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Abstract

Reznik, Garcia and Koiller listed many quantities that are experimentally constant along the
families of N-periodic billiard trajectories in an ellipse with a confocal elliptic caustic. We prove
five of their rows on areas of polygons built from the trajectory and the two foci, for trajectories of
least period N, every winding number and signed areas. For every N, the area of the image of the
outer polygon under the inversion in a unit circle centred at a focus is a constant multiple x > 0 of
the area of the image of the trajectory, with the same & for both foci (row ksos,q); £ = % for N =4,
where the source prints 2. For odd N, the products over the two foci of these inversive areas of
the outer polygon (row kgos,q), of the focal pedal areas of the outer polygon (row kegs,) and of
the areas of the focal dual polygons (row kggr,,) are constant; the dagger printed in row kgg7 o is
not defined in the source, and we read the row without it, in two readings of “dual”. For N = 2
(mod 4), the focal antipedal area divided by the focal pedal area is constant (row k404). The focal
pedal area is positive at every trajectory, so this ratio is always defined; its numerator can vanish
identically, and for N = 0 (mod 4) the ratio is constant only on the families where it does. The
proofs use Stachel’s parametrisation by Jacobi elliptic functions, in which every area is an elliptic
function of the phase; a list of its possible poles and two symmetries reduce each row to Liouville’s
theorem or to a comparison of residues. The rows are due to Reznik, Garcia and Koiller. Rows
kgoa,q and keos,q were first proved by Kriebel in two deposits of 15 October 2026; our proofs of
them are independent, and we claim no novelty for these two rows. The case N = 4 of row kgg,q
is in an earlier note of the author, and the ratio of row k494 also follows from two earlier notes
of the author together with the positivity of the focal pedal area, which Kriebel proved. To our
knowledge, row kgpp o for N # 4, row ko7, and the statement of row ksgs as a ratio defined at
every trajectory are new. This is an unrefereed note.

1 Introduction

1.1 The five rows

Let € be the ellipse 22/a? + y%/b?> = 1 with a > b > 0, centre O and foci f; = (—¢,0), fo = (c,0),
c=+/a? — b2. Fix A with 0 < A < b?. The ellipse

is confocal with £ and lies inside it, and O, fi, fs lie in its interior. A billiard trajectory in & is a
sequence (F));ez of points of £ with P41 # P, such that at every P, the chords P,_1 P, and P,P;; are
mirror images of each other in the normal of £ at Pj; it has the caustic C if all its chords are tangent
to C. It is an N-periodic if Py = P, for all [ and N > 3 is the least such number. If one trajectory
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with caustic C is N-periodic, then all are, with the same winding number 7 around O (Poncelet’s
porism, Lemma 2.2); they form a one-parameter family, which we call the family.

For a closed polygon W = (Wq,...,Wy), indices taken modulo N, the signed area is S(W) =
% > Wix Wig1, where x Xy = x1y2 — x2y1; reversing the order of the vertices changes its sign. For an
N-periodic P we write A = S(P). Reznik, Garcia and Koiller [RGK21] derive from P the following

polygons and work with their signed areas throughout.

o The outer polygon P’ has the vertices V;, the intersections of the tangents to £ at P; and Pjy;
A = S(P.

e The pedal polygon of a polygon R with respect to a point M consists of the feet of the perpen-
diculars from M to the side lines of R, in the order of the sides. Its area is A for R = P; for
M = f; the source writes A; for R = P and fl;- for R=P'.

« The antipedal polygon of P with respect to M has the vertices @)}, the intersection points of the
line through P; perpendicular to P; — M with the line through P;;; perpendicular to P11 — M;
Ay, is its area.

e The focus-inversive polygon PjT consists of the images of the P; under the inversion in the unit

circle w; centred at f;, and Aj- is its area; PJ{T and A;-T are the same for the vertices V; of P’.

» The polar polygon with respect to f; is, in the source’s words, the antipedal polygon of PjT with
respect to f;; its vertices are the poles of the side lines of P with respect to w; (Remark 3.1).
Its sides touch a circle; with O, the centre of that circle, the dual polygon is the “inversion of
the polar with respect to O,”, and A; quar is its area ([RGK21, v11, §3.9, caption of the figure of
polar and dual polygons, and table of symbols]). We consider two readings: the polar reciprocal
of the polar polygon with respect to a circle centred at O, (reading R; the vertices are the poles
of the sides of the polar polygon), and the inversion of its vertices in such a circle (reading P),
with area Aj,dual'

The source lists dozens of quantities that its experiments found to be constant along the families
[RGK21, v11, Tables 2-10]. Table 1 shows the five rows treated here, all marked as not proven;
the corresponding records of the UnsolvedMath collection [ula26] ask to prove that the quantity is
constant as P varies through the family. All row codes are those of the arXiv version [RGK21, v11].
The journal version, titled “Fifty new invariants of N-periodics in the elliptic billiard”, lists inversive
objects only up to row kgogs and has no rows kgy,, so rows kgoe.a, k9os,a and koo, are in the arXiv
version only.

record row quantity N in [RGK21, v11]
AMR-050-0022 k404 AM/AMv M = f1 or fg =2 (mod 4) Table 5
AMR-050-0033  keos.o A} Al odd Table 7
AMR-050-0047  ksosa A7 /A all Table 9
AMR-050-0063  kooso Aj A) odd Table 10
AMR-050-0066  kgora Al 4uu1 A2.dual (as printed) odd Table 10

Table 1: The five rows. For N = 4 the source also prints the value 2 of A;T /A;f (row kgoep)-



1.2 Results

Throughout, the standing hypotheses are: a > b > 0; 0 < X\ < b?, so that the caustic C is a confocal
ellipse; and the trajectories with caustic C are N-periodic of least period N > 3 and winding number
7 (necessarily coprime to N, Lemma 2.2). All areas are signed, and every trajectory is taken in its
counterclockwise order; reversing it changes the signs of all areas and does not affect the statements.

Theorem A (row kgo,q). Assume the standing hypotheses, with any N > 3 and any winding number.
There is a constant k > 0, depending only on a, b and A, such that every trajectory of the family
satisfies

Al =rAl, Al =kAl,  Al>o0, 4l >o.

Hence A;T/A; is constant along the family, with the same value for both foci. For N =4, k = %
Theorem B (row kgpsq; first proved by Kriebel [Kri26d]). Assume the standing hypotheses with N
odd, of any winding number. Then AllJr Ag 18 a positive constant along the family; it equals /£2AJ{A$.
(That A/ITA/QT is a positive constant is Kriebel’s theorem [Kri26d, Theorem 1]; the proof given here is
independent.)

Theorem C (row keos q; first proved by Kriebel [Kri26e]). Assume the standing hypotheses with N
odd, of any winding number. Then Ajy Al is a positive constant along the family. (The constancy is
Kriebel’s theorem [Kri26e, Theorem 1], and the positivity of f_l; is in [Kri26b, Theorem 1]; the proof
given here is independent.)

Theorem D (row kgo7,4). Assume the standing hypotheses with N odd, of any winding number. The
dagger on the first factor of the printed row is not defined in [RGK21], whose table of symbols defines
Aj dual only; we read the row without it, as Ay qual A2,dual-

(a) In reading R, Aj qual A2.dual s a positive constant along the family; equivalently, the product
over the two foci of ), sin ZP; fjPiy1 is constant.

(b) In reading P, Al,dual Ag’dual is constant along the family.

Theorem E (row kyo4). Assume the standing hypotheses. Then Ay > 0 and Ay > 0 for every
trajectory, of any N and winding number. Let N be even.

(i) There is a constant k* € R, depending only on a, b and X\, with A;l = A}Q = Kk*A for every
trajectory of the family.

(i5) If N = 2 (mod 4), there is a constant k, > 0 with Ay = Ay = k,A. Hence, for M = fi and
M = fa, the ratio Ay;/Am of row ks is defined for every trajectory of the family and equals
K*/Kp.

(iti) If N =0 (mod 4), the ratio A}'Zj JA; is defined for every trajectory, and it is constant along the
family if and only if K* = 0, in which case it vanishes identically. For N =4, k* = 2.

So row k4os holds without exceptional set, and its constant x*/k, can be 0. By Lemma 4 of
[Fer26f], x* has the closed form

220212 _ 2 2 122
K*:ab(Bb a”) + Aa b)’ 1)
2a202(h2 — \)

which vanishes if and only if A = a?b?(a® — 3b?)/(a? — b*)2. For N = 6 and 7 = 1 this happens exactly
when a = 2b [Fer26a]; the video list of Garcia and Reznik [GR21] contains an animation titled “N=6



zero-area antipedal @ a/b=2". On this family the ratio of row k404 is identically 0. Numerically, x* = 0
also for N = 8 and N = 12, 7 = 1, at a/b = 1.8538473043818... and a/b = 1.7799694162448 ...
(Section 7; found in [Fer26b]); there the ratio of Theorem E(iii) vanishes identically, and on every
other family with N = 0 (mod 4), in particular every 4-periodic family, it is not constant. The
reading of row kgo7 o matters: three literal readings of the dagger give products that are not constant
(Remark 6.5).

1.3 What is new and what is not

The five rows, and the experimental evidence for them, are due to Reznik, Garcia and Koiller
[RGK21]. The parametrisation of the family by Jacobi elliptic functions (Section 2) is Stachel’s
canonical parametrisation [Sta22, Theorem 2], and the central symmetry of N-periodics with even
N is also Stachel’s [Sta21, Corollary 4.2(i)]. The method, which complexifies the phase, locates the
possible poles of an area function and removes them by symmetries before applying Liouville’s the-
orem or comparing residues, is the one of the earlier notes on neighbouring rows [Fer26e, Fer26h,
Fer26g, Kri26b, Kri26¢| and of Kriebel’s proofs of rows kg4, and keos,q [Kri26d, Kri26e]; poles of one
area cancelled by zeros of the other already occur in Chavez-Caliz’s proof of [CC21, Theorem 6], and
elliptic functions with Liouville’s theorem were used for related invariants by Roitman, Garcia and
Reznik [RGR21]; we do not claim the method as new. What we add is the list of the possible poles
of the areas of the outer, antipedal, inversive and dual polygons (Section 5).

Prior results on the five rows are as follows. For N = 4, the value k = % in Theorem A, with the
constancy of the ratio, is the theorem of the author’s earlier note [Fer26d], which corrects the printed
value 2 of row kg and makes no claim for other V.

Rows kgoa,q and keos,, were first proved by Kriebel in two deposits of 15 October 2026 [Kri26d,
Kri26e|, made before the present note was written; we claim no novelty for these two rows. For odd
least period N, an elliptic caustic and every winding number, stars included, Kriebel proves that
A/fLA'QT is a positive constant [Kri26d, Theorem 1] and that A} A} is constant [Kri26e, Theorem 1];
his corollaries add repeated traversals and the circular billiard. Both proofs locate the possible poles
of the area function on a torus of reduced periods, from explicit formulas for the edge terms of the
inverted outer polygon, resp. for the focal feet, and conclude with complementary zeros obtained from
a reflection and an imaginary antiperiod. The deposit on kgps,, also derives that row from row kgo3.q
[Fer26h], through the proportionality of [19 and A;_ ;» and describes a second route through a Landen-
type identity of Khare and Sukhatme [Kri26e, Section 5]. Theorems B and C are independent proofs
of the same statements, by an argument of the same kind organised differently (one list of possible
poles for all area functions, Section 5): we found these deposits only when writing the note and do
not use them; they were read in full by the last verification run (Section 7).

For row k44, part (i) of Theorem E is Lemma 4 of [Fer26f], with the constant (1), and for winding
number 1 also follows from [Fer26a, Corollary 3|; part (ii) is the case M = f; of Theorem B of
[Fer26g], which proves Ap; = k(M)A for N =2 (mod 4); and the positivity of the focal pedal areas
of P and of P, every term of their shoelace sums being positive, is proved for every winding number
by Kriebel [Kri26b, Theorem 1 and Section 4] (for /_1; by the argument of Proposition 6.3); for the
terms of A;.T it is (12) of [Kri26d]. So the ratio statement of row k4o4 follows from these notes; we give
a self-contained proof. The families with x* = 0 were found numerically in [Fer26b], and an animation
of the case N = 6, a = 2b is listed by Garcia and Reznik [GR21]. The closest other results are row
k903,4, the constancy of AIA; for odd N [Fer26h], proved for N = 3 in closed form by Reznik, Garcia
and Helman [RGH22]; row kgps, the constancy of A/A; for N = 2 (mod 4) [Fer26e]; and Kriebel’s
proof that fl;- is a constant multiple of A;, with the same constant for both foci (row keos, [Kri26b]).
With keps, Theorem C is equivalent to the constancy of AjAs for odd N (Remark 6.6), and with



k903,a, Theorem B follows from Theorem Aj; in the same way the list of poles makes fl’l a constant
multiple of Ag and the dual and polar areas constant multiples of AJ{, so that Theorems C and D
also follow from kgo3, (Remark 6.6). Other deposits on the same table treat other rows (Section 7,
“Scope and priority”).

To our knowledge new are, for the rows kgosq, koo7,e and ksos only: Theorem A for N # 4,
Theorem D, the statement of row k404 as a ratio defined at every trajectory, and Theorem E(iii) for
N > 8, which also follows at once from Theorem 1 of [Fer26f] and [CC21, Theorem 6] (Remark 6.7).
The searches on which this is based are described in the paragraph “Scope and priority” at the end
of Section 7; we make no priority claim.

1.4 Conventions

Least period. The source does not define “/N-periodic” formally; in its experiments every N has its
own caustic, which is the reading of least period. A trajectory of least period n listed r times is not
an rn-periodic in this sense; its areas are r times those of the n-periodic, so its products and ratios
are constant exactly when those of the n-periodic are, and for instance the 3-periodic listed twice
does not satisfy row kyo4 (Section 7).

Signed areas, foci, caustic. The source’s areas are signed, and it does not say which focus is fi;
all statements are symmetric in the two foci. The caustic is a confocal ellipse, as in the source’s
experiments (“confocal ellipse pair”); hyperbolic caustics are not treated.

Readings. In row kyo4, Aps is the area of the pedal polygon of P (the source’s text once writes
A, for the antipedal area by a slip; its table and its table of symbols write A* ). The radius of the
circle at O, in the dual construction, and the radius 1 of w;, are immaterial for the ratio rows and
multiply the products by constants.

2 The parametrisation
Throughout, o = a?, 3 =0%, 0 < A < 3, and

- p
K =
a— A\

8-
a—N\

c(0,1), K*=1-k*= K =K(k), K =K.

The functions sn, cn, dn have modulus k. For z,y € C? we write x -y = x1y1 + x2y2 (bilinear, also for
complex vectors), £ X y = x1y2 — Toy; and = (x3, —x1), so that -yt = z x y and 2* x y+ = z x 3.
We put Ag = 2KZ+2iK'7Z, A\ = AKZ+2iK'7, A = 4K7Z+41K'7Z, and we use the following standard
facts [DLM26].

(J1) sn, cn, dn are meromorphic on C; their poles are the points of I := iK' + Ao, all simple; dn has
simple zeros exactly at the points of II' := K + iK' + Ag; all three have the periods A, and sn
has the periods A;. In a period parallelogram of A, sn has two simple poles, so it takes every
value exactly twice, counted with multiplicity; and sn(2K —w) = snw ([DLM26, §§22.2, 22.4(i),
Tables 22.4.1, 22.4.2]).

(J2) For all w: sn(w+2K) = —snw, cn(w+2K) = —cnw, dn(w+2K) = dnw, sn(w+2iK’) = snw,
en(w + 2iK') = —cnw, dn(w + 2iK’) = —dnw, and

1 —tdnw —icnw
.Kl — .K/ — .K/ —
snw +iK') ksnw’ en(w +iK) ksnw ’ dnfw +iK7) snw
d _’k;/ 'k/
sn(w+ K +iK') = nw’ en(w+ K +iK') = ! , dn(w—l—K—i—z’K’):Z hw
kcnw kcnw cnw



([DLM26, Table 22.4.3]). In particular sn and cn are odd about every point of IT and even about
every point of I', and sn = 1/k on I, := K + iK'+ Ay, sn = —1/k on II"_ :=1I', 4 2K.

(J3) sn®4cn? =1, dn® +k%sn? = 1, and with D = 1 — k?sn?¢ sn?w

tenwdnw + tdnt t tsnwdntd
Sn(tiw):sn cnwdanw SN W Cn n ’ Cn(tiw)zcn Cnw F sntsnwdn nw

D D

([DLM26, §§22.6(i), 22.8(i)]); with ¢ = w these give sn2w = 2snwcenwdnw/E, cn2w =
(en?w —sn®wdn? w)/E and dn 2w = (dn® w — k?sn? wen? w)/E with E = 1 — k% sn* w, hence
(1 —dn2w)/sn2w = k%?snwenw/ dnw.

(J4) For real u, snu = sinamu and cnu = cos am u, where am is real analytic, am’ = dn > 0 on R,
and am(u + 2K) = amu + 7 ([DLM26, §22.16(i)]); and sn?(K/2) = 1/(1 + k") ([DLM26, Table
22.5.2]).

Let A € (0, K) be the number with sn? A = A/, put s =sn A, cg = cn A, dy = dn A, all positive,
and h := 2A € (0,2K). Then
_ _ 2 1 2
u’ d%:M, %_7:_]1’ k:LdO' (2)
B Bla—A) a B B aco

3=

Define, for u,t,v,w € C,

dnwsnt cnt
P(u) := (—asnu, benu), My (t) = <f pp— bcnw>’ m(t) := mal(t),
n(v) = (—% %) V(t):=TP(t), T :=diag(do/co, 1/co).

For every u € C, P(u) satisfies z2/a + y?/8 = 1, and n(u) - P(u) = 1; for real u, n(u) - X = 1 is the
tangent of £ at P(u). A line px + qy = 1 touches C if and only if (o — \)p? + (8 — \)¢® = 1.

Lemma 2.1 (chords). For all t,w € C with cnw # 0, my(t) - P(t — w) = my(t) - P(t + w) = 1.
Moreover n(t£A)-V(t) =1, and the line L(t) := {X : m(t)- X = 1} satisfies the tangency condition
of C for every t. For real t, L(t) is the line through the two distinct points P(t £ A), and V (t) is the
intersection point of the tangents of £ at P(t — A) and P(t + A).

Proof. Write s = snt, v = cnt, e = dnt and 0 = snw, 7 = cnw, 6 = dnw. By (J3), cnw my(t) -
P(t+w) = dssn(t £ w) + vycen(t £ w) equals

85(5700 £ ove) + y(yyo F soed)  vo(s26% +77%)

D _D _707

since 5262 + 72 = 1 — k?s%0% = D. The same computation with w = A gives n(t £ A) - V(t) =
(dossn(t £+ A) +vycen(t£A))/co = 1. By (2), (o — N)d2s?/(ack) + (8 — N2/ (Bc3) = s* ++? = 1. For
real t, P(t+A) = P(t — A) would force 2A € 4KZ by (J4), and the tangents at P(t+ A) are parallel
only if P(t + A) = —P(t — A), which would force 2A € 2K + 4K7Z. O

Lemma 2.2 (trajectories). (a) For real u,v one has P(u) = P(v) if and only if u—v € 4KZ. For
real u, the lines L(u — A) and L(u + A) are the two tangents from P(u) to C, and they are
mirror images of each other in the normal of € at P(u).

(b) For real u the points P, := P(u+1h), | € Z, form a billiard trajectory with caustic C; the chord
PP yq lies on L(u+lh + A).



(c¢) This trajectory is N-periodic if and only if Nh = 47K for an integer T coprime to N. Then
0 <7 < N/2, and T is the winding number of the trajectory around O.

(d) Every billiard trajectory with caustic C is, after a reversal of its order if necessary, of the form
in (b).

Proof. (a) The first statement follows from (J4). By Lemma 2.1, L(u+A) pass through P(u) and touch
C; they are distinct, since otherwise one line would contain the three distinct points P(u — h), P(u),
P(u+h) of &; and as P(u) lies outside C they are the two tangents from P(u). Put T' = (acnwu, bsnu),
a tangent vector of £ at P(u), orthogonal to n = n(u). Two lines through P(u) with normal vectors
{1, p2 are mirror images in the normal line of £ if and only if (u1 - T')(p2 - n) + (u2 - T)(p1 - n) = 0.
With s =snu, vy =cnu, e =dnu and D =1 — k?s%s3 > 0, (J3) and (2) give

coDm(utA)-T=sy(XFY), coDmutA) - n=U=xW,

where X = k%socsy, Y = doe, U = 6062/5 and W = sgdpsvye (a‘l — B‘l); here we used d(%SQ/Oé +
v?/B = €*/B, which is (2) with (J3). So for 12 = m(u £ A) the criterion reads 2so(XU + Y W) = 0,
and indeed

ke di(a—B) (a=B)(B—=A)

B af Ba—A)

(b) By Lemma 2.1 with ¢t = u + lh + A, the chord P;P4q lies on L(u + lh + A) and touches C,
and P11 # P, as 0 < h < 4K; at P, the two chords lie on L(u + [h F A), which are mirror
images in the normal by (a). (c¢) By (a), P4y = P for all [ if and only if Nh € 4KZ; write
Nh = 47K. If g = ged(r,N) > 1, then N/g is also a period; if ¢ = 1 and N’ is a period, then
N'h = 4K7TN'/N € AKZ forces N | N'. Moreover 7/N = A/(2K) € (0, 3), and by (J4) the eccentric
angle amu + 5 of P(u) increases by 277 along one period. (d) Let (F;) have caustic C and choose a
real u with Py = P(u). The chord PyP; is one of the two tangents from Py, so by (a) P = P(u =+ h);
after a reversal Py = P(u+h). If P_; = P(u+ (I — 1)h) and P, = P(u + lh), the reflection law and
(a) show that P, P41 lies on L(u + lh + A), whose second point on & is P(u + (I 4+ 1)h); induction in
both directions. O

XU+YW:808’762< ):808’}/62 (1-1)=0.

Parts (b) and (c) are Stachel’s description of the family [Sta22, Theorem 2]. From now on N and
7 are as in (c), and by (d) the family is {(P(u+1h)); : u € R}, each trajectory in its counterclockwise
order (Lemma 2.5); a quantity is constant along the family if and only if it is constant as a function
of the real phase u. If N is even, 7 is odd and P(u + (I + N/2)h) = P(u+ lh + 27K) = —P(u + lh):
even periodic trajectories are centrally symmetric [Sta21, Corollary 4.2(i)].

Lemma 2.3 (identities). For all u,v,t € C:
(i) (P(u) — f1)- (P(u) — f1) = (a — csnuw)? and (P(u) — f2) - (P(u) — f2) = (a + csnu)?; for real u,
aF csnu > 0 are the distances from P(u) to f1, fa.
(i) m(t) -m(t) = dn®t/(Bcd) = (1 — ksnt)(1 + ksnt)/(Bc3), and m(t) - f1 = ksnt = —m(t) - fo.
(7ii) n(v)-n(v) = (a —csnwv)(a+ csnv)/(af), and n(v) - f1 = (¢/a)snv = —n(v) - fo.
(iv) P(t—A) x P(t+ A) = 2absocodnt/(1 — k?s?sn?t), and P(v) x P'(v) = abdnw.
(v) With A" = ady/co and B' = b/co, (V(t)— f1)-(V(t)— f1) = (A? = B?)sn?t —2cA’snt+c* + B
and A% — B = (a — B)(af — Ala+ B)/((a — N(B = N). If A # aB/(a+B), this quadratic

polynomial in snt has the two roots 1/k and
af — A\ dnh

e 1.
NS KB AatB)  kan  SEHEIED 2T

7



if A\ =af/(a+ pB) it is linear with the only root 1/k.

Proof. (i) (c—asnu)?+Bcn?u = (a—B)sn?u—2acsnu+a = (a—csnu)?; for real u, |snu| < 1 < a/e.
(ii) and (iii) follow from (2) and (J3). (iv) P(v) x P(w) = ab(snwcnv —snvenw); with v,w =t F A
and (J3), sn(t + A)en(t — A) —sn(t — A)en(t + A) = 2spcodnt (sn?td3 + en?t)/D? = 2spcodnt/D
with D = 1 — k%s3sn?t; and P’ = (—acndn, —bsndn). (v) The expansion uses cn? = 1 — sn?,
and A”? = o?/(a — \), B”? = 8%2/(B — \) by (2). Since A’/k = a/c and B?(1/k* — 1) = B”*(3 —
A)/c? = B?/c?, the value at snt = 1/k is (a® — B?)/c®> — 2a + ¢ = 0. The product of the roots
is (c2 + B?)/(A” — B") and ¢ + B? = (a8 — 2\)/(B8 — \), which gives the first expression for
ri. By (J3) and (2), dnh/enh = (d% — k*s3c3)/(cd — s3d3) = (aB — N)/(af — AMa + B)), and
dnh/(kenh) = sn(K + iK' £+ h) by (J2). Finally r; = 1/k would mean dnh = cnh, i.e. snh = 0,
which is false for 0 < h < 2K. O

Lemma 2.4 (parities). Let ¢ be one of P, m, n, V, and R := diag(1,—1).
(a) For z € Il and all w: ¢(z +w) = —¢p(z — w) and sn(z + w) = —sn(z — w).
(b) For Z € Il and all w: ¢(Z + w) = ¢(Z —w) and sn(Z + w) = sn(Z — w).
(c) $w+2K) = —g(w) and d(w + 2K") = Ro(w).
Moreover ¢ is holomorphic outside 11 and has simple poles at the points of 11.
Proof. Each ¢ has the form (y; snw, 72 cnw) with nonzero constants; apply (J1) and (J2). O

Lemma 2.5 (orientation). Let u be real, P, = P(u +1h), Vi = V(u+lh+ A), and let 0; be the
eccentric angle of Py, so that 0 < 041 — 0 < 7.

(a) P, x Piy1 > 0; the interior of C, and in particular O, fi and fa, lies to the left of the directed
chord P, — Pii1, so (P, — X) x (P41 — X) >0 for X € {0, f1, fo}.

(b) (Pis1— P) x (Py2 — Prya) > 0.

(c) Vi —Vi_1 is a positive multiple of P'(u+lh), and (Vi1 — X) x (Vi — X) > 0 for every point X
inside &.

(d) n(u+1h) x n(u+ (I4+1)h) > 0.

Proof. By (J4), P(u) = (acosf,bsinf) with § = amu + 5, and P(v) x P(w) = absin(amw — amv);
as 0 < h <2K,0< 641 —6; <. (a) The line of the chord touches C and therefore does not meet the
interior of C, which contains O; since P; x P11 > 0, O and hence the whole interior lie to the left. The
foci lie inside C because ¢?/(a — \) = k%2 < 1. (b) With ¢; = 0,1 — 0; and ¢ = 0,5 — 0,1 in (0,7),
the left-hand side is ab[sin ¢ + sin ¢ — sin(¢p1 + ¢2)] = 4ab sm¢2 sin ¢’22 sin d’l;@ > 0. (c) P'(v) =
dnv (—asiné,bcosf) points in the counterclockwise direction. After the map (x,y) — (x/a,y/b), the
tangents at two points of the unit circle with angles 8 < 6’ < 6 + m meet at the point with angle
(0 4 6')/2 and radius 1/ cos %52, which lies ahead of the first point and behind the second one on
the respective tangents. So Vl 1 = P —§P(u+1h) and V; = P, + sP'(u+ lh) with s, > 0. A
point inside & lies to the left of every counterclockwise tangent. (d) n(v) is a positive multiple of
(bcos @, asinf), whose angle is an increasing function of § that increases by = when 6 does. O

Lemma 2.6 (N = 4). The family is 4-periodic if and only if A = afB/(a + B). Then A = K/2,
h = K, and the member with phase u = 0 is the rhombus with the vertices (0,b), (—a,0), (0,—b),
(a,0); its outer polygon is the rectangle with the vertices (—a,b), (—a,—b), (a,—b), (a,b).



Proof. If N = 4, then 7 = 1 by Lemma 2.2(c),so h = K and A = K/2, and (J4) gives A/ = 1/(1+k');
with z = A this reads /(8 — x)/(a — 2) = (8 — z) /2, whose only solution in (0, 8) is z = a8/(a + B).
Conversely, for this A we have ¥’ = 3/a and sn?(K/2) = a/(a+ ) = A/, 50 A = K/2 and 4h = 4K.
The vertices are P(0), P(K), P(2K), P(3K), and the tangents there are y = b, © = —a, y = —b,
T = a. O

3 The polygons as functions of the phase
For uw € C and [ € Z put

u; = u+ Lh, t; = u + A, PZZP(UZ), ml:m(tl),
ny = n(uy), Vi=V(t), d=P-fi, d=V—-f.

Since Nh = 47K, all of them depend only on [ modulo N. For real u, (P)) is a trajectory of the
family, its chord PPy lies on m; - X = 1, its tangent at P, is n; - X = 1, and V] is its outer vertex
(Lemmas 2.1 and 2.2).

For points M, F and vectors x, X, Y in C? let

-z M
Dy(e) = M+ ———u, \I/M(x;F):M—i—l_x.ZJM_F),
(X)) =M + X - M O[M(X,Y)ZMJF(5-6)7#—(7747)5L

(X = M) (X = M)’ §x1

with § = X — M, n=Y — M. For real data, ®y;(z) is the foot of the perpendicular from M to the
line x- X = 1; ¥y (x; F) is the pole of the line x - (X — F') = 1 with respect to the unit circle centred
at M (the polar of Y is (Y — M) - (X — M) = 1); ¢ps is the inversion in that circle; and ap(X,Y) is
the intersection of the line through X perpendicular to X — M with the line through Y perpendicular
to Y — M, because it satisfies (X — M) -(Z - M) = (X —M)- (X — M) and the same with Y. With
O; = (1+1/B)f; we define, for j = 1,2, the vertices

QP =dy0m), QY =), QY =ay(P,Pu), Pl=u(R), Pl=1(V),
0 =y (mi;0), DY) =Wo (B f;:f), D =i0,().

J

For real u these are, in this order: the focal pedal polygons of P and of P’ (the sides of P’ lie on the
tangents n; - X = 1), the focal antipedal polygon, the two focus-inversive polygons, the polar polygon
(the poles of the side lines of P with respect to w;), and the dual polygon in the readings R and P.
For reading R we use that the side of the polar polygon through Hl@l and Hl(j ), the poles of the two
side lines of P through P, is the polar of P, the line (P, — f;) - (X — f;) = 1 (La Hire).

Remark 3.1 (the polar and dual polygons). Let u be real and j = 1. (1) A pole is the inverse of the
corresponding foot, so the polar polygon is the inverse of the focal pedal polygon (“the dual is the
inverse of the pedal” [RGK21, v11, §3.9]). The polar of P, is also the line through PlT,l perpendicular
to P{r’l — f1, so the polar polygon is the antipedal polygon of PlJr with respect to f1, as in the source;
equivalently, P{r is the pedal polygon of the polar polygon with respect to fi. By (2) the polar
polygons are Poncelet polygons between two circles; Roitman, Garcia and Reznik [RGR21] prove
other invariants of PlJf through this description. (2) Since Oy — fi = f1/B8 and d; - fi = acsnu; — c?,
the distance from O; to the polar of P, is |1 — d; - f1/8]/|di| = a/B by Lemma 2.3(i). So the sides of
the polar polygon touch the circle of radius a/f about O;, which is the point O, of the source, and

by Lemma 3.2(e) the vertices Dl(l) lie on the circle of radius §/a about O;: in reading R the dual



polygons are inscribed in a circle centred at O,, as the source says. In reading P they are the inverses
of the polar vertices, which lie on a circle not concentric with the one at O, (the source’s caption), so
they lie on a circle that is not centred at O,. (3) In reading R,

dl X dl+1 4 .
ua. - AP P . 3
A dual = Z|dl||dl+1’ ZGQXZ:SIH 1f1P111 (3)

A circle of radius p at O, instead of the unit circle multiplies the dual areas by p? in both readings.

Lemma 3.2 (vertex formulas). As meromorphic functions of u € C, for every l:
(a) Ql(l) — f1 = Bc3m/(1+ ksnt;) and Qz(l) — fi=abny/(a+csnuy);

(b) P}, — fr = di/(a — csnw)? and P, — fi = d}/(d} - d});

(c) Qf(l) — f1=[(di - dp) dify — (dig1 - dir) di-] /(dy % digq);
() 1Y = fi = my/(1 = ksnt);
(e) DV — 0, = (8/a)dif(a—csnw) and DM — 0y = B3¢2 [my — (1 — ksuty) f1/8] /v(snt), where
v(s) = (af — A\) — (af — AMa + B)) ks
The formulas for fa follow by replacing f1, O1, ¢ by fa, Oz, —c.

Proof. (a) By Lemma 2.3(ii), (1 —m - f1)/(m-m) = (1 — ksnt)Bc3/((1 — ksnt)(1 + ksnt)); by
Lemma 2.3(iii), (1 —n- f1)/(n-n) = ((a —csnv)/a) af/((a — csnv)(a+csnw)). (b) is Lemma 2.3(i),
(c) the definition, and (d) Lemma 2.3(ii). (e) 1 —d;- (01— f1) =1—d;- f1/B = (o — acsnw,)/B. For
D, write s = snt;; by (d) and Lemma 2.3(ii),

1) ™ 1+ ks 2ks ﬁ B v(s)
(I =00 - (17 = On) = B2 —ks) B —_ks) B BPAE1—ks)
using B3 =3 — X and ¢ =« — B, and (1 — ks)(Hl(l) —O1)=m;— (1 —ks)f1/B. O

We define the area functions as the shoelace sums of these vertices; since >, (W; — M) x (W41 —
M) =5, W; x Wi for every closed polygon and every M, we may centre them conveniently:

— 1N PP, A =1 Vix Vi, A—QZ < Qi ~ £i):
1 l

and likewise f_lg-, Ar = A”]Zj, A}, A;T from Q') Q*\9), PJT, P;T centred at fj, and A; o1, Aj dual, Aj,dual
from IIU) centred at fj and from DU, DU centred at Oj. These are meromorphic functions of u,
since no denominator in Lemma 3.2 vanishes identically (Lemma 2.3, Lemma 4.4 below, and, for v,
v(1/k) = 28X # 0). For real u they are the signed areas of the source for the trajectory (P(u + lh));.
By Lemma 2.1, V(t) = I'P(t) gives

Al(u) = det T - A(u+ A) = %A(HA). (4)
0
Lemma 3.3 (symmetries). Let Fy, Fy be the two focal versions of one of the area functions above
(A, A, A% AL AT A Ajaval Ajauar), and F € {A, A} Then Fj(u+h) = F;(u+4K) = Fj(u),
Fi(u+2K) = Fy(u) and Fj(u+ 2iK') = —F;(u); F(u+h) = (u+2K) F(u )andF(u+21K’):
—F(u). All these functions have the periods A. If N is even, then F| = F.
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Proof. The constructions ®, ¥, ¢, & commute with every orthogonal linear map g of C?, when the
points M, F are replaced by gM, gF: g preserves the bilinear product, and (gz)* = detg g(z+),
gr x gy = det g (z x y). Shifting u by h relabels all indices by one. By Lemma 2.4(c), the shift by
2K replaces P, my, n;, V; by their images under o = —id, which maps f1, O1 to fa, Oy and preserves
signed areas; the shift by 2iK’ applies R = diag(1, —1), which fixes f; and O; and changes the sign of
signed areas. If N is even, then o maps every P;, m;, n;, V; to the one with index [+ N/2 (Lemma 2.2
and the remark after it), so the configuration at u + 2K is the configuration at w relabelled, and

4 Special phases and two symmetries
Let G = hZ +2K7Z + 2iK'Z and Gy = hZ + 4K7Z + 2iK'Z, and define the sets of phases
PA:iK/—l-G, 51:K+iK/—A+G1, Sy = 51 + 2K.

By (J1), P4 is the set of u for which some vertex P, has a pole, u; € II; and Sy, resp. Sy, is the
set of u for which some side parameter ¢; lies in II’,, resp. II" (where sn = 1/k, resp. —1/k). Let
Zy ={v: snv==xa/c}.

Lemma 4.1 (cosets). (a) Zy = (K +iK'£A)+ Ay and Z_ = Z, + 2K, and a F csn has simple
zeros there. Moreover u € Sy if and only if uw; € Z for some l, and uw € Sy if and only if
u; € Z_ for some l.

(b) If N is odd, Sy NSy =0; if N is even, S1 = Ss.
(¢) If N is odd or N =0 (mod 4), PaN(S1US2) =0; if N =2 (mod 4), P4 =51 = Ss.

(d) Pa—A=Paif Nisodd; Py —A =S5 =5 if N=0 (mod 4); (Pa—A)NPs=0if N=2
(mod 4).

Proof. (a) By (J2) and (2), su(K + iK' + A) = dy/(kco) = a/c; the two points are different modulo
A4, so by (J1) they are all solutions, and both are simple. Further w; € K +iK' — A+ Ay iff t; € T/,
and w; € K+ 1K'+ A+ A iff t;_y € II'_. In (b)—(d) the sets are cosets of Gy or G, and a real number
lies in G (resp. G1) iff it lies in hZ + 2KZ (resp. hZ + 4KZ); recall h = 47K /N with ged(r, N) = 1,
and 7 is odd if N is even. (b) 2K € G iff N(1 — 2p) = 27 for integers j, p: impossible for odd N,
and solved by j = N/2, 1 —2p = 7 for even N. (c¢) The cosets P4 and S;USy = K +iK'— A+ G
meet iff K —A € G, iff N(1—2p) = 27(2j +1): impossible for N odd (parity) and for N =0 (mod 4)
(the right side is = 2 (mod 4)), solved by 2j+1 = N/2,1—2p =71 for N =2 (mod 4). (d) A € G iff
7(1 —25) = Np: solvable iff N is odd; and P4 — A = S1 U Sy iff K € G, iff N(1 —2p) = 47j: solvable
iff N =0 (mod 4). O

At a point of S1 U Sy two consecutive vertices coincide: if tg = Z € Il', then Py = P(Z — A) =
P(Z + A) = P, by Lemma 2.4(b). We normalise such points: replacing u by u + jh only relabels the
indices, so at ug € S; U So we may assume tg = Z € II'.

Lemma 4.2 (configuration at special phases). Let ug € S1 U Sy with to = Z € IU', and the indices
taken modulo N.

(a) i €U iff 1 =10, or N is even and |l = N/2; and tyj, € II% if Z € TI,..
() If Zelll s w e Zy iffl € {0,1}; wy € Z— iff N is even and | € {N/2,N/2+1}; snt; = r1 iff
I ==+1 (for N #4). The same holds for Z € II'_ with Z,, Z_ and r1, —r1 interchanged.
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(c) ti €Il iff N =0 (mod 4) and | = £N/4; so for N = 4 ezactly t4; € 1I.

(d) w € I only if N = 2 (mod 4), and then for exactly two indices ly, lo+N/2, withly = (N+2)/4 ¢
0,1, N/2,N/2 + 1}.

Let ug € Py with ug = z € Il. Then w; € IL 4ff L =0, or N is even and | = N/2.

Proof. All differences of parameters are real multiples of A plus +A, and II—1I"' = K + Ao, II', —IT', =
A, I =TI, = 2K + Ay, (a) lh € 2KZ iff N | 2, and lh € 2K +4KZ iff N is even and | = N/2.
(b) By Lemma 4.1(a), wy = Z —A+lhe€ Zy = Z £ A+ A iff lh € 4KZ or (I —1)h € 4AKZ; Z_
likewise with 2K + 4KZ. By (J1) and Lemma 2.3(v), snt = r; exactly for t € K + iK' + h + Ay,
and Z+1lhe€ K+iK' +h+ Ay iff (F1)h € 4KZ. At Z € TI"_, sn(t + 2K) = —snt exchanges the
roles. (c) Ih € K +2KZ iff 47l = N(2p+1). (d) Ih— A € K + 2KZ iff 2r(21 — 1) = N(2p + 1),
which needs N = 2 (mod 4) and then means 2/ — 1 € §(2Z + 1), with the solutions | = (N + 2)/4
and [ = (N +2)/4+4 N/2 modulo N. The last statement: (h € 2K7Z iff N | 2. O

For N = 6 the two vertices with poles, P, and Ps, are adjacent to the coinciding vertices Py = P;
and P3 = Py; for N =2 (mod 4), N > 10, they are not.

Lemma 4.3 (geometry at S1). Let ug € Sy withto = Z € I, and T = Py = Pi. Then (T — f1) -
(T'— f1) =0, and T # fi. The line m(Z) - X = 1 and the tangent line n(Z — A) - X =1 of the
complex conic € at T both pass through f1 and T, so they coincide; call this line £. The points V_q,
Vo, Vi lie on € wherever they are finite, so the vectors d_,, d, d} are pairwise parallel there.

Proof. sn(Z £ A) = a/c gives (T'— f1)- (T — f1) = 0 (Lemma 2.3(i)); f1 does not satisfy the equation
of £. By Lemma 2.3(ii) and (iii), m(Z) - fi = ksnZ =1 and n(Z — A) - f1 = (¢/a)(a/c) = 1; both
lines contain 7' by Lemma 2.1 and n(v) - P(v) = 1. By Lemma 2.1, Vj = V(Z) lies on the tangents at
P(Z £ A) =T, V; on the tangent at P, =T, and V_; on the tangent at Py = T. O

Lemma 4.4 (the cross product). For all u and [,

2ab spco (1 — ksnty)dnt
1 — k2s3sn?t, )

dy X dpy1 = (1 — ksntl) (Pl X PlJrl) =

As a function of t = t;, it has zeros of order exactly 3 at the points of II'_, of order exactly 1 at the

points of II'_, and no other zeros at points where P, and Piy1 are finite.

Proof. For any vectors X,Y, M, € C?> with - X = p-Y =1 we have (X — M) x (Y — M) =
(1 —p-M)(X xY): dot the identity M(X xY) = X(M xY)+ Y (X x M) with u. Apply it with
X =P,Y =Py, p=my (Lemma 2.1), M = fi, and use Lemma 2.3(ii), (iv). At t = Z4w, Z € II_,
(J2) gives 1 —ksnt =1 —dnw/cnw = —%wz + O(w*), dnt = +ik’snw/ cnw with a simple zero,
and 1 —k%s3sn?t - 1—s2 #0;at Ze€ ', 1 —ksnt — 2. At t € II the quotient has the finite limit
+2iabcy/so # 0 by (J2). Elsewhere 1 — ksnt # 0 and dnt # 0, and the denominator vanishes only
where snt = £1/(kso), that is t — A € Il or t + A € II, where P, or Pj41 has a pole. O

Lemma 4.5 (folding). Let ug € S1 U Sy with to = Z € II'. Then for all w € C and all 1,

P(up —w) = Pi_i(up + w), ny(up —w) = ni_i(up + w),
my(ug —w) = m_y(up + w), Vi(up — w) = V_i(up + w).

Consequently every area function F of Section 3 satisfies F(ug — w) = —F(ug + w). In particular, if
F is holomorphic at ug then F(ug) = 0, and if F' has at ug a pole of order at most 2, then it has at
most a simple pole.
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function poles, all at most simple unless stated vanishes on, for odd NV

A exactly P4, residues £pa # 0 -
A exactly Po — A -
AL AT, At duat, Avdual (N #4), Aipor S S
Ay, AY Sa S1
Al Pa; order < 2, and < 1 for even N -

Table 2: Possible poles. For f5, exchange S7 and S;. For odd N the sets P4, S1, So are pairwise
disjoint and P4 — A = Py; for N =0 (mod 4), S1 = S2 = P4 — A is disjoint from Pgu; for N = 2
(mod 4), P4 = S1 = Sy (Lemma 4.1). In particular A’ has poles on S; exactly when N =0 (mod 4).

Proof. wj(up—w)+uj_j(up+w) =27 and t;(ug—w)+t_;(up+w) = 2Z; apply Lemma 2.4(b). So the
configuration at ug — w is the configuration at ug + w with the vertex indices relabelled by [ — 1 —{
and the side indices by [ — —[. Each vertex of Section 3 is built from one or two consecutive objects in
a way that is compatible with this relabelling (ap(X,Y) = ap (Y, X)), and both relabellings reverse
the cyclic order, which changes the sign of a shoelace sum. So F'(up+ w) is an odd function of w. [

Lemma 4.6 (reversal). Let ug € Pa with ug = z € II. Then for all w and l, Pj(up —w) = —P_j(uo +
w), ny(ug —w) = —n_j(ug +w), my(ug —w) = —m_1_;(ug + w) and Vi(ug — w) = =V_1_;(up + w).
Consequently, for the two focal versions of an area function, Fy(ug —w) = —Fs(ug+w); if N is even,
Fy is odd about ug. The functions A and A’ are odd about ug for every N.

Proof. wj(up — w) + u_j(ug + w) = 2z and t;(ug — w) + t_1_;(ug + w) = 2z; apply Lemma 2.4(a).

So the configuration at ug — w is the image under o = —id of the configuration at ug + w with an
order-reversing relabelling; o exchanges fi,01 with fo, 02 and preserves signed areas. For even N
use F; = F5 (Lemma 3.3). O

5 The poles of the area functions

We write w = u — ug near a point ug, and “order > —m” for a pole of order at most m. We
state everything for f1; by Lemma 3.3, the functions for fy behave in the same way with S; and Sa
exchanged. Table 2 summarises the section.

Lemma 5.1 (A and A’). A is holomorphic outside P4, and at every point of P4 it has a simple pole
with residue +pa, where ps = eiab(dnh —1)/(k?*snh) # 0, € = 1 for odd N and ¢ = 2 for even N.
A’ has simple poles exactly at the points of Py — A.

Proof. Each P, is holomorphic outside II. By Lemma 3.3, A(u+ ) = £A(u) for v € G, so it suffices
to take ug = ¢K’. There Py, and for even N also Pyjp = — P, are the only vertices with a pole
(Lemma 4.2), and Py = r/w + O(w) with » = —(a,ib)/k by (J2). The terms of 2A containing Py are
Py x (P — P-1), and P_1(up) = P(iK' — h) = —P(iK' + h) (Lemma 2.4), so they contribute the
residue 2r x P(iK’' + h) = 2iab(dnh — 1)/(k*sn h); the terms containing Py, contribute the same.
Here dnh # 1 and snh # 0 because 0 < h < 2K. The statement on A’ follows from (4). O

Lemma 5.2 (inversive areas). AJ{ and A/lT are holomorphic outside S1 and have at most simple poles
at the points of S1. If N is odd, they vanish at the points of Ss.

Proof. A]{. By Lemma 3.2(b), PlTl — f1 = d;/(a — csnw;)?. Where u; € 11, d; has a simple pole and
(a — csnuy;)? a double pole, so the vertex is holomorphic; otherwise it is singular only where u; € Z,,
with a pole of order 2. By Lemma 4.1(a), A]; is holomorphic outside Si. At ug € Sy with ¢g € II’, only
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P{ryo and P{l are singular (Lemma 4.2(b)). The terms [ = +1 of 2A;fL = ZZ(PL — f1) x (PLJrl - f1)
have order > —2, and the term [ = 0 is (dg x d1)/((a — csnug)?(a — csnwup)?), whose numerator has a
zero of order 3 (Lemma 4.4) and whose denominator has a zero of order 4; so its order is > —1. Hence
AJ{ has order > —2 at ug, and > —1 by Lemma 4.5. For odd N, S; NSy = 0, so AJ{ is holomorphic at
the points of So and vanishes there by Lemma 4.5.

AIIT. By Lemma 3.2(b), PllTl — fi =dj/(d} - d}). By Lemma 2.3(v) and Lemma 2.6, as a function
of t =, d] - dj equals (A2 — B?)(snt — 1/k)(snt —r) if N # 4 and —2cA’(snt — 1/k) if N = 4; by
(J1), (J2) and Lemma 4.2(b) its zeros are double at IT', and, for N # 4, simple at K + iK' £+ h + A;.
At t € TI, V is odd about ¢t (Lemma 2.4), so V = r'/w + O(w) with ' = —(A’,iB’)/k. If N # 4,
v’ = (A? — B?)/k? # 0, so d} - ) has a double pole and P{Tl —fi=0w). N =4,7"-7"=0, and
because V (t+w) has no constant term, d;-d; = —2(r’- f1) /w+O(1) with - fi = acdy/(kco) # 0, so P{TZ
is holomorphic. Hence the vertex is singular only where ¢; € II/, (order > —2) or t; € K +iK'+h+ A4
(order > —1), which happens only for u € S;. Let ug € Sy with tg € II',. If N = 4, then t4; € II
(Lemma 4.2(c)), only the vertex with [ = 0 is singular, and the two terms containing it have order > —2.
If N # 4, the singular vertices are those with | = 0, £1 (Lemma 4.2(a), (b)). The terms of the shoelace
sum with [ = —2 and | = 1 have order > —1. The term [ = —1is (d"_y x d{))/((d"_y - d"_1)(d}, - d},));
its numerator vanishes at up (Lemma 4.3) and its denominator has a zero of order 3, so its order is
> —2; likewise for [ = 0. For N = 3, the term (d} x d";)/((d} - d})(d"_; -d")) has order > —1 for the
same reason. So A';r has order > —2 at ug, hence > —1 by Lemma 4.5, and the last statement follows
as for AJ{. O

Lemma 5.3 (focal pedal and polar areas). A; and A} are holomorphic outside So and have at most
simple poles at the points of Sa; A por is holomorphic outside S1 and has at most simple poles at the
points of S1. If N is odd, A and A\ vanish at the points of S, and Ay po at the points of Sa.

Proof. By Lemma 3.2(a), Ql(l) — f1 = BcAmy/(1 + ksnt;) is finite where t; € II (numerator and
denominator have simple poles), and singular only where snt; = —1/k, i.e. ; € II"_, with order > —2;
this happens only for u € Sp. At ug € Sy with ¢ty € II"_ only [ = 0 is singular (Lemma 4.2(a)), so the
two terms containing Q[(jl) have order > —2, and Lemma 4.5 gives > —1. The polar vertices Hl(l) —-fi=
my/(1 — ksnt;) are treated in the same way with II’. and S;. Next, Q;(l) — f1 = apny/(a+ csnuy)
is finite where u; € II and has simple poles where w; € Z_, that is only for u € Sy; at ug € S with
to € IT"_ exactly QE)(I) and Qll(l) are singular. The terms [ = +1 have order > —1, and the term [ = 0,
(aB)?(no x n1)/((a + csnug)(a + esnuy)), too, because ng = ny at ug (Lemma 4.5). For odd N the
remaining statements follow from S; NSy = () and Lemma 4.5. O

Lemma 5.4 (antipedal area). A} is holomorphic outside P4 and has order > —2 at the points of P4.
If N is even, it has at most simple poles.

Proof. By Lemma 3.2(c) and Lemma 4.4, QT(I) is holomorphic wherever P;, P, are finite and ¢; ¢ II'.

(1) Coinciding vertices. Let ug € S1 U Sy with tg = Z € II'. Then Py, P; are finite near ug, since
II - II' = K + Ay does not contain +£A. The numerator N (w) = (do - do)di — (dy - d1)dg- and the
denominator D(w) = dy x dj of Qg(l) — f1 are odd functions of w, because d;(ug + w) = dp(ug — w)
(Lemma 4.5). If Z € I/, then dy - dy = (a — csnug)? and d; - dy vanish to order 2 (Lemma 4.1(a)),
so N = O(w?), hence O(w?), while D has a zero of order exactly 3 (Lemma 4.4). If Z € II"_, then
N = O(w) and D has a simple zero. In both cases Qg(l) is holomorphic at ug; for even N the same
holds for Q}ké/l% All other Q;(l) have t; ¢ II' (Lemma 4.2(a)). So A} is holomorphic on (S; U S2) \ Pa.

(2) Vertices with poles. By Lemma 3.3, the shifts by h, 4K and 2iK’ map A} to £A} and
the shift by 2K maps A3 to Aj; so it suffices to study A} and A} at the point ug = iK’. There
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Py = r/w+O0(w) with r = —(a,ib)/k, r-r = c2/k* # 0, and Py1(ug) = £P(iK’'+h). For f € {f1, fa}
and Q = af(Py, P1), with d; = P, — f, the numerator of @ — f is (r - r)di /w? + O(1/w) and the
denominator is (r x dy)/w + O(1), where d; is taken at ug; similarly for ay(P-1, Py) with d_; x r. By
(J2) and the identity a(1 —dnh)/(ksnh) = c¢sp, which follows from (J3) and (2),
ib ib
T’Xdlzﬁ(ﬂ:C—CS()), d_1 XT:—E(:EC-FCSO) (f:fl, fg),

which are nonzero as 0 < sg < 1. So these two antipedal vertices have at most simple poles. For
even N the vertex Pyj; = —Fp gives two more, by the same computation for the other focus (the
configuration near Py, is the image under —id of that near Fy). Two vertices with poles are never
adjacent (h ¢ Ag). If N = 2 (mod 4), then up lies also in S; = Sa, and the antipedal vertices
of the two degenerate sides are holomorphic by (1), which used only that their endpoints are finite
(Lemma 4.2(d)). The computation for a vertex next to a pole did not use the position of the other
endpoint, which for NV = 6 is one of the coinciding vertices. Thus every sz(l) has order > —1 at wuy,
every term of the shoelace sum order > —2, and Aj order > —2; for even N, A} is odd about ug
(Lemma 4.6), so its order is > —1. O

Lemma 5.5 (dual areas). Ajqual and, for N # 4, Al,dual are holomorphic outside S1 and have at
most simple poles at the points of S1. If N is odd, they vanish at the points of So.

Proof. By Lemma 3.2(e), Dl(l) — 01 = (B/a)d;/(a—csnuy) is finite where u; € II and has simple poles
where u; € Z4. At up € S1 with ¢y € H’+ only D(()l)7 Dgl) are singular; the terms [ = +1 have order
> —1, and the term [ = 0 is (8% /a)(dg x d1)/((a — csnug)(a — csnwuy)), of order > 3 — 2. For reading
P, v(s) is a polynomial of degree 1 when N # 4 (Lemma 2.6), and its root is 71 by Lemma 2.3(v).
Where t; € 11, both m; — (1 — ksnt;) fi/5 and v(snt;) have simple poles, so ﬁl(l) is finite. Hence Dl(l)
is singular only where snt¢; = 1, with a simple pole; by Lemma 4.2(b) this happens only for u € Si,
and at ug € S with tg € H’Jr only for [ = £1. For N > 5 every term of the shoelace sum has at

most one singular factor; for N = 3 the term with the factors [)51), Dél) = D(_ll) has order > —2, and
Lemma 4.5 gives > —1. The last statement follows as before. O

6 Proofs of the theorems

Lemma 6.1 (Liouville). A meromorphic function on C with the periods A and without poles is
constant.

Lemma 6.2 (proportionality). Let G € {G,G1} and S = s+ G. Let F', H be meromorphic functions
on C whose poles lie in S and are at most simple, such that F(u+ h) = F(u+ 4K) = F(u), F(u+
2iK') = —F(u), and F(u+ 2K) = F(u) if G = G; and the same for H. If H # 0, then Ress H # 0
and F = kH with k = Ress F// Ress H.

Proof. For vy € G the listed symmetries give F'(u+ ) = e(v)F(u) and H(u+ ) = () H (u) with the
same sign €(y) = (—1)", where Im~y = 2nK’. Hence Resgy, F' = €(y) Res, F, and likewise for H. If
Ress H = 0, then H has no poles, is constant by Lemma 6.1, and changes sign under u + u + 2iK’,
so H = 0. Otherwise F' — kH has no poles, is constant, and changes sign under u — u + 2iK’, so it
vanishes. O

Proposition 6.3 (positivity). For every trajectory of the family, in counterclockwise order, the areas
A, A A fl;., A;., A;T and Ajqual (7 =1,2) are positive. In fact every term of their shoelace sums,
centred as in Section 3, is positive.
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Proof. For A and Al use Lemma 2.5(a), with (P}, — f;) x (P},,1 — f;) = (Pi— f;) x (Piya — f;)/ ([P —
Fil?|Pis1 — f5]?); for Aj quar use also (3); for A" and A;T use Lemma 2.5(c) with X = O and X = f;.
For A;: let e¢; be the unit vector of the chord P, — P41 and p; > 0 the distance from f; to its line. As
fj lies to the left of the chord (Lemma 2.5(a)), Ql(j) — fj = piej-, where et is the right-hand normal,
o) (Ql(j) — fj) % (Qg_)1 — fj) = pipi+1 € X €41 > 0 by Lemma 2.5(b). For A;: fj lies inside &, so

Q;(j) — f; is a positive multiple of the outer normal n(v;), and Lemma 2.5(d) applies. O

The positivity of /_lj and f_l;-, term by term and for every winding number, is also proved by Kriebel

[Kri26b, Theorem 1 and Section 4], for 121; by the same argument; that of the terms of A;T is (12) of
[Kri26d], obtained there from an explicit factorisation.

Proposition 6.4 (N = 4). For N = 4, at the rhombus member of Lemma 2.6 and for both foci,
A =2ab, Al =2/(ab), AT =1/(ab) and A} = 4ab.

Proof. For fi = (—c¢,0) the vectors P, — fi are (¢,b), (¢ — a,0), (¢, —b), (a + ¢,0), with squares «,
(a — ¢)?, a, (a + c)? so the inverted vertices relative to fi are (c,b)/a, (=1/(a — ¢),0), (c,—b)/a,
(1/(a+ ¢),0), and ZAI = %b(ﬁ + a%rc) = %‘é’. The vectors V; — fi are (¢ — a,+b) and (a + ¢, Fb),
with squares 2a(a — ¢) and 2a(a + ¢), so the inverted vertices relative to fi are (—1,b/(a — ¢))/(2a),

(—1,-b/(a—¢))/(2a), (1, ~b/(a+¢))/(2a), (1,b/(a+c))/(2a), and 24} = 2o (L =)= %”. The

antipedal vertices are (—a,b+ s), (—a,—b —s), (a,—b+ s), (a,b — s) with s = ac/b, with area 4ab.
For fy use Fy = F; (Lemma 3.3). O

Proof of Theorem A. By Lemma 5.2, A]; and A’fr have at most simple poles, all in §; = (K+iK'—A)+
(1, and by Lemma 3.3 they have the symmetries of Lemma 6.2 for G = Gy; AJ{ # 0 by Proposition 6.3.
So A’;r = HAJ{, and A’QT(u) = A'lT(u+2K) = /»@AI (u+2K) = /-@Ag(u). By Proposition 6.3, k = A/IT/Ai >

0, and for N = 4, k = 1 by Proposition 6.4. O

The theorem holds for every N because the outer vertices V41 become isotropic with respect to f;
exactly at the phases at which two vertices of P coincide (Lemma 4.3, Lemma 2.3(v)); for the pedal
and antipedal areas the pole sets depend on N modulo 4 (Table 2).

Proof of Theorems B to D. Let N be odd and let F; be one of A;.T, fl;-, Aj qual, Aj,dual' By Lemmas 5.2,
5.3 and 5.5 and Lemma 3.3, one of F}, F5 has at most simple poles on S; and vanishes on S5, and
the other one has at most simple poles on So and vanishes on S7; both are holomorphic elsewhere,
and S1 NSy = (. So F1F; is holomorphic on C; it has the periods A (Lemma 3.3) and is constant by
Lemma 6.1. The constants of Theorems B and C and of Theorem D(a) are positive by Proposition 6.3,
and (3) gives the second form of Theorem D(a). Finally A'lJrAIQT = /12AJ{A£ by Theorem A. O

Remark 6.5 (the dagger in row koor,q). We also tested literal readings of the undefined symbol AL dual’
the area of the image of the dual polygon under the inversion in wq, times Aj qua1; the product of
the areas of the images of the two dual polygons under the inversions in w; and ws; and the area of
the pedal polygon of P{r with respect to fi (the reading of the source’s symbol A;,ped)7 times A2 qual-
None of these products is constant for odd N (Section 7).

Remark 6.6 (further products). The same argument gives, for odd N, the constancy of A;Ay (row

keos,o of [RGK21, v11], which is not among the records), of A ;0142 pol, the product for the polar
polygons, which the source calls “dual” in one sentence (Remark 3.1), and of AIA% (row kgo3,q,

[Fer26h]), by Lemmas 5.2 and 5.3. By Kriebel’s theorem A;- = pA; with a constant p > 0 common
to both foci (row kgoe, [Kri26b]), the constancy of A;As is equivalent to Theorem C.
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For every N, the functions AJ{, At pols A1 dual and, for N # 4, Al,dual have at most simple poles, all
in 57, and the symmetries of Lemma 6.2 for G = G (Table 2, Lemma 3.3); so each of the last three is
a constant multiple of AJ{, and the shift u — u 4+ 2K gives the same relation, with the same constant,
for fo. Likewise A} and Ag have their poles in Sy, so A} = ’yA% and Al = fyA]i with a constant v > 0;
this is the comparison made in [Kri26e, Section 5]. Hence Theorem C, Theorem D and the constancy
of A1 po1Aa pol are also consequences of row kgo3 o [Fer26h], as Theorem B is with Theorem A.

Proof of Theorem E. Positivity is Proposition 6.3. (i) Let N be even. By Lemma 5.4, A} has at most
simple poles, all in P4, = iK' + G. By Lemma 3.3 it has the symmetries of Lemma 6.2 for G = G,
the 2K -periodicity because Aj(u+2K) = A%(u) = Aj(u); and so has A, which is not identically zero
(Lemma 5.1). So A7 = k*A, and A5 = Aj. (ii) Let N = 2 (mod 4). By Lemma 5.3, the poles of
Aj lie in S, which equals P4 (Lemma 4.1(c)), and they are at most simple; the symmetries are as
in (i), so A} = kpA, and Ay = Ay; K, > 0 by Proposition 6.3. (iii) Let N =0 (mod 4). If the ratio
equals a constant C' along the family, then xk*A = CA; on R, hence on C. If k* # 0, then C # 0, and
Ay = (k*/C)A would have poles at the points of P4 (Lemma 5.1), whereas its poles lie in Sa, which
is disjoint from P4 (Lemma 4.1(c)). So * = 0. For N =4, x* = 2 by Proposition 6.4. O

Remark 6.7 (rows kqo3p and ksq). For N =0 (mod 4), A; and A" have their poles in So = P4 — A,
at most simple and exactly there for A’ (Lemmas 4.1, 5.1 and 5.3), so Lemma 6.2 gives A; = x’A’.
With A% = " A and the theorem of Chavez-Caliz that AA’ is constant for even N [CC21, Theorem 6],
the product A;flj = k*k'AA" is constant: this is row k4o, proved in [Fer26f] by these two factors.
So the source’s split between the product row k4ozp (N =0 (mod 4)) and the ratio row kyos (N = 2
(mod 4)) reflects whether the poles of A; sit at those of A’ or of A. For odd N, A} has double poles
and the ratio is not constant (Section 7).

7 Computations and reproducibility

All theorems, propositions and lemmas of this note are proved without computation. The computa-
tions test the statements on trajectories that are constructed without the parametrisation of Section 2,
test the lemmas of Sections 2 to 5 at complex phases, give exact values for N = 4 and N = 6, and
check that the statements fail where their hypotheses fail. The reproducibility package has five parts.

The program of this note (check_note.py, about 20 seconds; 56 checks, all passed). (i) Trajectories
are built by the reflection law alone: from a point of £ the first chord is the tangent to C in the
counterclockwise direction, and every further chord is the mirror image of the previous one in the
normal of &; the caustic of a family (IV, 7) is found by bisection on the advance of the eccentric angle
after N reflections; every polygon is built by its elementary construction. In 50-digit arithmetic, for 48
families with (a,b) € {(1.5,1), (2.2,1), (2.6, 1.7)} and (N, 7) € {(3,1), (4,1), (5,1), (5,2), (6,1), (7,1),
(7,3), (8,1), (8,3), (9,2), (9,4), (10,1), (10, 3), (11,4), (12,5), (14, 3)}, six members each, the closure,
the tangency of the chords, the reflection law, the outer vertices and the statements of Remark 3.1(1),
(2) hold to 1.1-1073!. The largest relative spread over the members, for each row in its class of N, is
71074 (ky04), 3- 1074 (k605,0), 1 - 10~4 (kg06,4, with the same constant for both foci to 9 - 10742),
1.2- 10742 (kooa,q), and 1.3 - 10741, 1.2- 1073* and 4.5 - 10733 (kgg7,, in reading R, in reading P, and
for the polar product); the largest values occur in the star family a = 2.2, (N,7) = (9,4), where
b2 — X\ < 5-1071%, Outside the classes the relative spreads are at least 3.5-10~7 for the products (even
N) and 7.9 - 107° for the ratio of ksos (0dd N and N =0 (mod 4)). For N =4, k = 1 and x* = 2
at all members of the three shapes. The ratio of row k44 for the 3-periodic listed twice is that of the
3-periodic, whose relative spread is at least 0.06. (ii) The rhombus of Lemma 2.6 with symbolic a, b
(sympy): tangency, the reflection law, and Proposition 6.4 for both foci, exactly. (iii) For a = 2,b =1,
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N = 6, the hexagon with the vertices (£2,0), (:l:%, :l:g) is checked exactly to be a 6-periodic with
A= %; its focal antipedal polygons have six distinct vertices and area exactly 0, while A = 20v/5/9 and
A; = 200v/5/81; so k* = 0 and kp = 10/9. At six members built by the reflection law, |AT/A] < 10=%.
For N € {4,6,8,10,12} with 7 = 1, for (N,7) € {(8,3),(10,3),(12,5)} and for eight values of a/b
between 1.3 and 3, x* agrees at two members to 1.4-10733 and with (1) to 6-1073* (relative); for 7 = 1
it changes sign between a/b = 1.9 and 2 (N = 6; zero at 2), 1.8 and 1.9 (N = 8,10), and 1.7 and 1.8
(N = 12). Root finding in a/b gives the families with £* = 0: a/b = 1.85384730438182101462 . .. for
N =8and a/b = 1.77996941624483732972 . .. for N = 12, where |A}/A| < 5- 10740, resp. 2-10733, at
six members while A varies (relative spread 2 - 1074, resp. 1.3 - 1079); for a/b larger by 0.05 the ratio
of row k4p4 varies. (iv) Proposition 6.3 for A; on 16 star families (eight pairs (N,7) with N < 12,
a/b € {1.5,3}): every term of the shoelace sum is positive; the smallest value of 4;/A is 2.3 - 10712
0 kp can be very small in star families. (v) The three products of Remark 6.5 vary (relative spreads
at least 3.7 - 107?). (vi) With the parametrisation of Section 2 in 60-digit arithmetic: the identities
of Lemmas 2.1, 2.3, 3.2 and 4.4 at random complex points (largest residual 4.1-107%®%); the identities
of Theorems A to E at a complex phase; and the orders of all area functions at points of S, S and
P4 in seven families (N = 3, 4, 5, 6, 7, 8, 10, convex and stars), which respect the bounds of Table 2;
A7 has a double pole at P4 for odd N.

The programs with which the results were first obtained (original/): the Jacobi-form toolkit
ebtools.py; scan_rows.py (the rows and the controls on 32 families, 50 digits); local_checks.py
(orders and residue quotients at Sy, Sa2, Pa); kappa_scan.py (kp and * for N = 2 (mod 4)); and
probe_k806.py (the second root r; and the isotropic outer vertices); with their recorded outputs.

The programs of the verification runs, described in the next paragraph, with their recorded outputs,
in verification_run_A/ and verification_run_B/. All programs were re-run when the package
was assembled, with the results recorded in RERUN_LOG. txt.

The programs of the verification run on the final text (independent_run_2/), with their recorded
outputs: a geometry library in which trajectories are built by tangent stepping and every polygon
by its elementary construction, with the circle at O, located as the circle touched by the polar
sides (r2_rows.py, 90 digits, 80 families); exact checks with sympy (r2_exact.py); the identities of
Lemmas 2.1, 2.3, 3.2 and 4.4 and the orders of Table 2 at complex phases (r2_complex.py); and the
constants of Theorem E (r2_kstar.py).

Verification. The results were first obtained in a written version containing Theorems A to E with
proofs by the method of Sections 4 to 6, and with the programs in original/. Two independent
verification runs, both Al-assisted, followed; each wrote its own programs without using those of the
first write-up. The first run compared the rows and the definitions with the tex source of [RGK21,
v11]; re-derived every lemma, the list of poles and the five theorems; constructed trajectories by
tangent stepping without Jacobi functions (59 families, 50 digits) and measured the orders of the area
functions at S, Sy and P4 (8 families, 90 digits); found the positivity argument for the focal pedal
areas, the case N = 4 at the rhombus and the families with k* = 0 for N = 8 and 12; and tested the
daggered readings of row kgg7 . The second run constructed trajectories by the reflection law (112
families, N up to 18); checked the lemmas at random complex phases and the orders and residues
(11 families, 80 digits); showed that its programs detect wrong inputs (caustics, pedal points, classes
of N); searched for families with x, = 0 (208 families with N = 2 (mod 4) up to N = 30; none);
re-ran the original programs, whose recorded outputs were reproduced; and checked the bibliography.
Neither run found a gap in the proofs. They required eleven corrections, all of which were made. The
mathematical ones are the statement on row k4p4 for N =0 (mod 4) (Theorem E(iii)), the positivity
of the focal pedal areas in place of a possible exceptional set of row kyg4, the poles of A" at S; (Table 2),
the full zero set of d; X dj+1 (Lemma 4.4) and the parity argument for N = 4 in Lemma 5.2; the others
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concern references, the reading of the dagger in Theorem D, the hypotheses in each statement and
the example N = 6, a = 2b, and are listed in the verification report of the package. When this note
was written, the closed form of Lemma 4.4, the positivity of A;r-, A;.T and f_l;. for every winding number
(which gives k > 0 and the positivity of the products), the polar product, Proposition 6.4 and the
program check_note.py were added, and the search of the deposits was repeated. This search found
[Kri26d, Kri26e, Fer26a], and the reading of the deposited sources showed that [Fer26d], [Fer26f] and
[Fer26b] contain the case N = 4 of Theorem A, part (i) of Theorem E and the families with x* = 0;
the statements of novelty were restricted accordingly.

A further independent verification run, also Al-assisted, examined the final text. It read the five
rows and the definitions again in the tex source of [RGK21, v11]; read the deposits [Kri26d, Kri26e,
Kri26b] in full and compared their statements, hypotheses and methods with Theorems B and C
and Proposition 6.3; and re-read the cited parts of [Fer26d, Fer26f, Fer26g, Fer26b, Fer26a], [Sta22,
Theorem 2], [Sta21, Corollary 4.2], [CC21, Theorem 6] and [DLM26]. It re-derived the parts added
when the note was written (Lemma 2.5, Proposition 6.3, the closed form of Lemma 4.4, the polar
product, Proposition 6.4, Theorem E(iii)) and then every other lemma and the five theorems line by
line. With its own programs it tested the rows on 80 families at 90 digits (four ellipses, twenty pairs
(N, 7) with N < 15, stars included; largest relative spread in the classes 6-10747, outside them at least
3.5-1077), with the circle at O, located geometrically, and found every term of the shoelace sums
of Proposition 6.3 positive; recomputed exactly the rhombus, the hexagon and the worked examples
printed in [Kri26d, Kri26e, Kri26b, Fer26d], which shows that Kriebel’s areas are the areas A;T and
/_1;- of this note; checked Lemmas 3.2 and 4.4 and Table 2 at complex phases in ten families; located
the families with x* = 0 for N = 6, 8, 10, 12; and re-ran the package from its archive, whose recorded
outputs were reproduced. It found no mathematical error. It required corrections of the credits (the
content and the method of [Kri26d, Kri26e], the positivity proved in [Kri26b, Kri26d], Theorem E(iii)
as a consequence of [Fer26f] and [CC21], and the reduction of Theorems C and D to row kgps, in
Remark 6.6), of four numerical bounds of this section and of one bibliographic entry; all were made.
No proof depends on a computation.

Scope and priority. The note proves rows kgos a, k90,0, k605,a; k907, and ks of [RGK21] for every
ellipse, every confocal elliptic caustic whose trajectories have least period N in the class of the row,
and every winding number; row kg7, is proved for the row read without its undefined dagger, in
two readings of “dual” (and for the polar product). Hyperbolic caustics are not treated, and closed
walks that repeat a trajectory of smaller least period are not N-periodics in our sense. The rows
and the experiments are due to Reznik, Garcia and Koiller [RGK21]; the parametrisation is Stachel’s
[Sta22], and so is the central symmetry of even periodics [Sta21]; the constancy of AA’ for even N is
Chavez-Caliz’s [CC21]. The case N = 4 of Theorem A is in [Fer26d]; rows kgg4, and keos, were first
proved by Kriebel [Kri26d, Kri26e], before this note was written (with repeated traversals and the
circular billiard, and with the positivity in [Kri26d]), and Theorems B and C are independent proofs,
for which no novelty is claimed; part (i) of Theorem E is Lemma 4 of [Fer26f] (see also [Fer26a)),
part (ii) is a case of [Fer26g, Theorem B, the positivity of the focal pedal areas of P and P’ is proved
in [Kri26b] and that of the terms of A;T in [Kri26d], and the families with * = 0 were found in [Fer26b]
(for N = 6, see [GR21]). To our knowledge new are Theorem A for N # 4, Theorem D (which also
follows from row kgo3,, by Remark 6.6), the ratio statement of row k404 as such, and Theorem E(iii)
for N > 8 (which also follows from Theorem 1 of [Fer26f] and [CC21, Theorem 6]). No printed or
deposited proof of row kgps o for N # 4, of row kg7, or of the ratio statement of row k494 was found
in the sources searched: the source in its arXiv and journal versions; the arXiv listings found by
queries on elliptic billiards, on antipedal, inversive, polar and dual polygons, and on the works of the
proposers and of Stachel, among them [GHR26|, which treats triangles only; the works citing [RGK21]
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in OpenAlex (19) and Semantic Scholar (31); zbMATH Open and Crossref; and the Zenodo deposits
that DataCite and Zenodo’s own search list for queries on billiards (the last searches on 15 October
2026, 20:02 UTC). Of these deposits, [Fer26e] treats row ksos (A/A; for N = 2 (mod 4)), [Fer26¢]
the cosine sums of focus-inversive polygons, [Fer26i] the outer antipedal areas, [Kri26a] a correction
of row ko, [Kri26f] the outer pedal area centroid (row ksp7), and [Kri26¢c| row k403,,; none of them
covers the five rows. A search that finds nothing is not a proof of novelty, and we make no priority
claim.

What was read: [RGK21] in the tex source of arXiv v11 (definitions, the tables containing the five
rows, the caption on polar and dual polygons, the table of symbols), and the numbering scheme and
Tables 5 and 7 of the journal version in a text extraction of the journal’s file; Theorem 6 of [CC21] in
arXiv v1; [Fer26d] and Theorem 1 and Lemma 4 of [Fer26f] in their deposited sources, and the relevant
sections of [Fer26i, Fer26b, Fer26g, Fer26al; the list of videos of [GR21] in arXiv v3; and the abstracts
of [RGR21, GHR26] and of the other deposits. The deposits [Kri26d, Kri26e, Kri26b] were read in
full (version 1.0) by the last verification run, which also read Theorem 2 of [Sta22], Corollary 4.2(i)
of [Sta21] and the proposition of [RGH22] on AJ{AE for N = 3 in arXiv v2, as the first verification
run had done. The facts (J1)—(J4) are quoted from [DLM26], whose section and table numbers were
checked by the last verification run.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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