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Abstract

Guadagnini and Pilo conjectured that for a closed oriented 3-manifold M and a compact gauge
group G the absolute value of the quantum invariant 7& (M), when it does not vanish, depends
only on the fundamental group of M; this is Conjecture 7.5 of Ohtsuki’s problem list. They proved
it for lens spaces and G = SU(2). We show that the conjecture is false in general. With 7(S3) = 1:
for SU(4) and r = 12 the lens spaces L(8,1) and L(8,3) have |7| = 16 + 8v/3 and 56 + 32v/3; for
SU(5) and r = 10 one has |7(L(5,1))[? = 3475 + 1550v/5 and |7(L(5,2))| = 45 + 201/5; for Spin(7)
and 7 = 15 the moduli for L(10,1) and L(10,3) are nonzero with ratio 2 — v/3. These values are
obtained by exact computation from the Reshetikhin—Turaev surgery formula. On the basis of the
lens space formula of Hansen and Takata we then determine the simply connected compact simple
groups for which the conjecture holds. We prove a structure result for the lattice Gauss sums in
that formula: only a coset of a stabilizer in the Weyl group contributes. From it we deduce that the
lens-space statement fails for SU(N) for every N > 4, for Spin(m) with m = 7 and every m > 9,
and for Eg, E7, Es, and that it holds for Sp(2n) for every n > 1 and for SU(3), G2, Spin(8) and
Fy (for the last two with a computer-assisted lemma). By geometrization the conjecture for G is
equivalent to its lens-space case, so, given that formula, it holds exactly for SU(2), SU(3), Sp(2n),
G2, Spin(8) and Fy. We also record that two closed formulas of Guadagnini and Pilo for SU(2)
are inaccurate; their conclusion is not affected. This is an unrefereed note.

1 Introduction

Let M be a closed oriented 3-manifold (all manifolds in this note are connected) and let G be a simply
connected compact simple Lie group with dual Coxeter number h"Y. For every integer k > 0, the level,
there is a quantum invariant 7¢(M) € C, where r = k + h". It was proposed by Witten [Wit89] and
constructed by Reshetikhin and Turaev [RT91] for G = SU(2), and later for all G; see [Turl0, BKO01].
We normalize it by 7&(S%) = 1; the precise definition is recalled in Section 2. Guadagnini and
Pilo [GP98] proposed the following conjecture. It is Conjecture 7.5 of Ohtsuki’s problem list [Oht02,
Section 7.1} and record AMR-103-0120 of the UnsolvedMath dataset [ula26].

For non-vanishing 7& (M), the absolute value |7 (M)| depends only on the fundamental
group i (M).

That is: if M and N are closed oriented 3-manifolds with isomorphic fundamental groups and TTG (M),
7G(N) are both nonzero, then |7¢(M)| = |7&(N)|. In [GP98] the invariant is defined through Chern—

r

Simons theory with a simple compact gauge group, and neither [GP98] nor [Oht02] restricts the group.
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The hypothesis of non-vanishing is needed: for SU(2) and r = 7 the invariant vanishes on the lens
space L(7,2) but not on L(7,1).

Guadagnini and Pilo proved the conjecture for lens spaces and G = SU(2): for fixed p and r
the nonzero numbers among |TTSU(2)(L(p, q))| coincide [GP98, Section 4]. Their proof evaluates the
invariant in closed form by an argument of Jeffrey [Jef92]. The absolute values of the SU(2) invariants
of lens spaces are also the subject of a paper of Yamada [Yam95], which gives an explicit formula
for them, and of a paper of Sokolov [Sok97], which determines the lens spaces that are distinguished
by the Turaev—Viro invariants; we know these two papers only from their summaries in zbMATH.
For SU(3), Guadagnini and Pilo report numerical agreement for some lens spaces with p < 20 and
3 <r <50.

For a group G we call lens-space statement, LS(G), the assertion that for all p > 1 and all r > h"
the nonzero numbers among |7%(L(p, ¢))|, ¢ prime to p, coincide. The lens spaces L(p, q) and L(p,q)
have fundamental group Z/p. So LS(G) is a special case of the conjecture for G, and a failure of
LS(G) is a counterexample to it.

Theorem 1.1. Let G be simply connected and let T = 7€ be the invariant of Section 2.2: the
Reshetikhin—Turaev invariant of the modular category whose simple objects correspond to all integrable
highest weights of level k =1 — hY, normalized by 7(S%) = 1.

(a) G =SU(4), r =12 (level 8): |7(L(8,1))| = 164+8+/3 = 29.856.... and |7(L(8,3))| = 56 +32/3 =
111.425. ..

(b) G = SU(5), r = 10 (level 5): |7(L(5,1))|? = 3475 + 1550v/5 and |7(L(5,2))| = 45 + 20V/5, so
that |7(L(5,1))| = 83.312... and |7(L(5,2))| = 89.721 . ..

(¢) G = Spin(7), r = 15 (level 10): |7(L(10,1))] = 10410 cos(r/12)/II = 1182.524... and
|7(L(10, 3))| = 10v/10 sin(7/12)/II = 316.856. .., where II = 0.0258305 ... is the number II(15)
of (1) for the root system Bsz. The ratio of the two moduli is 2 — /3.

In each case the two lens spaces have the same fundamental group and nonzero invariants with different
absolute values. Hence the conjecture is false for G = SU(4), SU(5) and Spin(7).

The proof of Theorem 1.1 is an exact computation in a cyclotomic ring. It starts from the
Reshetikhin—Turaev surgery formula with the Kac—Peterson matrices S and T and uses no closed
formula for lens spaces (Section 3). Floating-point computations with the same formula give further
examples (Table 1). Among them are Eg at r = 35 (level 5, where the modular category has only 15
simple objects), with moduli 24.5324 ... and 35.4504 ... for L(5,1) and L(5,2), and SU(7) at r = 14,
where the homotopy equivalent spaces L(7,1) and L(7,2) have the nonzero moduli 7152.09... and
8696.41 ...

Our second result decides the lens-space statement for every group.

Theorem 1.2. The following statements are consequences of the lens space formula of Hansen and
Takata [HTO04, Theorem 5.1] (Theorem 2.3 below), which we use without reproving it. Let G be a
simply connected compact simple Lie group.

(a) LS(G) holds for G = Sp(2n), n > 1 (this includes SU(2) = Sp(2) and Spin(5) = Sp(4) ), and for
G = SU(3), Ga, Spin(8) and Fy. For Spin(8) and Fy the proof uses a lemma that was verified
by computer (finite exact tables over the Weyl group).

(b) LS(G) fails for every other G, that is, for SU(N) with N > 4, for Spin(m) withm =7 orm > 9,
and for Eg, E7, Eg. More precisely:



(i) SU(B): 0 < |7 (L(5,1))| < |7(L(5,2))] for every r > 10 divisible by 5;

(i) SU(4): |7-(L(8,3))| = cot(m/r) |7 (L(8,1))| # O for every r =4 (mod 8), r > 12;

(iii) SU(N) with N = ap, p ¢ {1,2,3,4,6} and (p — 1)a even: 0 < |1.(L(p,1))| < |7-(L(p, q))|
for every q £ £1 (mod p) and every multiple r > Np> of p. Such a p exists for every
N > 4 except N = 4,6,8,12; for these, the pairs (p,r) = (8,12), (12,18), (8,16), (12,24)
give failures;

(tv) Spin(7): |7(L(10,3))| = tan(57/(4r)) |7 (L(10,1))| # O for every r =5 (mod 10), r > 15;

(v) Spin(2n+1), n > 4: p = 2n and every multiple r > n?/2 of 2n; Spin(2n), n > 5: p = 2n—2
and every multiple r > max{2n — 2, (n —1)(n —2)/2} of 2n — 2;

(vi) Es, E7, Eg: (p,r) = (9,18), (14,28), (5,35) (the proof evaluates finite sums over cosets in
the Weyl group exactly, by computer).

):
):

For SU(4), SU(5) and Spin(7), part (b) also follows from Theorem 1.1 and does not depend on [HT04).

Corollary 1.3. Assume the formula of Hansen and Takata. For a simply connected compact simple
Lie group G, the conjecture of Guadagnini and Pilo holds for G (for all closed oriented 3-manifolds
and allr) if and only if G is one of SU(2), SU(3), Sp(2n) withn > 2, G2, Spin(8), Fiy. For G = SU(4),
SU(5) and Spin(7) the conjecture fails without this assumption.

Corollary 1.3 follows from Theorems 1.1 and 1.2 and from the fact that for every GG the conjecture is
equivalent to LS(G) (Proposition 7.1). This reduction uses geometrization, in the form of a theorem
on 3-manifold groups stated in [AFW15], the multiplicativity of 7 under connected sum and its
behaviour under reversal of orientation. For G = SU(2) it shows that the theorem of Guadagnini and
Pilo on lens spaces implies their conjecture for all closed oriented 3-manifolds. We did not find this
consequence stated in the literature.

The mechanism. By the formula of Hansen and Takata, |7,.(L(p,q))| is, up to a factor that does
not depend on ¢, the modulus of a sum over the Weyl group W of Gauss sums on the coroot lattice L
modulo pL. We show (Proposition 4.2) that each of these Gauss sums is zero or has a fixed modulus,
and that the nonzero ones belong to a coset W, of the subgroup H C W which fixes p modulo the
lattice rL 4+ pX, where X is the weight lattice. If H is trivial there is at most one term, and the
lens-space statement holds for the pair (p, 7). If not, |7.(L(p, q))| is the modulus of a sum of |H| roots
of unity. For SU(5), p =5 and 5 | r the cosets W; and W5 have five elements each, and their five-term
sums have different moduli (Proposition 5.2). For SU(4) and Spin(7) the two terms of one coset carry
a relative sign that depends on ¢. For the groups of Theorem 1.2(a) the sums over different cosets
are related by x — 2™ and a monomial factor, or factor into Vandermonde determinants.

What was known. Formulas for quantum invariants of lens spaces were given by Jeffrey [Jef92]
and by Guadagnini and Pilo [GP98] for SU(2) (see also [Yam95, LL9I6, Sok97]), by Takata [Tak96] for
the projective invariants of type PSU(n), by Zhang and Carey [ZC96] and Zhang [Zha97] at odd roots
of unity, and by Hansen and Takata [HT04] for every simple Lie algebra. When p is prime to mr (m
the lacing number), [HT04, Proposition 5.2] expresses 7,.(L(p, q)) as a product in which ¢ enters only
through a phase and a Gauss sum of the lattice; by Lemma 4.1(iii) its modulus does not depend on
g. So the question is about the pairs (p,r) that are not coprime. We found no counterexample to the
conjecture in the literature, and no proof of the lens-space statement for a group other than SU(2).
A preprint of Kuriya, which we could not obtain, is reported to treat a version of the conjecture for
the perturbative invariants of lens spaces; see the paragraph “Scope and priority” at the end.



Organization. Section 2 fixes the conventions and recalls the surgery formula and the formula of
Hansen and Takata. Section 3 contains the exact counterexamples. Section 4 analyses the Gauss
sums. Section 5 treats the groups for which the statement fails, Section 6 those for which it holds,
and Section 7 the passage from lens spaces to all closed oriented 3-manifolds. Section 8 contains
remarks and Section 9 describes the computations.

2 Setting

2.1 Lie algebra data

Let g be a simple complex Lie algebra of rank [ and let G be the simply connected compact Lie group
with complexified Lie algebra g. We use the conventions of [HT04, Sections 2 and 4]. On the real
span of the roots, (-,-) is the invariant inner product for which long roots have square length 2, and
|z|2 = (x,z). The lacing number m € {1,2, 3} is the ratio of the square lengths of long and short roots.
We write A for the set of positive roots, W for the Weyl group, det(w) = £1 for the determinant
of w € W, wqy for the longest element, p for the half sum of the positive roots and 6 for the highest
root; hY = (p,0) + 1. Let X be the weight lattice and L the coroot lattice, spanned by the coroots
oV = 2a/{a,a) (it is denoted YV in [HT04]). Then L C X, X is the dual lattice of L, and |v|? € 2Z
for v € L; we put Q(v) = |v|?/2. We write e(z) = exp(27iz) and, for an integer x > h",

= H 2sin 7r</;,oz) > 0. (1)

aEA L

It is positive because 0 < (p,a) < hY —1 < k.

2.2 The invariant

Fix an integer ¥ > h" and put k = k — h". Let C(g,x) be the modular category of [BK01, Theo-
rem 3.3.20], built from the quantum group of g at ¢ = exp(wi/(mk)). (For g = sly the quantum
integers are [n] = sin(7mn/k)/sin(7/k); in the notation of [KM91, Oht02] the parameter is exp(27i/k).)
Its simple objects are labelled by the set I,; of all A € X with (\,a) > 0 for the simple roots a and
(N, 0) < k. (The weights A — p, X\ € I, are the integrable highest weights of level k; the unit object
has label p.) For a closed oriented 3-manifold M we denote by 7.(M) = 7¢ (M) the Reshetikhin—
Turaev invariant of this category [RT91, Turl0], normalized by 7, (S%) = 1. In the notation of [Tur10,
Section I1.2], where 7(y, p)(S®) = D71, it is D 7y py(M) with D > 0 the rank of [BK01, (3.3.9)].

This is the quantum G invariant 7& (M) of [Oht02, Section 7.1] with r = #; for G = SU(2) it is the
invariant 7, of Kirby and Melvin [KM91]. We stress three points. First, all labels of I,; are used; the
projective versions (such as the SO(3) invariant) are different invariants and are not treated in this
note (Remark 8.4). Second, in [HT04] the invariant is written 77 with 7 = mx, so for the algebras
that are not simply laced the r of [HT04] is m times the » = k + h" used here and in [Oht02]. Third,
[HT04] use the normalization of [Tur10], in which the value on S* x $? is 1. From now on we write
k instead of r.

The modular matrices of C(g, k) are, for A\, u € I,

|A+] 2
=S Sh= Y det(wye(- W) gy oD 2

C
weW

with ¢ = k!/2| X/ L|'/?; these are the formulas of Kac and Peterson [KP84], see [BK01, Theorem 3.3.20]
and [HT04, Section 2]. The matrix S is symmetric and unitary, and S? = C is the permutation matrix



of the involution A — \* = —wg\ of I,;, which fixes p. The diagonal matrix 7" is the T-matrix up to a
scalar factor of modulus 1. Replacing w by wow in (2) and using wou = —p* gives 5’3\# = det(wo)SS\m,
hence

S =S8C=CS. (3)
By Weyl’s denominator formula, |Sj,,| = II(x) and S,, = II(k)/c.

2.3 Lens spaces and the surgery formula

For coprime integers p > 1 and ¢ we denote by L(p,q) the oriented 3-manifold obtained from S
by surgery on the unknot with coefficient —p/q. This is the convention of [HT04] and [GS99]. Its
fundamental group is Z/p. By the classification of lens spaces [Rei35, Bro60|, L(p,q) and L(p,q’)
are homeomorphic by an orientation preserving homeomorphism if and only if ¢ = ¢! (mod p);
moreover —L(p,q) = L(p, —q). They are homotopy equivalent if and only if ¢¢’ = +n? (mod p)
for some n [Whidl]. The absolute values studied here are not changed by reversal of orientation
(Proposition 2.1), so only the class {#q, +¢~'} of ¢ matters. For example, the lens spaces with group
Z/5 are L(5,+1) and L(5,£2), those with group Z/8 are L(8,£1) and L(8, £3), and those with group

7,/10 are L(10,+1) and L(10, +3).

For integers aq, ..., a, we write
1
[a1,...,a,] = a1 S € QU {00},
a —_—
2 1
an
with the conventions 1/0 = oo and 1/00 = 0.
Proposition 2.1 (Surgery formula for lens spaces). Let p > 1 and q be coprime and let aq, ..., a, be in-

tegers with [a1,...,a,] = p/q or[a1,...,a,] = —p/q. Put R'(a1,...,ay,) = (S'T' S T'%2 ... T'n S")
Then

pp’

(4)

(ST ST - T S)yp| _ |R/(an,...,a5)]

‘TK(L(]L(]))‘ = Spp CnH(/i)

In particular |7.(L(p, —q))| = |7(L(p,q))|.

Proof. For |ay,...,a,) = —p/q this is [HT04, Corollary 4.2], a formula of Hansen [Han01] that holds
for every modular category. There the S-matrix is DS, the T-matrix is 7" up to a scalar of modulus
1, the invariant of S3 is D~ = Syp, and the formula carries a further factor of modulus 1. The tuple
may be read in either order: S and T" are symmetric, and [ay, ..., a1] = £p/¢ with ¢¢ =1 (mod p),
which gives the same lens space. Now let [ay,...,a,] = p/q. Then [—a4,...,—a,] = —p/q. By (3) the
complex conjugate of (ST'1S ... T""S),, is (ST'~®S... T'"mSC*tl), = (ST"~“§...T'"="S),,,
because C' commutes with S and 7" and fixes the basis vector of p. So both cases give the same
modulus. The last equality in (4) follows from (2) and S,, = II(k)/c. O

Remark 2.2. The right-hand side of (4) is the modulus of the Reshetikhin—Turaev surgery formula
[Turl0, (I1.2.2.a)] for the linear chain of n unknots with framings ai,...,a,, in which consecutive
components form Hopf links: the invariant of the coloured chain is a product of entries of S and T”,
and the sum over the colours is the matrix product. The last component of the chain is a meridian of
the previous one, so n — 1 slam-dunk moves [GS99, Section 5.3] show that surgery on the chain gives
the same oriented manifold as surgery on the unknot with coefficient [a1, ..., a,]; this is L(p, —q) if
[a1,...,an] = p/q. The proof of Proposition 2.1 also shows that the modulus (4) does not depend on
sign conventions for S and T”: it is unchanged if (S,7") is replaced by (S,T”) or if S is replaced by S.



2.4 The formula of Hansen and Takata

For coprime integers p > 1 and ¢, and for y € X, put

Gy = Y o QWELUNY S det(w) e (<L) Gygp - wp). (5)

K
veL/pL p weWw p

The summand of G4(y) depends only on the class of ¥ modulo pL, G4(y) depends only on y modulo
pX and on ¢ modulo p, and so does A,.

Theorem 2.3 (Hansen—Takata [HT04, Theorem 5.1, first formulal). For every simple g, every k > h"
and all coprime p > 1 and q,
44|

) .

|7 (L(p, q))| =

In [HT04] the theorem reads 7 (L(p,q)) = € (kp) /2 vol(L)~' A, with an explicit ¢ of modulus 1,
in the normalization with value 1 on S* x §2. Multiplying by the rank D = &!/2vol(L)/II(x) [HT04,
Section 4] gives (6). The theorem is proved there for every complex simple Lie algebra by a reciprocity
formula for Gauss sums; according to [HT04], it generalizes [Jef92, Theorem 3.4], which is the case
g = sls.

Everything in Sections 4 to 6 is derived from (6). Theorem 1.1 is not. As a test of the transcription
we compared (6) with (4): exactly in eight cases (the six lens spaces of Theorem 1.1 and two cases for
SU(2)), and in floating point for many triples (p, g, k), including algebras that are not simply laced
(Section 9).

3 Exact counterexamples

3.1 The computation

Let D be the least positive integer with D(\, u) € Z for all A\, u € X, put M = 2Dk and ( = e(1/M).
Then T} = ¢PP* and S5, = 3, det(w)¢~?P ) so the number R'(a) of (4) lies in Z[¢]. An
element of Z[(] is represented by an integer vector, that is, by a polynomial in z modulo z™ — 1;
it is zero if and only if this polynomial is divisible by the cyclotomic polynomial ®,;; and complex

conjugation is & — x~!'. So identities between such numbers are decided by integer arithmetic. We
use /3 = (M2 4 (=M/12 when 12 | M and /5 = ¢M/5 4 ¢—M/5 _ (2M/5 _ ¢=2M/5 when 5 | M.

Theorem 3.1. The following identities hold in Z[(], where IT* = |5/, |* = II(x)? and ¢* = KX/L.
(a) Type Az, k = 12 (165 labels, = 96, 2 = 6912): |R'(8)]*> = (448 + 256v/3) *I1? and
|R'(3,3)> = (6208+3584f ) 4H2
(b) Type Ay, k = 10 (126 labels, M = 100, ¢ = 50000): |R'(5)|*> = (3475 + 1550v/5) c*I1? and

|R'(3,2)]? = (4025 + 1800+/5) 4112

(c) Type B3, k = 15 (161 labels, M = 120, ¢ = 13500): |R'(10)]*> = 250(2 + v/3)c? and
|R'(3,—3)|% = 250(2 — v/3) ¢*.

Proof. This is a finite computation with integers. It was carried out by the author’s programs and,
independently, by programs of the first and of the third verification run, which were written separately
and describe the root systems in other ways (Section 9). O



Proof of Theorem 1.1. We have [8] =8, [3,3] = 8/3, [5] =5, [3,2] = 5/2, [10] = 10 and [3, —3] = 10/3.
By Proposition 2.1, |7.(L(p,q))|> = |R'(a)|?/(c*"11?) for the corresponding chain a of length n. So
Theorem 3.1 gives |7(L(8,1))|? = 448 4 256/3 = (16 4+ 8v/3)2, |7(L(8,3))|?> = 6208 + 3584/3 = (56 +
32v/3)2, |7(L(5,1))|? = 3475415505, |7(L(5,2))|? = 4025+1800+/5 = (45+20+/5)2, and, for Spin(7),
|7(L(10,1))]? = 250(2++/3) /112 and |7(L(10, 3))|> = 250(2 — +/3) /TI2. Since cos?(7/12) = (2++/3)/4
and sin?(7/12) = (2 — v/3) /4, these are the values in (c), and their ratio is tan(7/12) = 2 — /3. All
six numbers are nonzero and the two numbers of each pair are different. The lens spaces of each pair
have the same p, hence isomorphic fundamental groups. O

The programs of the first and of the third verification run (Section 9) also confirm, by exact

computation in the three cases, that S'2 = (—1)/2+|c2C, that (S'T")? is a scalar multiple of C, that
the chains (1), (—1) and (2,1) for S3 give |7| = 1, and that other chains for the same lens spaces
give exactly the same values of |7|?: for instance (—8), (9,1), (7,—1) and (2,2,2,2,2,2,2) for L(8, 1),
and (—3,-3), (2,3,2), (3,4,1), (3,2,—1) and (4,1,4) for L(8,3). The author’s programs and those
of these two runs confirm the identity p!|R'(a)|? = ¢®"|4,|? in Z[e(1/(pM))] in all six cases, that is,
the equality of (4) and (6).
Remark 3.2. The two spaces of each pair are not even homotopy equivalent, since 3 is not + a square
modulo 8 or modulo 10, and 2 is not 4+ a square modulo 5. This can also be seen without continued
fractions. If A is the linking matrix of a framed link with det A # 0, then the meridians generate
Hy = Z™/AZ" of the surgered manifold, and the linking form of two meridians is £(A~1);; modulo
1. For the chains (3,3), (3,2) and (3, —3) the first meridian generates H; and has self-linking +3/8,
+2/5 and 4-3/10. For L(p,£1) the self-linking of a generator is +n?/p with n prime to p.

3.2 Further examples from the surgery formula

Table 1 lists further pairs of lens spaces with the same p and different nonzero moduli. The column
“surgery” refers to (4), evaluated in floating point (double precision) by programs that do not use
(6). In the rows marked F the computation was also carried out in a finite field, which is an exact
computation (Lemma 3.3): it proves that the two moduli are different and nonzero. The last column
refers to the exact evaluation of (6) by the results of Section 5. For each row the values obtained
from (4) and from (6) agree to all digits shown.

G r (level) labels lens spaces moduli (surgery) via (6)

SU6) 18 (12) 6188 L(12,1), L(12,5) 49603.5061, 126434.7266 F Theorem 5.5
SU(7)  14(7) 1716 L(7,1), L(7,2)  7152.0948, 8696.4173 F  Theorem 5.1
SUS)  16(8) 6435 L(8.1), [(8.3)  23840.5373, 26935.3720 F  Theorem 5.5
SU(10) 15 (5) 2002 L(5,1), L(5,2)  2473.6742, 2780.4232 Theorem 5.1
Spin(9) 16 (9) 245 L(8,1), L(8,3)  3290.0911, 4652.8915 Proposition 5.7
Spin(10) 16 (8) 483 L(8,1), L(8,3)  3857.1561, 4522.8506 Proposition 5.8
Spin(11) 20 (11) 882 L(10,1), L(10,3) 228981.65, 153000.65 Proposition 5.7
Spin(12) 16 (6) 9250 L(8,1), L(8,3)  585.2340, 827.6458 Corollary 4.3
Spin(14) 16 (4) 85 L(8,1), L(8,3)  52.5483, 74.3145 Corollary 4.3
Ee 18 (6) 139 L(9,1), L(9,2)  501.3784, 765.8681 Proposition 5.9
Er 28 (10) 483 L(14,1), L(14,3) 463232.50, 191877.19 Proposition 5.9
Ex 35 (5) 15 L(5,1), L(5,2)  24.5325, 35.4505 F Proposition 5.9

Table 1: Further examples. The moduli |7¢| are computed from the surgery formula (4) in floating
point; F marks the rows with an additional exact computation in a finite field.



Lemma 3.3 (Certificates in a finite field). Let P be a prime with P =1 (mod M) and let w € Fp
have multiplicative order M. There are ring homomorphisms o4 : Z[¢] — Fp with ¢4 (¢) = wtl, and
0 (z) = p_(x) for all z. Hence ¢, (|z|*) = oo (x)p_(x). If a,b are integers and ap,(x)p_(x) #
bo.(y)o_(y) in Fp, then alz|> # bly|?; and if o, (x)p_(x) # 0, then x # 0.

Proof. An element of order M of the field Fp is a root of ®,,, because 2™ —1 = Hd|M ®, and a root
of &4 with d < M has order less than M. So ¢4 are well defined. The other statements are clear. [

The computation of R/(a) can therefore be repeated with all roots of unity replaced by powers
of w, once for w and once for w™!. For the rows marked F this was done with primes P near 22%;
the residues of >~ |R/(a)[?> and |R'(a’)|? for the two chains, of lengths n < n/, are different and
nonzero. For Eg the matrix S’ is computed from 8 x 8 determinants whose entries are roots of unity
of order 4k = 2M, with a factor % So Lemma 3.3 is applied with 2M in place of M (note that
Z[(] C Zle(1/(2M))]), and the factor is harmless since P is odd. The third verification run repeated
the computations for the four rows marked F with its own programs, with two primes below 22°
in each case, and with the same conclusion. So for SU(6), SU(7), SU(8) and Es the failure of the

lens-space statement does not depend on Theorem 2.3 either.

Remark 3.4. For SU(3) the matrices X, Y printed in [GP98, Section 5] agree with (2) for x equal to
their coupling constant k, up to complex conjugation and the scalar factor of 7", and their expression
for the lens space invariant is (4). We checked numerically that they give the same moduli for all
L(p,q) with p < 15 and 3 < k < 24. So the invariant studied here is the invariant of [GP98], with
r = Kk equal to their k.

4 The lattice Gauss sums

In this section p > 1 and xk > 1 are integers,
g=gcd(p,k), p=gp, k=gx,
and ¢ is an integer prime to p with inverse ¢ modulo p. Put
Ez{,uEL: kp € pX}, R:E/pL7 Ay = kL + pX.

The statements of this section and of Sections 5 and 6 about the sums G4, A, and about sums over
cosets in W are elementary. Every statement about 7,,(L(p, ¢)) is obtained from them by Theorem 2.3,
and depends on that theorem; these statements carry the tag “uses Theorem 2.3”.

Lemma 4.1. (i) Ap=g(L+p'X), and Ao ={y € X : {(u,y) € pZ for all pn € ]A-E}

(ii) The map s: R — {1}, s(u) = e(qrQ(n)/p), is a homomorphism that is trivial on pL. It
does not depend on q, and it is trivial if p is odd. There is yo € X, unique modulo Ao, with
e({(u,y0)/p) = s(u) for all p € R; we take yo = 0 if s is trivial. Moreover 2yy € Ay.

(iii) Gy(y) # 0 if and only if y € yo + Ao, and then |G, (y)| = p'/?|R|*/2.

(iv) Gq(y + qrn +p€) = e(—(qrQ(n) + (1,y))/p) Gq(y) for alln e L and & € X.

Proof. (i) Since ged(x/,p’) =1 and L C X, the lattice k'L 4 p' X contains k'L + p'L = L, so it equals
L+ p'X. The pairing L/pL x X/pX — Z/p induced by (-,-) is perfect. The map ¢: L/pL — X/pX,
v — kv, has kernel R and image Ag/pX, and (v, ¢(V")) = (v, ¢(v)). So the image of ¢ annihilates
the kernel of ¢; it is the full annihilator because both have p'/|R| elements.



(ii) For p, i/ € R we have gr(Q(u+ 1) —Q(r) — Q1)) = q(kp, ') € PZ, so s is a homomorphism,
and kQ(pv)/p = prQ(v) € Z. Write 2rQ (1) = (kp, ) = pny, with ny, € Z; then s(p) = (=1)". If p
is odd, then pn,, is even, so n, is even. If p is even, then ¢ is odd and s(u) = (—=1)"#. A character of
the subgroup R of L/pL extends to L/pL, and every character of L/pL has the form v — e({(v,y)/p)
with € X. This gives yo; by (i) it is unique modulo Ag, and 2yy € Ay because s = 1.

(iii) Substituting v = v/ + pu we get

G = 3 e(qn@(u)ﬂu,y)) 3 e(<ﬂ’,q/w>).

neL/pL p v'eL/pL p

The inner sum is p' if gk € pX, that is, if 4 € R, and 0 otherwise. Hence |G,(y)|? = p' > uer (s y+
yo)/p). This is the sum of a character of R. By (i) the character is trivial if and only if y + yo € Ay,
that is, y € yo + Ao.

(iv) We have grQ(v) + (v,y + qrn) = qrQ(v + 1) + (v +n,y) — ¢sQ(n) — (n,y), and (v, p) € pZ.
Now replace v + 1 by v. O

Proposition 4.2 (Structure; uses Theorem 2.3). The set H={h € W : p—hp € Ao} is a subgroup
of W, and
Wy={weW: gp—wp€yo+ Ao}

is empty or a left coset wH. For w € Wy choose 1, € L and &, € X with gp —wp = yo + qknw + Pw
and put

_ o(_tpwp)  45Q(nw) + (M, yo)
Wo(w) = e~ ; ). (7)
Then Wq(w) does not depend on the choice of 1w and §w, Aq = Gq(yo) 3_ew, det(w)¥q(w), and, for
k> hY,

1/2
(L) = H| 5 dettu) v, )| 0

II
weWy

In particular 7.(L(p,q)) = 0 if W, is empty. If H = {1}, then |1.(L(p,q))| is 0 or |R|}/?/TI(x) for
every q, so the nonzero moduli for the pair (p, k) coincide.

Proof. The lattice Ay is stable under W. So p—hh'p = (p—hp)+h(p—h'p) and p—h~tp = —h = (p—hp)
show that H is a subgroup, and wp — w’'p = w(p — w™lw'p) shows that W, is a coset. Since ¢ is a
unit modulo p, we have gk L + pX = Ag; so 1, and &, exist. By Lemma 4.1(iv) with y = yp,

_ o _ P wp)\ Galap — wp)
vy = (=) e )

where G4(yo) # 0 by Lemma 4.1(iii). This shows that W,(w) is independent of the choices. For
w & Wq we have Gg(gp — wp) = 0. So Ag = Gq(yo) Yo, det(w)¥q(w), and (8) follows from (6) and

|Gy(yo)| = p'/?|R|'/2. O
Corollary 4.3 (The case p | k; uses Theorem 2.3). If p divides k > h", then

1/2 1

_ b — (pwp) —
T (L(p, = Yol Y = g det(w) z\7P7, z=e . 9
wp—qpepX

Proof. Now gQ(v)/p € Z, so Gy(y) = >, e((v,y)/p) is p! if y € pX and 0 otherwise. Insert this
into (5) and (6). O



Lemma 4.4 (Orientation). A_; = det(wp) 4q.

Proof. In (5) for —q replace w by wwg and use wop = —p. The term of w becomes
det (1) det (o) e((m wp>> > e(_ qrQV) + (v, qp — wp) )
PK p
veL/pL
which is det(wp) times the complex conjugate of the term of w in A,. O

The next proposition removes the dependence of the summands on ¢ under a hypothesis on the
lattices.

Proposition 4.5 (uses Theorem 2.3). Assume that s is trivial and that
(K) there is an integer k with 'k =1 (mod p') and k(L + p'X) C L.

Put ¢ = (k"k* — 1)/(g?p'K"). Then for every unit q and all w,w' € W, we have ¥, (w)/¥,(w') =
e(co<p, wp — w’p}). Hence, for k > h",

(L (pr )] =

1/2
gim) | > det(w)e(colp,wn))|. (10)

weWy
where cg does not depend on q.

Proof. For w € W, put B, = (gp —wp)/g € L+ p'X and n,, = k@B, which lies in L by (K). Since
qix'k =1 (mod p'), we get gy —gBw € gp' X = pX, so this is an admissible choice in Proposition 4.2.
Put N, = |kBw|?/2, an integer because kB, € L. Then ¢kQ(nw) = ¢4 - 5Ny = qxNy, (mod p). For
w,w € Wyput § = (wp—w'p)/g € L+p'X. From ¢?|Bw|? = (¢*+1)|p|* —2q{p, wp) we get Nyy— N,y =
—qk?(p,0)/g. The number u = x'k?(p,d) = r'k{p, kd) is an integer, and gr(Ny — Nur)/p = —qqu/p.

Therefore () (0.5) 22
v, (w g{p, U K -1 ,
\I/q(w’) e( Pk + p) e<<p, > gp'K' ) e(CQ<p,'wp w P))
Now (10) follows from (8). O

Proposition 4.6 (Non-degenerate case; uses Theorem 2.3). Let € be the exponent of the group X/L
and let § be the least positive integer with 6{p,wp) € Z for all w € W. Assume ged(p/, ged) =1, and
let p* be an integer with p*p' =1 (mod gkd). Then, for kK > hY,

/2 * w
L)l = s | 5 dettuye( L)) (1)
wpggﬁyggX

Proof. Since eX C L and ged(p',e) = 1, we have L+ p'X = X and Ag = gX. Let p € R. Then
K'u € p'X, and since ged(x,p') =1, p = p’¢ with £ € X. The order of ¢ in X/L divides p’ and ¢, so
€ € L. Hence R = p'L, |R| = ¢!, and s(p'v) = e(qr'p’Q(v)) = 1. Choose k with 'k = 1 (mod p)
and k = 0 (mod g?¢§). Then k(L + p'X) = kX C L, so (K) holds, and Proposition 4.5 applies
with W, = {w: wp —qp € gX} and co = n(x'k + 1)/(¢?s"), where n = (k'k — 1)/p’ € Z. Modulo
g°K'd = gKd we have k'k = 0, hence n(x'k + 1) = n and np’ = —1, that is, n = —p*. For w,w’ € W,
the number (p,wp —w'p) lies in 71 7Z. Therefore e(co(p, wp —w'p)) = e(—p*(p, wp — w'p)/(gk)), and
(10) becomes (11). O
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Corollary 4.7 (uses Theorem 2.3). Let g divide k > h", and suppose that for the pair (g,k) two
units q, ¢ modulo g give different nonzero moduli in (9). Then the same holds for every pair (p, k)
with ged(p, k) = g and ged(p/g, ged) = 1, and all units of the classes of q, ¢ modulo g.

Proof. The sum in (11) is the image of the sum X, of (9) for the pair (g, x) under the automorphism
o of the field Q(e(1/(gkd))) that raises roots of unity to the power p*. As o commutes with complex
conjugation, |0(X,)2 = o (|%,[%). So |54]? # |Sy|? and T, # 0 # X, are preserved. O

5 Groups for which the lens-space statement fails

5.1 SU(N)

For g = sly we write weights as vectors of ZY modulo (1,...,1), with (z,y) = Y.z —
(3" x;))O_wyi)/N. Then L consists of the classes with > z; =0 (mod N), p= (N —1,N —2,...,0),
W is the symmetric group acting on the coordinates, and x € pX if and only if all coordinates of x
are congruent modulo p. The numbers (p,a), « € A4, are h =1,..., N — 1, with multiplicity N — h.
For an integer x let [z], € {0,...,p — 1} be its residue modulo p.

Theorem 5.1 (uses Theorem 2.3). Let N = ap with integers a > 1, p > 2, let kK > N be a multiple
of p and q a unit modulo p. For ¢ € Z/p put

p—1
1 1 —1)ac as (C)
Sq(C):Zj[QJ+C]p7 0, = Z(_l)(p 1) e(_%)_
J=0 cEZ/p p
Then
(N-1)/2 1y 1P |©
p a o -
reltp )= L | (L N )
H(R) o<m<m/<a
and V, # 0.

Proof. By Corollary 4.3 we have to compute ¥,. An element w € W is given by a permutation o of
the set {0,..., N — 1} of coordinates of p, with wp having the coordinate o(r) where p has r; then
det(w) = sgn(o) and (p,wp) = >, ro(r) — N(N — 1)2/4. The condition wp — gp € pX means that
o(r) = qr+ ¢ (mod p) for all r, with some ¢ € Z/p that is determined by o. Write r = j + pm with
0<j<pand0<m < a. For fixed c the permutations in question are o(j +pm) = [¢gj+c|p, +pt;(m)
with arbitrary permutations t,...,t,—1 of {0,...,a—1}. Using > tj(m)=> m=a(a—1)/2 we
find
S ro(r) = asg(e) + 2o - DA 5SS it m).
T g m

The permutation ¢ is the composition of (j, m) — (j,t;(m)) and of (j,m) — ([gj+c|p, m), sosgn(o) =
sgn(j — [qj+clp)* [1; sgn(t;), and sgn(j — [gj+c]p) = sgn(j — [gilp) (—=1)(P=De because j +— [j+1],
is a cycle of length p. The sum over each t; is ), sgn(t) 2P° L mit(m) — det[:nmm/]ogm7m/<a =V, a
Vandermonde determinant. Hence X, = £z°"'V,?©,. Finally xz? #£ 1 for 0 < d < a, because
0<pd< N <k. O

Proposition 5.2 (SU(5); uses Theorem 2.3). Let N =5 and let k > 10 be a multiple of 5. Then,
with T(k) = [[3_, (2sin(nh/k))>~",
2 2 4 1/2
|7 (L(5,£1))| = H(i)<9 + 8cos % + 4 cos % + 4 cos 6%) ,
2 2
7 (L(5, £2))| = H(E’)<1 + 4cos %)

K

11



both are positive, and

5000 . 5w . 9w

|7 (L(5,1))|? = |7 (L(5,2))]? = BVIE sin — sin — < 0.

For k = 10 these are the values of Theorem 1.1(b).

Proof. We apply Theorem 5.1 withp = 5, a = 1; then V; = L and ©, = > 2% with z = e(—1/(5x)).
For ¢=0,...,4,
s1(c) = 30, 20, 15, 15, 20,  sa(c) = 25, 25, 15, 20, 15.

For instance s2(1) =0-1+1-3+2-0+3-2+4-4 = 25. So, with u = 2° = e(—1/k),
3 2 1 27
|©1] = |u” + 2u + 2|, [O2] = 2u” +u+2|=2u+1+2u" | =1+ 4cos —.

K

Expanding gives |©1]? = 9 + 8cos 2F + 4cos 4” +4cos & and [©2]% = 9 + 8cos X + 8cos 4. Their

difference is 4(cos %% — cos 4Z) = —Rsin BT T sin Z. The classes q = —1, —2 follow from Lemma 4 4. For

K > 10 we have cosz,:r > 0, COS% >0 and O < 5% < Z. So [@2] > 1, |©1|2 > 9 —4 > 0, and the
difference is negative. For x = 10: II(10) = 5/(2++/5), |©1|*> = 114+2v/5 and |O2| = 2++/5, which gives
|T(L(5,2))| = 5(2++/5)? = 45+20+/5 and |7(L(5,1))|> = 25(11+2v/5)(2+/5)? = 3475+1550v/5. [

So SU(5) violates the lens-space statement at every positive level divisible by 5. By Corollary 4.7
(here e =5, § = 1), it also does so for every pair (p, <) with ged(p, k) =5, K > 10 and p/5 prime to 5.

Corollary 5.3 (uses Theorem 2.3). Let N = ap with (p—1)a even and p ¢ {1,2,3,4,6}, and let q be
a unit modulo p with ¢ Z £1 (mod p). Then for every multiple x of p with k > Np°,

0 < [7(L(p, )| < |7s(L(p; @))|-

Proof. Now O, = ) .e(—asq(c)/(pr)). Put ¢ = 2mwa/(pk) and let Var(sy) be the variance of the
numbers s,(c), ¢ € Z/p. Then |0,? = D cos(¢(sq(c) — sq(c’))) and >_, /(sq(c) — sq())? =
2p® Var(s,).

Step 1: Var(sy) — Var(sy) > 1/p. Let f(j) = j for 0 < j < p, regarded as a function on
Z/p, with Fourier transform f(t) = > f(G)e(—jt/p). Since sq(c) = >°; f(7)f(gj + ¢), we get
S salc)e(—ctfp) = F(Of(—qt). For t £ 0, f(t) = p/le(—t/p) — 1), 50 [FO)P = pPar/4 with
a; = 1/sin?(7t/p). By Parseval’s formula

2P1

Var(sq) 72 Z |F@)1P1f (at)]? =16 Zataqt
10

By the Cauchy—Schwarz inequality Y, arag < Y, a?, with equality only if a, = a; for all ¢; for t = 1

this means ¢ = £1 (mod p). So Var(s,) < Var(s;). Moreover Y . s,(c) = (p(p — 1)/2)? does not

depend on ¢, so p*(Var(s1) — Var(sy)) = p_.(s1(c)? — s4(c)?) is a positive integer multiple of p.
Step 2. By the rearrangement inequality all sj(c) lie between ij(p —1—7) and Zj 42, so

|s1(c) —s1(¢)| < D := p(p? —1)/6, and Var(s;) < D?/4. Using 1 — ‘%2 <cosx <1-— %2 +% we obtain
4
|94% > p? — ¢*p? Var(s,), |01]? < p? — ¥*p? Var(sy) + 7’5—4 D? . 2p* Var(sy),

hence [O,4]%> — [©1]* > ¥?p (1 — ¢?pD*/48) and |©4]? > p*(1 — ¢2D?/4). If kK > Np° = ap®, then
Y <27 /p” and D < p?/6, so ¢*pD*/48 < 1 and 1?>D?/4 < 1. Thus |©,] > |©1] > 0, and the claim
follows from Theorem 5.1. O
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For N = p = 5, Proposition 5.2 shows that every multiple x > 10 of 5 works. Numerical tests
suggest that in Corollary 5.3 every multiple K > N of p works; we do not prove this.

Proposition 5.4 (SU(4); uses Theorem 2.3). Let N =4, p=8 and k =4 (mod 8), K > 12. Then

(L (5, 1)) = 22 I pe(s. 230 - 8v2 Zola/s)

with TI(k) = (2sin Z)3(2sin 22)?(2sin 3T). Both are nonzero and their ratio is cot(w/k) # 1. For
k = 12 these are the values of Theorem 1.1(a).

Proof. Write x = 4" with x’ odd; then g = 4, p’ = 2. Let wp = (1,1,0,0). The lattice L 4 2X
consists of the classes with even coordinate sum, and Ag = 4(L+2X). Since " is odd, R=LN2X =
2L U (wy+ L)), s0 |R| =243 =128. For = 26 € R we have ¢sQ(p)/p = ¢'|€|%, and |€]2 € Z for
€€ LU (wg+ L); so s is trivial and yo = 0.

An element h satisfies p — hp € 4X if and only if it shifts the coordinates 3,2,1,0 of p cyclically
modulo 4; there are four such elements, and for them p — hp is 0, 4w1, 4wy, 4wz, where w; has j
coordinates 1 and 4 — j coordinates 0. Hence H = {1, ha}, where hy exchanges the coordinates 3 <> 1
and 2 «» 0; det(he) =1 and p—hgp = 4wa. Let ¢ € {1,5} and t = (¢—1)/4. Then (¢—1)p = 4tp € Ay,
so Wy = H, and ¢p — wp = 4(tp + ewz) with ¢ =0 for w =1 and ¢ = 1 for w = hy. We need 7, € L
with gk, = 4(tp + ews) (mod 8X), that is, 7y, = tp + ews (mod 2X), because gr’ is odd. We may
take

n=0, (1,-1,0,0), (1,0,-1,0), (0,1,—1,0)

for tp + cwa = 0, wa, p, p +wa, with Q(n) = 0,1,1,1. By (7), ¥,(w) = e(—{(p,wp)/(8k)) (1))
since grQ(n)/8 = qr'Q(1)/2. As (p, p) — (p, hap) = 4(p,w2) = 8, we get

{2 sin(r/k) for g =1,

S det(w)wy(w)| = |15 e(1/m)| = 2cos(m/k) for g=5,

weWy

and (8) with |R|'/? = 8v/2 gives the formulas for ¢ = 1, 5. The cases ¢ = 7, 3 follow from Lemma 4.4.
For k = 12: II = (25sin 15°)3v/2 and (2sin 15°)? = 2— /3, so the two values are 8/(2—+/3) = 16+8/3
and 8(2 + v/3)% = 56 + 32V/3. O

Theorem 5.5 (uses Theorem 2.3). For every N > 4 there are p, k and units q,q modulo p such that
TSU(N)(L(p, q)) and TSU(N)(L(p, q)) are nonzero and have different absolute values.

Proof. Write N = 2%3!n with ged(n,6) = 1. If n > 1 take p=n. If n =1 and t > 2 take p = 9. If
n=1,¢t<1and s >4 take p = 8; then N/p is even. If N = 24 take p = 12. In all these cases p
divides N, p ¢ {1,2,3,4,6} and (p — 1)N/p is even, so Corollary 5.3 applies. The remaining values
are N =4,6,8,12.

For N = 4 see Proposition 5.4. For N = 8 and N = 12 we use Theorem 5.1 with p = N, a =1
and k= 2N, so that ©, = > _(—1)%(—s4(c)/(2N?)) is a sum of N roots of unity:

N=8: |0:*=0.90368..., |O3]*=1.15353...;
N=12: |01]>=0.94786..., |O5/> =1.66572...

For N = 6 we take (p,x) = (12,18) and evaluate (5) directly: |A;|? = 4803353755.04... and |A5|? =
31207039519.09. .. In all three cases the two numbers were also shown to be different and nonzero by
exact computation in the cyclotomic ring. O
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5.2 Spin(7)

For type B,, we use the standard coordinates: (-,-) is the dot product on R", X =Z" U (Z + %)", L
consists of the integer vectors with even coordinate sum, p = (n %, %), and W consists of the
signed permutations of the coordinates.

1
Fre e

Proposition 5.6 (Spin(7); uses Theorem 2.3). Let g be of type Bs, p = 10 and x = 5 (mod 10),
k > 15. Then

10v/10 cos(57/(4k))

- 10v/10 sin(57/(4k))
1(x) ’ '

1I(x)

7 (L(10, £1))| = w(L(10,£3))] =

Both are nonzero, and their ratio is tan(bnw/(4k)) < 1. For k = 15 these are the values of Theo-
rem 1.1(c).

Proof. Write x = 5x' with #’ odd; then g=>5,p =2 Here L+2X = 73, s0 Ag = 5Z3. Since «’ is odd,
R=LN2X = (22)*, and |R| = [Z3 : 5L] = 250. For p = 2 € R we have qrQ(p)/p = qm’|§|2 €Z,
so s is trivial and yg = 0. Modulo 5 the six numbers :l:g, :I:g, :I:1 are different except that 3= —%.
Hence H = {1, h}, where h changes the sign of the first coordinate det(h) = —1; and W3 = {w+, _}
with wip = (£3, -3, 2) and det(w_) = — det(w,).

For ¢ = 1 and w = h we have p—hp = (5,0,0) = kn+10§ with n = (0,1,1) and £ = (% %/,—%/) €
X5 Q) = 1 and [pf? — (p, hp) = 2. So Wy(h)/W1(1) = e(£ — %) = —e(L), and |¥1(1) — W (h)| =
2 cos(b7/(4k)).

For ¢ = 3 we have 3p — wip = (5,5,0) = 3kn4+ + 1064 with ny = (1,1,0), and 3p —w_p =
(10,5,0) = 3kn— + 10&— with n_ = (1,0, 1); in both cases &+ € X and Q(n+) = 1. Since (p,wip) =
+2 we get ¥s(w_)/U3(wi) =e() and [¥3(wy) — ¥s(w_)| = 2sin(5r/(4k)).

Now (8) with |R|'/? = 51/10 gives the formulas for ¢ = 1, 3, and Lemma 4.4 gives them for ¢ = 9,
7. For k = 15 the angle is 7/12. O

The mechanism is the same as for SU(4) = Spin(6): hypothesis (K) of Proposition 4.5 fails because
/

5.3 Spin(2n+1), n>4

Let O, = {1,3,...,2n — 1}, the set of coordinates of 2p, and s, = (—1)™*1)/2, For an odd integer
x let sgny, (x) be the sign of the residue of x modulo 4n in the interval (—2n,2n). For an integer ¢
prime to 2n put

My =, rsgy(ar).

TGOn

Since (q + 2n)r = ¢gr + 2n (mod 4n) for odd r, we have M 2, = —My; so |M,| depends only on ¢
modulo 2n.

Proposition 5.7 (uses Theorem 2.3). Let g be of type B, with n > 4, let p = 2n and let Kk be a
multiple of 2n. Then for every unit ¢ modulo 2n,

I7e(L(2n, @) * =

M,
3 <2+23ncos P )
Moreover Myy = +n?, and |M,| < n? for ¢ # +1 (mod 2n); M, is odd if n is odd, and My+1 = 2n
if n = 2 (mod 4). Consequently, for every multiple k > n?/2 of 2n there is a unit q with 0 #
|7(L(2n, q))| # |7 (L(2n,1))] # 0.
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Proof. By Corollary 4.3 we need the signed permutations w for which all coordinates of 2wp — 2¢qp
are = 0 (mod 4n), or all are = 2n (mod 4n). The numbers £r, r € O, represent the odd residues
modulo 4n, and ¢ is odd. The maps =z — gz and x — qx 4+ 2n permute the odd residues and
commute with z — —x. So there are exactly two such elements, w, and w,: the coordinate of
2wgp at the place where 2p has r is the residue of ¢r in (—2n,2n), and for w;, it is the residue of

/.
q-
/
q

gr +2n. The second residue equals the first minus 2n sgny, (gr). Since (p, wp) = 1(2p) - (2wp), we get
(P, wyp) — (p, wep) = —5M,. For ¢ =1 the two elements are 1 and h = wy, and h reverses the order
of the coordinates and changes all signs, so det(h) = (—1)""~D/2(—1)» = s,,. As in Proposition 4.2,
the set {wy,wy} is a coset of the group {1,h}; hence w;, = wyh and det(wy) = s, det(w,). With
z = e(—1/(2nk)) this gives |S,| = |1 4 8,27 "Ma/2| = |1 + s,,e(M,/(4k))|, which is the formula.

Clearly My = n? and M_, = —M,. Suppose that all sgn,(qr), r € O, are +, and let go € (0, 4n)
be the residue of ¢; then gy < 2n (take r = 1), qo is odd, and gg # n because ¢ is prime to n. Assume
3 < qo < 2n-—3. If g9 < n, the numbers qg, 3qo, ..., (2n — 1)qp increase in steps of 2¢gy < 2n, and
the last one exceeds 2n; the first one that is > 2n lies in (2n,4n): a contradiction. If gy > n, put
d = 4n—2qg € (0,2n); the numbers (254 1)qp are congruent to go—jd, 0 < j < n, and go—(n—1)d < 0
because qp < 2n — 2; the first negative one lies in (—2n,0): a contradiction. So the signs are all +
only if go € {1,2n — 1}, and they are all equal only for ¢ = £1 (mod 2n). Also My =) o 7= n?
(mod 2). For n =4t + 2 and ¢ = n+ 1 we have gr = n + r or 3n +r (mod 4n) according as r = 1
or 3 (mod 4); so the sign is + exactly for r = 1, r < n and for r = 3, » > n, and summing gives
M1 =8t+4=2n.

Let & > n?/2. Then all angles 7|M,|/(2x) lie in [0,7), where the cosine is strictly decreasing,
and |$1]2 = 2 + 2s,, cos(mn?/(2k)) > 0. If s, = 1, every q # 1 gives |5,? > [X1]2. If s, = —1,
every ¢ # £1 with M, # 0 gives 0 < |5,|? < |X1|?%; such g exist, because s, = —1 means n = 1 or
2 (mod 4), and we may take any ¢ # +1 if n is odd and ¢ =n + 1 if n = 2 (mod 4). Units ¢ # +1
(mod 2n) exist because 2n > 8. O

5.4 Spin(2n), n >5

For type D,, we use the standard coordinates: X and L are as for By, p = (n—1,...,1,0), and W
consists of the signed permutations with an even number of sign changes; det(w) is the sign of the
underlying permutation. Put m = n — 1 and s/, = (—1)™(™+1)/2_ For an integer « not divisible by m
let sgn,,,(z) be the sign of the residue of x modulo 2m in (—m,m), and for an odd integer ¢ prime
to m put M, = Sy sgng,, (qu).

v=1

Proposition 5.8 (uses Theorem 2.3). Let g be of type D,, with n > 5, let p =2m = 2n — 2 and let K
be a multiple of 2m. Then for every unit ¢ modulo 2m,

4 (2m)"

|TK(L(2m7 Q))‘Q = H(,{)Q

M
(1‘1‘%%14-23;1%1 cos q), Ym —cos 1.
K K
Moreover |My| = m(m—1)/2 for g = +1 (mod 2m) and |My| < m(m—1)/2 otherwise. Consequently,
for every multiple K of 2m with k > 2m and kK > m(m — 1)/2, and every unit ¢  +1 (mod 2m), we
have 0 # |1.(L(2m,q))| # |7 (L(2m,1))| # 0.

Proof. By Corollary 4.3 we need the w € W for which all coordinates of wp — gp are = 0 (mod 2m),
or all are = m (mod 2m). The coordinates of p are 0,1,...,m, and the numbers +v, 0 < v < m,
represent all residues modulo 2m, with 0 and m equal to their negatives. An element of W is
determined by wp, that is, by a permutation of the coordinates and signs on the nonzero ones. The
map x — qz fixes the residues 0 and m, and z — gx + m exchanges them. So there are exactly four
such elements. Two have shift 0: the coordinate m goes to +m or to —m, and (p,wp) = Ey + m?.
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Two have shift m: the coordinate £m is put at the place where p has 0, and 0 at the place where p
has m; both have (p,wp) = E,,. Here E. = > _,_,, v - (residue of qu + ¢ in (—m,m)). The residue
of qu +m is that of qv minus m sgny,,(qv), so By — Ep, = mM,. With z = e(—1/(2mx)) we get

Eq _ :EZEO (zm2 —|—Z_m2 12 Z—mML;)7

where s is the ratio of the signs of the two underlying permutations. As in Proposition 4.2, the four
elements form a coset wH of the group H of the four elements for ¢ = 1. A signed permutation maps
a vector whose coordinates are all = ¢ (mod 2m), ¢ € {0,m}, to a vector of the same kind; so the
shift of wh is the sum of the shifts of w and h, and s = det(h) for an element h € H with shift m.
Hence s does not depend on gq. For ¢ = 1 the two permutations are the identity and the reversal
v m — v of n coordinates, so s = s/,. Finally 2™ + 27" = 2v,, and 2~ ""Mi = e(M,/(2x)), which
gives the formula.

Clearly M{ = m(m —1)/2 and M’ = —M,. Tf all sgn,,,(qv), 0 < v < m, are +, let go € (0,2m)
be the residue of ¢; then gy < m, and qq is odd. If go > 3, the multiples g, 2qo, . . ., (m — 1)qo increase
in steps of gy < m, the last one is larger than m, and the first one that is > m lies in (m,2m), a
contradiction (it is not m, because m does not divide qv for 0 < v < m). So ¢ =1 (mod 2m); if all
signs are —, then ¢ = —1 (mod 2m).

For £ > 2m we have 0 < 7,, < 1, hence 1 + 42, + 28/ v cosz > (1 — )% > 0 for all z. For
& > m(m—1)/2 the angles | M;|/x lie in [0, 7), where the cosine is injective. Units ¢ # +1 (mod 2m)
exist because 2m > 8. ]

For n = 4 we have 2m = 6, and there is no unit other than =+1; this is in accordance with
Theorem 6.1.

5.5 The exceptional groups FEg, E7, Fs
Proposition 5.9 (computer-assisted; uses Theorem 2.3). In the notation of Corollary 4.3:

(a) Eg, (p,k) = (9,18), 2z = e(—1/162): ¥ = +(2" +22% — 273 —22757) and Xy = +(2°7 + 2230 -
272 — 2279 50 that |21]? = 12 and |Xs]? = 28.

(b) Er, (p,r) = (14,28), y = e(=1/784): Ty = £(y** — ¢y'% —y" + y77) and T3 = (4" -
Y™ — y 7194y =AY g0 that |$1]? = 8 4+ 4v/2 and |S3|? = 8 — 4V/2.

(c) Es, (p,r) = (5,35): $1 and X5 are sums of 14400 roots of unity each, with |$1]? = 336821.635.. ..
and |2|? = 703332.750. ...

In each case the two moduli are nonzero and different. So LS(G) fails for G = Eg, E7, Es.

Proof. For Eg and Ey the elements w with wp — gp € pX were found by enumerating the orbit
Wp (51840 and 2903040 elements). Given the terms, the moduli follow by a short calculation: with
u = 22" = e(—1/6) we have |X;| = [u® + 2u® — u? — 2| = | -3 + i3] and |Xa| = [u? + 2u3 —u — 2| =
| =5 + iv/3|; with v = y® = e(—1/8) we have |%1| = [v7 —v* — 03 + 1| = |2+ V2 + iV2| and
83| = [v® — vt —v 1] =12 — V2 +iV2].

For Eg we have X = L, the root lattice, and the group H = {h: hp —p € pL} is the image in W
of the stabilizer of p in the affine Weyl group W x pL. This stabilizer is generated by the reflections
that it contains [Hum90, Section 4.8], so H is generated by the reflections in the roots o with p | {p, @).
For p = 5 there are 20 such positive roots and |H| = 14400. (The order of H is confirmed by a count:
the orbit of p in L/5L under W has 48384 = |W|/14400 elements.) The program enumerates the
orbit Hp, finds an element w, with wgp — qp € pL by moving p and gp into the same alcove, and
evaluates |¥,|? in Z[e(1/175)]. The two values are nonzero and different as elements of this ring. [J
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The values of |7| obtained from Proposition 5.9 and (9) are those of Table 1, which were computed
from the surgery formula. The same exact evaluation of (9) gives the rows Spin(12) and Spin(14) of
the table (|21]? = 8, |33|> = 16, and |31 | = 32, 23|12 = 64).
Proof of Theorem 1.2(b). Each simply connected compact simple group other than those of Theo-
rem 1.2(a) is one of SU(N), N > 4; Spin(2n + 1), n > 3; Spin(2n), n > 5; Es, E7, Eg. (Recall
Spin(6) = SU(4).) The statements (i)—(vi) are Propositions 5.2, 5.4 and 5.6 to 5.9, Corollary 5.3,
and Theorem 5.5. U

6 Groups for which the lens-space statement holds

6.1 SU(3), Gy, Spin(8) and F}

Theorem 6.1 (uses Theorem 2.3). Let g be of type As, Ga, Dy or Fy. For allp > 1 and k > h" the
nonzero numbers among |1.(L(p, q))|, ¢ prime to p, coincide.

In these four cases the group X/L has prime exponent e: € = 3 for Ay and Go, where L is the
lattice As and X its dual, and € = 2 for Dy and Fy, where L is the lattice Dy and X = Z* U (Z + %)4.
(For G the coroot lattice is spanned by the long roots; for Fy it is spanned by the long roots e; = e;
and the vectors 2e;, (+1,+1,£1,+1).)

For a sublattice A C X that is stable under W and an integer ¢ put

WQ(A> - {w eW: gp—wpe A}, Pq7A = Z det(w) x<p7wﬂ>,
weWq(A)

Here P, a is a Laurent polynomial in the indeterminate 21/ with & as in Proposition 4.6. As in
Proposition 4.2, Wi (A) is a subgroup of W and W,(A) is empty or a coset of it.

Lemma 6.2 (computer-assisted for Dy and Fy). Let g be of type As, Go, Dy or Fy, let g > 1, and let
A =gX or A=gL. Let q be an integer prime to g if A = gX, and prime to eg if A = gL. If W,(A)
is not empty, then there are signs €,&’ € {+1} and an exponent t with

!

Pya(z) = ea’ Pyp(a).
Proof. If W1(A) = {1}, both sides are monomials. If (¢ — 1)p € A, then W,(A) = Wi(A) and
Pya = Pia. If (g +1)p € A, then W,(A) = woW1(A) and Pya(z) = det(wo)Pya(z71), because
{p, wohp) = —{p, hp).
The group Wi (A) is not trivial only if g divides the content of p — hp in X, resp. in L, for some
h # 1. This leaves the following lattices A:

type A=gX A=gL

Ay g<3 g<2
Ga g<5 g<3
Dy g<6 g<5
Fy g<11 ¢g<8

For these, W,(A) depends only on ¢ modulo g, resp. modulo eg. A program computed, with integer
arithmetic over the whole Weyl group (6, 12, 192 and 1152 elements), the sets W, (A) and the poly-
nomials P, 5 for all these A and all units ¢. The result is as follows. For Ay, G2 and Dy, whenever
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Wy(A) is not empty, (¢ — 1)p or (¢ + 1)p lies in A. For Ay and G this can be read off from Table 2.

For Fj the same is true except in the following four cases, where y = 21/
A=8X: P =y —y . Py =06 — 02 p— 62,66
A=9X: P =y®—y3 Py=Ps=—y T +y 2 Py=P=y* -y
A=4L: Pr=y® -2y 42y %~y Py=y 2P P=—y 0P
A=6L: Pp=y™®—yb Po=y® -y Pr=—y? 4y
(The indices are residues modulo 8, 9, 8 and 12.) In each case P, = +y'Pi(y). O
Az Ga
wp det  (p,wp) p—wp wp det  3(p,wp) p—wp
1,1+ 2 (0,0) 1,1  + 14 (0,0)
(_172) - 1 (27_1) (_132) - 13 (Qa_l)
(27_1) - 1 (_172) (47_1) - 11 (_372)*
(1,-2) + -1 (0,3) (5,-2) + 7 (—4,3)
(—=2,1)  + ~1  (3,0) (—4,3) + T (5,-2)
(_17_1) - —2 (272) (_573) - 2 (6’_2)*
(57 _3) - -2 (_474)
(4,-3)  + 7 (=3,4)"
(_57 2) + —7 (67 _1)*
(—4,1) - 11 (5,0
(17 _2) - —13 (073)*
(-1,-1) + ~14 (2,2

Table 2: The orbit Wp for Ay and Gs, in coordinates with respect to the fundamental weights (for
G4 the first simple root is the short one). A vector (a,b) lies in gX if and only if g divides a and b.
For As, (a,b) € gL if and only if g divides (2a + b)/3 and (a + 2b)/3. For Ga, (a,b) € gL if and only
if g divides (2a + 3b)/3 and a + 2b; the nonzero vectors p — wp that lie in L are marked with *.

For example, for As and A = 3X the group Wi (A) consists of the three elements with p — wp €
{(0,0),(0,3),(3,0)}, so Py = 22+ 22~L; the other three elements form Wy(A), and P, = —2x — 22 =
—Pi(21). The complete output of the program, with all polynomials for the four algebras, is part of
the source files (Section 9). As a control, for A4 and A = 5X the program finds P; = 2'°+2+227° and
Py = Py = —(22°+14227?), which are not related in this way; this is the example of Proposition 5.2.

Proof of Theorem 6.1. Fix p and x and use the notation of Section 4.

Step 1: s is trivial. Let p € R. Then «'p € p' X, and since ged(x/,p') = 1 we have p = p'¢ with
€€ X;s0 kQ(p)/p = wk'p'|€)?/2. If € € L this is an integer. Otherwise e divides p/, because p'¢ € L
and ¢ has order € in X/L. For € = 3 we have |£|> € 2Z, since 3|¢|*> = (3¢,€) € Z and 9[¢|* = [3¢|? is
even; so p/|¢|?/2 is an integer. For € = 2, |¢|? is an integer for every & € Z* U (Z + 3)*, so (p'/2)[€]? is
an integer.

Step 2: hypothesis (K). If e p/, then L+ p'X = X, Ag = gX, and (K) holds with ¥ =0 (mod ¢)
and k'k =1 (mod p). If € | p/, then L+ p'X = L, Ag = gL, and (K) holds with any k such that
k'k =1 (mod p); in this case eg divides p.

Step 3. By Proposition 4.5, for every unit ¢ modulo p,

|R‘1/2

1T (L(p, q))| = i)

| Pa,n0(e(co)),
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where P(e(cp)) is the value obtained by replacing each z% by e(cpa), and ¢y does not depend on
q.- A unit ¢ modulo p is prime to g, and in the case Ay = gL it is prime to eg, which divides p;
so Lemma 6.2 applies to A = Ag. If 7.(L(p,q)) # 0, then W,(Ag) is not empty, and Lemma 6.2
gives | Py a,(e(co))| = |P1,a,(e(co))|, because Py a, has real coefficients. So every nonzero |7,.(L(p, q))]
equals |7, (L(p,1))|. O

6.2 Sp(2n)

Theorem 6.3 (uses Theorem 2.3). Let g = spy,,, n > 1. For allp > 1 and K > n+ 1 the nonzero
numbers among |7.(L(p,q))|, ¢ prime to p, coincide.

For n =1 this is the theorem of Guadagnini and Pilo for SU(2), and for n = 2 it is the statement
for Spin(5).

Proof. We use the coordinates X = Z", L = 27", (z,y) =z -y/2, p= (n,n—1,...,1), and W the
group of signed permutations. Units ¢ modulo p are represented by positive integers. For v = 2m
with m € Z"™ we have Q(v) = m -m and (v,y) = m -y. So the inner sum of (5) is a product
over the coordinates, and summing over the signs and then over the permutations we obtain, with

z = e(=1/(pr)),

Aq = det [M(au b)] Z,b:1’ /'L(a7 b) = @(a, b) - @(a, _b)7 @(CL, b) = Zab/2 V(qa - b)7 (12)
where Y(t) = >, 1mod p e((gem? + tm)/p) and 2%%/2 = e(—ab/(2pk)); here a, b are arbitrary integers.
Note that v(—t) = v(t) and ®(—a, —b) = ®(a,b).

Step 1: the sum . Put go = ged(2k,p), p = gop”, 26 = gok”, and let tg = 0 if k”p” is even and
to = g2/2 if k”p” is odd. (In the second case g2 and p are even and ¢ is odd.) As in Lemma 4.1,

K 32 ti
W2 =p Y oL+,
jmod g3 92
so y(t) # 0 if and only if ¢t = ¢y (mod g2), and then |y(¢)] = /pgz. Moreover ~(t + 2qrn) =

e(—(gkn? +tn)/p)y(t) for n € Z. If u is an integer with gk”u = 1 (mod p”), then 2gkus = gos
(mod p), and therefore

qmﬂs2 + ut03>

. (s €Z). (13)

v(to + g25) = (o) e<—

Step 2: factorization. Let g1, g2 be two units. Choose an integer v with v =1 (mod p”) and v =0

(mod ¢1g2k”); this is possible because ¢1g2k” is prime to p”. The integer v depends on the pair (q1, g2).

For ¢ € {q1,¢2} take u = v/(¢k”) in (13). Let a,b be integers, of any sign, with ga —b =ty (mod g2),

and put s = (qa — b — tg)/g2. Expanding the exponent of ®(a,b) = 2%/2~(ty + gos) as a polynomial
in a and b, with gxu?/p = v2/(2¢k"p"), one finds

v?—1
2a.h) = (to) Fi(a) )€ €= e 5 ). (14)

where |Fy| = |F3| = 1 and

2 2
Fy(h) :e<_v (b —i—;fo) tov(b—;to)).
2qk,//g2p// qk//gQP//

The coefficient of ab is —1/(g3p" k") +v%/(g3p"k"); so & does not depend on q. Further Fy(—b)/Fy(b) =
e(2tov(v—1)b/(qk"g3p")). Thisis 1if to = 0. If tg = g2/2 it equals e(uj,b/g2) with j, = (v—1)/p" € Z;
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for b= 0 (mod go) this is 1, and for b = g2/2 (mod g») it is the sign (—1)%*, because v = v (mod 2)
(gk” is odd in this case). So for 2b = 0 (mod go) the quotient o(b) = F»(—b)/F»(b) is a sign that does
not depend on gq.

Step 3: blocks. By Step 1, u(a,b) = 0 unless b = +(qa — tg) (mod g2); note 2ty = 0. For a residue
r modulo go let

Row(r) ={a <n: a=+r}, Col(r)={b<n: b==x(qr —to)} (mod g2).

The sets Row(r) partition {1,...,n}. The map r — ¢r —to is a bijection of Z/g2 that commutes with
r +— —r, so the sets Col(r) partition {1,...,n} as well, and the rows in Row(r) vanish outside the
columns in Col(r). Hence A, = 0 unless | Row(r)| = | Col(r)| for all r, and then |A4,| is the product
of the moduli of the determinants of the blocks p[Row(r), Col(r)].

Step 4: generic blocks, 2r 20 (mod g2). Let I ={z €Z: x=r, 1 <|z| <n}and J = {y €
Z: y=qr—ty, 1 <|yl <n}. Fora € Row(r) exactly one of +a lies in I; call it a, and define
b e J for b € Col(r) in the same way. Only one of the two terms of u(a,b) can be nonzero, and
using ®(—a, —b) = ®(a, b) one checks that u(a,b) = sgn(a)sgn(b) ®(a,b), where qa — b = to. So (14)
applies to (a, 5), here negative indices are used. The sets I and J consist of k = | Row(r)| consecutive
terms of arithmetic progressions with difference go (they do not contain 0). Hence, by (14) and the
Vandermonde determinant,

|det p[Row(r), Col(r)]| = (pg2)*/? |det[€™)uer, yes| = (pg2)** T[] I =Xl x=¢€%.
0<i<j<k

This depends only on k£ = | Row(r)| and on (p, k,v).

Step 5: special blocks, r = 0 or r = ga/2. Then Col(r) ={b<n: b=r—ty (mod g2)}, which
does not depend on ¢ (for r = g2/2, ¢q is odd). For a € Row(r) and b € Col(r) both terms of u(a,b)
satisfy the condition of Step 2, and u(a, b) = v(to) Fi(a)F(b) (£% — o(b)¢ ). So the modulus of the
determinant of this block is (pgs)¥/?| det[¢* — & (b)¢~%]|, which does not depend on gq.

Step 6. The sets Row(r) do not depend on ¢. If A, and Ay, are both nonzero, then by Steps 3-5
they are products of the same block moduli, so |Ag, | = |Ag,|. The claim follows from (6). O

The case tg = g2/2 occurs exactly when the 2-adic valuation of p exceeds that of k by one. The
proof does not use k > n + 1.

Proof of Theorem 1.2(a). This is Theorems 6.1 and 6.3. O

7 From lens spaces to all closed oriented 3-manifolds

Proposition 7.1. Let G be a simply connected compact simple Lie group and k > h". The following
are equivalent.

(a) For all closed oriented 3-manifolds M, N with isomorphic fundamental groups and 7,(M) #
0 # 7(N) we have |7,(M)| = |1 (N)].

(b) For every p > 1 the nonzero numbers among |1.(L(p,q))|, ¢ prime to p, coincide.

Proof. (a) implies (b) because w1 (L(p, q)) = Z/p. For the converse we use three facts.

(1) Multiplicativity. For closed connected oriented 3-manifolds My, My and 7 = 7y, py one has
T(M1# M) = D 7(My) 7(Ms) [Turl0, (I1.2.3.a)]; see also [BKO1, Remark 4.1.14]. In our normalization
this reads 7, (M1#M2) = 7 (M1) 7 (Ma).
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(2) Orientation. For a Hermitian modular category with real rank, 7(—M) = 7(M) [TurlO0,
Theorem I1.5.4]. The category C(g, ) is Hermitian by [Kir96, Theorem 4.2 and the paragraph after
it]; it is even unitary [Wen98]. We use only |7, (—M)| = |7.(M)|.

(3) Topology. Let M and N be closed oriented 3-manifolds with isomorphic fundamental groups.
By [AFW15, Theorem 2.3] (in the numbering of the third arXiv version), which rests on the Ge-
ometrization Theorem, there are integers p;, ¢;, ¢, and oriented manifolds N;, N ]’ such that

M = L(pr, q1)# - #L(0m @) #N1# - #Ns, N = L(p1,q1)# - #L(0m, @) #N1# - #N.,

and NV ]’ is homeomorphic to INVj, possibly with the opposite orientation. (If the homeomorphisms do
not preserve the orientations, or if the convention for L(p, q) differs from ours in the orientation, the
absolute values below are not affected, by (2) and Proposition 2.1.)

Assume (b) and 7,(M) # 0 # 7.(N). By (1), 7 (M) and 7,(N) are the products of the invariants
of the summands, so all these are nonzero. By (2), |7:(N})| = |7x(Nj)|, and by (b), |7(L(pi, ;)| =
(L (piy ). Hence [r(M)] = [r(N)]. 0

Corollary 1.3 follows from Proposition 7.1 and Theorems 1.1 and 1.2. Nothing in Proposition 7.1
is special to the groups of Theorem 1.2(a), and the argument applies to the invariant of any Hermitian
modular category.

8 Remarks

Remark 8.1 (SU(2) and two formulas of [GP98]). For n = 1, Theorem 6.3 is the lens-space theorem of
Guadagnini and Pilo. Theorem 2 of [GP98] also gives closed formulas for |7,.(L(p, q))|?>. We compared
them with the surgery formula for all p < 60 and r < 80 and found that, in the arXiv version, two of
them are inaccurate. (We could not consult the journal version.)

(a) For p=4and r = 3 (mod 4) the value is (1 + sin 5=)/sin® T, whereas the formula for p prime
to r gives (1 — sinZ-)/sin? X, which is the correct value for 7 = 1 (mod 4). For example
|m3(L(4, 1)) = 2.

(b) For ged(r, p) = 2 with p/2 odd and p > 6 the value is 2sin?(Z2) /sin® T for every ¢, where b is the
inverse of p/2 modulo 2r, whereas formula (44) of [GP98] gives 1/sin® Z. The two expressions
agree for r = 2 (level 0) and differ for every r > 4. For example |74(L(6,1))]> = 2 + v/2.

Both values also follow from Section 4. For type A; we have e = = 2, (p, p) = 3 and II(r) = 2sin Z.
In case (b), (11) applies with g = 2 and W, = W, and gives the value stated. In case (a) we have
|IR| =2, yo = 0 and W, = W, and (8) is evaluated as in the proof of Proposition 5.4; the relative
phase of the two terms is —e(£ — %) for ¢ =1 (mod 4).

In both cases the correct value does not depend on ¢g. So the conclusion of [GP98], that for
SU(2) the nonzero values of |7,.(L(p,q))| depend only on p and r, is not affected; it also follows from
Theorem 6.3, whose proof is independent of these formulas. In the range of the comparison all other

formulas of that theorem agree with the surgery formula.

Remark 8.2 (Homotopy equivalent lens spaces). The spaces L(7,1) and L(7,2) are homotopy equiva-
lent (2 = 32 (mod 7)) and not homeomorphic. For SU(7) and k = 14, Theorem 5.1 gives |7(L(7,q))| =
73|10,]/11(14) with |01 = 21.768... and |©2|> = |©3|> = 32.183. .., that is, the values 7152.09...
and 8696.41... of Table 1. So the absolute value of a quantum invariant can separate homotopy
equivalent manifolds on which it does not vanish; by the finite-field computation for the row SU(7) of
Table 1, this does not depend on Theorem 2.3. For SU(2) and r = 7 the two spaces are separated only
by the vanishing of the invariant on L(7,2). The pairs of Theorem 1.1 are not homotopy equivalent
(Remark 3.2).
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Remark 8.3 (Levels). The lowest levels at which we found failures of the lens-space statement are 8
for SU(4), 5 for SU(5), 10 for Spin(7), 6 for Es and Spin(12), 5 for Eg and 4 for Spin(14). These come
from floating-point scans over limited ranges of p and k (Section 9). We do not claim that they are
minimal.

Remark 8.4 (Projective versions and the centre). All examples for SU(V) in this note have ged(N,r) >
1. The projective invariants, such as the SO(3) invariant of [KM91] and the invariants of type PSU(N)
[KT93, Tak96] (see [Oht02, Section 7.1]), are different invariants. Our results do not decide the
conjecture for them. On the other hand the centre of G is not the cause of the failures: Eg, Fy and
(9 have trivial centre, and the statement fails for Fg and holds for 4 and Gs.

9 Computations and reproducibility

The programs and their outputs are in the source files, in five folders: author (the author’s programs),
independent_run_neg and independent_run_pos (the programs of the first and of the second in-
dependent verification run), independent_run_2 (the programs of the third run, which checked the
complete text of this paper), and independent_check_short (a short stand-alone program). They
are written in Python, with numpy and mpmath. We list what the statements of this note rest on,
and separately the tests.

Exact computations. These use integer arithmetic only.

e Theorem 3.1 and the statements made after the proof of Theorem 1.1. The author’s programs are
verify_counterexamples.py and closed_forms_exact.py; they work with integer vectors of
length M and reduction modulo ®,;, and run in a few seconds. The programs vexact_main.py
and vexact2.py of the first verification run were written independently, with root systems
built from Euclidean coordinates; the first one takes between 8 and 20 minutes per group.
The programs r2_exact_thmll.py and r2_exact_modular.py of the third run, again written
independently, use explicit coordinates for SU(/N) and Spin(7), and 64-bit integers as long as
an a priori bound on the coefficients allows it; they take a few seconds, resp. about one minute,
per group.

o Theorem 5.5 for N = 6,8,12: exceptional_N.py (author), vexact2.py and r2_exact_misc.
py.

« Proposition 5.9 and the values of |£,|? quoted after it: theoreml_exact.py and exceptional_
terms.py (author), and r2_orbits_E.py (third run).

o Lemma 6.2: the author’s program laurent_tables.py computes all sets W,(A) and all poly-
nomials; it prints the number of elements of each set, every P; z, and every P, 5 or its relation
to Pi a. An earlier program, criterion_tables.py, checks an equivalent criterion. The sec-
ond verification run recomputed the tables from explicit coordinates (tablesC.py). The third
run computed all sets and polynomials again (r2_laurent.py); they agree with the output of
laurent_tables.py in all 126 cases (A, q).

o The rows marked F in Table 1. For SU(6), SU(7) and SU(8) the program sun_modular_det.py
computes the matrix S’ from N x N determinants; it takes up to 13 minutes. For Eg the program
e8_levelb.py organizes the sum over the Weyl group by the 135 cosets of the Weyl group of
Dg. The program certificate_selftest.py compares the finite-field computation with the
reduction of the exact element for SU(4) and SU(5). The third run repeated the finite-field
computations for the four rows (r2_sun_det.py, r2_coset_surgery.py).
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Floating-point values. The moduli of Table 1 were computed from (4) in double precision by the
programs vsun.py, vsurg.py and vcoset.py of the first verification run; for E7 and Eg the sum
over the Weyl group is organized by cosets of the Weyl groups of A7 and Ag. The rows marked F
were also computed by the author’s programs named above. The third run computed all rows once
more (r2_sun_det.py, r2_tablel.py, r2_coset_surgery.py; for E7 and Eg with cosets of the Weyl
groups of Dg x A; and Dg). The values for SU(4), SU(5) and SU(7) were computed once more by the
short programs minimal_check.py and lead_sun.py. Different chains for the same lens space give
the same value, and the relations S? = C and (ST)? ~ S? hold up to rounding errors in each case.
The statements of Remarks 3.4 and 8.1 about the comparison with [GP98] rest on gp_su3_check.py
and su2_gp_check.py; the third run repeated both comparisons (r2_gp_su3.py, r2_su2_gp.py).

Tests. The following computations are tests; no statement of this note depends on them.

(1) Formula (6) was compared with (4) in floating point for 15549 triples (p, ¢, k) by the author’s
program, and for 32850, 586073 and 91772 triples in the three verification runs. Together they cover
fifteen types of rank at most 5, among them Bs, B3, By, C3, Cy4, Cs, G2 and F}, which are not simply
laced. The largest relative deviation was below 2 - 10710,

(2) The intermediate formulas (Lemma 4.1, Propositions 4.2, 4.5 and 4.6, Theorem 5.1 and Propo-
sitions 5.2, 5.4 and 5.6 to 5.8, and each step of the proof of Theorem 6.3) were compared with direct
evaluations of (5) on ranges of parameters. In particular, printed_formulas_check.py evaluates the
closed formulas of Sections 4 and 5 and the determinant (12) as they are printed here; the third run
repeated these comparisons with its own programs (r2_closed_forms.py, r2_sp2n.py).

(3) Scans for pairs (p, k) with two different nonzero moduli, with thresholds for “zero” and “equal”
in floating point. The author’s scans use the second formula of [HT04, Theorem 5.1]. They found no
such pair for A; (p < 300, k < 400), A2 (p,k < 240), By and G2 (p < 160, k < 200), C3 (p < 80,
k < 100), Cy (p < 32, Kk < 60), Dy (p < 44, k < 60) and Fy (p < 40, k < 60 for p > 31 and
k < 50 otherwise), and they found the pairs described in Section 5 for the other types. The second
verification run scanned the groups of Theorem 1.2(a) with the surgery formula: about 2.2- 108 triples
in floating point and 3-107 triples in exact arithmetic modulo two primes, without finding a pair with
two different nonzero moduli. Floating-point thresholds are not reliable when S, is very small. This
occurred for Fy at k > 21 in the scan of the second verification run, and these levels were redone in
modular arithmetic. The same caution applies to the author’s scans at the larger levels.

Verification. Theorem 1.1 rests on the exact computation of Theorem 3.1 and on Proposition 2.1.
Theorem 1.2 and Corollary 1.3 are proved in Sections 4 to 7 on the basis of [HT04, Theorem 5.1];
Lemma 6.2 (for D4 and Fj), Proposition 5.9 and the cases N = 6,8, 12 of Theorem 5.5 are computer-
assisted.

1. The author’s programs were run again for this version, with the same results as before; the long
runs take up to 13 minutes.

2. A first independent verification run, which was Al-assisted, checked the counterexamples and the
material of Sections 4 and 5 in the form of the author’s working notes. It re-derived every proof,
reproduced Theorem 3.1 with programs written from scratch, and reproduced all rows of Table 1
from the surgery formula. It supplied the effective bound of Corollary 5.3, Proposition 5.6, and
the complete proof of Proposition 4.6.

3. A second independent verification run, also Al-assisted, checked the material of Sections 6
and 7 in the same form. It re-derived the proofs of Theorems 6.1 and 6.3, recomputed the tables
of Lemma 6.2 with its own code, proposed the polynomial form of that lemma, checked the
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references used in Proposition 7.1 against the sources, and tried to find counterexamples for the
groups of Theorem 1.2(a) with the surgery formula (test (3) above).

4. A third independent verification run, also Al-assisted, checked the complete text of this paper,
which was written after the first two runs and follows their reports. It re-derived every proof,
among them the parts written after the first two runs: the proof of Proposition 2.1 and Re-
mark 2.2, Lemma 3.3, Proposition 4.6 and Corollaries 4.7 and 5.3, the proofs of Propositions 5.4
and 5.6, the explicit sums in Proposition 5.9, Lemma 6.2, and the derivation at the end of Re-
mark 8.1. It compared the statements quoted from [GP98, Oht02, HT04, Kir96, AFW15] with
the sources. With programs written from scratch it reproduced Theorem 3.1 exactly, all rows of
Table 1 (the rows marked F also in finite fields), the finite cases of Theorem 5.5, Proposition 5.9,
the tables of Lemma 6.2, Table 2, and the comparison of Remark 8.1. It repeated the literature
search.

5. A short program written separately reproduces the values for SU(4), SU(5) and SU(7) in floating
point.

The author’s programs and the programs of the first two verification runs were run again from the
source files for this version, with the same results; only the long scans of the second run (test (3))
were not repeated.

Scope and priority. Theorem 1.1 refutes Conjecture 7.5 of [Oht02] as it is stated there and in
[GP98], for an arbitrary gauge group; the dataset record [ula26] has the same statement. The clas-
sification of Theorem 1.2 and Corollary 1.3 concerns the simply connected compact simple groups
and the full invariant; it depends on the published theorem [HT04, Theorem 5.1], which we did not
reprove. The projective versions are not decided (Remark 8.4), and for the groups of Theorem 1.2(b)
we did not determine all pairs (p,r) at which the statement fails.

Sources. We read [GP98] in the arXiv version, Section 7.1 and the beginning of Section 7.5 of
[Oht02]; Sections 2, 4 and 5 of [HT04] in the arXiv version, whose numbering we use; Sections II.2
and IL.5 of [Turl0]; Section 3.3 and Remark 4.1.14 of [BKO01] in the version on the second author’s web
page; Section 4 of [Kir96] and Section 2.1 of [AFW15] in the arXiv versions; the introduction of [Zha97];
and the passages of the theses [Pil97, Ori03] on the conjecture. We could not read [Yam95], [Sok97],
[LL96], [Tak96], [ZC96], [KT93] and [Jef92]; what we say about them is taken from their titles and
abstracts, from the summaries of [Yam95, Sok97] in zbMATH, and from [GP98, HT04, Oht02, Zha97].
Of [Kur08] we read only the list of references. Of [KM91] we consulted only the statements on 73,
74 and on connected sums. The works [Wit89, RT91, KP84, Wen98, Han01, GS99, Hum90, Rei35,
Bro60, Whi41] are cited for standard facts and were not consulted for this note. The bibliographic
data were checked with Crossref and arXiv.

Priority. We searched arXiv, Crossref, OpenAlex and zbMATH, the lists of works citing [GP98]
and [HT04], and the web. We found no counterexample to the conjecture and no proof of the
lens-space statement for a group other than SU(2). The five works citing [GP98] that are listed in
OpenAlex do not treat other groups. The theses [Pil97] and [Ori03] describe the general case as
open; the second one, of 2003, says that it is neither proved nor disproved. A web search led to
one further item, a preprint of Kuriya with the title “The LMO invariant and Guadagnini—Pilo’s
conjecture for lens spaces”, which is cited in [Kur08]. We could not obtain it, and we found no record
of it in the four databases. According to the summary shown by the search engine, it computes
the LMO invariant of lens spaces and proves, under some conditions and for every simply connected
simple group, a version of the conjecture for the perturbative invariants 77°¢ of lens spaces; these
are power series related to the projective invariants 77°¢ [Oht02, Section 7.5]. We do not know its
precise statements. The counterexamples of Theorem 1.1 are not affected by it; we cannot say how it is

24



related to Theorem 1.2(a). Hansen and Takata announce in [HT04, Remark 5.3] a paper with detailed
calculations of the Gauss sums G4(0) and with further results on the separation of lens spaces; we
could not find it. The same remark says that the sly invariant with x = 6 distinguishes the lens spaces
L(64,9) and L(64,25). That statement is about the invariants themselves. For the question studied
here we note only that the absolute values of these two invariants are equal: an exact computation
with the surgery formula gives 2v/2 for both (lens64_check.py, r2_exact_thm11.py), and in floating
point the absolute values of this pair agree for all £ < 100. So this pair is not a counterexample to
the conjecture. Once the formula of Hansen and Takata is available, the mechanism described here
is elementary, and it may be known to specialists. This negative search is not a proof of priority, and
we claim none.

Al-assisted tools were used to search the problem corpus and the literature, to find the coun-
terexamples and the arguments, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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