint (this set excludes § = +m/2 only when P is
the centre). All these photons are librational, and x — 0 as § — 0.

In both cases, for 6 € J let ©°(0) = A, p)(¢"(0)), where ©°(0) are the phases of the initial state.
Then by Lemma 4.1 the photon is vg(t) = X,;(9)(0°(0) + tw(x(0))), which is the form (1), with X
continuous by Lemma 4.2. The map 6° is continuous on J, hence Borel: the initial values of the
uniformising variables are continuous in @ (in Case 1, ug = sign(p,) arcosh(sinh p/e), continuous
also where p, = 0, and vy = vp; in Case 2, mg is up or 2ug — pp according to the constant sign of
Pu, and (sin xo, cos xo) = (cosvp/q, —pu/(cq))), and the phases and A depend continuously on them
and on k (proof of Lemma 4.2). For k # 0 the derivative of ¢} = k - w o k vanishes only where £ =0
(finitely many 6) or where k(6) is a zero of (k-w)’; by Lemmas 4.3 and 4.4 these zeros form a discrete
subset of the regime interval, and each level set of k is finite, so the critical set of ¢y, is countable. By
Proposition 2.2 the law of 4y(t), 6 uniform on J, converges weakly to up = ﬁ J;(Xy0))»m dé.

Let U be open with U N E # (), and choose 29 € U N E off the major axis. In Case 1 write
29 = ccosh (g +ivy) with 0 < p1 < po; for the 6 € J with x(0) > —c?sinh? y1, a non-empty open set,
20 € Ay(g) by (10). In Case 2 write 2o = ccosh(u1 +iv1) with |p1] < po and 0 < vy < 7; for the § € J

near 0, x(f) < c?sin?

V1, 80 again zg € A, ). For each such 6 the set X;(le)(U ) is open and non-empty,
so it has positive Haar measure; integrating, up(U) > 0. By Proposition 2.2, W (P) N U # () for all

large t. O

4.5 The foci

Proposition 4.5. For everyn > 1, Wau, (Fa) = {F1} if n is odd and {F>} if n is even. Hence Wy(F3)
does not become dense; the same holds for F}.

Proof. At X € OF the normal bisects the angle between X F} and X Fy, because the gradient of
|X — Fi| + |X — F| is the sum of the two unit vectors from the foci. So a photon leaving F» is
reflected at its first boundary point X into the segment X F, and passes Fj (an interior point, where
nothing happens) at time |F2X| 4 |X F| = 2a. The photons along the major axis pass Fi at time 2a
as well: (a—c¢)+ (a+c¢) and (a+ ¢) + (a — ¢). Repeating the argument from F gives the statement
for all n. For instance the ball of radius b/4 about (0,b/2) contains no focus, so it misses the front at
all the times 2an. O

5 A remark on non-convex tables

This section makes Remark 1.4 explicit. The mechanism is that of Penrose’s room [PP58], as described
in [CGO3, Section 1, Fig. 1]: an elliptic mirror reflects every ray that passes between the foci into a
ray that passes between the foci. Nothing here is claimed as new.

Let E be the ellipse with a = 2, b = /3, s0 ¢ = 1 and Fio = (F1,0). Let t(s) = e /3
for s > 0 and ¢(s) = 0 for s < 0; ¢ is C*°, increasing, and convex on (—oo,1]. For n > 0 the
set Qp = {u,w > 0: Y1 —u/n)+ (1 —w/n) < P(1)} is convex, coincides with the quadrant
Q = {u,w > 0} outside [0,1)2, and has a C* boundary: inside the square it is a level curve of a
function with non-zero gradient, which joins the two rays of 0@ to infinite order because v is flat at
0.

Remove from E the two teeth {|x F 1| < i, y < 0}, after replacing each of their four upper
corners by Qg (in coordinates u,w along the top and the side, pointing into the tooth); round
the four corners where the sides of the teeth meet OF in the same way, in the local coordinates

10



u = +(T — Teomer), w = 1 — 22/4 — y?/3, inside disks of radius 0.1. The result is a bounded simply
connected domain D with C* boundary. Its upper part D N {y > 0} is the upper half E* of F; on
the axis, D N {y = 0} = I, Uly U Ig with Iy = (=%, 1) and I = —I; = (2,2), and the flat tops
[Z,2] x {0} and [—2,—1] x {0}, which contain the foci, lie in dD. The lower part D N {y < 0} has
three components: R; between the teeth, whose closure meets the axis in [—%, %], and Qr,, Qg outside
them, whose closures meet it in [~2, —2] and [3,2]. The disk V of radius 0.1 about (1.6, —0.5) lies in

Qr, since 1.72/4 4+ 0.6%/3 = 0.8425 < 1.

Proposition 5.1. For every P € Ry and every t > 0, W(P)N'V = 0. So the front of no point of
the open set Ry becomes dense in D.

Proof. Focal property. Let a line £ meet OF at X and let ¢ be its mirror image in the normal at X.
If the inward directions of ¢, ¢/, X Fy, X F, make the angles ¢, —¢, ¢1, —¢1 with the inner normal
(which bisects the angle Fy X Fj, see the proof of Proposition 4.5), then ¢, and likewise ¢, strictly
separates F; from F if and only if |¢| < ¢;.

Let sg, s1,... be the straight segments of a trajectory from P (grazing contacts are disregarded
as in [KK26, Section 3|; continuing them straight would not change the argument). We show by
induction: (i) s; does not meet Q, UQgrU I UIg; (i) s; does not lie on the axis, and if s; meets E7,
its line meets the axis in a point of (—1,1). Near the endpoints (i%, 0) and (£3,0) of the flat tops
the boundary is flat to infinite order, while a straight segment off the axis is not; so these endpoints
cannot be reached from {y < 0} without entering a tooth.

A segment that starts in R; stays in R; until it reaches the axis, which it can do only at a point
of Ip; it then crosses into ET and does not return to the axis. This gives (i) and (ii) for sg, and for
every s;j11 that starts at the end of s; on 0D N {y < 0}, since by (i) this point lies on the boundary
of Ry and sj41 starts into Ry. If s; ends on the arc E N {y > 0}, then s; meets E*; by (ii) its line
separates the foci, and by the focal property so does the line of s;41, which therefore meets the axis
in one point 2* € (—1,1). Starting in ET, s;41 either ends on the arc, or reaches the axis at 2*, where
it crosses into Ry if |z*| < % and ends on a flat top otherwise. If s; ends at a point X; of a flat top,
endpoints included, it arrives from ET: below the open flat tops lie the teeth, the endpoints are not
reached from below, and s; is not on the axis. Its line meets the axis at X, so | X;| < 1 by (ii); the
reflection is the mirror image in the axis, and s;;1 runs in ET on a line through X;. In all cases (i)
and (ii) hold for s;;1. Hence no segment meets Qr O V. O

6 Computations and reproducibility

No theorem, proposition, lemma or corollary of this note depends on a computation. The computa-
tions test the formulas against simulations of the billiard which do not use them, and they illustrate
the theorems at finite times, which cannot prove density. The reproducibility package has five parts.

The program of this note, check_note.py (standard library only; it runs in about one second),
checks: Lemma 3.1 and Corollary 3.5 against bounce-by-bounce simulations in the disk and the 3-ball
(largest errors about 10712); the limits in Lemma 3.2; the identity of Lemma 3.3, exactly on a rational
grid; that x is unchanged by reflections; the frequencies (9) against the simulated rates of reflections
and of sign changes of x in 8 trajectories of two ellipses, both regimes (relative agreement better than
3-107%); the limits in Lemmas 4.3 and 4.4 (w, = 1/|0E| to 6 digits at the end kK — —b?; the slow,
logarithmic approach to (1/(2a),1/(4a)); P, — P, = Dy to 6 digits at ¢ = 1075; the values at £ — ¢?
to 7 digits); Proposition 4.5 exactly, in the ellipse (a, b, c) = (5,4, 3), for 1,428 rational directions; and
the arithmetic of Section 5 exactly. All checks pass.

The programs with which the results were first obtained, with NumPy, SciPy, SymPy and mp-
math, are in original/; the programs of the two verification runs are in verification_run_A/ and

11



verification_run_B/, and the folder independent_run_2/ holds those of a further verification run
on the final text (see the next paragraph); all come with their recorded outputs. Among the recorded
results, as illustration only: in the disk with 4-10° photons, the fraction of the cells of side 0.05 met by
the front at t = 10,200, 5000 is 0.17,0.95,1.000 for p = 0.5, 0.007,0.36, 1.000 for p = 0.1, and 0.0009
at all times for p = 0; the radius of the largest ball missed by 10° sampled front points, maximised
over 12 times in [T, T 4+ 20], drops to the sampling floor (= 0.009) by T = 10° for p > 0.1 and stays
above 0.5 for the centre. The time 7(P,r) of Definition 1.1 can be large for P near the centre, where
the caustic radii psin 3 < p vary little: the ball of radius 0.03 about (0.3,0.2) was missed by 2 - 10°
photons at 5 of 4,000 times in [2000,2020] for p = 0.1, and met at all of them for p = 0.5. In the
ellipse a = 2, b = /3, the fraction of cells of side 0.1 met at ¢ = 20,100,400 is 0.31,0.82,0.99 for
P = (0.3,0.9); from a focus it stays below 0.005, and at ¢t = 2a,4a, 6a all photons are within 1072
of a focus. The length of the disk front divided by t near ¢ = 1600 is 0.6074, 1.0473, 2.2427 for
p =0.3,0.5,0.9, against 2arcsinp = 0.6094, 1.0472, 2.2395.

Verification. The results were first obtained with written proofs and the programs in original/.
Two independent verification runs, both Al-assisted, followed; each re-derived the proofs and wrote its
own programs, and neither read the other’s report. The first compared the question with [ABB™26]
and [KK26] (LaTeX sources), read [dVV24, dV21], and re-derived all proofs, including (11), the limits
at the ends of the regimes and the case analysis of Section 5; its programs reproduced Lemma 3.1 to
4-107'2, the frequencies to 4-5 digits, all endpoint values and the behaviour at the foci, and found
no photon reaching V' in the table of Section 5. It required seven corrections; the mathematical ones
were a proof of the continuity of (k,0) — X,(0) and of ©°, which the first version only asserted
(now Lemma 4.2 and Section 4.4), and two cases in the proof of Proposition 5.1 (no segment lies on
the axis; the endpoints of the flat tops). The second run checked the statement and the literature,
found [CGO03] and in it the reports of [PP58, Rau78], re-derived the proofs, and checked with its own
programs the disk model, the largest empty ball of the front up to ¢ = 10° in the disk and t = 10°
in the 3-ball, the frequencies in 36 trajectories of three ellipses to 107°, fronts in four ellipses, and
the table of Section 5 with 2.8 - 10° photons and 4.9 - 107 reflections, none reaching V; deliberately
wrong inputs were rejected by its tests. It re-ran the programs of original/ with identical outputs,
confirmed the factor 2 in the length formula, and required four corrections of the text (the citation
of [CGO3], the reports of Penrose and Rauch, the ball as a corollary of the disk, and the numbering
of results cited from [dV21, KK26]). All corrections required by the two runs were made.

A further independent verification run, also Al-assisted, examined the text of this note after it
was written, without relying on the earlier checks. It compared the question, the definition and every
cited statement with the LaTeX sources of [ABBT26, KK26, dVV24, dV21] and the publisher’s file
of [CGO03], re-derived all proofs line by line, checked the bibliographic data on Crossref and repeated
the literature search. Its own programs (independent_run_2/) compare Lemma 3.1 with a 40-digit
simulation up to t = 3000 (agreement 3-1073%) and Corollary 3.5 with simulations in balls of dimension
3 to 5; follow the Kolmogorov distance between the radial law of the disk front and that of 1, up to
t = 10°; check Section 4.1 symbolically; test Lemma 4.1 directly, by computing the phases © from the
states of 9 simulated trajectories in three ellipses, which satisfy ©(t) — ©(0) — tw(x) € Z% to 3- 10711
for ¢ < 1500; compute the limits of Lemmas 4.3 and 4.4 and the coefficient of 1/L in (11) with up
to 160 digits, for € down to 1079; confirm Proposition 4.5 with 50 digits; and simulate the table of
Section 5 (2.9 10° segments from sources in Ry: none meets V, and the statements (i) and (ii) of the
proof of Proposition 5.1 hold for every segment). It also ran the whole package again from the archive:
the outputs of check_note.py, of the seven programs of original/ and of three programs of the
second run are byte-identical to the recorded ones, and the others differ only in the reported running
times (one of them also in a warning of SciPy, which the re-run wrote to the error stream), except the
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four simulations of the table of Section 5 by the second run, whose random seeds were not recorded;
with the default seed they give other counts and the same results. This run found no mathematical
error and required eight corrections, all made: the continuity of x was added to the hypotheses of
Proposition 2.2; the abstract now names the limit measure correctly (Remark 3.6); the paragraph
after Theorem 1.3 now says for which directions the proofs give weak convergence; the description
of [dV21] and a digit count in this section were corrected; the labels printed by check_note.py now
follow the numbering of the note; and this run is recorded here, in the verification report and in the
package.

Scope and priority. The note answers Tabachnikov’s question for balls (Theorem 1.2) and for
ellipses (Theorem 1.3), with density in the sense of Definition 1.1. For general convex or generic
smooth domains, the setting of [KK26, Conjectures 3-5], the question remains open, and so does its
analogue for Riemannian manifolds mentioned in [ABB*26]. The question is Tabachnikov’s [ABB™26];
the definition and the conjectures are due to Kang and Knill [KK26]. The disk case of Theorem 1.2(a)
follows from [dVV24, Theorem 4.1] of Colin de Verdiere and Vicente, whose proof is a sketch and
who do not state the corollary; the ball case reduces to the disk by symmetry. The method, a linear
flow on invariant tori with a twist condition and oscillatory integrals, is that of [dVV24, dV21]; the
twist of the circular and elliptic billiards is also behind the results of Chernov and Galperin [CG03]
on illumination by a narrow beam, which do not concern the front at each time. The integrability of
the elliptic billiard is classical [Tab05, Chapter 4]. The example of Section 5 is known in substance
[PP58, Rau78, CG03, KK26]. What may be new is the ellipse case, Theorem 1.3(a), and a complete
written proof in the case of the disk and the ball: apart from the consequence of [dVV24, Theorem 4.1]
for the disk, no printed answer to the question was found in the sources searched (named below); a
search that finds nothing is not a proof of novelty, and we make no priority claim.

What was read: the paragraph of [ABB126], and [KK26] (arXiv version 4), in their LaTeX sources;
[dVV24] in the LaTeX source of arXiv version 1 (the journal version was not available to us, so we
do not know whether its Theorem 4.1 is in print); the relevant parts of [dV21] (Sections 1, 5 and 7);
[CGO03] in the publisher’s file, Sections 1 and 2. Of [Tab05] only the record of Chapter 4 was checked,;
[PP58, Rau78] were not seen. The searches, on 18 October 2026, used the arXiv (wave fronts with
density, billiards, equidistribution, caustics and illumination; recent work of Knill, Colin de Verdiére,
Vicente and Tabachnikov), Crossref, zbMATH, OpenAlex and Semantic Scholar with the lists of works
citing [KK26], [dVV24], [dV21] and [ABB"26] (apart from these papers themselves, there were none),
six web searches, and a blog post of Knill of 20 December 2025 on polygons; the further verification
run repeated the arXiv, Crossref, zbMATH and OpenAlex queries and made one of the web searches.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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