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Abstract

Reznik, Garcia and Koiller listed many quantities found experimentally to be constant along
the families of N-periodic billiard trajectories in an ellipse. We treat five rows of their table
of inversive objects (records AMR-050-0056, -0057, -0058, -0059 and -0061 of the UnsolvedMath
collection), built from a trajectory P and one focus f: the inversion P of P in the unit circle
at f, the polar polygon (the antipedal polygon of P1), its dual polygon, and the focal pedal and
antipedal polygons. For least period IV, any winding number, a confocal elliptic caustic and signed
areas we prove that the ratios of the polar area to the inversive area (row kgi3) and to the dual
area (row kgi4, credited by the source to A. Akopyan) are constant for every N, the dual being
the polar reciprocal of the polar polygon about the centre of the circle touched by its sides, as in
the source’s figure, or its point-wise inversion; for N = 4 the constants are 2a*/b* and 2a%/b'°.
Rows kg15 (odd N) and kg1 (even N) use a symbol that the source does not define. Read as the
area of the pedal polygon of PT, as in the source’s row koos,p, row kg15 is false (exact certificate
for N = 3) and ks is false for N = 4 (exact certificate) but true for every even N > 6; read as
the area of the inversion of the focal pedal polygon, kgi5 is false and kgig true; read as the focal
pedal area, both hold. Row ks1s (N =2 (mod 4)) follows from two earlier deposits of the author,
d0i:10.5281/zenodo.23094118 and doi:10.5281/zenodo.23079799; we reprove it, and its quotient is
undefined on the families where the focal antipedal area vanishes identically, which are recorded
in earlier deposits (for N = 6: exactly b/a = 3). The method is Stachel’s Jacobi parametrisation,
the phases at which a side of P is an isotropic line through f, and Liouville’s theorem. This is an
unrefereed note.

1 Introduction

1.1 The five rows

Let € be the ellipse 22 /a? + y%/b* = 1 with a > b > 0, centre O and foci (%¢,0), ¢ = va% — b2, and
fix A with 0 < A\ < b%. The ellipse C : 22/(a® — \) + 3?/(b*> — \) = 1 is confocal with £ and lies inside
it. A billiard trajectory in £ is a sequence (F});cz of points of £ with P11 # P, such that at every
P, the chords P,_1 P, and PP, are mirror images of each other in the normal of £ at Pj; it has the
caustic C if all its chords are tangent to C. It is an N-periodic if Piyny = P, for all [ and N > 3 is the
least such number. If one trajectory with caustic C is N-periodic, then all are, with the same winding
number 7 around O (Poncelet’s porism; Lemma 2.1); they form a one-parameter family, the family.
A quantity is ‘nvariant if it has the same value at every member of the family.

For a closed polygon W = (W, ..., Wy), indices modulo N, the signed area is S(W) = % > Wix
Wit1, where © X y = x1y2 — xoyi; this is the convention of the source [RGK21], and A := S(P). Let
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f be one of the foci. The source (we use its arXiv version [RGK21, v11], whose row codes the corpus
uses) defines, for P and the focus f (its f;): the inversive polygon Pt whose vertices are the inversions

of the P; in the unit circle centred at f, with area AT (its A}); the polar polygon, the “antipedal of the

inversive” with respect to f, whose i-th vertex is the intersection of the lines through Pj and PLl

perpendicular to fPiT and fPiTH, with area Apo (according to the source its vertices lie on a circle
and its sides touch a circle, the “polar caustic”, with centre O,); the dual polygon, the “inversion of
the polar with respect to O,”, said in the caption of the source’s figure to be inscribed in a circle
centred at O, with area Agyal (the reading is fixed below); the focal pedal polygon, whose vertices are
the feet of the perpendiculars from f to the side lines P; P41, with area A (its A;, called A; peq in its
table of symbols); and the focal antipedal polygon, whose i-th vertex is the intersection of the lines
through P; and P41 perpendicular to fP; and fPii1, with area Aang (its Ajant).

record row quantity in the source N
AMR-050-0056 kg1 Aj pol/Ajinv all
AMR-050-0057 k814 Aj,pol /Aj,dual all
AMR-050-0058  ks1s Al ;- Ajdual odd
AMR-050-0059 kg1 Al .o/Aj dual even
AMR-050-0061  kgig Aj/Amm =2 (mod 4)

Table 1: The five rows of the table of invariants of inversive objects in [RGK21, v11], all marked
as not proven there, with the corpus records [ula26]. The records ask to prove that the quantity is
constant as P varies through the family.

The dual polygon. The source recalls that “the dual is the inverse of the pedal” [AZ07]. Accordingly
we take as dual polygon the polar reciprocal of the polar polygon with respect to the unit circle centred
at Op: its vertices are the poles of the side lines of the polar polygon, equivalently the inversions of
the feet of O, on these lines. These vertices lie on a circle centred at O, (Lemma 3.1), as the caption
says and the figure shows. The inversions of the polar vertices in that circle, the point-wise reading,
are not at a constant distance from O), (the first verification run found relative spreads 0.05 to 0.37);
we treat this reading as well and write Agfm for its area. The source does not give the radius of the
circle at Op; a radius r multiplies the dual area by r%, so no statement below depends on it, and we
take radius 1. The deposit [Fer26h] notes, for row kg1, that the source’s descriptions of the dual
construction are incompatible, and treats both.

Two undefined symbols. The symbol A;;n, of kgi3 is not in the source’s table of symbols; the

corpus record writes A;f», and the polygon P is the one the source calls inversive, so we read it as Af.
The symbol A; ped of kgi5 and kgie is not defined in the source; it occurs also in its rows kgog , and

kgos,p. We consider three readings: (i) the area A; q Of the pedal polygon of PT with respect to f;
(ii) the area of the inversion, in the unit circle at f, of the focal pedal polygon (the dagger as in the
source’s A;-T, the inversion of the outer polygon), which is the polar polygon by Lemma 3.1, so that
the area is Apo; (iii) the focal pedal area A, the dagger being a slip. Reading (i) is the only one of the
three under which the source’s row kgos p, ALped/A;ped =1 for N = 3, holds: for reading (i) this is the
observation of Reznik, Garcia and Helman on the pedal triangles of the two focus-inversive triangles
[RGH22, Section 3, first observation], proved in [Fer26e], while under (ii) and (iii) the quotient varies,
with values between 0.43 and 2.3 at the members computed by the verification runs. Reading (i) is
also the one of the deposits [Fer26b, Fer26e] on row kgps. Under reading (ii) row kgi¢ is row kg4 for
even N.



1.2 Results

Every statement holds for both foci (Section 1.4); we write AT, Apol, - . for the areas with respect to
either focus.

Theorem 1 (row kgi3). Let a > b > 0, let the caustic be a confocal ellipse, let N > 3 be the least
period of the trajectories of the family and T their winding number (any T coprime to N ), and use
signed areas. Then there is a constant k1 > 0, depending only on a, b and X, such that Ay, = kAT
at every member of the family. In particular Aj’pol/A; is constant along the family, for every N > 3,
every winding number and both foci. For N = 4, k1 = 2a*/b*.

Theorem 2 (row kgi4). Let a > b > 0, let the caustic be a confocal ellipse, let N > 3 be the least
period of the trajectories of the family and T their winding number (any T coprime to N ), and use
signed areas.

(a) There is a constant ke > 0, depending only on a,b, X, such that Aqual = koAl at every member.
Hence Aj o1/ Aj dual = K1/k2 is constant along the family, for every N > 3. For N = 4 it equals
2a5 /b'0.

(b) For the point-wise reading there is a constant k3 > 0 with Agflal = r3At, so Apol/Agzal 18
constant as well. For N =3, A | = Aduai/4, and for N =4, Agzal = Aqual/2.

dual

Theorem 3 (row ksi5). Let a > b > 0, let the caustic be a confocal ellipse, let N > 3 be the least
period of the trajectories of the family and T their winding number (any T coprime to N ), and use
sitgned areas.

(A) Under readings (i) and (ii) the row is false. For a®> = 8, b®> = 3 the 3-periodic family has the
caustic X\ = 72/25, and its members

Mi: (2V2,0), (—3V2,2V3), (-3V2,-2V3),
M2: (0>\/§)7 (_% 3’_%\/5)7 (%\/g’_%\/g)

give AI’edAdual = 38000 + a0 and wamgy (reading (i), and ApgiAgua = 2410 + 5 and
%9 (reading (ii)), with respect to the focus (—/5,0). Moreover, for every N > 3 the product

ApolAdqual 5 not constant along any family.

(B) Under reading (iii) the row holds: for every odd N there is a constant k4 > 0, depending only
on a,b, \, such that A Aqual = K4 al every member.

All statements remain true with Agflal in place of Aqual-

Theorem 4 (row kgig). Let a > b > 0, let the caustic be a confocal ellipse, let N > 3 be the least
period of the trajectories of the family and T their winding number (any T coprime to N ), and use
signed areas. Let N be even.

(A) Under reading (i) the row is false for N = 4. For a = 5, b = 4 the 4-periodic family
has the caustic A = 400/41, and its members Ry = ((5,0),(0,4),(—5,0), (0, —4)) and Ry =
4171/2((25,16), (—25,16), (—25, —16), (25, —16)) give Al 1 /Aqual = &7 and g with respect to
the focus (—3,0).

(B) Under reading (i) the row holds for every even N > 6: there is a real constant ks, depending
only on a,b, \, with Aled = k5Aqual at every member.



(C) Under reading (iii) the row holds for every even N > 4: there is a constant kg > 0 with
A = kgAgual at every member; for N = 4, kg = 2&6/(b2(a2 + b2)2).

Under reading (ii) the quotient is Apol/Adual, which is constant for every N by Theorem 2. All
statements remain true with Agtual in place of Aqual- So row kgig holds for every even N > 6 under
each of the three readings, and for N = 4 it depends on the reading.

For N = 4 the inversive pedal area has poles of order three, for even N > 6 simple poles (Propo-
sition 6.4); this is why (A) and (B) differ. The constant k5 can vanish (Remark 6.5).

Theorem 5 (row kgig). Let a > b > 0, let the caustic be a confocal ellipse, let N > 3 be the least
period of the trajectories of the family and T their winding number (any T coprime to N ), and use
signed areas. Let N = 2 (mod 4), put a = a2, = b and

o aBB6 =)+ Ao )

' 2WBB-N

(a) Aane = RA and AT = pA at every member, with a constant u > 0 depending only on a,b, \.

b) If R # 0, then Aan # 0 at every member, and Al Ajant = /R along the family, for both foci.
J s

(c) R =0 if and only if N(a — B)? = aB(a — 383); then Aans = 0 at every member, and the quotient
of the row is undefined at every member. This requires b/a < 1/+/3. For N = 6 the caustic is
A =a?b?*/(a+b)? and R = (2b — a)(a + b)?/(b*(2a + b)), so for N = 6 the case R =0 occurs
1

ezactly when b/a = 3.

Part (a) is the quotient of two published identities of the author: A,y = RA for every even N is
[Fer26d, Lemma 4], and that A/AT is a positive constant for N = 2 (mod 4) is [Fer26¢c, Theorem 1].
So Theorem 5(a), (b) is a scoped corollary of these two deposits; we give an independent proof
of the two proportionalities with the method of this note in Section 7. Numerically, for winding
number 1 and a = 1, R vanishes at b = 0.5543486017... (N = 10), b = 0.5661108682... (N = 14)
and b = 0.5706649669 ... (N = 18) (Section 8); on these families, too, the quotient of row kgig is
undefined at every member.

Table 2 summarises the answers.

row reading answer where

ksi3 — constant for every N; 2a*/b* for N = 4 Theorem 1

kgia either dual constant for every N; 2a%/b'° for N = 4 (reciprocal Theorem 2
dual)

ksis (i) false: exact certificate for N = 3; varies for every odd Theorem 3(A)
N tested

ks1s  (ii) false for every N Theorem 3(A)

ks (iii) constant for every odd NV Theorem 3(B)

ksis (i false for N = 4 (exact); constant for every even N > 6 Theorem 4(A), (B)

ksie  (ii) constant for every even N Theorem 2

ks (iil) constant for every even N Theorem 4(C)

ksis — constant if R # 0; undefined at every member if R =0 Theorem 5

Table 2: The answers. The readings (i)—(iii) of A} ped are those of Section 1.1; the verdicts on kg5
and kg1 do not depend on the reading of “dual”.



1.3 What is new and what is not

The five rows, and the experimental evidence for them, are due to Reznik, Garcia and Koiller [RGK21].
The caption of their table credits row kgi4 to a private communication of A. Akopyan (the mark itself
is printed at row kgi1, and the title of the communication, “Sum of squared sidelengths of focus-
polar polygon is invariant”, concerns a sum of squared side lengths, the quantity of row kgj1). The
parametrisation by Jacobi elliptic functions (Section 2) is Stachel’s canonical form [Sta22, Theorem 2];
the central symmetry of trajectories of even period, which we use, is [Sta21, Corollary 4.2(i)]; the
caustic property of confocal conics is classical [Tab05]. The caustics of the families with N = 4
and N = 6, with their members through (a,0), and the values AAT = 4 for N = 4 and A/A" =
4a3b*/((2a — b)(a+b)?) for N = 6 are due to Garcia and Reznik [GR22, Section 3, Appendix B]. The
polar polygons of a family form a Poncelet family of bicentric polygons whose pedal polygons with
respect to the limiting point f are the inversive polygons P': this is the bicentric family of Roitman,
Garcia and Reznik [RGR21], who proved that its sum of cosines and the perimeter of PT are invariant
by complexifying the phase and applying Liouville’s theorem, which is also the method used here.
Row kgog , is one of the source’s; Reznik, Garcia and Helman [RGH22], who study the focus-inversive
triangles, state the same observation (Section 3 there).

Row kg1g follows from the deposits [Fer26c, Fer26d] of the author, as explained after Theorem 5;
the product row kgi7 was obtained from [Fer26d] and a further deposit in the same way in [Fer26f].
The families on which the focal antipedal area vanishes identically appear in the deposits [Fer26a]
(Table 2 there: N =6 at b/a = % and N = 10 at b/a = 0.5543486017 ..., with N = 8,12, 16; obtained
numerically) and [Fer26i], which credits an earlier observation of a zero-area antipedal polygon for
N = 6 at aspect ratio 2. The proposers had observed this case: the list of animations of [RGK21, v11]
has one titled “N = 6, a/b = 2 antipedal polygon has zero signed area”, and that of [GR22] one titled
“N=6 zero-area antipedal @ a/b = 2”; the titles do not name the point, which [Fer26i| identifies from
the animation as a focus. For kgig we add only the independent proof and the statements for N = 6,
which combine the caustic and the value of A/AT given in [GR22] with [Fer26d, Lemma 4]. Related
deposits of the author are [Fer26b, Fer26e| on row kgpg, which use reading (i) of A;p g [Fer26h] on
row kgi1, which also shows that the point-wise dual is the midpoint polygon of the reciprocal dual
(we use this in the proof of Theorem 2(b)), and [Fer26g], which applies the same Jacobi method to
pedal areas.

To our knowledge the following is new: the proofs of rows kgi3 and kgi4 for every N (Theorems 1
and 2, including the point-wise reading), the analysis of rows kg15 and kgi under the three readings
with the exact certificates (Theorems 3 and 4), and the independent proof of the proportionalities
behind row kgis. The searches on which this is based are described in the paragraph “Scope and
priority” in Section 8; we make no priority claim.

1.4 Conventions

Least period. “N-periodic” means least period N: in the source each N has its own family, and its
column “which N” is meaningless for a trajectory of smaller period listed several times (a control in
Section 8 shows that a 3-periodic listed twice does not satisfy the even-N rows). Trajectories with
winding number 7 > 1 (star polygons) are included.

Orientation and foci. Reversing the order of the vertices changes the sign of every signed area and
leaves ratios and products of two areas unchanged; we use the counterclockwise order. The reflection
(z,y) — (—z,y) maps &, C and the family to themselves, exchanges the foci, commutes with all
constructions and changes the sign of every signed area; so each row holds for one focus if and only
if it holds for the other. We work with f = (—¢,0).

Signed areas, ratios. Antipedal polygons may be self-intersecting, as the source notes, and signed



areas may vanish; a ratio is considered at the members where its denominator is nonzero. The areas
A, AT, Apol, Aduals Agflal and A are positive at every member (Lemma 3.2).
Caustic. The caustic is a confocal ellipse, as in the source; hyperbolic caustics are not treated.
Versions of the source. The published version of [RGK21], titled “Fifty new invariants”, lists 56
invariants; its table of inversive objects has only the rows kgo1—ksps (sums of inverse focal distances,
perimeter and sum of cosines of the inversive polygon). The five rows, and the polar and dual polygons,
occur only in the arXiv version, whose row codes the corpus uses.

2 The parametrisation
Throughout, o = a2, B=10%,0< A< 3, c = +a— B, e = c/a, and

=l
a— A

c(0,1), KkK*=1-k*  K=K(k), K =K.

The functions sn, cn, dn have modulus k. For z,y € C? we write x -y = x1y1 + x2y2 (bilinear, also for
complex vectors), x X y = x1ys — Toy1 and 2+ = (—x9, 1), so that 2+ - y+ =2 -y and 2+ -y =2 x 3.
A vector v # 0 with v-v = 0 is isotropic; then v is a multiple of (1,+4), and x - v = 0 implies x € Cv.
We use the following facts [DLM26, §§22.2, 22.4, 22.6, 22.8, 22.16].

(J1) sn, cn, dn are meromorphic, with simple poles exactly at Il := iK' 4+ 2KZ + 2iK'Z; dn has
simple zeros exactly at II' := K + iK' + 2KZ + 2iK'7Z; 4K and 4iK' are periods of all three.

(J2) sn(w 4+ 2K) = —snw, cn(w + 2K) = —cnw, sn(w + 2iK') = snw, en(w + 2iK') = —cnw,
dn(w + 2iK’) = —dnw, and

1 —id —q
sn(w + iK') = — en(w +iK') = k:lsnnww’ dn(w +iK') = SZ:;U)7
d —ik!
sn(w+ K +iK') = m ; cn(w+K+iK'):L.
kcnw kcnw

(J3) sn?+cn? =1, dn? +k%sn? = 1, and with D =1 — k%?sn%¢ sn® A,

sntecn Adn A £snAcntdnt cnten A Fsntsn Adntdn A
D , en(t £ A) = D :

sn(t+ A) =

(J4) For real u, snu = sinamwu and cnu = cos am u, where am is real analytic, am’ = dn > 0 on R,
and am(u + 2K) = amu + 7.

Let A € (0,K) be the number with sn? A = \/B, put s9 = sn4, cg = cnA, dy = dnA (all
positive), h := 2A and D(t) := 1 — k?s%sn?t. Then

Ta d2: ggi:i;7 chlz =k, ﬁdg:a(l_k2) (1)

For u,t,v € C define

dosnt cnt snv  cnwv
P(u) := (—asnu, benu), m(t) := (— o E)’ n(v) := (—7, T)

For real v the point P(v) lies on € and {X : n(v)- X = 1} is the tangent of £ at P(v). A line
px + qy = 1 touches C if and only if (a — \)p? + (8 — \)¢? = 1.



Lemma 2.1 (chords and trajectories). (a) m(t)-P(t—A)=m(t)-P(t+A) =1 for allt € C. For
real t the line L(t) == {X : m(t)- X = 1} passes through the two distinct points P(t £ A) of €
and is tangent to C.

(b) For real u the points P, := P(u+1h), | € Z, form a billiard trajectory with caustic C which runs
counterclockwise around O; the chord P Pyy1 lies on L(u+lh+ A). It is N-periodic if and only
if Nh = 47K with an integer T coprime to N; then 0 < 7 < N/2 is its winding number. Every
billiard trajectory with caustic C is of this form after a reversal of its order.

Proof. (a) With s = snt, ¢, = ent, d; = dnt, (J3) gives com(t) - P(t £ A) = [dos(scodp + socedy) +
ct(cico F ssodidp)]/ D = co(s*d3 + 7)) D = cg, because s2d% + ¢ = 1 — k?s?s?. For real t, P(t+ A) =
P(t — A) would force 2A € 4KZ by (J4). Tangency: (o — N\)d3s?/(acd) + (8 — N)c2/(Bc3) = 1, since
(a = Nd3/a = (B—-MN)/B =c3 by (1). (b) By (a), the two chords at P, lie on L(u + lh & A); these
are distinct tangents from P, to C (otherwise one line would contain three distinct points of £), so
they are the two tangents from P, to C, and these are mirror images of each other in the normal of
& at Py, by the classical reflection property of confocal conics [Tab05] (a direct verification in this
parametrisation is [Fer26g, Lemma 2.2]). By (J4) the eccentric angle of P, increases with I, by less
than 7 per step since 0 < h < 2K. Py = P, for all [ if and only if Nh € 4KZ; if Nh = 47K
and g = ged(7,N) > 1, then N/g is a period, and if ged(r, N) = 1, every period is a multiple of N.
The eccentric angle increases by 277 along a period, and 7/N = A/(2K) < 3. Finally, if (P)) is any
trajectory with caustic C and Py = P(u), u real, then P, = P(u & h), as the chord PyP; is one of
the two tangents from Fy; after a reversal P = P(u + h), and the reflection law and induction give
P, = P(u+lh) for all [. O

Part (b) is Stachel’s canonical parametrisation [Sta22, Theorem 2]: the modulus is the numerical
eccentricity of C, the vertex parameters advance by 2A, and A = 27K /N for N-periodics. From now
on N and 7 are fixed with Nh = 47K, ged(7, N) = 1, and for u € C we put

w=u-+lh, t=wu+A P:= P(ul), my = m(tl), ny = n(ul) (l € Z/N),

these depend only on [ modulo N, as P, m, n have the period 4K. By Lemma 2.1, the family is
{(P);: u € R}, and a quantity is invariant if and only if it is constant as a function of the real phase
u.

Lemma 2.2 (the focus). Let f = (—c¢,0) and r(u) := a — csnu.
(a) m(t) - f =ksnt and n(v) - f = esnw.
(b) (P(u) — f) - (Pw) — f) = r(u)?; for real u, r(u) = |P(u) — f| > a—c>0.

(¢) r has simple zeros exactly at the points of 21 := {K — A+iK', K+ A+ iK'} +4KZ+ 2iK'Z,
and P(u) — f is a nonzero isotropic vector there; r = 2a on Zg := E; + 2K.

(d) 1 —ksnt has double zeros exactly at the points of 11} := K + iK'+ 4K7Z + 2iK'Z, and equals 2
on Il :=1I} + 2K ; I' =11} UIL,.

(e) 21 =11} £ A and Zo = 1T, + A.

Proof. (a) m - f = cdosnt/(aco) = ksnt by (1), and n - f = csnv/a. (b) For (z,y) € C? with
y? = B(1—22/a) one has (z+c)?+y? = (a+ex)?; put = —asnu. (c) r = 0 meanssnu = a/c. By (J2),
sn(K+iK'+A) = dy/(kcy) = a/c, by (1). The function sn is elliptic of order 2 for the periods 4K, 2iK’,
and K + iK'+ A are not congruent modulo these periods (2A ¢ 4K7), so these are all the solutions,
and they are simple. There P — f is isotropic by (b) and nonzero, as its first coordinate is ¢ —a?/c # 0.



On Zy, sn = —a/c by (J2). (d) By (J2), sn(K +iK'+w) = dnw/(kenw) = (1+ 3kw? + O(w?))/k;
so 1 — ksn has a double zero at K + K’ and, sn being of order 2, no other zero modulo 4KZ + 2iK'Z.
On II}, sn = —1/k. (e) is the computation in (c). O

At t € II} the line L(t) passes through f (by (a)) and has an isotropic normal (m -m = 0 by
Lemma 2.3(iv)): it is one of the two isotropic lines through f, which touch every conic with focus f.
Its two “endpoints” P(t + A) coincide (Lemma 2.4(b)) at the point of contact with &.

Lemma 2.3 (closed forms). For allt € C, with f as in Lemma 2.2,
(i) P(t —A) x P(t+ A) =2absocodnt/D(t);
(i) (P(t—A)—f)x (P(t+A)—f) =2abspcodnt (1 —ksnt)/D(t);
(iii) (P(t+ A) — P(t — A))- (P(t+ A) — P(t — A)) = dasd dn* t/D(t)%;
(iv) m(t) - m(t) = dn’t/(Bcf).
For real v < w with w —v < 2K: P(v) x P(w), m(v) x m(w) and n(v) x n(w) are positive.

Proof. Write sny = sn(t £ A) etc. By (J3), snpecn_ —sn_cny = 2sgcpdnt/D, which is (i) since
P(t — A) x P(t + A) = ab(snyen_ —sn_cny). For (ii) add f x (P(t — A) — P(t + A)) =
—be(en_ —ceny) = —2bcspdpsntdnt/D and use cdy/(acy) = k. For (iii), P(t + A) — P(t — A) =
—(2sgdnt/D) (acnt, bdosnt) and acn?t + Bd3sn’t = adn®t by (1). (iv): &m-m =
d3sn’t/a + ecn®?t/B = dn®t/B. Finally, each of the three cross products is a positive constant
times snwcnv — snvenw = sin(amw — amwv), and 0 < amw — amv < 7 by (J4). O

Lemma 2.4 (parities and shifts). Let ¢ be one of P, m, n, and R := diag(1,—1).

(a) For z € II: ¢(z+w) = —¢(z — w).

(b) For Z e I': ¢(Z +w) = $(Z —w) and sn(Z + w) = sn(Z — w).

(c) p(w+2K) = —p(w), p(w + 2iK') = Rp(w), and sn is unchanged under w — w + 2iK’.
Moreover ¢ is holomorphic outside 11, with simple poles at 11.

Proof. Each ¢ is (1 sn, c¢g cn) with constants ¢1co # 0. By (J2), sn(iK’+w) and cn(i K’ +w) are odd
in w, and sn(K + iK'+ w), ecn(K 4 iK' 4+ w) are even in wj; a translation by 2pK + 2¢i K’ multiplies
sn by (—1)? and cn by (—1)P*9, which gives (a) and (b) on all of IT and IT'. (c) is (J2), and the last
statement is (J1). O

3 The derived polygons as functions of the phase

Signed areas do not change under translations, so we compute all polygons in coordinates centred at
f=1(=¢0). Put p; :== B — f, r; :=r(w), 2 := (—¢/B,0), Ry := a/f, and define, for v € C and
leZ/N,

yoi my ny ﬂ_zp
X == Y= —o—— T =— D)=z, +
! TIQ’ ! 1 —ksnt;’ ! 1 —esny’ ! P RZ 7
1 —ksnt;)my 7“12 1pf‘—7“l2pf‘1 wy
V= %(Dl + Diy1), v = (—, wy = —+ =, Q= :
my - my P X Pr+1 wy - Wy

With S(W) = $ 3, W, x Wiyq we set A := S(p), AT := S(X), Aol := S(Y), Ap == S(T), Adqual =
S(D), Agflal = S(V), A:= S(v), Aans := S(w) and ALed := S(g). All are meromorphic functions of
u € C, and Agua = A7/R%, since D is the image of T under a homothety of ratio R, 2.



Lemma 3.1 (identification). Let u be real, and let vy := p;/r; be the unit vector from f to Pj.
(a) X is the inversion of P, in the unit circle at f.

(b) Y] is the pole, with respect to the unit circle at f, of the side line P, P41 ; it is also the intersection
of the lines through X; and X1, perpendicular to fX; and fX;11, and the inversion of v, which
is the foot of f on the line PP11. So (Y}) is the polar polygon of the source, and the inversion
of the focal pedal polygon is the polar polygon.

(¢) The side Y;_1Y] lies on the polar line b, = {Z : p;-Z =1} of P, and {; ={Z : (Z—2p)-v; = Ry}.
So all sides of the polar polygon touch the circle with centre z, and radius R, at the points
T; = z, + R.v;, which are the poles of the tangents of £ at the P,. In the original coordinates:
Op = (1 +b72)f and the polar caustic has radius a/b>.

(d) Dy = z,+v/R, is the pole of £; with respect to the unit circle at O,; so (D) is the dual polygon
of Section 1.1, inscribed in the circle with centre O, and radius b%/a. The inversion of Y; in
the unit circle at Op is V; = %(Dl + Di11); so (V) is the point-wise dual polygon, the midpoint
polygon of the dual polygon.

(e) wy is the vertex of the focal antipedal polygon between P, and Piiq1; it is the pole of the line
X1 X141 with respect to the unit circle at f, and q; is the foot of f on that line. So (q;) is the
pedal polygon of Pt with respect to f, and ALed is the area of reading (7).

Proof. We use that the polar of the point with position vector = (relative to f) with respect to the
unit circle at f is the line {Z : x-Z = 1}, so that the pole of a line {7 : y-Z = 1} is y, and
that the foot of f on this line is y/(y - y), the inversion of the pole. (a) holds as p; - p; = r?. (b)
By Lemma 2.1(a) and Lemma 2.2(a), the side line L(t;) = {X : my- X =1} s {Z: my-Z =
1—ksnt)} ={Z : Y,-Z = 1}, with pole Y; and foot Y;/(Y; - Y;) = v;. The line through X;
perpendicular to fX;is {Z : X;-Z = X;-X;} ={Z: p - Z = 1}, the polar {; of Pj; the polars
of P, and P11 meet at the pole of the line PPy (La Hire), which is ¥;. (c¢) With P, = (z,y) we
have p; - 2z, = —c(x +¢)/B,s0 1 —p; - zp = (a + cx)/B = ary/B, as 1 = a + ex (Lemma 2.2(b)).
For Z € {; this gives (Z — z,) - vy = (1 — 2p - p1) /71 = a/B = R.. The point of contact is the foot
zp + R.vy of z, on £;. The tangent of £ at P is{Z: n-Z=1—esnw} ={Z: T;-Z = 1}, with
pole Ty; T; lies on ¢y, since Ty - py = (ng - P —ny - f)/(1 —esnwy;) = 1, and a direct computation with
p = (c—asnuy, benw) gives (1 — esnwy) (T — 2p) X py = snuyenwy ((a — ce) /b —b/a) = 0, because
a—ce = (a*—c*)/a =b*/a. Hence T} = z, + R.v;. (d) The pole of {(Z — 2,) - v = R,} with respect
to the unit circle at z, is 2, + v/ Ry = 2, + (1] — zp)/Rz = D;. The angle 0; from v; to vy lies in
(0,7), since p; X pj+1 > 0 by Lemma 2.3(ii) and (J4) (dn, D, 1 — ksn are positive on R). Solving the
equations of ¢; and {41 gives Y; — z, = R.(vy + vi41) /(1 + v - vpq) with 14+ -4 =14 cosf > 0,
hence [Y; — zp|* = 2RZ/(1 + v - viy1) and 2, + (Vi — 2)/|Yi — %[> = 2 + (u +v11)/(2R) = V.
(e) The line through P, perpendicular to fP, is {Z : p; - Z =r}} ={Z: X, Z = 1}, the polar of

X;. Using pt-p =0 and pll+1 -p;p = —p; X Pi41, one checks w; - p; = 7"12 and wy - pjy1 = r12+1- So w;
is the antipedal vertex and the pole of X;X;,; (La Hire), and ¢ = w;/(w; - w;) is the foot of f on
X Xy ={Z: w-7Z=1}. O

That the point-wise dual is the midpoint polygon of the reciprocal dual is observed, for bicentric
polygons in general, in [Fer26h]. The polar polygon is a bicentric polygon: its vertices lie on the polar
reciprocal of C and its sides touch that of £, both circles because f is a focus; this is the bicentric
family of [RGR21], and P' is its pedal polygon with respect to the limiting point f.



Lemma 3.2 (positivity). For every real phase, A, AT, Apol, AT, Aqual, APt

dual @nd A are positive.
More precisely, with 6; € (0,7) the angle P,f P11,

b4
_ : pt _ 0 1 s 01+0,41
Agual = 52 El sin 4;, Adual 22 g cos 5 cos 41 gin 5

Proof. Since 0 < h < 2K, the last statement of Lemma 2.3 gives P, X P31 > 0, my X myy1 > 0,
and p; X piy1 > 0 by Lemma 2.3(ii). Hence A > 0, AT = $3,(py x pis1)/ (i) > 0, Apgl =
35 0my x my41)/((1 — ksnt)(1 — ksntj4q)) > 0 and A > 0, as 1 — ksn and m - m are positive
on R. By Lemma 3.1(d), D; — 2, = vj/Rs and V; — 2, = (v + v141)/(2Rx), with R;2 = b*/a?; so
Adual = ﬁ > v X vj41 and, by sinx + siny + sin(z + y) = 4 cos § cos & sin x;y, (v + vig1) X (Vg1 +
9l+§l+1

0141

5 . All terms are positive, and Ar = R*Agyal. O

Vit2) = 4 cos 91 cos sin

Let F be the set of meromorphic functions £ on C with
F(u+h) = F(u), F(u+4K) = F(u), Fu+2iK") = —F(u).

Lemma 3.3 (periods and signs). All nine areas defined above lie in F. If N is even, they are also
invariant under u — u + 2K, and Py = —B.

Proof. u > u+ h shifts the indices. P, m, n, sn have the period 4K. By Lemma 2.4(c), u — u+ 2i K’
replaces P}, my, n; by RP;, Rm;, Rn; and leaves snw;, snt;, m; unchanged; R fixes f and z,, preserves
dot products, satisfies (Rz)t = —R(z*) and Rz x Ry = —z x ¥, so every derived vertex is replaced
by its image under R and every area changes sign. If N is even, 7 is odd, so %h =27K € 2K +4K7Z
and u — u+ 2K shifts the indices by N/2; with Lemma 2.4(c) this gives P, /o = P(u; +2K) = — P,
the central symmetry of [Sta21, Corollary 4.2(i)]. O

Lemma 3.4 (folding). Suppose that t;(ug) € II' for some uy € C and some l. Then F(ug —w) =
—F(ug + w) for each of the nine areas F', as meromorphic functions of w. Consequently the Laurent

series of F' at ug has only odd powers of w: a pole of order at most 2 is simple, and if F' is holomorphic
at ug, then F(ug) = 0.

Proof. Let Z := t;(ug). Then wyy;(ug+w) =2+ (j — 1)h £ w and t;1(up £ w) = Z + jh £ w, so
Lemma 2.4(b) gives Pry1—j(uo —w) = Pryj(uo + w), and likewise for n, snu, r, while m;_;(ug —w) =
mi4j(uo + w) and snt;_;(ug — w) = snt;4;(up + w). The vertices X;, T;, D; are functions of the
data at the vertex i, and Y;, v;, Vi, w;, ¢; are symmetric functions of the data at the two vertices 4,
i+ 1 of the side i (for w; this is visible from its definition). So each derived polygon at ug — w is the
polygon at ug + w listed in the reverse cyclic order (i — 2] + 1 — i for vertices, i — 2] — i for sides),
and reversing the order of a closed polygon changes the sign of its signed area. The identity holds
wherever both sides are defined, hence as meromorphic functions. O

Remark 3.5 (phases with a vertex at infinity). If instead u;(ug) € II, Lemma 2.4(a) gives Pj_;(ug —
w) = —Pj4i(up + w): the polygon is reversed and reflected in O, which exchanges the two foci. For
even N the central symmetry P /o = —F undoes the reflection, and the nine areas are odd at such
phases as well; for odd N no such parity holds in general (the first two verification runs found nonzero
even Laurent coefficients for N =5 and 7). The proofs below use neither fact.
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4 The singular phases
Let G := hZ + 4K7Z + 2iK'Z. Since ged(r,N) = 1, hZ + AKZ = %Z, so G = %Z + 2iK'7Z. Put
§:=K—-A+iK' €= and
T, =€+ G, Tr:= €&+ 2K + G, J :=iK'+ hZ +2KZ + 2iK'Z.
Lemma 4.1 (cosets). (a) Z; is the set of phases u at which u; € Eq for some l, equivalently t; € 11}

for some l; likewise Iy with =g, I1,; and J is the set of u with u; € I for some l. No real phase
liesin Ty UL, UJ.

(b) Ty =TIy if N is even, and Ty NZo = 0 if N is odd.
(¢) TN(Z1UZy) =0 if N is odd or N =0 (mod 4), and J =71 =Zy if N =2 (mod 4).
(d) At every point of Iy UZy the hypothesis of Lemma 3.4 holds.

(e) Letuy € Iy and let | be such that uj(ug) € E+4KZ+2iK'Z. Thenu; € E1 exactly fori € {l,1+1},
and t; € 11} ezactly fori = 1. If N is even, u; € Z5 ezactly fori € {I+ 5,1+ +1} and t; € 11,
exactly for i =1+ %; if N is odd, no u; lies in Z9 and no t; in II5. If N =2 (mod 4), u; € II
exactly for i € {j1,72}, j1 =1— N4_2, jo =1+ %; otherwise no w; lies in II. For odd N the
same holds at uy € Iy with =1,11] and Zg,I1, exchanged.

Proof. (a) u; € 21 means u € {&, £+ h} —lh+4KZ+ 2iK'7Z C £ + G, and conversely; ¢; € II} means
u € E—Ih+4K7Z+2iK'Z. The same with +2K for Z,. All three sets lie on the lines Imu € K'+2K'Z.
(e) (i — I)h is real, and the real elements of =; — & are {0,h} + 4KZ; (i — l)h € 4KZ if and only if
N |i—1l,and (i —l)h € h+4KZ if and only if N | i — [ — 1. So u; € Z; exactly for i € {I,1 4+ 1},
and t; = u; + A lies in II} = £ + A + 4KZ + 2iK'Z exactly for i = [. If N is even, 7 is odd and
Uyny2 = w + 27K € up + 2K + 4K7Z, and the same counting applies to =, IT,. If N is odd, u; € 2o
would need 27(i — 1) or 27(i — 1 — 1) to equal N times an odd number, which is impossible by parity.
Finally, u; € Il means (j —{)h+ K — A € 2K7Z, that is 27(2(j —1) — 1) = N(2s+1) for some integer s.
This is impossible for odd N (parity) and for N =0 (mod 4) (then 7 is odd, and the left side is = 2,
the right side =0 (mod 4)). For N = 2N’ with N’ odd it means N’ | 2(j —1) — 1, that is j — [ = %
(mod N’), which gives j; and js. The case uy € Zy, N odd, is the same computation shifted by 2K.
(b) 2K € G if and only if 2K € %Z, that is, N is even. (¢) J and Zy UZy = { + hZ + 2K7Z + 2iK'Z
are cosets of hZ + 2K7 + 2iK'Z, so they are equal or disjoint, and by (e) they meet if and only if
N =2 (mod 4); then N is even and Z; = Zy by (b). (d) For uy € 7, t;(ug) € I} C IT'; likewise for
Ts. O

Lemma 4.1(b), (c) is the source’s column “which N”: ratio rows where the singular sets coincide,
product rows where they are disjoint.

Lemma 4.2 (singular vertices). As functions of u:

(a) X; has poles exactly where u; € Z1, of order 2, and is holomorphic (with value 0) where u; € 1.
(b) Y; has poles exactly where t; € I}, of order 2, and is holomorphic where t; € IL.

(¢) T; and D; have poles exactly where u; € 21, simple, and are holomorphic where u; € II.

(d) v; has poles exactly where t; € I}, of order 2, and is holomorphic where t; € I} or t; € II.

(e) w; is holomorphic except where u; € 11 or u;y1 € II, where its pole has order at most 1. If
ti(uo) € II}, then w;(ug + w) is even in w, and w;(ug) = pv with p # 0 and v = p;(ug), a
nonzero isotropic vector.
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(f) w;-w; = T%T?_H dn? ti/(ﬂcg(l — ksnt;)?). If none of 7, rir1, dnt; vanishes at a phase, then g;
is holomorphic there. If w; is holomorphic at a phase and w; - w; has a zero of order m there,
then g; has a pole of order at most m. If t;(ug) € 11}, then w; - w; has a zero of order exactly 2
at ug.

Proof. Near a point z € II we have P(z+w) = p/w+ O(1) with p-p # 0 (from (J2): p = £(a, £ib)/k,
so p-p = c®/k?), m and n have simple poles, and 1 — ksn, 1 — esn, dn have simple poles, while
D = 1—k?s3 sn? has a double pole. (a) r? has double zeros exactly on =y, where p # 0 (Lemma 2.2(c));
at I, p - p = 72 has a double pole and X = p/r? = O(w). (b) Lemma 2.2(d), m(K + iK’) # 0, and
at II both m and 1 — ksn have simple poles. (¢) 1 —esn = r/a has simple zeros exactly on Ej,
and n # 0 there; at II both n and 1 — esn have simple poles. (d) m -m = dn?/(8c2) has double
zeros exactly on II'; on II} the factor 1 — ksn has a double zero as well, and on II, it equals 2; at II
the quotient is bounded. (e) By Lemma 2.3(ii), p; X pj+1 = 2absocodnt;(1 — ksnt;)/D(t;) vanishes
exactly where t; € I’ (simply on II}, triply on I}, since D = ¢3 on II'), is finite and nonzero where
t; € 11, and has simple poles exactly where D(t;) = 0; by (J2) this means ¢; € IT + A, that is u; € 11
or u;+1 € II. There the numerator of w; is O(w™2), so w; = O(w™!). Where t;(ug) € Iy, the two
endpoints coincide (Lemma 2.4(b)) and r; = 7,41 = 2a at ug, so the numerator vanishes at ug and w;
is holomorphic. Where t;(ug) € 1T}, put p(w) = p;(ug +w) and §(w) = 7;(ug +w)?; by Lemma 2.4(b),
pir1(uo+w) = p(—w) and r;11(up+w)? = 6(—w). So the numerator &§(—w)e(w)* —d(w)p(—w)* and
the denominator ¢(w) x ¢(—w) are odd in w, and w; is even. Writing § = . + d, and o = @, + @,
for the even and odd parts, the numerator is 2(8.¢, — 6o¢c); since § has a double zero, §. = O(w?)
and 8§, = O(w?), while ¢, = O(w); so the numerator is O(w?), and the denominator has a zero of
order exactly 3. Hence w; is holomorphic at ug. By (f), w; - w; has a zero of order exactly 2 at
up; an even function vanishing at up would make it O(w?), so w;(ug) # 0. As w; - p; = r2, we get
w;(ug)-v = 0, and v is isotropic and nonzero (Lemma 2.2(c)), so w;(ug) € Cv. (f) Using 2+ -y = z-v,
w; - wi = 1212 (Piv1 — pi) - (Pi1 — i)/ (Pi X Pi+1)%; insert Lemma 2.3(ii), (iii). At ¢;(ug) € IT} the
order is 2+2+2—4=2. If r;, rj+1, dnt; do not vanish at a phase where w; is finite, then w; - w; is
finite and nonzero there (at t; € IT the quotient dn” /(1 — ksn)? is finite and nonzero); where u; € TI
(say), w; - w; has a double pole, as r? has one and the other factors are finite and nonzero (¢; € II+ A
is not in ITUII’), so ¢; = O(w). The bound on the pole order is clear. O

Lemma 4.3 (comparison). (a) Every entire function in F is 0.

(b) Let C =&+ G for some &y € C, and let F, ® € F be holomorphic outside C, with at most simple
poles on C, and ® # 0. Then Resg, ® # 0, and F = k® with k = Resg, F'/ Resg, ®.

(c) If F,® € F and F® is entire, then F® is constant.

Proof. (a) F has the periods 4K and 4iK’, so it is bounded, hence constant by Liouville’s theorem, and
F(u+2iK') = —F(u) gives FF = 0. (b) For g = jh+4Kp+2iK'q € G we have F(u+g) = (—1)7F (u),
so Resgy1g F' = (—1)7Resg, F', and likewise for ®. If Res¢, @ = 0, then ® is entire, so & = 0 by (a).
The function F' — k® € F has at most simple poles, with zero residues, on C, so it is entire and
vanishes by (a). (¢) F® has the periods 4K and 2iK’, so it is bounded and constant. O

Since Z;, and for even N also Zo = Z; and (for N = 2 (mod 4)) J = 7, are cosets of G,
Lemma 4.3(b) applies to functions whose poles lie on one of them. For odd N, J is the union of the
two cosets iK' + G and iK' + 2K + G.
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5 Rows kg3 and kg

In this section and the next, ug denotes a point of Z; and [ the index of Lemma 4.1(e), so that
up, w41 € 21 and ¢ € I at up.

Proof of Theorem 1. By Lemma 3.3, At and Apol lie in F. By Lemma 4.2(a) and Lemma 4.1(a),
At is holomorphic outside Z;, and at ug only X; and Xi41 are singular, with poles of order 2. In
24T = > Xi x Xiq1 the terms X;—1 x X; and Xj41 x Xj40 have poles of order at most 2, and
X; X Xip1 = (p X pig1)/(rfrf, ) has order at most 1: its numerator has a zero of order 3 at ug
(Lemma 2.3(ii), Lemma 2.2(d); dn¢; has a simple and 1 —ksnt; a double zero), and its denominator a
zero of order 4. (For N = 3 the three terms are X;;1o x X;, X; x X411 and X1 X Xj10, with the same
bounds.) So AT has a pole of order at most 2 at ug, hence at most 1 by Lemma 3.4 and Lemma 4.1(d).
By Lemma 4.2(b), Ao is holomorphic outside Z, and at ug only Y; is singular (Lemma 4.1(e)), with
a pole of order 2; so 24,01 = Y] X (Y41 — Yj_1) + (holomorphic) has a pole of order at most 2, hence
at most 1. As AT > 0 on real phases (Lemma 3.2), Lemma 4.3(b) with C = Z; and ® = A gives
Apol = k1At and Kk, = Apol /AT > 0 on real phases. The parametrisation, hence k1, depends only on
a, b, A (which determine A/K = 27/N, hence N and 7). The value for N = 4 is Proposition 5.1. [

Proof of Theorem 2(a). By Lemma 4.2(c), Ap € F is holomorphic outside Z;, and at ug exactly T;
and T, are singular, with simple poles. So the terms 7;_1 x T} and Tj,1 X Tj49 have poles of order
at most 1 and 77 x T4 of order at most 2; hence Ar has a pole of order at most 2 at ug, and at most
1 by Lemma 3.4. Lemma 4.3(b) gives A7 = kAT, and Agual = Ar/R} = Ko AT with ko = k/R2 > 0 by
Lemma 3.2. So Apol/Adual = K1/k2. O

Proof of Theorem 2(b). By Lemma 3.1(d), Vi = 3(D; + Dy41), so

248, = 1> _(Di+ Diy1) x (Digr + Diga) = Aqwa + §B,  B:i=) D x Dy
! l

For N =3, B=),D; x Dj_; = —2Aqual, 50 Ag‘flal = Agual/4; for N = 4 the terms of B cancel in
pairs, so Agz al = Adual/2. Let N > 4. Like the areas, B is invariant under translations, lies in F (the
proof of Lemma 3.3 applies), and is holomorphic outside Z;. At ug only D; and D, are singular,
with simple poles, and no term D; x D, contains both, since {i,i+ 2} = {l,1+ 1} would need N | 1
or N | 3. So B has at most simple poles, and Lemma 4.3(b) gives B = ' Af. Hence Agflal = k3 AT

with kg = %Hz + %H/, and kK3 = Ag‘;al/AT > 0 on real phases by Lemma 3.2. ]

The positivity of Agflal (Lemma 3.2), and therefore k3 # 0, is what makes row kg14 hold under
the point-wise reading as well; the first verification run had proved the proportionality, and all three
runs found k3 > 0 in every billiard family they tested.

Proposition 5.1 (N =4). Let N = 4. Then A = a*b*/(a® + b?), and

Apol i 2@4 Apol . 2&6 A 2&6

At Tt Agual T plo” Agual N b2(a2 + 52)2

at every member of the family.

Proof. For N = 4 the only winding number is 7 = 1, so h = K, and the member with v = 0 is
the rhombus Py = (0,b), P = (—a,0), P» = (0,-b), P3 = (a,0). Its side /a + y/b = 1 touches
C if and only if (o« — A\)/a + (8 — X\)/B = 1, which gives A (this caustic and the rhombus are in
[GR22, Appendix B.2]). In coordinates centred at f: p; = (¢,b), (¢ — a,0), (¢, =b), (a + ¢,0) with
r; = a, a—c, a, a+ c; the inversive vertices are (c, £b)/a? and (F1/(a F ¢), 0); the polar vertices, the
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poles of the side lines +z/a + y/b = 1, are Yy = —(-1,%), ¥} = L (-1

a—c a—c

_%)7 }/2 = %_A'_C(17_%)7

Y; = CL%rc(l, £); the contact points are T; = (0, %), (—i,()), (0, —%), (%M,O); and the focal feet are
v; = Y;/(Y; - Y;). The shoelace formula gives
2 4a® 2a
— T — —
A—Qab, A —%, Apol—bT7 AT bi?)?
Ar  20° - 4ab3

Adual = Rijf = PR A= m, Aant = 4ab,
using a? — ¢ = b2 The three ratios are constant along the family by Theorems 1 and 2 and
Theorem 4(C), so their values at the rhombus are their values at every member. O

At the rhombus, AAT = 4, the value of the source’s row kgosp, given for N = 4 in [GR22,
Section 3.2], and Aun /A = 2, which is R of Theorem 5 at A = a?b?/(a? + b?); by [Fer26d, Lemma 4],
Aant = 2A along the whole family. For N = 3, a? = 8, b*> = 3, the exact program of this note gives
Apol/AT = 512/3 and Apol/Adual = 2560/81 at the members My, Mo of Theorem 3, and Agflal =

Adua1/4-

6 Rows k815 and k816

Lemma 6.1 (focal pedal area). A € F is holomorphic outside Iy and has at most simple poles on
Ds.

Proof. By Lemma 4.2(d), v; is singular only where t; € 11}, that is on Zo. At u; € Ty exactly one side
parameter t;, lies in I, (Lemma 4.1(e); for even N, ig =1 + %), v, has a pole of order 2, and vj,+1
are holomorphic. So 24 = v;, X (vjy+1 — Vi—1) + (holomorphic) has a pole of order at most 2, hence
at most 1 by Lemma 3.4. O

Lemma 6.2 (inversive pedal area). Aled € F is holomorphic outside 7y UZy. If N is odd or N > 6
is even, its poles are at most simple. If N = 4, its poles have order at most 3.

Proof. By Lemma 4.2(f), ¢; is holomorphic wherever none of r;, r;11, dnt; vanishes, that is, unless
u; € 21, uj11 € =1 or t; € I'; such phases lie in Z; U Zs.

Odd N, u; € Z. By Lemma 4.1(e) only the side ig with ¢;, € II}, has a vanishing factor (dnt;,,
simply; its vertices lie in Sy, where r = 2a), no vertex is at infinity, and ¢;, has a pole of order at
most 2. As in Lemma 6.1, A;r)ed has a pole of order at most 2, hence at most 1.

The point uy € ;. Let v := py(up) = pi+1(uo), a nonzero isotropic vector, and w = u — ug. Call
the side ¢ € {I—1,141} ordinary if its two vertices are finite at ug and ¢;(ug) ¢ IIUII'. We claim: if the
sidei € {l—1,1+1} is ordinary, then w; is holomorphic at ug, w;-w; has a zero of order exactly 2, and
w; = (i +oyw)v+O(w?) with p; # 0. Indeed, exactly one of r;, ;41 vanishes, simply (r; fori =11,
rieq for i =1+1), and dnt;, 1 —ksnt; are finite and nonzero, which gives the order; let i’ be the other
vertex of the side (I — 1, resp. [ + 2); then w; - py = riz, # 0, so w;i(ug) # 0, while w; - p; = 7”12 (resp.
w; - pr41 = r7,) vanishes at ug, so wi(ug) - v = 0 and w;(ug) = pv; writing w; = pv +we+ O(w?) we
get w;-w; = 2uwv-0+0(w?),so v-p = 0and g € Cv. Together with Lemma 4.2(e) (w; = puv+0(w?),
and w; - w; has a zero of order exactly 2) this gives: fori,7 € {l — 1,1,1 + 1}, with the sides | £ 1
among them ordinary, w; x w; = O(w?) and hence g; x q¢; = (w; X w;)/((w; - w;)(wj - w;)) = O(w™2),
since v X v = 0.

Odd N, ug € Z;. No vertex is at infinity (Lemma 4.1(c)), no ¢; lies in I, and t;41 = t;+h ¢ ITUIl'
(this would need h € KZ, i.e. N | 47). So the singular feet are ¢_1, qi, gi+1 (for N = 3 these are
all the feet), each with a pole of order at most 2, the sides [ 4+ 1 are ordinary, and every term of
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P
at most 2 at ug, hence at most 1.

Even N > 6, ug € Z; = Zy. The vanishing factors occur for the sides [ — 1,1, I+ 1 (r; or r;41) and
I+ % (dn, simply; its vertices lie in 2 and are finite, as j1,j2 ¢ {l + %, I+ % +1}). So qi4n/2 has a
pole of order at most 2, and since N > 6 its neighbours ¢, y/2+; are not among ¢;—1, q;, 141 If N =2
(mod 4), the feet of the sides containing j; or j are holomorphic by Lemma 4.2(f), except when the
other vertex of the side is [ or [ + 1, which happens only for N =6 (j1 =1—1, jo=1+2). If N > 8,
the vertices | — 1, [ 4+ 2 are finite and ¢;49 ¢ TTIUII" (INV # 4), so the sides [ + 1 are ordinary, and all
terms of 2AL od are O(w™2): those with two singular feet by the claim, the others because they contain
one foot with a pole of order at most 2. If N = 6, then w;_; = o/w+ 0+ O(w) by Lemma 4.2(e), and
wj_1 - wy—1 is finite and nonzero at ug (7“12_1 has a double pole, rl2 a double zero, and ¢;_1 € II+ A), so
qi—1 has a pole of order at most 1. From w;_1-p; = r? = O(w?) and p; = v+ O(w) we get o-v = 0, s0
0€ Crvand w_1 xw = (o/w) x pv + O(1) = O(1); hence q_1 x ¢ = O(1)/(O(1) O(w?)) = O(w~2).
The side [ + 1 is treated in the same way, and the remaining terms contain at most one singular foot,
of order at most 2. In all cases AL 4 has a pole of order at most 2 at up, hence at most 1.

N = 4. Then JNZ; = (), all w; are holomorphic at ug, and each w; - w; has a zero of order exactly
2 (for i =141, t; € II, where dn? /(1 — ksn)? is finite and nonzero; for 4 = [ 4 2, dnt; has a simple
zero). So each ¢; has a pole of order at most 2, A;ed one of order at most 4, hence at most 3 by
Lemma 3.4. O

2ATed =Y ¢; X ¢;1+1 containing two singular feet is O(w~2) by the claim. So A;r)ed has a pole of order

M (N=3) M (N=3) R (N=4) R (N=4)

546 144 1600
A o5 25 40 a1
Af V15446 9 1 41
64 64 10 400
811543216 125 1025
Apol 3 24 256 2048
A 27+/15+108v6 243 2048 10496
dual 320 320 125 625
a 96v/6—2415 216 32000 800
625 625 1681 41
Aane  36v6—9V15 96 80 3200
AT 3v6 27 4096 328
ped 800 3200 210125 15625

Table 3: Exact signed areas at the members of Theorems 3 and 4, with respect to the focus (—+/5,0),
resp. (—3,0); the point-wise dual areas are Agya1/4 (N = 3) and Agual/2 (N = 4). Computed by the
exact program of this note (Section 8).

Proof of Theorem 3. (A) The exact program of this note verifies that the vertices of M; and Ms lie
on & (a? = 8, b = 3), that every side touches C with A\ = 72/25, and the reflection law at every
vertex; by Lemma 2.1(b), M; and Ms are members of the 3-periodic family (for N = 3 the winding
number is 1). It computes the areas of Table 3 in exact arithmetic, by the constructions of the
source (inversion, feet, intersections of lines), and confirms the identifications of Lemma 3.1. From

T _ 243V10 243 6561 : 243 24310
the table, ApedAdual = 55000 T 39000 at M1 and 1555505 at Ma, whose difference 555c55 + 56000 1S

positive; and Apo1Agqual = 275)@ + % at M7 and %9 at My. For every N, Theorems 1 and 2 give
ApolAdual = r1ka(AT)2. If this were constant, AT, which is positive on R, would be constant on R and
hence on C; but AT has poles, by Lemma 4.3(b) and the proof of Theorem 1. (B) Let N be odd. By
Lemma 6.1 and the proof of Theorem 2(a), A and Agua lie in F, with at most simple poles, on T,
and 7; respectively, and these sets are disjoint (Lemma 4.1(b)). At ug € Z;, A is holomorphic and
vanishes (Lemma 3.4), so AAgua is holomorphic; at u; € Ty, Agqual is holomorphic and vanishes, so
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the product is holomorphic. Hence AAgy,q1 is entire, and constant by Lemma 4.3(c); it is positive by
Lemma 3.2. Finally, Agflal = (k3/k2)Agual 18 a positive constant multiple of Agyal, so all statements
hold with AE' . O

At M and M the corrected product is AAgua = 6561/25000, and Apol/AT =512/3, Apol/Adual =
2560/81 at both.

Remark 6.3 (why reading (i) fails for odd N). For odd N, Lemma 6.2 and Lemma 3.4 show that
A;edAdual is holomorphic on Zy, where Aled has at most simple poles and Agyua vanishes, and outside
Z1UZy. On Z both factors have at most simple poles. So, by Lemma 4.3, the product is constant if and
only if the residues of ALQ 4 on Z; vanish, and otherwise it has double poles on Z;. By Theorem 3(A)
the residue is not zero for N = 3: the obstruction is a double pole on the f-isotropic set Z;, not the
ZIs-poles of A;r)e q- For odd N > 5 we have only numerical evidence: the verification runs computed

nonzero residues of Aled on Z; for N = 5 and 7, and the product varies in every odd family tested
(Section 8).

Proof of Theorem /4. (A) As in the proof of Theorem 3(A), the exact program verifies that Ry and
Ry are members of the 4-periodic family of a = 5, b = 4, with A = 400/41, and computes Table 3:

Aled/Adual = 2/1681 at Ry and 1/800 at Ry. (The values of Aled

4-periodics in [Fer26b, Appendix].) (B) Let N > 6 be even. By Lemma 6.2, A;r)ed € F has at most

simple poles, on Z;UZy = 73, and so has Ay, with Ap # 0. Lemma 4.3(b) gives Aled = kAT = k5Agdual
with k5 = kR2. (C) %et N be even. By Lemma 6.1, A has at most simple poles, on Zy = 7, and
Lemma 4.3(b) gives A = kgAqual, With kg > 0 by Lemma 3.2; for N = 4 see Proposition 5.1. The

statements with Agflal follow as in Theorem 3. O

agree with the closed formula for

Proposition 6.4 (the pole of order three). For N =4, A;ed has a pole of order exactly 3 at every
point of 1.

Proof. The order is at most 3 (Lemma 6.2) and odd (Lemma 3.4), and it is the same at all points of

Ty = £+G, as Al (u+g) = £AT |

A;r)e q = KA, and AI) od/Adual would be constant, contrary to Theorem 4(A). O

(u) for g € G. If it were at most 1, Lemma 4.3(b) would give

For N = 4 the cancellation of the claim in the proof of Lemma 6.2 is not available for the terms
containing ¢;y2, whose antipedal vertex the first verification run found to be a multiple of the other
isotropic direction; all three runs observed the order 3 numerically.

Remark 6.5 (ks can vanish). Theorem 4(B) says that Ai,ed/Adual is constant; the constant can be 0.
The deposit [Fer26b, Theorem 1] gives an ellipse with b =1, 5/2 < a < 3, and a 10-periodic of winding
number 3 in it at which A;r)ed = 0. Since Agya > 0, Theorem 4(B) gives k5 = 0 for that family, so
A; q Vanishes at every member. The first verification run located the family at a = 2.5441592248 . ..

and found |AIT__)ed/Adua1| < 1072 at four members.

7 Row kglg

Proof of Theorem 5. (a) As a corollary. Let N =2 (mod 4). The trajectories are centrally symmetric
(Lemma 3.3), so [Fer26d, Lemma 4], which is stated for centrally paired elliptic-caustic trajectories,
with the antipedal polygon defined by the lines (P; — f) - (X — P;) = 0 and signed areas in trajectory
order, gives Aany = RA at every member, with R as in Theorem 5 (written there with D = af3). For
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least period N > 6, N = 2 (mod 4), and every coprime winding number, [Fer26c, Theorem 1] gives
that A/A' is a positive constant along the family, the same for both foci; so AT = pA with p > 0.

Independent proof of the proportionalities. By Lemma 4.1(c), C := J = I; = Iy is a coset of G.
The function A € F is holomorphic outside C, as P; has simple poles exactly where u; € II; at ug € C
the vertices at infinity are j; and j2, which are N/2 > 3 apart (Lemma 4.1(e)), so no term P; X P,y
contains two of them, and A has at most a simple pole; and A > 0 on R. By the proof of Theorem 1,
which allows vertices at infinity (X is holomorphic at IT), AT has at most simple poles, on Z; = C. By
Lemma 4.2(e), w; is holomorphic except where u; € II or u;4+1 € II, where its pole has order at most
1; so Aant is holomorphic outside C, every term w; X w;+1 has a pole of order at most 2 at ug, and so
has Aant; by Lemma 3.4, the order is at most 1. Lemma 4.3(b) with ® = A gives Aun = KA and
At = pA, with p = At /A > 0on R. That k, = R is [Fer26d, Lemma 4]; our argument gives x, only
as a quotient of residues.

(b) A > 0 at every member (Lemma 3.2), 0 Aan = RA # 0 if R # 0, and AT /A, = u/R. Both
foci: Section 1.4.

(c) As B — X >0, R =0 if and only if A(a — 8)? = afB(a — 33), and as the left side is positive
this needs a > 38. Then A, = 0 while AT > 0 at every member. Now let N =6, so 7 = 1, and
consider the member with Py = P(—K) = (a,0). By Lemma 3.3, P; = —Py and P, = —P5. The
normal of £ at Py is the z-axis, so by the reflection law the chords PyP; and PyPs are mirror images
in the z-axis, and P5 is the mirror image of P = (x1,y1). Hence P, = (—x1,y1), and the side P P
is the line y = yy, which touches C only if y3 = 8 — \; with y7 = 3(1 — 23 /a) this gives A = Bz} /a.
The side PyPy, the line pr + qy = 1 with p = 1/a, ¢ = (a — z1)/(ay1), touches C if and only if
(a—=N)/a+(B—N(a—=21)?/(ay?) = 1, that is (a — 21)?> = A = Bz}/a. Soa —x1 = :tg:rl, and as
71 < a only the sign + is possible: 71 = a?/(a+b) and A = a?b?/(a+b)?, the caustic and the member
given in [GR22, Appendix B.4]. Inserting this into R gives R = (2b — a)(a + b)?/(b*(2a + b)), which
vanishes if and only if b = a/2. O

Fora=1,b0= % we get \ = % and the member H with vertices (£1,0), (:t%,:l:%); the exact
program of this note computes its focal antipedal polygon from the definition: six distinct vertices,
signed area exactly 0 (a cancellation; the polygon is self-intersecting, as the source allows), while
A = 5V5/9, AT = 15/5/2, Apq/AT = 64/15, ALed/Adual = 40/3 and A/Agqua = 320/27. For
N > 10 we know no closed form of X; the exceptional aspect ratios quoted after Theorem 5 were
located numerically, for winding number 1 only. For N = 6, [GR22, Section 3.4] gives A/AT =
4a®b*/((2a — b)(a+b)?) (unit inversion circle; the value is also quoted in [Fer26¢]), so for b # a/2 the

constant of row kgig is
Af I 4a® — b?

Ape R 4a302(2b —a)’

e.g. 35/16 for (a,b) = (1,0.8); the third verification run (Section 8) confirmed this formula at the
member through (a,0) with general a,b. For N = 10, (a,b) = (1, %) the constant is —74.4175. . ..

8 Computations and reproducibility

The certificates of Theorem 3(A) and Theorem 4(A) and the zero area at the hexagon H are exact
evaluations of the definitions at explicit points, in exact arithmetic; they were made by the program
of this note and, independently, by each of the three verification runs described below. No other proof
depends on a computation. The other computations test the statements on trajectories constructed
without the parametrisation of Section 2, and check that they fail where their hypotheses fail. The
reproducibility package has five parts.
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The program of this note (check_note.py, mpmath and sympy, about 15 seconds; 171 checks, no
failure). (i) Trajectories are built by the reflection law alone (the first chord leaves with Joachimsthal
constant .J, found by bisection so that the eccentric angle advances by 277 in N reflections; A = (Jab)?
is used only for checks), with 50 digits. For 33 families, (a,b) € {(1,0.6),(1.5,1),(2.6,0.9)} and
(N, 7)€ {(3,1),(4,1),(5,1),(5,2),(6,1),(7,2),(8,1),(8,3),(9,2), (10, 3), (12,5)}, seven members each,
with all polygons built from the source’s definitions (the circle touched by the sides of the polar
polygon fitted from three sides): closure and tangency hold to 5 - 107%%; the relative spreads of
Apol/AT, Apol/Adual and APOI/ASEB,I are at most 7 - 10736 (at most 107*2 unless k? > 0.9999); the
identifications of Lemma 3.1 hold to 2 - 107%3; the areas of Lemma 3.2 are positive; Agflal = Agual/4
for N = 3; the caustics for N = 4,6 are a?b*/(a® + b?) and a?b?/(a + b)?; and for N = 4 the
constants of Proposition 5.1, Agflal = Agual/2 and AAT = 4 hold to 2- 10747, (ii) The certificate of
Theorem 3(A): M;, M certified exactly (on &, tangency, reflection law), Table 3 in exact arithmetic,
the products under readings (i)—(iii) with both duals. (iii) The certificate of Theorem 4(A) likewise,
with the formula of [Fer26b, Appendix] for A;r)ed; the rhombus with symbolic a,b (Proposition 5.1);

and for N = 6,8 (7 = 1, 3; two shapes) the quotient of kgig is constant to 10~*' under all readings
and both duals, while for N = 4 it varies under reading (i) (relative spreads 0.22, 0.61). (iv) Row kgis:
for N =6 (b/a =0.8,0.3/1.7), N = 10 (1 = 1,3) and N = 14, A, /A equals R and A /A is constant,
to 5-1078; the hexagon H is certified exactly and its focal antipedal area is 0; the hexagon with
symbolic a, b confirms A\ = a?b?/(a + b)? and the formula for R for N = 6; and for winding number 1,
a = 1, the roots of R = 0 are found at b = 0.5543486017301 (N = 10), 0.5661108682363 (N = 14) and
0.5706649669806 (N = 18), where A,y /A is below 10740 at three members. (v) Controls: for N = 5,
7 (two shapes) the products and quotients of rows kgi5 (reading (1)), ks16 (readings (i), (iii)) and kgig
vary (relative spreads 0.01 to 0.25), as do kgi5 for N = 6,8,12 and kgig for N = 8,12; for pentagons
that do not close (Joachimsthal constant perturbed by 1073) Apol /AT varies; and a 3-periodic listed
twice does not satisfy row kgig.

The programs with which the results were first obtained (original/), with their recorded outputs:
a screen of 57 families (N = 3 to 16, winding numbers up to 5, three aspect ratios, nine members, 50
digits) under all readings, Laurent coefficients at the singular phases, the pole orders of the individual
vertices, numerical checks of the closed forms of Section 2, the exact certificates, the exceptional
hexagon, and scans of A,,;/A. Non-invariants become nearly constant as N grows: in this screen two
false candidates had relative spreads 2.9-107!° and 7.8-107'2 (b/a = 0.8, N = 14 and 16), while the
true invariants were constant to 1073 or better. One program, a symbolic reduction for N = 4, did
not finish within its time limit, here and in the second verification run; nothing in this note uses it
(Proposition 5.1 is proved at the rhombus).

The programs of the first two verification runs (verification_run_A/, verification_run_B/),
described in the next paragraph, with their recorded outputs.

The programs of the third verification run (independent_run_2/), with their recorded outputs:
exact arithmetic in multiquadratic number fields, without floating point, for the members M7, Mo,
R1, Ry, H (certification, all entries of Table 3, the identifications of Lemma 3.1); a symbolic compu-
tation for the rhombus and for the member of the 6-periodic family through (a,0) with general a,b
(Proposition 5.1, Theorem 5(c) and the constant of row kg1g for N = 6); a screen of 48 families (N = 3
to 14, windings up to 5, 50 digits) with trajectories built from tangent lines of the caustic, A found by
closure and O, fitted from three sides; Laurent coefficients at the singular phases of 11 families; the
roots of R =0 for N = 10,14, 18; and a program that re-runs the whole package from the archive.

Verification. The results were first obtained, with the proofs of Theorem 1, Theorem 2(a), The-
orem 3(B), Theorem 4(B), (C) and of the proportionalities in Theorem 5, the certificates, and the
programs in original/. Two independent verification runs, both Al-assisted, followed; each wrote its
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own programs from the source’s definitions. The first run compared the rows and definitions with the
tex source of [RGK21, v11]; re-derived every lemma and proof, including the case analysis behind The-
orem 4(B); recomputed the certificates in exact arithmetic; screened 84 families at 50 digits; computed
Laurent coefficients at the singular phases of twelve families (pole orders, residue quotients equal to
the invariants to 15 digits, the pole of order three for N = 4); proved that the point-wise dual area is
a constant multiple of A; evaluated the constants for N = 4 at the symbolic rhombus; and found the
deposits [Fer26c, Fer26d] behind row kgig, checking A,ni/A = R in 66 even families. The second run
built trajectories by the reflection law in 87 families with three negative controls, at 60 digits (110
for ill-conditioned stars); recomputed the certificates, verifying the reflection law exactly; evaluated
its constructions at complex phases and scanned the pole locations on grids; located the exceptional
aspect ratios for NV = 6, 10, 14, 18; read the abstracts of the 38 Zenodo deposits on billiards of the two
authors who have deposited notes on these tables, which led to [Fer26a, Fer26i]; checked the bibliog-
raphy; and re-ran the programs of the first write-up, reproducing all recorded outputs except that
of the symbolic program mentioned above. Neither run found a gap in the proofs. The corrections
they required were all made: row kgig is presented as a corollary of [Fer26¢, Fer26d], with R and its
exceptional set explicit and [Fer26a, Fer26i] cited for the exceptional families; the reading of Al d 18
named in every statement on kg15 and kgi6, and reading (ii) is treated; the explanation of the failure of
ksi5 under reading (i) was corrected (Remark 6.3); a statement on the journal version was corrected;
the constants for N = 4 are proved at the rhombus, not by the unfinished program; a statement on the
separation of true and false candidates and a typographical error (AAT = 4, ATA,; = 8 for N = 4)
were corrected; the point-wise dual and the possible vanishing of x5 were added; Remark 3.5 was
restricted to odd N; and the deposits, the data of [RGH22], the credit to Akopyan and the wording
on row kggg were completed or corrected. When this note was written, the following were added: the
positivity of Agtual (Lemma 3.2), which completes Theorem 2(b); the failure of reading (ii) of kg5 for
every N; the caustic and the formula for R for N = 6 in Theorem 5(c); Proposition 6.4; the treatment
of odd N in Lemma 6.2 and the conclusion of Remark 6.3 for N = 3; and the comparison with the
formula of [Fer26b, Appendix].

A third independent verification run, also Al-assisted, then examined the text of this note, these
additions first. It re-derived every lemma, proposition and proof, among them the positivity of Adual,
the failure of reading (ii), the derivation for N = 6, Proposition 6.4, all cases of Lemma 6.2 and
the coset argument of Lemma 4.1(c); compared the rows and definitions again with the tex source
of [RGK21, v11] and its figure, and examined the published version of [RGK21]; read the deposits
[Fer26c, Fer26d] in full and the cited passages of the other sources again, and listed the Zenodo
deposits of A. Kriebel again; and wrote its own programs: exact arithmetic in multiquadratic number
fields for the certificates and Table 3, a symbolic computation for the rhombus and for the 6-periodic
through (a,0) with general a,b, a screen of 48 families with trajectories built from tangent lines of
the caustic, Laurent coefficients at the singular phases of 11 families (pole orders, residue quotients,
the pole of order three for N = 4, the nonzero residues of A;_r)ed on Z; for N = 3,5,7), and the roots
of R = 0. It re-ran all programs of the package from the archive and obtained the recorded outputs;
the output of check_note.py differs only in its running time, and the symbolic program mentioned
above and a 110-digit variant of a program of the second run were not run again. It found no error
in the mathematics. The corrections it required were made: the published version of the source is
described (Section 1.4); [GR22] is credited for the caustics and members for N =4 and N = 6 and for
the values of AAT and A/AT there, and the constant of row kgig for N = 6 is stated (Section 7); the
attribution of row kgpgp and the title of Akopyan’s communication are given exactly; the description
of the dual in the abstract was made precise for star polygons; and the searches were extended. The
program check_note.py tests the statements of the note except the constant of row kgig for N = 6,
which the programs of the third run test.
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Scope and priority. The note proves rows kg3 and kgi4 for every ellipse, every confocal elliptic
caustic, every least period N > 3 and every winding number, with either reading of “dual”. It decides
rows kg5 and kgig under each of the three readings of the undefined symbol A},ped’ except that
under reading (i) the failure of kgj5 is proved for N = 3 only and was observed for every odd N
tested. It proves row kgig on every family where its quotient is defined, and identifies the families
where it is not (R = 0): exactly b/a = % for N = 6, and, numerically, one aspect ratio each for
N = 10,14, 18 and winding number 1. Hyperbolic caustics are not treated, and walks that repeat
a trajectory of smaller period are excluded. The credits are those of Section 1.3: the rows are due
to Reznik, Garcia and Koiller [RGK21], who credit kg4 to A. Akopyan; the parametrisation and
the central symmetry to Stachel [Sta22, Sta21]; the bicentric polar family and its Liouville method
to Roitman, Garcia and Reznik [RGR21]; the caustics and members for N = 4,6 and the values of
AAT (N = 4) and A/AT (N = 6) to Garcia and Reznik [GR22]; and the observation behind kogos
is stated also by Reznik, Garcia and Helman [RGH22]. Row kg follows from the author’s deposits
[Fer26c, Fer26d]; the exceptional families appear in [Fer26a, Fer26i] and in the proposers’ animations;
related deposits are [Fer26b, Fer26e, Fer26h, Fer26g]. To our knowledge new are the proofs of kgi3
and kg14 for every IV, the analysis of kgi5 and kg1 under the three readings with the exact certificates,
and the independent proof of the proportionalities behind kg15. No printed or deposited proof of any
of the five rows was found in the sources searched: the source in its arXiv version [RGK21, v11] and
in its published version, which does not contain the five rows; the book [GR21] (full text searched: it
treats the focus-inversive triangles and their polar family, but not these areas); the 19 works citing the
source in OpenAlex (titles read); the arXiv listings for queries on the elliptic billiard together with
inversive, polar, dual, antipedal or bicentric polygons, on areas of Poncelet polygons and on the works
of the proposers; queries to zbMATH Open and Crossref; the 2026 Zenodo deposits of A. Ferudun
and A. Kriebel (all records listed, the abstracts of those on billiards read; the newest of A. Kriebel, of
15 October 2026, treat rows keos,o and kgos,q) and the 2026 works that OpenAlex returns for “elliptic
billiard”; and five web searches. The searches were made on 15 October 2026 by the first write-up
and by the three verification runs; Semantic Scholar answered with a rate limit. A search that finds
nothing is not a proof of novelty, and we make no priority claim.

What was read: [RGK21] in the tex source of arXiv v11 (the section on inversive objects with its
two tables and the figure of the polar and dual polygons, the definitions of signed area and of pedal
and antipedal polygons, the table of symbols, the list of animations), and its published version on the
journal’s website (the list of invariants and the section and table on inversive objects; the rest was
searched for polar and dual polygons); Theorem 2 of [Sta22] and Corollary 4.2 of [Sta21] in the arXiv
versions v2; Section 3 of [RGH22], the abstract and the section on the five polygon families of [RGR21],
and the list of animations, Sections 3.2 and 3.4 and Appendix B of [GR22], in the arXiv sources; the
text of the book [GR21], searched for these polygons and read where it treats the focus-inversive
triangles; the deposits [Fer26¢, Fer26d] in full, in their deposited source files (whose checksums agree
with the Zenodo records); of [Fer26a, Fer26i, Fer26b, Fer26e, Fer26h, Fer26g] the statements and the
passages cited, and the notice [Fer26f]; and Chapter 22 of [DLM26]. The books [Tab05, AZ07] were
not read for this note. Bibliographic data were checked with Crossref and, for the deposits, with
DataCite.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.

20



References

[AZ07]

[DLM26]

[Fer26a]

[Fer26b]

[Fer26c¢]

[Fer26d]

[Fer26e¢]

[Fer26f]

[Fer26g]

[Fer26h]

[Fer26i]

[GR21]

[GR22

[RGH22]

[RGK21]

A. V. Akopyan and A. A. Zaslavsky. Geometry of Conics, volume 26 of Mathematical
World. American Mathematical Society, Providence, RI, 2007. doi:10.1090/mawr1d/026.

DLMF. NIST Digital Library of Mathematical Functions. https://dlmf .nist.gov/,
2026. Chapter 22, Jacobian elliptic functions.

Alper Ferudun. Central symmetry and seven area identities for even N-periodics in the
elliptic billiard. Zenodo deposit, issued 2026-10-15, version 1.0, unrefereed, 2026.
doi:10.5281/zenodo.23396998.

Alper Ferudun. Equal focal inverted pedal areas can vanish in elliptic billiards. Zenodo
deposit, issued 2026-10-01, version 1.0, unrefereed, 2026. doi:10.5281/zenodo.23073120.

Alper Ferudun. Focal inversion area ratios in elliptic billiards. Zenodo deposit, issued
2026-10-02, version 1.0, unrefereed, 2026. doi:10.5281/zenodo.23094118.

Alper Ferudun. Focal pedal-antipedal area products in elliptic billiards. Zenodo deposit,
issued 2026-10-01, version 1.0, unrefereed, 2026. doi:10.5281/zenodo.23079799.

Alper Ferudun. Isogonal conjugacy and equal focal inverted pedal areas. Zenodo deposit,
issued 2026-10-01, version 1.0, unrefereed, 2026. doi:10.5281/zenodo.23073495.

Alper Ferudun. Notice on record AMR-050-0060 (row ksi7) as a corollary of two deposits.
Comment of 12 October 2026 in
https://huggingface.co/datasets/ulamai/UnsolvedMath/discussions/4, 2026.

Alper Ferudun. Pedal areas of periodic elliptic billiard trajectories with respect to an
arbitrary point. Zenodo deposit, issued 2026-10-15, version 1.0, unrefereed, 2026.
doi:10.5281/zenodo.23400541.

Alper Ferudun. A pentagonal counterexample to a Poncelet squared-side criterion. Zenodo
deposit, issued 2026-10-02, version 1.0, unrefereed, 2026. doi:10.5281/zenodo.23099540.

Alper Ferudun. A six-periodic zero of focal outer-antipedal area. Zenodo deposit, issued
2026-10-02, version 1.0, unrefereed, 2026. doi:10.5281/zenodo.23091871.

Ronaldo A. Garcia and Dan S. Reznik. Discovering Poncelet Invariants in the Plane.
Publicagoes Mateméticas do IMPA. Instituto de Matemética Pura e Aplicada (IMPA),
Rio de Janeiro, 2021. 33rd Brazilian Mathematics Colloquium; open access. URL:
https://impa.br/wp-content/uploads/2022/01/33CBMO6-eBook.pdf.

Ronaldo Garcia and Dan Reznik. Exploring self-intersected N-periodics in the elliptic
billiard. Annales Mathematicae et Informaticae, 2022. Read in arXiv:2011.06640v3.
arXiv:2011.06640, doi:10.33039/ami.2022.02.001.

Dan Reznik, Ronaldo Garcia, and Mark Helman. The talented Mr. Inversive Triangle in
the elliptic billiard. European Journal of Mathematics, 8(4):1550-1565, 2022.
arXiv:2012.03020, doi:10.1007/s40879-021-00489-2.

Dan Reznik, Ronaldo Garcia, and Jair Koiller. Fifty new invariants of N-periodics in the
elliptic billiard. Arnold Mathematical Journal, 7(3):341-355, 2021. We use
arXiv:2004.12497v11 (29 October 2020), “Eighty new invariants of N-periodics in the
elliptic billiard”. arXiv:2004.12497, doi:10.1007/s40598-021-00174~y.

21


https://doi.org/10.1090/mawrld/026
https://dlmf.nist.gov/
https://doi.org/10.5281/zenodo.23396998
https://doi.org/10.5281/zenodo.23073120
https://doi.org/10.5281/zenodo.23094118
https://doi.org/10.5281/zenodo.23079799
https://doi.org/10.5281/zenodo.23073495
https://huggingface.co/datasets/ulamai/UnsolvedMath/discussions/4
https://doi.org/10.5281/zenodo.23400541
https://doi.org/10.5281/zenodo.23099540
https://doi.org/10.5281/zenodo.23091871
https://impa.br/wp-content/uploads/2022/01/33CBM06-eBook.pdf
http://arxiv.org/abs/2011.06640
https://doi.org/10.33039/ami.2022.02.001
http://arxiv.org/abs/2012.03020
https://doi.org/10.1007/s40879-021-00489-2
http://arxiv.org/abs/2004.12497
https://doi.org/10.1007/s40598-021-00174-y

[RGR21] Pedro Roitman, Ronaldo Garcia, and Dan Reznik. New invariants of Poncelet—Jacobi

[Sta21]

[Sta22]

[Tab05]

[ula26]

bicentric polygons. Arnold Mathematical Journal, 7(4):619-637, 2021. arXiv:2103.11260,
doi:10.1007/s40598-021-00188-6.

Hellmuth Stachel. The geometry of billiards in ellipses and their Poncelet grids. Journal
of Geometry, 112(3):Article 40, 2021. Theorem numbers as in arXiv:2105.03362v2.
arXiv:2105.03362, doi:10.1007/s00022-021-00606-2.

Hellmuth Stachel. On the motion of billiards in ellipses. European Journal of
Mathematics, 8(4):1602-1622, 2022. Theorem numbers as in arXiv:2105.03624v2.
arXiv:2105.03624, doi:10.1007/s40879-021-00524-2.

Serge Tabachnikov. Geometry and Billiards, volume 30 of Student Mathematical Library.
American Mathematical Society, Providence, RI, 2005. doi:10.1090/stml1/030.

ulamai. UnsolvedMath. Hugging Face dataset,
https://huggingface.co/datasets/ulamai/UnsolvedMath, 2026. Version 1.6.0; records
AMR-050-0056, AMR-050-0057, AMR-050-0058, AMR-050-0059 and AMR-050-0061.

22


http://arxiv.org/abs/2103.11260
https://doi.org/10.1007/s40598-021-00188-6
http://arxiv.org/abs/2105.03362
https://doi.org/10.1007/s00022-021-00606-2
http://arxiv.org/abs/2105.03624
https://doi.org/10.1007/s40879-021-00524-2
https://doi.org/10.1090/stml/030
https://huggingface.co/datasets/ulamai/UnsolvedMath

	Introduction
	The five rows
	Results
	What is new and what is not
	Conventions

	The parametrisation
	The derived polygons as functions of the phase
	The singular phases
	Rows k813 and k814
	Rows k815 and k816
	Row k818
	Computations and reproducibility

