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Abstract
Problem A of T. Ward’s list “Six problems in algebraic dynamics” concerns the polynomial

f = 1+ u1u2 + u21u2 + u31u2 + u41 + u22 + u41u
2
2 and the algebraic Z2-action attached to the module

Z[u±1
1 , u±1

2 ]/〈p, f〉, where p is a prime for which f is irreducible modulo p. Its order of mixing
M was known to satisfy 3 ≤ M < 7, and the problem asks for the exact value. We show that
M = 6 for every prime p: the action is mixing of order 6 and not of order 7. The polynomial f is
absolutely irreducible modulo every prime, so no prime has to be excluded. By results of Schmidt,
Masser, and Derksen and Masser, and because the radical of the group generated by u1, u2 in the
function field of the curve f = 0 consists only of constant multiples of monomials, M + 1 is the
least number of terms of a non-zero multiple of f in Fp[u

±1
1 , u±1

2 ]. Our main result is that every
non-zero multiple of f with coefficients in an algebraic closure of Fp has at least seven terms. The
proof is elementary: it sorts a multiple by powers of u2, reduces to two possible shapes of a six-term
multiple by a Chebyshev-type recurrence, and excludes these by a local analysis at the points of
the curve with u41 = −1, a Frobenius splitting and an explicit computation. The prime 2 is treated
separately. For p = 2 an exhaustive computer search confirms the main result for coefficients in
F2, independently of this proof, and shows that the support of f is, up to equivalence, the only
non-mixing set with seven points. This is an unrefereed note.

1 Introduction
Let Rd = Z[u±1

1 , . . . , u±1
d ]. Every countable Rd-module N defines an action α = αN of Zd by contin-

uous automorphisms of the compact abelian group X = N̂ , dual to multiplication by the monomials
un = un1

1 · · ·und
d ; see Schmidt’s book [Sch95]. Let µ be the Haar measure of X. For r ≥ 2 the action

is called mixing of order r, or r-mixing, if

µ
(
α−n1B1 ∩ · · · ∩ α−nrBr

)
−→ µ(B1) · · ·µ(Br)

for all Borel sets B1, . . . , Br ⊂ X, as n1, . . . , nr ∈ Zd vary so that ni − nj → ∞ for all i 6= j. The
order of mixing M(α) is the largest r for which α is r-mixing. Ledrappier’s example [Led78], given
by the module R2/〈2, 1 + u1 + u2〉, is mixing but not 3-mixing.

Problem A of Ward’s list [War06] concerns the polynomial

f(u1, u2) = 1 + u1u2 + u21u2 + u31u2 + u41 + u22 + u41u
2
2 (1)

and the Z2-action α defined by the module R2/〈p, f〉, where p is a prime for which f is irreducible
modulo p. Concretely, α is the shift action on the group of all x ∈ FZ2

p with
∑

n∈S(f) xm+n = 0 for
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every m ∈ Z2, where S(f) = {(0, 0), (4, 0), (0, 2), (4, 2), (1, 1), (2, 1), (3, 1)} is the support of f . Ward
states that the methods of Einsiedler and Ward [EW03] and of Kitchens and Schmidt [KS93] give
3 ≤ M < 7 for the order of mixing M = M(α), and asks for its exact value. The problem is also
record AMR-042-0001 of the UnsolvedMath dataset [ula26].

Theorem 1.1. For every prime p the polynomial f is absolutely irreducible modulo p, and the action
α defined by R2/〈p, f〉 is mixing of order 6 but not of order 7. So M = 6 for every prime p.

Theorem 1.1 follows from known results on mixing in positive characteristic and the next statement.
A term of a Laurent polynomial is a monomial that occurs in it with a non-zero coefficient.

Theorem 1.2. Let p be a prime and let Fp be an algebraic closure of Fp. Every non-zero element of
the ideal generated by f in Fp[u

±1
1 , u±1

2 ] has at least seven terms.

The polynomial f itself has seven terms. Only multiples with coefficients in Fp are needed for
Theorem 1.1. We work over Fp because the proof uses the roots of 1 + u41 and p-power roots of the
coefficients, and because Remark 2.3 needs the statement over Fp.

What was known. Theorem 3.1 of [EW03] states that R−1 ≤M(α) < |S(f)| when f is irreducible
and its Newton polygon is an R-gon. For (1) the Newton polygon is the rectangle [0, 4] × [0, 2]
and |S(f)| = 7, which gives Ward’s bounds. If all points of S(f) are vertices of the polygon, this
determines M(α) [EW03, Example 4.1]. Here the points (1, 1), (2, 1), (3, 1) lie in the interior, and
[EW03, Remark 5.1(3)] says that this situation seems to require results on S-unit equations in positive
characteristic. Such results were obtained later. Masser [Mas04] proved a conjecture of Schmidt:
the order of mixing is detected by non-mixing sets (see Section 2). The 2006 update of Ward’s
list records this and adds that computing the order of mixing of non-trivial examples remains a
considerable problem. Derksen and Masser then showed, in the third part [DM18] of a series of
papers [DM12, DM15, DM18] and with the main result of the first part, that for every prime ideal
of Rd containing a prime p the smallest order of non-mixing can be determined effectively, and also
the non-mixing sets of that order, up to equivalence, if this order is at least 3. They work out two
examples, both with order of mixing 3. They also remark that this is related to the problem of finding
the shortest polynomial in an ideal, which is probably effectively solvable in positive characteristic,
and that one may have to pass to Puiseux polynomials [DM18, Section 1]. So for each fixed p the
number M is computable in principle. We found no determination of M for Ward’s example in the
literature. This note adds the explicit value, for all primes at once, with an elementary proof of
Theorem 1.2.

Outline. Write x = u1, y = u2, a = 1+x4 and b = x+x2+x3, so that f = a(1+y2)+by. Section 2
reduces Theorem 1.1 to Theorem 1.2. After preliminaries on the curve f = 0 (Section 3) we sort a
multiple of f by powers of y into rows and show that a multiple with at most six terms has rows with
2, 2, 2 or 2, 1, 1, 2 terms (Section 4). These two shapes are excluded in Sections 5 and 6 by an analysis
at the places of the curve over the roots of a, where a ≈ −by. Section 8 reports machine checks.

2 From mixing to sparse multiples
Let P be a prime ideal of Rd with P ∩ Z = pZ for a prime p, and let α = αRd/P . Let K0 be the
quotient field of Rd/P , let F be its field of constants (the algebraic closure of Fp in K0), and let
G ⊂ K∗

0 be the group generated by the images of u1, . . . , ud. The radical of G is the group
√
G of all

w ∈ K0 with ws ∈ G for some integer s ≥ 1; it is taken inside K0, not in an algebraic closure. A set
{m1, . . . ,mr} ⊂ Zd of cardinality r is called mixing for α if limk→∞ µ

(⋂
i α

−kmiBi

)
=

∏
i µ(Bi) for
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all Borel sets B1, . . . , Br, and non-mixing otherwise. If α is r-mixing, then every set of cardinality r
is mixing. We use three results from the literature.

(S) Schmidt’s criterion ([DM18, (1.1)]; compare [Mas04, p. 191], which refers to equations (27.4)
and (27.5) of [Sch95]). A set {m0, . . . ,mn} ⊂ Zd of cardinality n+ 1 is non-mixing for α if and
only if there are a0, . . . , an ∈ K0, not all zero, such that a0ukm0 + · · · + anu

kmn = 0 in K0 for
infinitely many positive integers k.

(M) Masser’s theorem ([Mas04, Corollary, p. 190]). Let r ≥ 2. If every subset of Zd of cardinality r
is mixing for α, then α is r-mixing.

(DM) Derksen and Masser ([DM18, Lemma 5]). Let n ≥ 2, and suppose that α is n-mixing but not
(n + 1)-mixing. Then there are ξ0, . . . , ξn ∈

√
G with ξ0 + · · · + ξn = 0 and ξi/ξj /∈ F ∗ for all

i 6= j.

In [DM18] a projective point (ξ0 : · · · : ξn) as in (DM) is called pre-broad. Lemma 5 of [DM18]
says more: the non-mixing sets of cardinality n + 1 form finitely many equivalence classes, which
correspond to the pre-broad points of a finite set (see Section 8). The hypothesis n ≥ 2 is needed.
The proof of (DM) combines (S), (M) and [DM18, Lemma 4]: if n ≥ 2, α is n-mixing, a1, . . . , an ∈ K0,
and the equation a1x1+ · · ·+anxn = 1 has a broad set of solutions in (

√
G)n (a notion from [Mas04]),

then a1, . . . , an ∈
√
G.

Now let d = 2, x = u1, y = u2 and P = 〈p, f〉 with f as in (1). By Lemma 3.1 below, P is a prime
ideal for every prime p, and K0 = Fp(x)[y]/(f) is a subfield of K = Fp(x)[y]/(f).

Lemma 2.1. Let p be a prime, and let G be the subgroup of K∗
0 generated by x and y.

(a) If w ∈ K∗, c ∈ F∗
p, s ≥ 1 and (d, e) ∈ Z2 satisfy ws = c xdye, then s | d, s | e and w = c′xd/sye/s

with c′ ∈ F∗
p.

(b) Fp ∩K0 = Fp and
√
G = F∗

p ·G. Moreover xdye ∈ Fp only if d = e = 0.

The proof is given in Section 3.

Proposition 2.2. Let p be a prime and let α be the action defined by R2/〈p, f〉. Then M(α) + 1 is
the least number of terms of a non-zero element of the ideal generated by f in Fp[x

±1, y±1].

Proof. A Laurent polynomial over Fp lies in this ideal if and only if it vanishes in K0 (Section 3). Let
L be the least number of terms; L ≤ 7.

Let g =
∑L

i=1 ciu
ni be an element of the ideal with ci ∈ F∗

p and pairwise distinct ni. For every
e ≥ 0 we have

∑
i ciu

peni = gp
e
= 0 in K0. By (S), with k = pe, the set {n1, . . . , nL} is non-mixing.

So α is not L-mixing, and M(α) ≤ L− 1.
The action α is 2-mixing. Otherwise, by (M) and (S), there are m0 6= m1 and (a0, a1) 6= (0, 0)

with a0u
km0 + a1u

km1 = 0 for infinitely many k. Then a0a1 6= 0, and uk(m1−m0) = −a0/a1 for two
different values of k, so some monomial um with m 6= 0 equals 1 in K0. This contradicts Lemma 2.1(b).
Hence n = M(α) satisfies 2 ≤ n ≤ L − 1, and α is n-mixing but not (n + 1)-mixing. By (DM) and
Lemma 2.1(b) there are ci ∈ F∗

p and ei ∈ Z2 (0 ≤ i ≤ n) with
∑

i ciu
ei = 0 in K0 and ciuei/(cjuej ) /∈ F∗

p

for i 6= j, that is, with pairwise distinct ei. So
∑

i ciu
ei is a non-zero element of the ideal with exactly

n+ 1 terms, and L ≤M(α) + 1.

Remark 2.3 (Another form of the criterion). The reduction can also be based on an older theorem,
and then Lemmas 4 and 5 of [DM18] are not needed. According to [Mas04, Section 5] and [LS19,
Section 3], a theorem of Masser, published as [KS93, Theorem 2.1] and as Theorem 28.1 of [Sch95],
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contains the following implication, which is all we use. Let x0, . . . , xn ∈ K∗
0 , and suppose that there

are ai ∈ K0, not all zero, with
∑

i aix
k
i = 0 for infinitely many k ≥ 1. Then there are integers s, t ≥ 1

and s-th roots yi of the xi in an algebraic closure such that yt0, . . . , ytn are linearly dependent over Fp.
Let s ≥ 1, and let X,Y be s-th roots of x, y in an algebraic closure of K. Claim: every relation∑

i ciX
diY ei = 0 with ci ∈ F∗

p and pairwise distinct (di, ei) ∈ Z2 has at least seven terms. Raising the
relation to a power of p, we may assume p ∤ s. By Lemma 2.1(a), xdye is an s-th power in K only if
s | d and s | e. So [K(X,Y ) : K] = s2 by Kummer theory, and the s2 elements XiY j with 0 ≤ i, j < s,
which span K(X,Y ) over K, are linearly independent over K. Sort the terms of the relation by the
residues of (di, ei) modulo s. The terms in a residue class (i, j), divided by XiY j , form a Laurent
polynomial in x, y that vanishes in K, that is, a multiple of f . By Theorem 1.2 every non-empty class
has at least seven terms.

If now {m0, . . . ,mn} is a non-mixing set, apply (S) and the implication quoted above to xi = umi .
Each yti is a root of unity times a monomial in X,Y with exponent vector tmi. We get a relation as
in the claim with at most n + 1 terms, so n + 1 ≥ 7, and α is 6-mixing by (M). This argument uses
Theorem 1.2 and Lemma 2.1(a) over Fp.
Remark 2.4. Both properties in Lemma 2.1(b) matter. For 〈2, (1+u1+u21)3+u2〉 the radical contains
1 + u1 + u21, and the order of mixing is 3, although the shortest polynomial in the ideal probably has
six terms [DM18]. For 〈2, 1+ u+ u2 + uv+ v2〉 the constant field is F4, and there is a non-mixing set
with three points, although no element of the ideal has three terms [LS19, Section 3].

3 The curve f = 0

From now on p is a prime, x = u1, y = u2, and

a = 1 + x4, b = x+ x2 + x3 = x(1 + x+ x2), f = ay2 + by + a.

Lemma 3.1. (a) The polynomials a and b are coprime in Fp[x]. (b) The polynomial f is irreducible
in Fp(x)[y] and in Fp[x

±1, y±1].

Proof. (a) We have a(0) = 1, and if w2 + w + 1 = 0, then w3 = 1 and a(w) = 1 + w = −w2 6= 0.
(b) By (a), f is primitive as a polynomial in y over Fp[x], and it is not divisible by x or y. By

Gauss’s lemma it suffices to show that f has no root in Fp(x).
Let p be odd. If f has a root in Fp(x), then D = b2 − 4a2 = (b − 2a)(b + 2a) is a square in

Fp[x]. We exhibit a simple root of D. Over Z we have b + 2a = (2x2 + 3x + 2)(x2 − x + 1). Let ω
be a root of x2 − x + 1. Then ω2 = ω − 1 and ω3 = −1, and one computes 2ω2 + 3ω + 2 = 5ω and
(b− 2a)(ω) = 4ω2. If p 6= 3, 5, then x2 − x + 1 has two simple roots, and its cofactor in D takes the
value 20ω3 = −20 6= 0 at ω. So ω is a simple root of D. If p ∈ {3, 5}, let i2 = −1. Then a(i) = 2 and
b(i) = −1, so D(i) = −15 = 0, while D′(i) = 2b(i)b′(i) − 8a(i)a′(i) = 4 + 60i 6= 0. So i is a simple
root of D.

Let p = 2. The substitution y = (b/a)(Y + a/b) turns f = 0 into Y 2 + Y = a/b, and a/b =
(1+ x)4/(x(1 + x+ x2)) has a simple pole at x = 0. If h ∈ Fp(x) has a pole of order m ≥ 1 at 0, then
h2 + h has a pole of order 2m there, and otherwise h2 + h has no pole at 0. So Y 2 + Y = a/b has no
solution in Fp(x).

By Lemma 3.1, K = Fp(x)[y]/(f) is a field, quadratic over Fp(x) with basis {1, y}. By Gauss’s
lemma, a Laurent polynomial in Fp[x

±1, y±1] lies in the ideal (f) if and only if its image in K is zero.
The same holds over Fp with K0 = Fp(x)[y]/(f) ⊂ K, and comparing coordinates in the basis {1, y}
shows Fp ∩K0 = Fp. In K we have y 6= 0 and

y +
1

y
= t := − b

a
, 1 + y2 = ty. (2)
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Since y2f(x, 1/y) = f(x, y) and x4f(1/x, y) = f(x, y), the field K has the automorphisms σ : y 7→ 1/y
(fixing x) and τ : x 7→ 1/x (fixing y); and if g ∈ (f), then g(x, 1/y) ∈ (f). Define Sn ∈ Z[T ] by
S−2 = −1, S−1 = 0 and Sn = TSn−1 − Sn−2 for n ≥ 0. So S0 = 1, S1 = T , and Sn is monic of degree
n for n ≥ 0. From y2 = ty − 1 we get by induction

yn = Sn−1(t) y − Sn−2(t) (n ≥ 0). (3)

Since t is not constant, Sn(t) 6= 0 in Fp(x) for every n ≥ 0.

Places. We use places of the function field K/Fp; see [Sti09]. For a place q let vq be its valuation. A
non-singular point (x0, y0) of the affine curve f = 0 is the centre of exactly one place of K, and x−x0
is a local parameter there if ∂f/∂y 6= 0 at the point; likewise y − y0 if ∂f/∂x 6= 0 [Ful89, Section 3.2,
Theorem 1]. If π is a local parameter at q and h ∈ K∗ has vq(h) = v, the residue of h/πv in F∗

p is
called the leading coefficient of h at q. If h1 + · · ·+ hn = 0 in K with all hi 6= 0, then

the minimal vq(hi) occurs at least twice, and the leading coefficients of these hi add up to 0. (4)

Lemma 3.2. (a) Let p be odd and let x0 be one of the four roots of a, the primitive 8th roots of
unity. Then (x0, 0) is a non-singular point of the curve. Let q be the place centred there. Both
x− x0 and y are local parameters at q, and with respect to y the leading coefficient of a at q is
−b(x0) = −x0(1 + x0 + x20) 6= 0. The place q′ = σ(q) is different from q, and vq′(x − x0) = 1,
vq′(y) = −1.

(b) Let p = 2 and π = 1+ x, so that a = π4 and b = 1+ π3. There are exactly two places of K over
x = 1, say q and q′ = σ(q). At both, π is a local parameter. Moreover vq(y) = 4, vq′(y) = −4,
and y = π4Y with vq(Y − 1− π3) ≥ 4.

Proof. (a) We have f(x0, 0) = a(x0) = 0, and at this point ∂f/∂x = a′(x0) = 4x30 6= 0 and ∂f/∂y =
b(x0) 6= 0 by Lemma 3.1(a). By (2), a = −by/(1 + y2), and b and 1 + y2 are units at q with residues
b(x0) and 1. Since 1/y vanishes at σ(q), this place is different from q.

(b) We have b = (1 + π)(1 + π + π2) = 1 + π3. Let q be a place over x = 1 with ramification
index e. Then vq(y + 1/y) = vq(b/a) = −4e, so vq(y) = ±4e. As σ interchanges y and 1/y, there
are two places over x = 1, one with v(y) > 0, which we call q, and σ(q). Since [K : Fp(x)] = 2,
both are unramified. So π is a local parameter and vq(y) = 4. Finally, π4(1 + y2) = (1 + π3)y gives
Y = y/π4 = (1+y2)/(1+π3) ≡ 1+π3 (mod π4), because vq(y2) = 8 and (1+π3)2 ≡ 1 (mod π4).

To treat both cases together, put κ = 1 if p is odd and κ = 4 if p = 2, and let x0 = 1 if p = 2. For
each root x0 of a we then have two places q, q′ over x = x0 with

vq(y) = κ, vq′(y) = −κ, vq(r) = vq′(r) = ordx0(r) for 0 6= r ∈ Fp[x
±1]. (5)

Lemma 3.3. Let Q be a power of p.

(a) K =
⊕Q−1

c=0 x
cKQ.

(b) If p = 2, then xdye ∈ K2 if and only if d and e are even.

Proof. (a) The extension K/Fp(x) is separable, because ∂f/∂y = 2ay + b is not zero in K. The map
h 7→ hQ is an isomorphism of K onto KQ which maps Fp(x) onto Fp(x

Q). So [KQ : Fp(x
Q)] = 2

and [K : KQ] = [K : Fp(x
Q)]/2 = Q. The extension K/KQ(x) is purely inseparable and, since

KQ(x) ⊃ Fp(x), also separable. Hence K = KQ(x). As xQ ∈ KQ, the powers 1, x, . . . , xQ−1 span K
over KQ, and they are a basis because [K : KQ] = Q.
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(b) Let ∂ be the derivation of K that extends d/dx; it exists because K/Fp(x) is separable. Its
kernel is a field that contains K2 and does not contain x. Since [K : K2] = 2, the kernel is K2.
Applying ∂ to f(x, y) = 0 gives b ∂y = b′y, because a′ = 0 and 2ay = 0 in characteristic 2; here
b′ = 1 + x2. Hence

∂(xdye) = xd−1ye (d+ eρ), ρ =
xb′

b
=

(1 + x)2

1 + x+ x2
.

As ρ /∈ F2, this is zero if and only if d and e are even.

Proof of Lemma 2.1. Zeros and poles of y. Let vq(y) > 0. If x had a pole at q, then dividing
a(1 + y2) = −by by x4 would give the residue 1 on the left and 0 on the right. So x is finite at q, and
its value x0 satisfies a(x0) = 0. Thus q is one of the places of Lemma 3.2, and y has a zero of order κ
there by (5). By σ, the poles of y are the places q′.

Zeros and poles of x. At a zero of x the function a is a unit, so y is finite, and its value y0 satisfies
1 + y20 = 0. If p is odd, these are the points (0,±i), where ∂f/∂y = ±2i 6= 0; so x has two simple
zeros. If p = 2, the only such point is (0, 1), where ∂f/∂y = b(0) = 0 and ∂f/∂x = b′(0) = 1. So this
point is non-singular, there is exactly one place over x = 0, and x has a zero of order 2 there. By τ ,
the poles of x have the same orders. At the zeros and poles of x the function y is a unit, and at the
zeros and poles of y the function x is a unit.

(a) Let ws = c xdye. Comparing orders at a zero of x and at a zero of y gives s | d and s | e if p
is odd, and s | 2d and s | 4e if p = 2. If p is odd, w/(xd/sye/s) has s-th power c, so it is a constant.
Let p = 2 and s = 2rs′ with s′ odd. Then s′ | d and s′ | e, and as before w2r = c1x

d1ye1 with c1 ∈ F∗
p,

d1 = d/s′ and e1 = e/s′. If r ≥ 1, then xd1ye1 is a square in K, so d1 and e1 are even by Lemma 3.3(b),
and taking square roots gives w2r−1

= c
1/2
1 xd1/2ye1/2. Induction on r proves (a).

(b) We saw Fp ∩K0 = Fp after Lemma 3.1. If w ∈ K0 and ws ∈ G, then by (a) w = c′xd/sye/s

with c′ ∈ Fp ∩K0 = Fp. If xdye = c ∈ Fp, then (a), applied with w = 1 and an arbitrary s, gives s | d
and s | e for all s.

For k ≥ 1 let ψk(Z) = 1 + Z + · · ·+ Zk−1.

Lemma 3.4 (Binomials). Let β = xm(γ + γ′xn) ∈ Fp[x
±1] with n ≥ 1 and γγ′ 6= 0, and let x0 be a

root of a.

(a) The order of vanishing of β at x0 is 0 or the p-part pvp(n) of n.

(b) Let p be odd and a | β. Then n = 4k and β = γxm(1 − zk) with z = −x4. If k = qk′ with
q = pvp(k), then β = γxm

(
aψk′(z)

)q. So β vanishes to order exactly q at each root of a, and
with respect to the local parameter y its leading coefficient at the place q of Lemma 3.2(a) is
γk′xm0 (−b(x0))q.

(c) Let p = 2 and a | β. Then γ′ = γ, the order of vanishing of β at x = 1 is q = 2v2(n) ≥ 4, and
β/πq ≡ γxm (mod πq).

Proof. (a) If β(x0) = 0, then γ + γ′xn = γ
(
1− (x/x0)

n
)
= γ

(
1− (x/x0)

n′)q with n = qn′, q = pvp(n),
and 1−Xn′ has a simple root at X = 1.

(b) The four roots x0 of a give the same value xn0 = −γ/γ′. If ζ is one of them, ζ3 is another, so
ζ2n = 1 and 4 | n. With n = 4k we get xn0 = (−1)k, so γ′ = −(−1)kγ and γ + γ′xn = γ(1 − zk).
Further 1 − zk = (1 − zk

′
)q =

(
(1 − z)ψk′(z)

)q and 1 − z = a. At a root of a we have z = 1 and
ψk′(1) = k′ 6= 0 in Fp. The leading coefficient follows from Lemma 3.2(a) and k′q = k′.

(c) Evaluating at x = 1 gives γ′ = γ. With n = qn′, n′ odd, 1 + xn = (1 + xn
′
)q = πqψn′(x)q, and

ψn′(x) ≡ ψn′(1) = 1 (mod π). So ψn′(x)q ≡ 1 (mod πq), and q ≥ 4 because π4 | β.
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Lemma 3.5 (Frobenius splitting). Let Q be a power of p, let G1, . . . , Gn ∈ Fp[x
±1, y±1] and

m1, . . . ,mn ∈ Z, and suppose that
∑

i x
miGQ

i ∈ (f). Then for every c ∈ {0, . . . , Q − 1} the sum of
the x(mi−c)/QGi over all i with mi ≡ c (mod Q) lies in (f).

Proof. In K we have 0 =
∑

c x
c
(∑

mi≡c x
(mi−c)/QGi

)Q. By Lemma 3.3(a) each of the Q-th powers is
zero.

Lemma 3.6. Let U = 1/(1 + y2) ∈ K and ε = a2/b2. Then

a = −b y U, y2U = 1− U, U(1− U) = ε, (6)

and {1, U} is a basis of K over Fp(x). Let q be a power of p.

(a) Let p be odd, D = b2 − 4a2, δ = 1
4 − ε = D/(4b2) and W = U − 1

2 . Then W 2 = δ and

εU q−1 =
(
1
4 − δ

(q+1)/2
)
+ 1

2

(
δ(q−1)/2−1

)
W, ε(1−U)q−1 =

(
1
4 − δ

(q+1)/2
)
− 1

2

(
δ(q−1)/2−1

)
W.

(b) Let p = 2, q = 2d and Ed = ε+ ε2 + ε4 + · · ·+ εq/2 (so E0 = 0). Then

U q = U + Ed, εU q−1 = ε+ Ed(1 + U), ε(1 + U)q−1 = ε+ EdU.

Proof. By (2), 1 + y2 = ty = −by/a; this gives the first formula in (6), and the others follow. If
U ∈ Fp(x), then y2 ∈ Fp(x) and y = (1 + y2)/t ∈ Fp(x), which is false.

(a) W 2 = U2 − U + 1
4 = δ. So U q = (12 +W )q = 1

2 + δ(q−1)/2W , and εU q−1 = (1 − U)U q =

(12 −W )(12 + δ
(q−1)/2W ). Multiplying out gives the first formula. The second follows by the symmetry

U ↔ 1− U , W ↔ −W .
(b) U2 = U +ε, and by induction U2d = U +Ed, since Ed+1 = ε+E2

d . Then εU q−1 = (1+U)U q =
(1 + U)(U + Ed) = ε+ Ed(1 + U), and ε(1 + U)q−1 = U(1 + U)q = U(1 + U + Ed) = ε+ EdU .

4 Rows: at least six terms
Let 0 6= g ∈ (f) ⊂ Fp[x

±1, y±1]. After multiplication by a monomial we can write g =
∑B

j=0 gj(x) y
j

with gj ∈ Fp[x
±1] and g0 6= 0 6= gB. We call the gj the rows of g and B its height. The number of

terms of g is the sum of the numbers of terms of its rows.

Lemma 4.1. We have B ≥ 2, and a divides g0 and gB in Fp[x
±1]. In particular g0 and gB have at

least two terms each.

Proof. Write g = fh. The lowest and the highest row of fh are a times the lowest and the highest
row of h, and the heights differ by 2. A monomial is not divisible by a.

Lemma 4.2. (i) Some row gj with 0 < j < B is non-zero.

(ii) If exactly one row gj with 0 < j < B is non-zero, then it is not a monomial.

Proof. (i) If g = g0 + gBy
B, then by (3) the coefficient of y in the basis {1, y} is gBSB−1(t), which is

not zero.
(ii) The coefficient of y gives gjSj−1(t)+gBSB−1(t) = 0. Suppose gj = γxm. Then gB = −γxmR(t)

with R = Sj−1/SB−1 ∈ Fp(T ). Since 0 ≤ degSj−1 < degSB−1, R is not a polynomial, so it has a
pole at some T0 ∈ Fp. We claim that there is x1 ∈ Fp with x1 6= 0, a(x1) 6= 0 and t(x1) = T0, that
is, b(x1) + T0a(x1) = 0. If T0 6= 0, the polynomial T0x4 + x3 + x2 + x + T0 has a root x1 6= 0, and
a(x1) = 0 would imply b(x1) = 0, against Lemma 3.1(a). If T0 = 0, take a root of 1 + x + x2. Now
R(t(x)) has a pole at x1, so gB is not a Laurent polynomial. This is a contradiction.
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Proposition 4.3. A non-zero element of (f) has at least six terms. If it has exactly six terms, its
non-zero rows are, from bottom to top,

• three binomials g0, gj , gB with 0 < j < B (shape (2, 2, 2)), or

• a binomial g0, two monomials gh1 , gh2 with 0 < h1 < h2 < B, and a binomial gB (shape
(2, 1, 1, 2)).

Proof. By Lemmas 4.1 and 4.2(i), g0 and gB have at least two terms each and there is a non-zero row
in between. With at most five terms, there is exactly one row in between, and it is a monomial. This
contradicts Lemma 4.2(ii). With six terms, the rows in between have one term or two terms in total;
one term is excluded in the same way.

5 The shape (2, 1, 1, 2)

Proposition 5.1. No element of (f) has shape (2, 1, 1, 2).

Proof. Suppose that g = g0 + γ1x
m1yh1 + γ2x

m2yh2 + gBy
B ∈ (f) with 0 < h1 < h2 < B, γ1γ2 6= 0

and binomials g0, gB. By Lemma 4.1, a divides g0 and gB.
Let p be odd. By Lemma 3.4(b), g0 = γ0x

m0(1−zk0), and g0 vanishes to order q0 = pvp(k0) at every
root x0 of a. Write k0 = q0k

′
0. At the place q over x0 the four summands of g have the valuations q0,

h1, h2 and at least B. By (4) and h1 < h2 < B we get q0 = h1, and the leading coefficients of the
first two summands cancel:

γ0k
′
0 x

m0
0

(
−b(x0)

)q0 + γ1x
m1
0 = 0 for all four roots x0 of a.

Since b = x(1 + x + x2) and q0 is odd, this reads (1 + x0 + x20)
q0 = c xe0 with c = γ1/(γ0k

′
0) 6= 0 and

e = m1−m0−q0. Put ξ = xq00 . As q0 is a power of p, the left side is 1+ ξ+ ξ2. As q0 is odd, x0 7→ xq00
permutes the four primitive 8th roots of unity, and x0 = ξr for an integer r with rq0 ≡ 1 (mod 8).
Hence

1 + ξ + ξ2 = c ξe
′ for all four primitive 8th roots of unity ξ,

where 0 ≤ e′ ≤ 7 and e′ ≡ re (mod 8). So x4+1 divides 1+x+x2−c xe′ . Modulo x4+1 the monomial
c xe

′ is ±c xe′ mod 4. So the remainder of 1+ x+ x2 − c xe
′ has at least two non-zero coefficients. This

is a contradiction.
Let p = 2. We use induction on B and assume that no element of (f) of shape (2, 1, 1, 2) has

smaller height. By Lemma 3.4(c), g0 = γ0x
m0(1 + xn0) with q0 = 2v2(n0) ≥ 4. At the place q of

Lemma 3.2(b) the four summands of g have the valuations q0, 4h1, 4h2 and at least 4B. By (4),
q0 = 4h1. We divide g = 0 by πq0 and reduce modulo π4. The last two summands disappear, because
4h2 − q0 ≥ 4. By Lemma 3.4(c) and Lemma 3.2(b),

γ0(1 + π)m0 + γ1(1 + π)m1(1 + h1π
3) ≡ 0 (mod π4).

So γ0 = γ1 and (1+ π)m0−m1 ≡ 1+h1π
3 (mod π4). Now (1+ π)n mod π4 depends only on n modulo

4, and it equals 1, 1 + π, 1 + π2, 1 + π + π2 + π3 for n ≡ 0, 1, 2, 3. Hence m1 ≡ m0 (mod 4) and
h1 is even. The same argument for yBg(x, 1/y) ∈ (f) gives m2 ≡ mB (mod 4) and B − h2 even,
where gB = γBx

mB (1 + xnB ). Since n0 and nB are even, the exponent vectors of the three terms of
g0+γ1x

m1yh1 are congruent to cI = (m0, 0) modulo 2, and those of the three terms of γ2xm2yh2+gBy
B

are congruent to cII = (mB, B). As Fp is perfect, we can write

g = ucIW 2
I + ucIIW 2

II

8



with Laurent polynomials WI,WII that have three terms each. By Proposition 4.3 they are not in
(f), so they are non-zero in K, and ucI−cII = (WII/WI)

2 ∈ K2. By Lemma 3.3(b), cI ≡ cII (mod 2).
Then g = ucIH2 with H =WI+u

(cII−cI)/2WII. The Laurent polynomial H vanishes in K, so H ∈ (f).
Its terms are the square roots of the terms of u−cIg. So H has shape (2, 1, 1, 2) and height B/2 < B.
This contradicts the induction hypothesis.

6 The shape (2, 2, 2)

Proposition 6.1. No element of (f) has shape (2, 2, 2).

Proof. Suppose that g = g0 + gjy
j + gBy

B ∈ (f) with 0 < j < B and three binomial rows g• =
xm•(γ• + γ′•x

n•), • ∈ {0, j, B}. By Lemma 4.1, a divides g0 and gB. Let x0 be a root of a, and let q0,
qB and ν be the orders of vanishing of g0, gB and gj at x0. By Lemma 3.4, q0 and qB are powers of
p that do not depend on x0, and q0, qB ≥ 4 if p = 2.

Step 1: valuations. By (5) the three summands of g have the valuations q0, κj + ν, κB + qB at q,
and q0, ν − κj, qB − κB at q′. Put

v1 = q0, v2 = κj + ν, v3 = κB + qB, v′1 = qB, v′2 = κ(B − j) + ν, v′3 = κB + q0.

By (4) the minimum is attained at least twice in (v1, v2, v3) and in (v′1, v
′
2, v

′
3). Suppose v3 is minimal

in the first triple. Then v1 ≥ v3 > qB = v′1, so v′3 > v′1, and therefore v′1 = v′2. Now v3 ≤ v2 reads
κB + κ(B − j) + ν ≤ κj + ν, which is false. By symmetry v′3 is not minimal in the second triple.
Hence v1 = v2 and v′1 = v′2:

q0 = κj + ν, qB = κ(B − j) + ν. (7)

In particular ν does not depend on x0.
Step 2: ν ≥ 1. Suppose ν = 0.
Let p be odd. Then j = q0. By (4) the leading coefficients of g0 and gjy

j at q cancel. By
Lemma 3.4(b), with g0 = γ0x

m0(1− zk0) and k0 = q0k
′
0, this gives

γ0k
′
0 x

m0+q0
0 (1 + x0 + x20)

q0 = x
mj

0

(
γj + γ′jx

nj

0

)
for all four roots x0 of a.

Substituting ξ = xq00 and x0 = ξr as in the proof of Proposition 5.1, we get 1 + ξ + ξ2 = c1ξ
e1 + c2ξ

e2

for all four primitive 8th roots of unity ξ, with c1c2 6= 0 and 0 ≤ e1, e2 ≤ 7. So x4 + 1 divides
1 + x + x2 − c1x

e1 − c2x
e2 . Modulo x4 + 1 the two monomials change at most two of the three

coefficients of 1 + x+ x2. This is a contradiction.
Let p = 2. Then q0 = 4j and qB = 4(B − j), so j = 2e0 and B − j = 2eB are powers of 2. Write

n0 = q0n
′
0 with n′0 odd. Then 1 + xn0 = (1 + x4n

′
0)j = (aΨ0)

j with Ψ0 = ψn′
0
(x4), and likewise

1 + xnB = (aΨB)
B−j . With a = byU and y2U = 1 + U from (6) we get

g = yj
[
C0U

j + gj + CB(1 + U)B−j
]
, C0 = γ0x

m0(Ψ0b)
j , CB = γBx

mB (ΨBb)
B−j .

By Lemma 3.6(b), U j = U +Ee0 and (1+U)B−j = 1+U +EeB . Comparing coordinates in the basis
{1, U} gives C0 = CB and gj = C0(1 + Ee0 + EeB ). Let ω be a root of 1 + x+ x2. The order of Ψ0b
at ω is 1 or 5, because b has a simple zero there and 1 + x4n

′
0 = (1 + xn

′
0)4 has a zero of order 4 or 0,

while a(ω) 6= 0. So the order of C0 at ω is j or 5j, and that of CB is B − j or 5(B − j). As j and
B− j are powers of 2, C0 = CB forces j = B− j. Then Ee0 = EeB and gj = C0 = γ0x

m0(Ψ0b)
j . This

has as many terms as Ψ0b =
∑

i<n′
0
(x4i+1 + x4i+2 + x4i+3), namely 3n′0 ≥ 3. But gj is a binomial.

This is a contradiction.
So ν ≥ 1. By Lemma 3.4(a), ν = qj := pvp(nj), and (7) becomes

q0 = κj + qj , qB = κ(B − j) + qj , q0, qj , qB powers of p with qj < q0 and qj < qB. (8)
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Step 3: reduction to the smallest qj. Let p be odd. Then gj vanishes at the four roots of a, so
a | gj . By Lemma 3.4(b), g• = γ•x

m•(1 − zk•) and q• = pvp(k•) for • ∈ {0, j, B}. Put Q = qj . By
(8), Q divides q0 and qB, hence also j and B, and Q divides k0, kj , kB. So g =

∑
• x

m•GQ
• with

G• = γ
1/Q
• (1 − zk•/Q) yh•/Q, where h• = 0, j, B. By Lemma 3.5, for each residue class of the m•

modulo Q the corresponding partial sum is in (f). A non-zero element of (f) has at least three
non-zero rows (Lemmas 4.1 and 4.2(i)). So the three m• are congruent modulo Q, and g = xcHQ

with H ∈ (f) of shape (2, 2, 2) and with qj(H) = 1. We replace g by H and assume qj = 1. Then
j = q0 − 1 and B − j = qB − 1 by (8), and q0, qB ≥ p.

Let p = 2. Write q0 = 2d0qj and qB = 2dBqj with d0, dB ≥ 1. Then (8) reads 4j = qj(2
d0 − 1) and

4(B − j) = qj(2
dB − 1). So 4 | qj , and now a = (1 + x)4 divides gj . With Q = qj/4, which divides

n0, nj , nB, j and B, the same argument as for odd p lets us assume qj = 4. Then all n• are divisible
by 4, and with z = x4 we have g• = γ•x

m•(1+ zk•), where kj is odd, and j = 2d0 − 1, B− j = 2dB − 1.
In both cases put q = q0/qj and q′ = qB/qj , and write k0 = qk′0, kB = q′k′B with p ∤ k′0k′B; here

z = −x4 if p is odd and z = x4 if p = 2. Then q, q′ ≥ p, p ∤ kj ,

j = q − 1, B − j = q′ − 1, g0 = γ0x
m0(aψ0)

q, gj = γjx
mjaψj , gB = γBx

mB (aψB)
q′ , (9)

where ψ0 = ψk′0
(z), ψj = ψkj (z) and ψB = ψk′B

(z). As a polynomial in x, ψk(z) has degree 4(k − 1)
and constant term 1.

Step 4: a computation in the basis {1, U}. We substitute a = −byU and y2U = 1 − U from (6)
into (9). Since B = (q − 1) + (q′ − 1), we have yq′U q′yB = yqU (y2U)q

′−1 = yqU(1− U)q
′−1, and so

g = −bU yq
[
A0U

q−1 +Aj +AB(1− U)q
′−1

]
with A0 = γ0x

m0ψq
0b

q−1, Aj = γjx
mjψj and AB = γBx

mBψq′

Bb
q′−1 (if p is odd, (−b)q−1 = bq−1). So

the bracket vanishes in K.
Let p be odd. Multiply the bracket by ε and use Lemma 3.6(a). The coordinates in the basis

{1,W} give

A0

(
δ(q−1)/2 − 1

)
= AB

(
δ(q

′−1)/2 − 1
)
, (10)

A0

(
1
4 − δ(q+1)/2

)
+AB

(
1
4 − δ(q

′+1)/2
)
+ εAj = 0. (11)

Recall δ = D/(4b2), and note 2q−1 = 1 in Fp. Put

Πq = bq−1
(
δ(q−1)/2 − 1

)
= D(q−1)/2 − bq−1, Ωq = 4bq+1

(
1
4 − δ(q+1)/2

)
= bq+1 −D(q+1)/2.

Since D = −4x8+ · · ·− 4 has degree 8 and b has degree 3 and b(0) = 0, the polynomial Πq has degree
4(q − 1) and Πq(0) 6= 0, and Ωq has degree 4(q + 1) and Ωq(0) 6= 0. Now (10) says γ0xm0ψq

0Πq =

γBx
mBψq′

BΠq′ . Comparing the orders at x = 0 and the degrees gives m0 = mB and 4(k′0− 1)q+4(q−
1) = 4(k′B − 1)q′ + 4(q′ − 1), that is, k0 = kB. Hence q = q′, k′0 = k′B, γ0 = γB and A0 = AB. Then
(11), multiplied by 4b2, becomes

γ0x
m0ψq

0 Ωq + 2a2γjx
mjψj = 0.

Comparing degrees (after division by the powers of x) gives 4(k′0− 1)q+4(q+1) = 8+4(kj − 1), that
is, kj = k′0q. But p ∤ kj and p | q. This is a contradiction.

Let p = 2, q = 2d and q′ = 2d
′ with d, d′ ≥ 1. Multiply the bracket by ε and use Lemma 3.6(b).

The coordinates in the basis {1, U} give

A0Ed = ABEd′ , A0(ε+ Ed) + εAj + εAB = 0. (12)
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Put Nd = bqEd =
∑

i<d a
2i+1

b q−2i+1 . The summand with i = d−1 is aq; the others have smaller degree
and vanish at x = 0. SoNd is a polynomial of degree 4q withNd(0) = 1. It is divisible by a2, andNd/a

2

has degree 4q − 8 and constant term 1. The first equation in (12) says γ0xm0ψq
0Nd = γBx

mBψq′

BNd′ .
Orders at 0 and degrees give m0 = mB and k′0q = k′Bq

′. Hence q = q′, k′0 = k′B, γ0 = γB and A0 = AB.
The second equation then gives Aj = A0Ed/ε, that is,

γjx
mjψj = γ0x

m0ψq
0 · b ·Nd/a

2.

Since b = x(1 + x + x2), comparing degrees after division by the powers of x gives 4(kj − 1) =
4(k′0 − 1)q + 2 + 4q − 8, that is, 4kj = 4k′0q − 2. This is impossible.

7 Proofs of the theorems
Proof of Theorem 1.2. By Proposition 4.3 a non-zero element of (f) with fewer than seven terms has
exactly six terms and shape (2, 2, 2) or (2, 1, 1, 2). These shapes are excluded by Propositions 5.1
and 6.1.

Proof of Theorem 1.1. The polynomial f is absolutely irreducible modulo every prime p by Lemma 3.1.
By Theorem 1.2 the least number of terms of a non-zero multiple of f in Fp[x

±1, y±1] is 7, attained
by f . By Proposition 2.2, M(α) = 6.

8 Machine checks
The proofs above do not depend on computation. The following computations, all in exact arithmetic,
test them.

An exhaustive search for p = 2. For p = 2 we searched for all relations X1 + · · · + Xr = 0
in K0 = F2(x)[y]/(f) between r pairwise distinct monomials Xi = uni , ni ∈ Z2, with no vanishing
proper subsum. A multiple of f over F2 with r terms is such a relation or splits into shorter ones.
The method is a descent along the binary digits of the exponents. As in Lemma 3.3(a), every h ∈ K0

is uniquely of the form h = Λ0(h)
2 + xΛ1(h)

2. Normalise Xr = 1. After t digits, the vector with
entries u⌊ni/2

t⌋ lies in the K0-subspace Vt = {Z ∈ Kr
0 :

∑
i u

ni mod 2tZ2t
i = 0}, and equations for Vt+1

are obtained from those for Vt and the next digits by applying Λ0 and Λ1. A state consists of Vt
and of the partition of the indices by the digits read so far. A state is dropped if it forces Zr = 0 or
a vanishing proper subsum. Otherwise the finitely many possible final vectors are tested, and every
relation found is verified in K0. States are stored and not expanded twice. We have no a priori bound
for the number of states: that the set of reachable states is finite is established by the terminating
runs, not in advance. A run that terminates is exhaustive.

The runs for r = 3, 4, 5, 6 expanded 1, 11, 23 and 8 004 states and found no relation between
distinct monomials. (For r = 6 the search meets 48 solutions with coinciding monomials, which
are discarded.) This confirms Theorem 1.2 for p = 2 and coefficients in F2, the case needed for
Theorem 1.1, independently of Sections 4 to 6. Three variants of the search, without the symmetry
reduction or without the pruning by subsums, gave the same result for r = 5 and r = 6. The search
engine was validated on seven other curves ay2+ by+ c over F2: in 17 comparisons its list of relations
with 4, 5 or 6 terms in a box agreed with a brute-force enumeration.

The run for r = 7 expanded 38 031 states. A second pass without stored states then listed all
relations: every relation between seven distinct monomials is a monomial times f2e , e ≥ 0. Following
[DM18], call two finite sets S, S′ ⊂ Q2 equivalent if λS = S′ + v for some positive rational number
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λ and some v ∈ Q2. By [DM18, Lemma 5] the equivalence classes of non-mixing sets of cardinality
7 correspond to classes of pre-broad points on X0 + · · · + X6 = 0, and by Lemma 2.1 these points
are the relations between seven distinct monomials. So, for p = 2, the computation shows that every
non-mixing set of cardinality 7 is equivalent to S(f). This statement rests on the computer search.
We did not study the corresponding question for odd p.

Further checks. (i) The formulas of Lemma 3.6 and the statements on Πq, Ωq, Nd and Nd/a
2 were

checked by machine for several p and q, and D is not a constant times a square modulo any odd
prime below 5000. For p = 3, 5, 7 there are multiples of f with four rows whose two middle rows are
monomials. On six of them the two predictions of the first part of the proof of Proposition 5.1 were
confirmed.

(ii) A program enumerated all Fp-linear relations with at most six terms between the monomials
xiyj , 0 ≤ i ≤ A, 0 ≤ j ≤ B, modulo f . It found none for (p;A,B) = (2; 48, 24), (3; 32, 16), (5; 26, 13),
(7; 20, 10), (11; 16, 8), (13; 14, 7), in smaller boxes for p = 17, 19, 23, 41, 43, and in flat or tall boxes up
to (2; 200, 6) and (2; 12, 100). A second program, written separately and based on a different method,
found none for (2; 128, 64), (3; 80, 40), (5; 64, 31), (7; 52, 25), (11; 30, 14), (13; 26, 12) and in flat or tall
boxes up to (2; 400, 8) and (2; 16, 200). A third program, also written separately, maps the monomials
to (Fp[y]/(m))[x]/(f) for a random polynomial m and tests every hit by exact division. It found none
for (2; 88, 84), (3; 60, 56), (5; 42, 40) and (7; 34, 32). In 20 small boxes, for f and four other polynomials,
its list of the multiples with at most six terms (seven for f) agreed with a complete enumeration of
all multiples in the box. With seven terms it found only monomial multiples of the powers fpe in the
boxes (2; 48, 24), (3; 16, 12), (5; 20, 10) and (7; 12, 8).

(iii) By (3), the lowest and the highest row of a multiple with three or four non-zero rows are
determined by the rows in between, through the polynomials anSn(t) ∈ Fp[x]. With arithmetic in
Fp[x] only, a program found no multiple of shape (2, 2, 2) with B ≤ 60 and exponents up to 6000,
and none of shape (2, 1, 1, 2) with B ≤ 30 and |m2 − m1| ≤ 200, for the 15 primes p ≤ 47. A
second program tested shape (2, 2, 2) for all B ≤ 200 (p ≤ 13) and B ≤ 120 (17 ≤ p ≤ 47) with no
bound on the exponents, and found nothing. As a positive control, b was replaced by x + x3. Then
(1 + x4)(1 + y2) + (x + x3)y has shape (2, 2, 2), and the programs report it and its Frobenius twists.
For p = 2 this control polynomial is reducible, being divisible by (1+x)2; there the control only tests
that multiples with the prescribed row shapes are detected.

Verification. Theorems 1.1 and 1.2 are proved in Sections 2 to 7; the proof of Theorem 1.1 depends
on the published results (S), (M) and (DM). The computations of Section 8 are checks, except that
the statement on non-mixing sets of cardinality 7 for p = 2 rests on them. The programs and their
outputs are in the source files.

1. The author’s programs (the first ones in each item of Section 8) were all run again for this
version, with the same results. The longest runs, the search for r = 7 and one variant of the
search for r = 6 (696 151 states), take 40 to 45 minutes each.

2. A first independent verification run, which was AI-assisted, re-derived every step of the proofs in
the form in which they were first written down, and repeated the runs of the author’s programs,
except the longest variant of the search for r = 6, with identical results. It also produced the
second programs of Section 8, written without using the author’s code, and Remark 2.3.

3. A second independent verification run, also AI-assisted, checked the text of this paper line by
line, including three arguments that were rewritten after the first run (the proofs of Lemmas 3.1
and 3.3 and Step 1 in the proof of Proposition 6.1), and compared (S), (M), (DM) and [DM18,
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Lemma 4] with the sources. It wrote the third program of Section 8 (ii) and a program that
checks the displayed identities exactly (424 checks). It also ran the author’s programs and the
searches of the second programs again from the source archive, with the same results.

Scope and priority. Theorem 1.1 answers Problem A of [War06] as stated there and in the dataset
record [ula26]: the exact order of mixing is 6, and the condition on p holds for all primes. We do not
determine the non-mixing sets of cardinality 7 for odd p. We read [Mas04] and [DM18] in the published
versions (the latter in the form first published online, from the first author’s web page), and [War06],
[EW03] and [LS19] in the freely available versions. Of [DM12] we read only the introduction, in the
arXiv version, and we did not see [DM15]. The statements (S), (M), (DM) and the numbering of the
lemmas are taken from the published versions. We did not consult Schmidt’s book [Sch95], [KS93]
or [Led78]; what we say about them is taken from [Mas04, DM18, LS19, War06]. The textbooks
[Sti09, Ful89] are cited for standard facts and were not consulted again for this note. The reduction
in Proposition 2.2 is an application of [Mas04, DM18]. The procedure of Derksen and Masser is
effective, and they point out the relation to shortest polynomials; we claim only what seems to be
the first explicit determination of M for Ward’s example, uniform in p. We searched arXiv, Crossref,
OpenAlex and zbMATH, the lists of works citing [EW03, KS93, Mas04, DM12, DM15, DM18], and
the web, and found no determination of M for this example. This negative search is not a proof of
priority.

AI-assisted tools were used to search the problem corpus and the literature, to find the arguments,
to write and run the verification programs, and to help prepare this manuscript. The author has
reviewed the proofs, the computations and the sources and is responsible for all claims. The note has
not been peer reviewed.
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