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Abstract

Benjamini asked whether every configuration of points on the real line that is in equilib-
rium under the inverse-square repulsive force must be an arithmetic progression. Georgakopoulos
and Kolountzakis proved this when some gap between consecutive points has maximal or min-
imal length, and described the general (aperiodic) case as open. We show that the answer is
yes. More generally, let 1 < s < 2, and let X C R be a locally finite set with at least two
points such that, for every x € X, the total force ZyEX\{x} |y — x| ~* is finite and the net force

ZyEX\{x} sgn(y — ) |y — x|~ is zero. Then X is an arithmetic progression. No assumption on
the gaps is needed. Subtracting the equilibrium equations of two consecutive points shows that
the gaps g, form a positive harmonic function for an explicit reversible random walk on Z with
long-range jumps. Equilibrium also bounds the ratio of consecutive gaps, by 1.5386 ... when s = 2.
With this bound, an energy estimate shows that the Doob transform of the walk by ¢ is recur-
rent. Since 1/g is a positive harmonic function of the transformed walk, it is constant. This is an
unrefereed note.

1 Introduction

In a one-page note of May 2015, I. Benjamini considered a locally finite configuration (ay,),ez of points
on the real line, with a force such as F(z,y) = |v — y| =2 between any two of them, and called the
system in equilibrium if 3, ., F(a;, ay) sgn(a; —an) = 0 for every n [Benl5]. Arithmetic progressions
are in equilibrium, and Question 0.1 of [Benl5] asks whether, conversely, every equilibrium satisfies
an, = an + B for all n. The same question is Question 5 in Section 4 of the problem list of the 2015
Warwick workshop “Random walks on graphs and potential theory” [Syl15]. With F(z,y) = |z —y| >
it is record AMR~099-0003 of the UnsolvedMath dataset [ula26].

Georgakopoulos and Kolountzakis [GK17] studied the question for a general strictly decreasing
force law F'. Their Problem 1 asks whether all distances between subsequent particles of an equilibrium
must be equal. They proved that this is the case if some gap between consecutive particles has
maximal or minimal length [GK17, Theorem 1]. In particular, periodic equilibria are arithmetic
progressions, and finite equilibria on a circle are equally spaced. For F(d) = d~2 and uniformly
discrete configurations, they showed that if the particles on a half-line are in equilibrium, then their
positions determine the positions of all other particles [GK17, Theorem 4]. They also noted that
the ratio of consecutive gaps is bounded [GK17, Proposition 1]. Finally, for every continuous strictly
decreasing F' they constructed non-trivial configurations in which every particle except one is in
equilibrium [GK17, Theorem 7]. For aperiodic configurations they describe the problem as open,
even for F(d) = d~2, and they state that it is open for every strictly decreasing F.
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We answer the question for F(d) = d~2, and more generally for F(d) = d~° with 1 < s < 2. The
following definition makes the conventions of [GK17] explicit.

Definition 1.1. Let s > 1. An s-equilibrium is a set X C R with at least two points that is locally
finite (every bounded interval contains only finitely many points of X) and satisfies, for every z € X,

Yo ly—alT <o, (1)

yeX\{z}

> sen(y—a)ly—=[*=0. (2)

yeX\{z}

Condition (1) says that the total force exerted on each particle from each side is finite. It makes the
series in (2) absolutely convergent, so that (2) does not depend on an order of summation. If (1) holds
at one point xop € X, then every interval [zg — M, xo + M| contains at most 1 + M?® Ey?éxo ly — x| ~*
points of X. So (1) at a single point already implies that X is locally finite, and then (1) holds at
every point. We keep local finiteness in the definition because it is part of Benjamini’s formulation.

Theorem 1.2. Let 1 < s <2, and let X be an s-equilibrium, that is, a locally finite set X C R with
at least two points, such that for every x € X the total force (1) from both sides is finite and the net
force (2) is zero. Then X = {an+ 3 :n € Z} for some a > 0 and B € R. Equivalently, if (an)nez s
the increasing enumeration of X (Lemma 2.1), then a, = an + B for all n. Conversely, every such
set is an s-equilibrium.

For s = 2, Theorem 1.2 answers Benjamini’s question, and Problem 1 of [GK17] for F(d) = d 2,
in the affirmative. No assumption is made on the gaps: they may be unbounded, and they may
accumulate at 0.

Remark 1.3 (Conventions and scope). (a) The note [Benl5] does not say in which sense the series
converges. We read ), 4pn @S @ sum over an unordered index set, that is, as an absolutely convergent
series; this gives (1) and (2). The arXiv version of [GK17] defines equilibrium in the same way: the
total force on each particle from each side is finite, and the net force is zero. The published version
states the finiteness assumption for the force law instead (the one-sided forces are finite when the
particles sit at the integers) and defines equilibrium as zero net force. Its proofs compare one-sided
forces, which therefore have to be finite. A “principal value” reading, in which the one-sided forces
are infinite and only symmetric partial sums cancel, is not covered by Theorem 1.2.

(b) We take (a,) to be the increasing enumeration of the configuration, as [GK17] do when they
ask about the distances between subsequent particles. For an arbitrary bijection Z — X the identity
an, = an + [ fails trivially, already for a re-enumerated arithmetic progression.

(c) For s < 1 an arithmetic progression violates (1). Problem 1 of [GK17] for a general strictly
decreasing force law remains open, and we make no claim for exponents s > 2 (Remarks 5.3 and 5.4).

Idea of the proof. Let g, = ay11 — a,. Subtract the equilibrium equation at a,41 from the one
at an, after shifting the summation index by one. This gives 3, c¢(n,j)(g; — gn) = 0 for explicit
symmetric positive weights ¢(n,j) (Lemma 2.3). For s = 2 they are c(n,j) = (D + D’)/(D?D"?) with
D = |aj — ap| and D’ = |aj41 — ant1|. Thus g is a positive harmonic function of a reversible random
walk on Z with long-range jumps. In this language, [GK17, Theorem 1] is the maximum principle
(Remark 2.5). A Liouville theorem would finish the proof if the walk were known to be recurrent.
We prove recurrence for the Doob transform of the walk by g, whose conductances are ¢(n, j)gng;, by
exhibiting test functions of small energy (Proposition 4.1). The estimate uses a bound on the ratio of
consecutive gaps, which follows from equilibrium (Lemma 2.2), and, for s = 2, a quadratic bound on



the number of points in an interval, which follows from (1). Then 1/g, a positive harmonic function of
the recurrent transformed walk, is constant. Since g is harmonic, the transformed walk is recurrent if
and only if the original one is. The transform does not create recurrence; it supplies the test functions
(Remark 5.1).

2 The gaps form a harmonic function

Throughout this section s > 1, and X is an s-equilibrium.

Lemma 2.1. The set X is unbounded above and below. Hence X = {a, : n € Z} for a strictly
increasing sequence with a, — £oo as n — +oo, and this enumeration is unique up to a shift of the
index.

Proof. Suppose that X is bounded above. Since X is locally finite, it has a largest element x, and the
sum in (2) at z equals — > v . (z—y)™* <0, because X has at least two points. This contradicts
(2), and the same argument applies below. A locally finite set that is unbounded in both directions
has exactly one increasing enumeration by Z with a prescribed point at index 0. O

From now on (ay)nez is this enumeration, g, = an4+1 — a, > 0 are the gaps, and
Fr= Yl -a) B =)
i<n >n
are the forces on a,, from the left and from the right. By (1) and (2), F}; = F,I < oo for every n.
Lemma 2.2 (Ratios of consecutive gaps). Let rs be the unique positive solution of 2r=*+(14+r)~% = 1.

Then rs > 1, and
75 gn—1 < gn < Ts g1 for alln € Z.

For s =2, ro = 1.538615. ..

Proof. Fix n, and write y = ap, 2 = apy1, u = gn—1 and v = g,. For i > n + 2 we have a; —y >

a; — z > 0, hence
Ff=v Y (a—y) " <o 4 Efy
i>n+2
The terms¢ =nandi=n—1of F_ ni1arev. ® and (u+v) %, and for i < n—2 we have z—a; > y—a; > 0.
Hence
F i <v 4+ (utv)°+ Z y—a;) =0+ (utv) + F, —
i<n—2

Using F,, = F,f and F,,, = F,[;, we obtain
Fr=F<v?®+4+F_ <20+ (u+v)°+F, —

Since F); < oo, this gives u™® < 207% 4+ (u+v) ™%, that is, hs(v/u) > 1 with hs(r) =2r=*+ (14+r)~*
The function hs decreases strictly from +oo to 0 on (0, 00). So ry is well defined, v/u < rg, and rs > 1
because hgs(1) > 1.

The reflected set —X is again an s-equilibrium. Its increasing enumeration b,, = —a_,, has the
gaps by41 — b = g-m—1. The bound just proved, applied to —X at the index m = —n, gives
In—1 < TsGn- O]



Lemma 2.3 (The gaps are harmonic). For integers n # j put D = |aj — a,| and D' = |aj41 — ant1l,

and let
D—s . D/—s

D'—D
Then c(n,j) = c(j,n) >0, and for every n € Z

Z C(n7j) (gj - gn) = 07 (3)
J#n

c(n,j) = ifD#D',  ¢(n,j)=sD ¥ ifD=D"

where the series converges absolutely. For s =2, ¢(n,j) = (D + D')/(D?D"?).

Proof. For m € Z let @y, = 37, ,,, sgn(a; — am)|a; — ap|~°. By (1) and (2) this series converges
absolutely, and ®,,, = 0. Substituting i = j + 1 in ®,,;1 we get

0=, —d,11 = Z(sgn(aj —an)D™% —sgn(aj41 — an+1)D’*S),
Jj#n

where D and D’ depend on j as in the statement. The subtraction may be done termwise, because
both series converge absolutely. If j > n, both signs are +1 and D' — D = (aj41 — a;) — (any1 —an) =
gj — Gn, so the j-th term is D™% — D'=° = ¢(n,j)(9; — gn). If j < n, both signs are —1 and
D — D' = (an — a;) — (@n+1 — @j41) = gj — gn, s0 the j-th term is D'° — D~* = ¢(n, j)(gj — gn). (If
D = D', both expressions vanish.) This proves (3).

The numbers D and D’ do not change when n and j are exchanged. Moreover ¢(n,j) is the
divided difference of the strictly decreasing function ¢ — t~% at D and D’, with the sign reversed.
Hence c(n, j) = ¢(j,n) > 0. For s =2, (D=2 - D'~2)/(D' — D) = (D + D')/(D?D"?). O

Lemma 2.4 (Comparison). Forn # j let D, D’ be as in Lemma 2.3. Then min{D, D’} > D/(1+ry)
and
c(n,j) < Kgla; — an| 71, K, :=s(1+r,)* (4)

For s = 2 one also has c(n,j) < (1+72)(2+7r2)|a; —an| 3, with (1+r3)(2+7r2) = 8.983... Consequently
m(n) =3, c(n,j) <oo, and 3., c(n,j)g; = 7(n) gn for every n.

Proof. By symmetry we may assume j > n. If j = n+ 1, then D = g, and D' = gp41 > gn/7s
by Lemma 2.2. If j > n+ 2, then D > g, + gns1 > (1 4+ 77 )gn, s0 gn < rsD/(1 + 75) and
D'=D+gj—gn > D—gy, > D/(1+7). In both cases min{D, D"} > D/(1+r,). By the mean value
theorem, c(n,j) = s¢~*~! for some & between D and D', so ¢(n,j) < smin{D, D'} =t < K,D=5~1,
For s =2, ¢(n,j) =D 'D'"2 4+ D72D""1 < (14 r2)? + (1 + 1)) D,

Every j # n satisfies |a; — an| > 0, := min{go—1,9,} > 0, so 7(n) < K5, (F, + F) <
co. Finally, the series ;c(n,j)(g; — gn) converges absolutely with sum 0 by Lemma 2.3, and
> ; c(n,j)gn = m(n)gn. Adding the two series gives the last identity. O

Remark 2.5 (The maximum principle). Identity (3) contains [GK17, Theorem 1] for the forces d=°. If
g attains its maximum at n, all terms of (3) are < 0, so they all vanish, and ¢ > 0 gives g; = gy for
all j; the same holds for a minimum. The proof of Lemma 2.3 uses only that the force law is strictly
decreasing and that the one-sided forces are finite (see Remark 5.4).



3 Reversible random walks with long-range jumps
Let V' be a countably infinite set, and let ¢: V' x V' — [0, 00) be symmetric, with ¢(z,z) = 0 and

m(z) = Z c(z,y) € (0,00) for all x € V.
yeVv

We call ¢ a network. A vertex may have infinitely many y with ¢(z,y) > 0. The random walk on ¢
is the Markov chain (X;);>¢ with transition probabilities P(z,y) = c¢(x,y)/m(z); it is reversible with
respect to m, and we always assume that it is irreducible. We write P, for the law of the walk started
at z. A function u on V' is harmonic if 3 P(z,y)lu(y)| < oo and Pu(z) := >, P(z,y)u(y) = u(x)
for every x. The walk, or the network, is recurrent if Py[X; = x for some ¢ > 1] = 1 for some, and
then every, . The energy of f: V — Ris E.(f) = %ny c(x,y)(f(x) — f(y))* €0, 00].

For locally finite networks the three lemmas below are standard; see, for example, [LP16, Chap-
ter 2], and [Doo57] for the transform in Lemma 3.3. We include short proofs, because our networks
are not locally finite. The only property used is m < co.

We use the following form of Green’s identity. If u is finitely supported and _, c(z, y)|w(y)| < oo
for every x, then

% > el y) (ul@) —u(y)) (wlz) —wly)) =D ul@) Y el@,y) (w(z) —w(y)), (5)

z y
and all series converge absolutely. Indeed, by the symmetry of ¢,

Y ez, y)lulz) —uly)| (@) —wy)l <2 fu(@)] Y e, y) (Jw(@)] + [wy)]) < oc.

x?y
Expanding the product and exchanging x and y in one of the two resulting sums gives (5).

Lemma 3.1 (Dirichlet principle). Let xg € V', and let f: V — R be finitely supported with f(xzg) = 1.
Then
m(20) Pay [ Xt # mo for all t > 1] < Ec(f).

Consequently, if inf E.(f) = 0 over all such f, the walk is recurrent.

Proof. Let B = {zo}Usupp f and A = B\ {x¢}, both finite. For S C V' let 7¢ = inf{t > 0: X; € S}
and 7§ = inf{t > 1: X, € S}. By irreducibility, from every x € A the walk leaves A within |A| steps
with positive probability. Since A is finite, the Markov property shows that, from any starting point,
the walk stays in A forever with probability 0.

Let h(z) = Pr[r{zo} < Tv\B]- Then 0 < h < 1, h(zg) = 1, h = 0 off B, and Ph(z) = h(x) for
x € A (first-step analysis). By the same analysis at z,

q:= Py, [T‘J/F\B < T{;O}] =1— Ph(zo) = h(zo) — Ph(zo).
By (5) with u = w = h,
Ec(h) = h(z)m(x)(h(x) — Ph(z)) = m(x0) q.
reB

The function n = f — h vanishes at z¢ and off B, so it is supported in A. By (5) with v = n and
w = h,

%Z c(z,y) (h(z) — h(y)) (n(x) = n(y)) = > n(x) w(x)(h(z) — Ph(x)) = 0.
T,y

€A



All energies involved are finite, so E.(f) = E:.(h)+Ec(n) > 7(xo)q. Finally, if X; # x¢ for all t > 1, then
either the walk visits V' \ B before returning to xg, or it stays in A from time 1 on; the second event
has probability 0. Hence the probability of no return is at most g < &.(f)/m(zo). If infE(f) = 0,
then zg is recurrent, and so is every vertex, by irreducibility. O

Lemma 3.2 (Liouville property). If the walk is recurrent, every positive harmonic function is con-
stant.

Proof. Let u > 0 be harmonic. Under P, the process u(X;) is a nonnegative martingale, so it converges
almost surely to a finite limit. By recurrence and irreducibility, the walk visits every vertex infinitely
often, almost surely. Hence u(y) = u(z) for all y,z € V. O

Lemma 3.3 (Doob transform). Let h: V' — (0, 00) satisfy >_, c(z,y)h(y) = n(x)h(z) for all x, that
is, let h be a positive harmonic function. Put c"(z,y) = c(x,y)h(x)h(y). Then the following hold.
(a) 7 (z) := >y (z,y) = 7(x)h(z)? < oo, so " is a network. Its walk is irreducible and has
transition probabilities P (x,y) = P(x,y)h(y)/h(z).

(b) The function 1/h is harmonic for P".

(c) (P")(x,y) = P (x,y)h(y)/h(x) for all t > 0. In particular, the walks P and P" have the same
return probabilities, and ¢ is recurrent if and only if ¢ is.

(d) Ec(hp) = En(p) for every finitely supported ¢: V — R.
Proof. (a) We have 7" (x) = h(z) >y ez y)h(y) = 7(x)h(x)?, and c(z,y)/7"(x) = P(z,y)h(y)/h(zx).
(b) Indeed, 3, Ph(x,y)/h(y) = >, P(@,y)/M(z) = 1/h(z). (c) The formula follows from (a) by

induction on ¢. Along every path from z back to z the factors h(y)/h(z) cancel, so the two walks
return to x with the same probability. (d) Put u = hp?, which is finitely supported. For all x,,

(h()e(@) — h(y)ey)® = hl@)h(y) (e(z) — o)) + (h(z) — h(y)) (u(z) — u(y)).

Multiply by ¢(z,y)/2 and sum. The first terms give .. (¢), which is finite because ¢ is finitely
supported and 7" < co. By (5) with w = h, the second terms are absolutely summable, with sum

> u(@) (n(@)h(@) = 32, ez, y)h(y)) = 0. O

4 The energy estimate and the proof of the theorem

In this section 1 < s < 2, X is an s-equilibrium, and we use the notation of Section 2. We write r = r,
and K = K. By Lemma 2.4, ¢ (with ¢(n,n) := 0) is a network on Z in the sense of Section 3; its
walk is irreducible because ¢(n, j) > 0 for all n # j. By Lemma 2.4, ¢ is a positive harmonic function
for c. Let

C*(n7j) = C(nvj) 9ngGj, ﬂ—*(n) = 7T(7”L) grzw
be the Doob transform of ¢ by g (Lemma 3.3), and let P* be its walk. For R > 0 let
on(e) = min{1,max{0, 2 - z|/R}} (z€R),  fa(n) = pn(a) (neZ).
Proposition 4.1. Fiz Ry > |ag| such that (—2R1,2R1) contains at least two points of X. For R > Ry,
the function fr is finitely supported, fr(0) =1, and

7(1+7) N 4(1 + r)5+3)R15
2—3s S

Ee () < K ( ifs <2,
(1+7)(1+16R*(Fy + Fy))

7

Euor(fr) < %(7(1 ) max{l, log } ro(1+ r)5) ifs=2.



In both cases E~+(fr) — 0 as R — oo.

Proof. Since |ag| < R, we have fr(0) = 1, and fr vanishes outside the finite set {n : |a,| < 2R}. By
(4),
Eer(fr) =D c(n, ) gngj (fr(n) — fr(j))* < K(S1+ Sa), (6)

n<j

where S is the sum of g,,g;(fr(n) — fr(§))*(aj — an)~*~1 over the pairs n < j with a; — a,, < R, and
Sy is the same sum over the pairs n < j with a; — a, > R.

Step 1: the cut-off. We have 0 < ¢r < 1 and |pgr(x) — ¢r(y)| < | — y|/R. Moreover, g is
constant on each of (—oo, —2R], [~ R, R] and [2R, c0), and it vanishes on the first and the last. Hence,
if n < j and fr(n) # fr(j), then [ay,a;] meets (—2R, —R) U (R,2R), and at least one of a,, a; lies
in (—2R,2R). If in addition a; — a, < R, then both a,, and a; lie in (-3R, 3R).

Step 2: comparison with integrals. Let p > 0 and n < j. Then

45 (a; —an) P < (L4 1) / N an) P dt, (7)

J

gn (aj —an) ™ <r(l+7)P /an (a; —t)"Pdt. (8)

For (7), note that g; < rg;j—1 < r(aj —an) by Lemma 2.2, because j —1 > n. Sot—a, < aj41—an <
(147)(aj —ay) for t € [a;,aj4+1], and we integrate (t —a,) P > (14 r)"P(a; — an) P over this interval
of length g;. For (8), similarly, gn—1 < rgn < r(aj —an),so aj —t < (1+7r)(aj —ay) for t € [an—1, anl.
Integrating gives gn—1(aj; — an)™? < (1 4+71)P faan"_l(aj —t)7Pdt, and g, < 1rgp_1.

Step 3: the near pairs. Let I = {n : |a,| < 3R, gn < R}, and for n € I let J(n) = {j > n :
aj —an < R}. If a pair n < j with a;j — a, < R contributes to Si, then |a,| < 3R by Step 1, and

gn <aj—an, < R;son €I and j € J(n). Using (fr(n) — fr(4))? < (aj — a,)?/R? we obtain

Sl < R72 Zgn Z gj (aj - an)lis- (9)

nel  jeJ(n)

Let n € I with J(n) # 0, and let j* = max J(n). The intervals [a;,aj+1], j € J(n), tile [apnt1, aj 11,
and aj11 —ap, < (14 7)(ajx —an) < (1+7)R by Step 2. By (7) with p = s — 1 (and trivially if
J(n) = 0, since g, < R),

(1+T‘)R 1 2—s 2 _ 2
Z 9j (Gj N an)l—s < (1 —|—7“)8_1/ =5 gr < ( + T)R /( 8)7 s < 2, (10)
jed(n) n (1+7)log((1+7)R/gn), s=2.

The intervals [an, ant1], n € I, are disjoint and lie in (=3R,4R), so >, ;g0 < 7TR. For s < 2, (9)
and (10) give

T(1+7)

2—s

For s = 2,let N = |[I| and ¥ = ) _; g, < 7TR. The function 1(t) = tlog((1 + r)R/t) is concave
on (0,00), so Jensen’s inequality gives ., ;¥ (gn) < N¢(S/N) = Slog((1 + r)RN/X). The func-
tion ¥ — Xlog(A/Y) increases on (0,A/e] and is bounded by A/e. With A = (1 4+ r)RN we get
> ner Y(gn) < TRmax{1,log((1 +r)N/7)}, and hence

S1 < R (11)

T(1+7)
R

S1 < (s =2). (12)

1 N
max{l, log (4_774)}



Finally, if |a,| < 3R, then |a, — ag| < 4R because |ap| < R. Every n # 0 with |a, — ag| < 4R
contributes at least (4R)™° to F; + F . Hence

N < #{n:|ay| <3R} <1+ (4R)*(Fy + Fy). (13)

which is 1+ 16R*(F, + F,) for s = 2.
Step 4: the far pairs. By Step 1, every pair n < j that contributes to Se has a, € (—2R,2R) or
€ (—2R,2R). We bound (fr(n) — fR(j))2 < 1 and get

Zgn Z a_a s+1+ Zg] Z a_a s+1

|an\<2R j>n laj|<2R n<j
aj—an>R aj—an>R

For fixed n, the intervals [a;,aj11] with a; — a,, > R are disjoint and lie in [a, + R, 00). So by (7)
with p = s + 1 the first inner sum is at most (14 r)**! [2°77571dr = (14 )" R™%/s. For fixed
J, the intervals [an—1,ay,] with a; — a, > R are disjoint and lie in (—oo0,a; — R]. So by (8) the
second inner sum is at most r(1 + 7)*T'R™/s. Let m < M be the smallest and the largest index
with a,,,ap € (—2R,2R); there are at least two such indices because R > R;. Then Z|an|<2R Jn =
ap+1 — am = (apr — am) + gar, where apr — ay, < 4R and gy < rgy—1 < r(ay — am). So
Z|an\<2R gn < 4(1+7)R, and

1 s+1 1 s+1 4(1 s+3
$ <41+ )R- 1+ ;;%’;( )t A +3’“> R, (14)

For s = 2 this is 2(1 4+ 7)°/R. Combining (6), (11), (12), (13) and (14) proves the proposition. O

Proof of Theorem 1.2. Let X be an s-equilibrium with 1 < s < 2. By Lemma 3.3, applied to the
network ¢ and its positive harmonic function g, the transform c* is a network, its walk P* is irreducible,
and 1/g is a positive harmonic function for P*. By Proposition 4.1 and Lemma 3.1, applied to ¢*
with g =0 and f = fg,

7(0) Py [X¢ # 0 for all t > 1] < Ee+(fr) —— 0,
R—o0
so P* is recurrent. By Lemma 3.2, 1/g is constant. Hence g, = go for all n, and a,, = ag + gon.
Conversely, let X = {an+ 0 : n € Z} with a > 0. For every z € X, both one-sided sums equal
> k>1(ak) ™% < oo, since s > 1. So (1) and (2) hold. O

5 Remarks

Remark 5.1 (The role of the Doob transform). By Lemma 3.3(c) with h = g, the walk P* has the
same return probabilities as the walk of ¢. So, for an equilibrium, ¢ is recurrent if and only if ¢* is:
the transform does not turn a transient walk into a recurrent one. Its role is to supply test functions.
By Lemma 3.3(d), the finitely supported functions n — gn,¢r(a,)/go take the value 1 at 0 and have
c-energy Eq«(fr)/g2 — 0. Thus the proof can also be phrased without P*: the network c is recurrent
by Lemma 3.1, and g, a positive harmonic function for ¢, is constant by Lemma 3.2. Heuristically,
c*(n,j) = sgngjla; — an|717° is a Riemann sum, with mesh given by the gaps, of the translation-
invariant kernel s|x — y|~!17* dx dy on R. This kernel does not see the local density of the points; for
s = 2 the density enters only through the logarithm in (12).

Proposition 4.1 uses equilibrium only through Lemma 2.2 and, for s = 2, through F|;” + FO+ < 00.
Its proof applies to every increasing sequence whose consecutive gap ratios lie in [r; !, 7] and which,
when s = 2, satisfies the point count (13). For such a sequence that is not an equilibrium, g is in general



not harmonic for the weights ¢ of Lemma 2.3, ¢* is not a Doob transform of ¢, and Proposition 4.1
says nothing about the recurrence of ¢. The informal idea that ¢ may be transient when the gaps
shrink quickly concerns only such non-equilibrium sequences. We neither need nor prove it.

Remark 5.2 (What the proof uses). (a) Equilibrium of every particle is used in Lemma 2.2 and
Lemma 2.3. If a single particle ay is not in equilibrium, then (3) may fail at n = k— 1 and n = k, and
the argument breaks down. This is consistent with [GK17, Theorem 7|, which provides non-trivial
configurations in which all particles but one are in equilibrium.

(b) The finiteness condition (1) is used in Lemma 2.3 and, for s = 2, in the point count (13). For
s = 2, any bound with log #{n : |a,| < 3R} = o(R) would suffice in place of (13).

(c) Local finiteness, which follows from (1), is used in Lemma 2.1 and to make fg finitely supported.

Remark 5.3 (Exponents s > 2; not claimed). Lemmas 2.1 to 2.4 and the bound (14) hold for every
s > 1, with the same proofs. For s > 2, however, the integral in (10) is of order g2~*. Then S;
is controlled by R™2 Y onel g27%, which is large when many gaps are small. A sketch suggests that
Holder’s inequality, together with the bound #{n : |a,| < 3R} = o(R?®) that follows from (1), gives
S1 = o(R*731) for 2 < s < 3, and hence the conclusion of Theorem 1.2 for 2 < s < (3 + V/5)/2.

We have not written out these details with the same care, and we make no claim for s > 2.

Remark 5.4 (Other force laws). Let F': (0,00) — (0,00) be strictly decreasing, and assume that the
one-sided forces > v -, F(y—z)and > ¢, F(z—y) are finite and equal for every z € X. The
proof of Lemma 2.3 then gives (3) with ¢(n, j) = (F(D) — F(D’))/(D" — D) > 0 when D # D’ (when
D = D' the term vanishes, and any positive value of ¢(n, j) will do). So Remark 2.5 recovers [GK17,
Theorem 1] for such configurations. What is missing for general F' is recurrence: our estimates use
the homogeneity of d~* in Lemmas 2.2 and 2.4. Problem 1 of [GK17] for general F' remains open,
and so does the principal-value reading mentioned in Remark 1.3(a).

Related work. The question is a force-based variant of the crystallization problem; see [BL15]
for a review. In one dimension, Duneau and Katz [DK84] showed that the property of a two-body
potential to give rise to a one-dimensional lattice, defined through sequences of finite stable equilibria,
is stable under perturbations of the potential; they do not classify infinite equilibria. Since the pair
potential V(d) = d'=*/(s — 1) is convex, a routine argument shows that an s-equilibrium minimizes
the formal energy >, j V(a; — a;) with respect to compactly supported perturbations that preserve
the order of the points. This relates the problem to Aubry—Mather theory for long-range interactions
in statistical mechanics [CdIL98, dILV10], where minimizers are typically shown to be ordered with
respect to their translates. In the present translation-invariant setting, a configuration is ordered
with respect to all of its translates (an4r + t)nez, k € Z, t € R (meaning that a,r + t — ay, has the
same sign for all n), if and only if it is an arithmetic progression. We have not checked whether the
results of [CdIL98, dILV10] apply to the singular interaction d'~* and to configurations that are not
uniformly discrete, and [GK17] do not mention such a reduction.

Verification. The claims were checked as follows.
1. A program by the author, check_general_s.py, does the following.

o It computes 7, for s € {1.05,1.25,1.5,1.75,2} to 50 digits.

o It checks the finite-range form of the identity behind Lemma 2.3 in 60-digit arithmetic for
s € {%, %, g, 2}: 777 identities on random configurations with gaps between 10~¢ and 106,

and relative errors below 2 - 10759,

e It checks the inequality behind Lemma 2.2, which holds for every finite configuration, in
1006 cases.



o It checks Lemma 2.4 on adversarial gap patterns. For s = 2, the largest value of ¢(n, j) |a; —
a,|? that it finds is 3.906, well below the constant 8.983... of Lemma 2.4.

o It checks the inequalities £+ (fr) < K(S1 + S2), (11) and (14) in floating point for s = 2
and s = %, on five gap profiles and for R = 10, 30, 100.

2. Earlier programs, written while the proof was being found, treat s = 2.

e In exact rational arithmetic they check the identity of Lemma 2.3 term by term
(6240 terms), the comparison bound of Lemma 2.4 (25,200 pairs), and the algebra of
Lemma 3.3(b).

e Numerically, they solve 900 two-particle equilibrium problems inside fixed external config-
urations. The largest gap ratio found is 1.4870, below 3.

o They compute E.+(fr) for five gap profiles and R € {10,30,100,300}; the values of
E+(fr) R/ log R lie between 2.0 and 6.6.

These numerical runs illustrate the statements; the proofs do not use them.

3. Two independent verification runs, both Al-assisted, re-derived all proofs line by line and wrote
their own code. Neither found a mathematical error.

e In exact rational arithmetic, the code of the first run checks the finite-range identity behind
Lemma 2.3 (530 cases), the inequality behind Lemma 2.2 (470 cases), the identities of
Lemma 3.3(b) and (d) (40 random networks), and Lemma 2.4 on adversarial patterns. It
tests every inequality in the proof of Proposition 4.1 for s = 2 on six further gap profiles. It
also solves numerically for 200 particles in equilibrium between two fixed arithmetic tails.
Identity (3), divided by m(n), holds at all 199 interior indices up to an error of 5- 1078,
which comes from truncating the tails, and it fails, as it should, next to the fixed particles.
The first run asked for corrections to the explanation of the role of the Doob transform, to
the statement of the conventions, to the numbering of the results cited from [GK17], and
to the range of exponents claimed. These have been made.

e The second run read the sources again and wrote its code before it read the programs above;
it also re-ran all of them. Its code checks the finite-range identity behind Lemma 2.3 (1689
identities) and the two comparisons in the proof of Lemma 2.2 (1891 cases), exactly for
s = 2 and in 100-digit arithmetic for several s € (1,2). It checks Lemma 2.4 on 11,536
pairs from adversarial gap patterns. In exact arithmetic it checks Green’s identity (5),
Lemma 3.1 and Lemma 3.3(a)-(d) on random finite networks, most of them complete
graphs. It tests every inequality in the proof of Proposition 4.1, and its final bound, for
s € {1.1,1.25,1.5,1.75,1.9,2} on eight gap profiles and for R < 300 (186 cases). It asked
for an update of the record of the literature search below and of the verification report.
These have been made.

All programs and outputs are in the source files.

Scope and priority. Theorem 1.2 answers Question 0.1 of [Ben15], which is Question 5 in Section 4
of [Syl15], under the conventions of Remark 1.3. It also answers Problem 1 of [GK17] for the force laws
d—* with 1 < s < 2. It does not cover general force laws, exponents s > 2, or a principal-value reading
of the equilibrium condition. We read [Benl15] and [Syl15] in their PDF versions, and both the arXiv
version and the published version of [GK17]. Of [DK84| we read the abstract and the introduction;
of [CdIL98, dILV10] we know only the bibliographic data. We searched arXiv, Crossref, OpenAlex,
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zbMATH and Semantic Scholar, including the works citing [GK17], most recently in October 2026.
Apart from duplicate entries and one evidently misattributed entry, OpenAlex and Semantic Scholar
list the same two works citing [GK17], and neither addresses the question. The publication lists of
the two authors of [GK17] contain no follow-up. Three general web searches found only [GK17] and
copies of it. We found no resolution of the question and no partial result beyond [GK17]. MathSciNet
and Google Scholar were not searched. This negative search is not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the proof,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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