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Abstract

A real linear system @ = Ax+ Bu, y = Cx with n states, p inputs and m outputs is stabilizable
by static output feedback if, for some real matrix K, all eigenvalues of A + BKC' have negative
real part. Generic systems are stabilizable when n < mp, and when n = mp and the degree d(m, p)
of the Grassmannian is odd. Eremenko asks for which (m, p) the generic system with n = mp is
stabilizable; the only pair known to fail was (2,2) (Molander; Byrnes and Anderson). We settle
some new cases, all negatively; the classification remains open. For (m,p) = (2,4), (2,5) and (3,3)
we give explicit integer polynomial matrices with certificates, checkable in exact arithmetic, which
show by the criterion of Byrnes and Anderson that the systems that are not stabilizable contain
a non-empty open set; the same follows for (4,2) and (5,2). We prove the same for (2,p), (p,2),
(4,p) and (p,4) with every even p, which answers a question of Eremenko and Gabrielov when
min(m, p) € {2,4}; here the examples are complex polynomial curves regarded as real ones, and
the proof is a count of dimensions. As a by-product, real pole placement is not generically possible
for (2,5), (5,2) and (3, 3), which are cases of a conjecture of Rosenthal and Sottile. We also note
that the 2 x 4 matrix printed in the problem file dated October 3, 2026 differs in a sign from the
example of Byrnes and Anderson and is not a counterexample. This is an unrefereed note.

1 Introduction
A real linear system with p inputs, m outputs and n states is
& = Ax + Bu, y=Clu, Y=(A,B,0) € Gmpn = RN 5 RXP 5 RMXT

A static output feedback u = Ky, with a real p x m matrix K, gives the closed loop system & =
(A+BKC)x. The system X is stabilizable (by real static output feedback) if for some K all eigenvalues
of A+ BKC have negative real part. The set of stabilizable systems is open, semialgebraic and not
empty (take A stable and K = 0). As usual, the generic system is stabilizable means that this set
is dense in &, pn; as its complement is closed and semialgebraic, this is the same as saying that
the complement lies in a proper algebraic subset. The negation is: there is a non-empty open set of
systems that are not stabilizable. All negative statements below have this form; they do not say that
most systems fail to be stabilizable. As in [Ere26], p is the number of inputs and m the number of
outputs; in [BA84, EG02¢, RS98| the letters are interchanged, which is harmless, since (A4, B,C) is
stabilizable if and only if (A7, CT, BT) is.

For n < mp the generic system is stabilizable, by a theorem of X. Wang on pole placement [Wan92];
see [EG02c, Ere26]. Byrnes and Anderson proved that mp > n is necessary [BA84, Theorem 2|. In the
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critical case n = mp, for a generic system every monic polynomial of degree n equals det(z/—A—BKC)
for exactly d(m,p) = 112!--- (p—1)! (mp)! / (m! (m+1)!--- (m+p—1)!) complex matrices K, counted
with multiplicity; this is the degree of the Grassmannian [BB81]. Hence for odd d(m,p) the generic
real system can be assigned every real closed loop polynomial, and is stabilizable. By a result of
Berstein [Ber76], quoted in [RS98], d(m,p) is odd exactly when min(m,p) = 1, or min(m, p) = 2 and
max(m,p) = 2¥ — 1. The only pair for which the generic system was known not to be stabilizable
is (2,2): this is [BA84, Theorem 3|, where it is attributed to unpublished work of P. Molander.
Eremenko’s list of unsolved problems contains the question [Ere26]: “For which m and p the generic
system with n = mp is stabilizable?” It is record AMR-036-0044 of the UnsolvedMath dataset [ula26].

A stronger property is real pole placement: every monic real polynomial of degree n is det(z/ — A —
BKC) for some real K. For n = mp it fails on a non-empty open set of systems when (m,p) = (2, 2)
[WHT78|, when (m,p) = (4,2) [RS98], when min(m,p) = 2 and max(m,p) is even [EG02a], and
whenever m and p are both even [EG02c]; Rosenthal and Sottile conjectured that it fails in this sense
whenever d(m, p) is even [RS98]. These results do not decide stabilizability. For example, the open
set in [EG02¢| is a neighbourhood of the Wronski system, whose closed loop polynomials are, in the
notation of [EG02c|, Wronskians of p polynomials. That system is stabilizable, because a real gain
gives the span of (z +1)™,...,(z + 1)™™P~! whose Wronskian is c(z + 1) with ¢ # 0; so are
all systems close to it. Accordingly, Eremenko and Gabrielov ask at the end of the introduction of
[EG02c| whether generic systems with n = mp and even m, p are stabilizable.

Results. For a real m x (m + p) matrix V(z) of polynomials and a real p x (m + p) matrix L, let
[Vj(.j)] be the square matrix with the rows of V' (z) on top of those of L.

Theorem 1.1. Let (m,p) be (2,4), (2,5) or (3,3), and let V(z) be the integer polynomial matriz
of size m x (m + p) displayed in Section 3. Then no real p X (m + p) matriz L of rank p satisfies
det[v(z)] = ¢z™P with a real constant ¢, the value ¢ = 0 included. Consequently, for (m,p) €
{(2,4),(4,2),(2,5),(5,2),(3,3)} and n = mp there is a non-empty open subset of Sy, ,, consisting
of systems that are not stabilizable by real static output feedback.

Theorem 1.2. Let p > 2 be even and n = 2p. Then there are non-empty open subsets of &S24, and
of &pan consisting of systems that are not stabilizable by real static output feedback.

Theorem 1.3. Let p > 2 be even and n = 4p. Then there are non-empty open subsets of &4y, and
of Gpan consisting of systems that are not stabilizable by real static output feedback.

The case p = 2 of Theorem 1.2 is the known case (2,2). Theorems 1.2 and 1.3 answer the question
of [EG02c| negatively when min(m,p) € {2,4}. The pair (2,4) with n = 8 was left open in [BA84,
Example 3]. The pairs (2,5) and (3,3) show that generic stabilizability can fail when m + p is odd,
and when m and p are odd. We do not obtain the classification asked for in [Ere26]; see Table 1.

(m,p), up to order d(m,p) generically stabilizable? source

min(m,p) = 1, or (2,2F — 1) odd yes [BB81, Ber76]

(2,2) 2 no Molander, [BA84]
(2,4), (2,5), (3,3) 14, 42,42 no Theorem 1.1

(2,p) and (4,p), p even even no Theorems 1.2 and 1.3
all others, e.g. (2,9), (3,4), (5,5) even open

Table 1: Generic stabilizability by real static output feedback for n = mp.

A system that is not stabilizable admits no real K with a stable closed loop polynomial. Hence:



Corollary 1.4. For (m,p) € {(2,5),(5,2),(3,3)} and n = mp there is a non-empty open set of
systems for which the real pole placement map K +— det(zl — A — BKC) is not surjective.

These are cases of the conjecture of Rosenthal and Sottile mentioned above (Conjecture 2.5 in
the arXiv version of [RS98]): for n = mp and even d(m, p) the pole placement map is not generically
surjective over R. We did not find them in the literature (see the end of this note).

Method. Byrnes and Anderson reduced generic stabilizability for n = mp to the assignment of
the single polynomial 2P [BA84, Theorem 1]; in the formulation of [Ere26], the generic system is
stabilizable if and only if det [ Vf)} = ¢z™P has a real solution L for every non-degenerate polynomial
matrix V(z) of the appropriate type. We prove the direction we need, in a form that also allows
degenerate V' (Proposition 2.3). It reduces the theorems to finding one V' without real solutions;
according to [Ere26], no regular procedure for finding such matrices was known. In Theorem 1.1 the
absence of real solutions is certified by a combination of quadratic Pliicker relations that is positive
definite on a linear space. For Theorems 1.2 and 1.3 we regard an a x (a + b) matrix of complex
polynomials of degree 2b as a real matrix of size 2a x (2a + 2b). Its real solutions L come in circles
eI, unless L is a complex subspace, so the mp equations for L are in effect imposed on a family of
dimension mp — 1, and a count of dimensions for a = 1,2 shows that the generic complex curve has
no real solution.

2 The criterion

Fix m,p > 1 and put N = m + p, n = mp. Let P(m,p) be the real vector space of m x N matrices
V(z) = Vo + Viz + -+ + V2P with real matrices V;. For an m-element set I C {1,...,N} let
Vi(z) be the minor of V(z) on the columns I; it is a polynomial of degree at most n. We write
Vi(z) = 35— Mp(V); 2¥, so that My (V) is a vector in A = R(Z), the space with coordinates y;.
A vector y € A is decomposable if y; = Y7 for all I, where Y is a real m x N matrix and Y7 are
its maximal minors. The decomposable vectors form a closed cone D C A, the cone over the real
Grassmannian in its Pliicker embedding.

Lemma 2.1. Let L be a real p x N matriz of rank p, and let Y be a real m X N matrix whose rows
form a basis of {y € RN : Ly” = 0}. Then det[véz)] =Ky [ Vi(2) Y] for every V € P(m,p), with a
constant k = k(L,Y) # 0. Every non-zero vector of D is (Yr)r for such a pair (L,Y).

Proof. The matrix [YT | LT is invertible, and [V ][YT | LT] is block triangular with diagonal blocks
VYT and LLT. So the claim holds with x = det(LLT)/det[ YT | LT], because det(VYT) = >, V;Y;
by the Cauchy-Binet formula. The last statement is clear. O

Definition 2.2. For Ve P(m,p) let U(V) ={y € A : (Mp(V),y) =0for 0 < k <n—1}. We say
that V has property (NS) if U(V)ND = {0}.

By Lemma 2.1, V has (NS) if and only if there is no real L of rank p with det [ Véz)] =cz2", ceR
The case ¢ = 0, in which the determinant vanishes identically, is included.

Proposition 2.3 (Byrnes—Anderson criterion, one direction). Let n = mp. If some Vy € P(m,p)
has property (NS), then Sy, ppn and Sppmyn contain non-empty open sets of systems that are not
stabilizable by real static output feedback.

Proof. Let M be the space of real matrices with rows My,..., M, € A. For M € M and y € A put
Pury(2) = Y p_o{Mp,y)z". If M(V) denotes the matrix with rows M (V), then Py, = >, Viyr.
We call M Hurwitz-free if there is no y € D such that Py, has degree n and all its roots in {Re z < 0}.



For € > 0 we call M e-good if there is no y € D\ {0} such that Py, is identically zero, or has degree
n and all its roots in {|z| < e}.

Step 1. For some e > 0, a neighbourhood U of M (Vy) in M consists of e-good matrices. Otherwise
there are M® — M(Vh), e; — 0 and unit vectors y; € D such that P; = Py, 1s zero or has degree
n and all roots in {|z| < g;}. We may assume y; — y; then y € D and |y| = 1. Let cg) be the
coefficients of P;. In the second case ]c,(;)| <% si"7k|c£f)| for k < n, and W = (M,@,yﬁ is bounded.

In both cases c](;) — 0 for k < n, so (My(Vp),y) = 0 for k < n. This contradicts (NS).

Step 2. The map T:: p(z) — (s — 1)"g0(5%) is a linear bijection of the space of polynomials of
degree at most n. If ¢ = c[[}_;(z —r;) with ¢ # 0, then T = ch((s —rj)s+(e+r)). o #0
has degree less than n, then T vanishes at s = 1. Since s — £ maps {Res < 0} onto {|z| < ¢},
we conclude: if T has degree n and all its roots in {Re s < 0}, then ¢ has degree n and all its roots
in {|]z| < e}. Let M +— M?® be the linear automorphism of M with Py, = T. P, for all y. Thus
M¢ is Hurwitz-free whenever M is -good.

Step 3. For g € GLy(R) let ¢ be the matrix of its m x m minors, §j; = det(gji)jes icr- By the
Cauchy-Binet formula (Vg);r = > ;Vy g1, that is, M(Vg) = M(V)g, and g (Y7)r = ((YgT)J)J. So
g maps D onto itself, Py = P gy, and M +— Mg is a linear automorphism of M that preserves
the Hurwitz-free matrices.

Step 4. For a real p x m matrix K let y(K) € D be the vector of maximal minors of [I,, | —KT].
Its coordinates are, up to sign, the minors of K of all sizes, the empty minor 1 included, and these
are linearly independent functions of K. Let ¥ = (A, B,C) € &, . We have det(2] —A—BKC) =
det[” o g |, and the last p rows of this matrix are [K | I,] [(d Pp |. Expanding along these rows, we
see that det(z/ — A — BKC) is a linear combination of the p x p minors of [ K | I, ], which are again
the minors of K, with coefficients that are polynomials in z and in the entries of 3. Hence there is
a unique My € M, depending continuously on X, with det(zI — A — BKC) = Py, y(k)(2) for all
K. If X is stabilizable, then My is not Hurwitz-free. So for every open set W C M of Hurwitz-free
matrices, {3 : Mx, € W} is an open set of systems that are not stabilizable, and it remains to find W
and one system ¥ with My, € W.

Step 5. An e-good matrix is e’-good for & < ¢, and by (NS) not all minors of V4 vanish identically.
We may therefore assume that Vy(e) has rank m. Put W(s) = (s — 1)PVp(e£}). Then W € P(m,p),
the coefficient of s” in W is Vy(e), and Wy = T.((Vp)s) for all I, so that M (W) = M (Vp)¢. Choose
g € GLy(R) with Vo(e)g = [In | 0]. Then Wg = [D | N| with D(s) = sPI,, +>_;_, D;js’ and
N(s) =", Njs’. Let ¥ = (Ao, Bo, Co) € Spmpn be

—Lp-1 Im prl
A = : s By = : , C():(Im o -- O)
—Dy I, Ny
Dy 0 - 0 No

For every K the matrix Ay + ByK Cjy is the block companion matrix of the monic matrix polynomial
D(s) — N(s)K. Hence, by the Cauchy-Binet formula,

det(sI — Ay — ByKCy) = det(D(s) — N(s)K) = det([D | N[ fn;{]) =3 " (Wg)i(s) y(E)r.
I
So My, = M(Wg) = M(Vy)*g. By Steps 1-3 this matrix lies in the open set W = {M¢§: M € U} of

Hurwitz-free matrices, and Step 4 gives the open set in &, . Its image under the homeomorphism
(A,B,C) — (AT,CT, BT) is an open set of non-stabilizable systems in Spmon- O



Remark 2.4. In [Ere26], Q(m, m+p) is the set of the V whose minors V; are coprime and have maximal
degree n; a matrix V is degenerate if det[‘L/] = 0 for some L in the Grassmannian G(p, m + p); and
the criterion requires a real solution of det[‘ff] = cz" for every non-degenerate V € Q(m,m + p).
The file does not say whether L is real or complex in the definition of degeneracy; in Remark 3.2
we use complex L, which gives the stronger notion of non-degeneracy. In [BA84, Theorem 1] the
criterion is stated for non-degenerate systems, and proved by the same two ideas as above, a Mdbius
transformation and compactness. Proposition 2.3 needs neither Vjy € Q(m, m+ p) nor non-degeneracy,
because (NS) excludes the real solutions with ¢ = 0; this matters in Section 4. By Step 1, (NS) is an
open condition on V' € P(m,p).

3 Certified examples

Let I = {i1 < - <im-1}and J = {jo < -+ < jm} be subsets of {1,..., N}. The Pliicker relation
Ry j is the quadratic form Ry j(y) = > /2o(=1)"y1j, Y15}, where yr; = 0if j € I, and otherwise
Yr; = *yrug,y with the sign of the permutation that sorts (i1,...,im-1,7j). The forms R; ; vanish
on D, and their common complex zeros are exactly the complex decomposable vectors [KL72]. For
m = 2 they are, up to sign, the Pfaffians Pf pcq(¥) = Yab¥ed — YacYbd + YadYse, @ < b < ¢ < d.

Lemma 3.1. Let V € P(m,p). If some real linear combination Q of the forms Ry j is positive
definite on U(V'), then V' has property (NS).

Proof. If y € U(V)N D, then Q(y) = 0, hence y = 0. O
The three matrices of Theorem 1.1 are V(2) =}, V;29 with the following coefficients.
The case (m,p) = (2,4). Here n =8, dim A = 15 and

45 1 15 -2 3 -5-60 1 -1 -2 3 0 -20 -1
VO_(2 -2 =531 0>’ Vl_(—5 0 1 0 -5 —4)’ VQ‘<0 -3 -1 —11—6)’
5 1 2 -5 -1 -4 3-2-16 -1 -2
V3_(1 -13 4 -1 —6)’ V4_<0 -5 2 -2 2 —2)'
The certificate is

Q = —Pf1234 + Pf1236 — Pfi2as — 2Pf1246 + Pf125s6 — 2Pf1456
+ Pfa346 + Pfagse — Pfosse — Pf3ase.

The case (m,p) = (2,5). Here n = 10, dim A = 21 and

(3330 2 11 v (-115-10-20 o1 1240 2 2
°=\o 01-5-1-2-2)° ""“\{6 311 1-4-1)" " \=3-210-2-2-1)"

Voo (102 0 -2-35 i (0104 1-32 (322 -1 2 -3-2
3= \25-1-1-3-10) """ \—210-32-10)" """ \42-4-1-10 -1/

The certificate is Q = > papcaPlabed, where the 35 coefficients, for the sets {a < b < ¢ < d} C
{1,...,7} in lexicographic order 1234, 1235, ...,4567, are

27 07 17 _]-a _2737 _1a0,0, 17 _17 37 17 _]-a 07 _]-a ]-a 07 _170a
0,2,0,—-1,1,1,0,—1,0,-2, —1,-2,—1,2,1.



The case (m,p) = (3,3). Here n =9, dim A = 20 and

8§ =7 =2 4 -—-11 1 -5 6 9 2 —4 -10 6 6 6 1 2 -—-11
Vo=(-2-4-10-1 17 -2, Vi=|-7—-4-18 -8 -4 10 ), Veo=|-16 -13 1 5 -3 —6 |,
-79 -7 -4 3 -5 4 7 0 -1 1 2 1 3 =311 3 7

-60 2 -13 12 -6
Va=|5 73 2 9 7.
0 9-3 -4 4 =8

The certificate is Q@ = 10775 ArsR1.y with 45 integer multipliers A7z, [Ar 7] < 107. The sum is over
the 45 forms that remain when the pairs (I, J) with |I| = 2, |J| = 4 are taken in lexicographic order
and the forms Ry ; that vanish identically, or are equal up to sign to an earlier one, are omitted; 30
of them have three terms and 15 have four. The multipliers are too long to print here. They are
in the file cert_33_nice.json of the source files, in this order, and with the labels I|J in the file
certificates_readable.txt.

Proof of Theorem 1.1. For each of the three matrices it was verified in exact rational arithmetic (see
the Verification paragraph) that U(V') has dimension (an ) —n, that is, 7, 11 and 11, and that the
restriction of @ to U(V) is positive definite. By Lemma 3.1, V' has property (NS), and the second
assertion follows from Proposition 2.3. O

Remark 3.2. The same computations show that the minors of each V are coprime with maximal
degree n, and that the forms R; ; have no common non-zero complex zero on the kernel of M (V).
So V. € Q(m,m + p) is non-degenerate, and the three matrices are counterexamples also in the
formulation of [Ere26]. As V), has rank m, Step 5 applied to V itself gives rational systems with 8, 10
and 9 states for which no real K makes A+ BKC nilpotent. The matrices were found numerically: of
1489 random matrices with Gaussian coefficients for (2,4), six had no real solution; for (3,3) and (2, 5)
all of 203 and 245 random matrices had real solutions, and the examples came from a random walk
that never increases the number of real solutions, followed by numerical optimization and rounding.

Remark 3.3 (The case (2,2)). For m = p = 2 the space U(V) is two-dimensional for generic V' and
D is the cone {Pfi234 = 0}, so (NS) holds if and only if Pfy234 is definite on U(V). The example of
[BA84, Example 4] is the system

0 0 0 1
10 0 1 0 (L B oy (s 1 s 0
F= L o o -1l G—<0>, H—(Iz 0), and we put V(s)—<8_1 2 1 s)
0 -1 0 O

A direct computation with these matrices gives det(s] — F' — GKH) = det[}/(/(g]. For V' the
equation 21 Vl’yl = ¢s?* reads Y12 = C, Y23 = Y14 = —C, Y34 = 0, y13 + Y24 = ¢, and on these vectors
Pfiogs = ¢® — y13y24. S0 913 is a root of t2 — ¢t + ¢2, and there is no real solution y # 0. (The
expansion printed as (4.7) in [BA84] differs from the one obtained from these matrices in some signs;
the conclusion is the same.) The matrix printed in [Ere26], in the version dated October 3, 2026, has
z 4 1 in place of z — 1. For that matrix the equations are y190 = 23 = Y14 = ¢, Y34 = 0, Yyo4 — Y13 = ¢
and y13y24 = 2, with two real solutions for ¢ # 0: the determinant of the 4 x 4 matrix with rows
(22,1,2,0), (z+1,22,1,2), (1,-t,1,0), (t +1,-1,0,1) is z* for t = (v/5 — 1)/2. So the matrix as
printed is not a counterexample. The sign is presumably a misprint; the file is kept on the web and
may be corrected.



4 Complex curves as real systems; the case m = 2

Let a,b > 1 and d = 2b. Let V,, be the real vector space of a x (a + b) matrices V¢ (2) whose entries
are complex polynomials of degree at most d. We identify C*t? with R2(+0) For V¢ e Vb With rows
V1,...,0q let VR(z) be the real 2a x 2(a + b) polynomial matrix with rows vq,ivy,...,v,90,. Thus
Vk € P(m,p) with m = 2a, p = 2b and n = 4ab = 2ad. For a polynomial f with complex coefficients
let f*(2) = f(2), Ref = (f + f*)/2 and Im f = (f — f*)/2i; the same notation is used for matrices
of polynomials, with S for the matrix of the f*.

Every real linear functional on C%?, a space of row vectors, is w — Re(w¢) for a unique column
¢ € C**P. Hence the real subspaces of C**? of real dimension 2b are the spaces Lz = {w : Re(wZ) = 0},

where = is a complex (a 4 b) X 2a matrix whose columns are linearly independent over R.

Lemma 4.1. Let V¢ € V,p and let = be as above. Put S = V¢ E, an a x 2a matriz of polynomials,
and Ag = det[ﬁﬁg]. If the rows of the real matriz L form a basis of Lz, then det[‘ﬁ] = Kk Ag with a
constant  # 0. Consequently Vg has property (NS) if and only if there is no such Z with Ag € Rz,
Moreover Ag = (—2i)~¢ det[g] , and Agiegy, = det(h) Ag for 8 € R and h € GLa,(R).

Proof. The functionals w — Re(wé.), where . are the columns of Z, form a basis of the annihilator
of Lz. Let Y be the matrix of their coordinate vectors. By Lemma 2.1, det| ‘E@] = rdet(VRYT). The

entries of VY7 in the rows belonging to vj and iv; are Re(v;€.) = Re Sj. and Re(iv;&.) = —Im Sj.
So det(VRYT) = £Ag. The other statements follow from S = ReS +iIm S, S = ReS —iIm S and
Re(Sh) = (Re S)h, and from the fact that [gﬂfg _Cgisn(f] ® I, has determinant 1. O

All sets below are semialgebraic, and dim is the dimension of semialgebraic sets [BCR98, Sec-
tion 2.8]; a complex vector space of dimension k has dimension 2k. We use two inequalities.

Lemma 4.2. Let f: X — Y be a continuous semialgebraic map of semialgebraic sets.
(a) dim X < dim f(X) + max,e ;(x) dim 71 (y).
(b) If dim f~(y) > k for all y € f(X), then dim f(X) < dim X — k.

Proof. By Hardt’s theorem on semialgebraic triviality [BCR98, Section 9.3], f(X) is a finite union
of semialgebraic sets 7} such that f~!(T}) is semialgebraically homeomorphic to T} x Fj, where Fj is
the fibre of f over a point of 7;. The dimension is invariant under semialgebraic homeomorphisms,
the dimension of a product is the sum of the dimensions, and the dimension of a finite union is
the maximum of the dimensions [BCR9S8, Section 2.8]. Hence dim X = max;(dim7; 4+ dim F}) and
dim f(X) = max; dim 7;. O

When we apply (b), each fibre contains the image of a k-dimensional semialgebraic set under a
semialgebraic map with finite fibres; such an image has dimension &k by (a).

Lemma 4.3. For v > 0 let Z, be the set of pairs (s1,82) of complex polynomials of degree at most
v with Tm(s}s2) € Rz, and let Z0 C Z, be given by Im(s}sy) = 0. Then dim Z, < 2v + 4 and
dim Z9 < 2v + 3, in a space of dimension 4v + 4.

Proof. Put f = s; +isy and g = s1 —ise. Then 4Im(sis2) = gg* — ff*. So (s1,s2) € Z, if and only if
ff* = gg* — 4cz? for some c € R, and c is determined by (f, g). For given (g,c) let R = gg* — 4cz?".
If R=0,then f =0. If R # 0 and ff* = R, then the roots of f form one half of the roots of R,
and the modulus of the leading coefficient of f is determined; so f is determined up to finitely many
choices and a constant factor of modulus 1. Thus the fibres of (f,g) — (g,¢) on Z, have dimension
at most 1, and Lemma 4.2(a) gives dimZ, < (2v +2) + 1+ 1. On Z2 we have ¢ = 0, which gives
2v 4+ 3. O



Proof of Theorem 1.2. Let a = 1, b > 1, d = 2b, and write v for the single row of V¢. Then
V = V1 has dimension D = 2(b+ 1)(d + 1). For = = (&1,&2) we have S = (s1,s2) with s, = v&,
and Ag = Im(sjs2). By Lemma 4.1 the set B C V of all v for which Vg fails to have (NS) is the
projection to V of the set Z of all triples (v, &1,&2) such that &1, & are linearly independent over R
and (v€1,v€2) € Zg. We show that dim B < D — 1. There are two types of pairs.

Type (i): &1,& are linearly independent over C. For such a pair the map v — (v&1,v2) is linear
and onto the space of pairs of polynomials of degree at most d. By Lemma 4.3 the set of v with
(v,€1,&) € T has dimension at most D — 2d. The pairs form a set of dimension 4(b + 1), so by
Lemma 4.2(a) the part Z; of Z of type (i) has dimension at most D — 2d + 4b + 4. If (v,E) € T;,
then by Lemma 4.1 also (v,e?Zh) € Z; for § € R and h € GL2(R), and eZh = = only if e?h = I,
that is, h = +1. So every non-empty fibre of the projection Z; — V has dimension at least 5, and by
Lemma 4.2(b) the image has dimension at most D —2d +4b+4 —-5=D — 1.

Type (ii): & = p&r with u € C\ R. Then Im(sisz) = Im(u) s157, and this lies in Rz2¢ only if
s; € Cz%. For fixed & # 0 the map v — v is onto the polynomials of degree at most d, so the
condition defines a subspace of dimension D — 2d. It depends only on the line C£;. The lines form a
set of dimension 2b, so this part of B has dimension at most D — 2d + 2b = D — 2b.

Hence B # V. For v ¢ B the matrix Vg € P(2,2b) has property (NS), and Proposition 2.3 with
(m,p) = (2,2b) proves the theorem. O

The set B is not empty: if the first entry of v is 2%, then &; = ey, & = iey is a solution of type (ii).
For a = 1 there is a convenient reformulation, used in the examples.

Proposition 4.4. Let v be a row of b+ 1 complex polynomials of degree at most 2b, and let K, be
the real vector space of Hermitian matrices H of size b+ 1 with vHv* € Rz*, where v* is the column
of the vi. Then Vg has property (NS) if and only if K, contains no non-zero matriz of rank at most
2. Moreover dim K, > (b—1)2.

Proof. For E = (§1,&2) let Hz = (&&7 — £1&5) /21, where £* is the conjugate transpose. Then Hg is
Hermitian and vH=v* = Im(sys2). If £, & are independent over C, then Hzs has rank 2; if & = péy,
then Hz = Im(p) &£ has rank 1. So if (NS) fails, K, contains a non-zero matrix of rank at most
2. Conversely, let H € K, have rank 1 or 2. If H = £££*, then H = Hs for = = (§,+i). If
H = ao* — 33* with «a, 3 independent, then H = Hz for = = (a+ 8, i(a— ). If H = +(aa* + B38*),
then (va)(va)* + (vB)(vB)* = cz**; both summands are non-negative on the real line, so both vanish
at 0 to order at least 4b, and va € C2%; then aa* € K, and we are in the first case. Finally, the
Hermitian matrices form a space of dimension (b+ 1)2, and K, is defined by 4b linear equations. [
Example 4.5. (a) b = 1. For v = (1 +i22, 2) we get Vg = (_IZQ Zf : 2) and > ;(Vk)ryr = y12(1 +
21+ (Y14 — y23)7 + Y342 + (Y13 + y2a) 2>, If this is cz?, then y1o = yz4 = 0, Y14 = Y23, Y13 = —You,
and Pf1a34(y) = y35 + y3,. So Vi has property (NS); this is a transparent example for (2, 2).
(b) b=2. Let v = (iz, 1+iz, 1+ 2% +iz3), that is,

4 ¢ —
0 =z 1 z* 1422 23 . .
VR = <—Z 0 —Z4 1 _23 1 + 22 s and let HO = —Z.Z ? :;

A direct expansion gives vHyv* = 228, and the 8 linear equations for K, have rank 8, so K, = RHj.
Since det Hy = —20, the matrix Hy has rank 3, and Vg has property (NS). This is an explicit example
for (2,4) different from that of Section 3.

(¢) b =3 and b = 4. For one integer row v in each case, given in the source files, dim K, is 4
and 9, and K, contains no non-zero matrix of rank at most 2: by exact computation, for a basis



Hy,...,H, of K, the real and imaginary parts of the 3 x 3 minors of ), t;H; generate all forms of
degree 5, respectively 7, in t1,...,%,.

(d) The open set of Proposition 2.3 around such a system can be small. For one of three random
curves with b = 2 and Gaussian integer coefficients in [—3, 3], two real solutions were found numerically
after adding Gaussian noise of standard deviation 0.05 or 0.01 to Vg. The curve itself has property
(NS): by exact computation K, = RH with det H # 0. But one eigenvalue of H is only about 5-10~*
times the largest one in modulus, which suggests that the curve is close to the set B. As (NS) is open,
small enough perturbations have no real solution; our computations do not show how small.

5 The case m =4

Lemma 5.1. Let F' be R or C, let e = dimgr F', and let r,d > 1. Let N, 4 be the set of r X r matrices
II of polynomials over F of degree at most d with detIl € Fz"@. Then dim Nyg<e (r2(d + 1) — rd),
and the subset where det Il = 0 has dimension at most e (r?(d +1) — rd — 1).

Proof. We write the proof for F' = R; for F' = C all dimensions double.

The nilpotent cone. Let N} be the set of nilpotent real k x k matrices. Every such matrix is
conjugate to a strictly upper triangular one. So N is the image of (v, u) + yuy ™!, where v € GLj(R)
and v is strictly upper triangular. Each fibre contains with (v, u) all (y3~1, BuB~!) with 3 invertible
upper triangular, so it has dimension at least k(k + 1)/2. By Lemma 4.2(b), dim N}, < k? + k(k —
/2 —k(k+1)/2=Fk —k.

Matrices with detII = c2™, ¢ # 0. The coefficient II; of 2% in II is invertible, and IT = TI, (2%1 +
> i<d Aj27), where the block companion matrix Cy of the second factor has characteristic polynomial
2" that is, C4 € N,q. Let X be the set of such A = (Ao, ..., Ag_1). Consider ®: GL,.q(R)x X — N4,
(7, A) = yCay L IfyCay P =vand v =[Gy | - -+ | G4] with blocks of r columns, where C'4 has the
blocks I, below the diagonal, then G411 = vGy, for k < d, and A is determined by 7. So each fibre of ®
embeds into the space of rd x r matrices G, and Lemma 4.2(a) gives (rd)?+dim X < (rd)? —rd+r%d.
Hence this part of N, 4 has dimension at most 72 + dim X < r?(d + 1) — rd.

Matrices with detIl = 0. A p x r polynomial matrix P whose rows have degrees n; < --- <, is
row-reduced if the matrix P, of the coefficients of z in the rows of P has rank p. Then deg(cP) =
max;(deg c; + n;) for polynomial rows ¢, since the coefficient of this power of z in ¢P is a non-zero
combination of the rows of B, (the predictable degree property). Let II have rank p < r over R(z).
The polynomial vectors in the row space of I over R(z) form a module which has a row-reduced basis
P [For75]. Then II = C'P with a polynomial r x p matrix C. As the rows of II have degree at most d,
we get deg Cy; < d— 1y, where C;; = 0 if 1, > d. The latter is impossible, since C has rank p; so n; < d
for all [. Thus II lies in the image of the map (C, P) — CP on the set P, of pairs with deg Cy; < d—n
and P row-reduced with row degrees . We have dimP,, <>, r(d—m+1)+ >, r(m+1) = rp(d+2).
Let G, be the set of p x p polynomial matrices T" with degTjy; < np — 7, in particular Tj; = 0 if
N < M1, such that the matrix T3 of the coefficients of 2z~ is invertible. Such a T is block triangular
with constant diagonal blocks, the same as those of Tj,, so det T is a non-zero constant and 7! is a
polynomial matrix. Moreover dim G, = 3_, - (m—m+1) > p?, because every pair k # [ contributes
at least 2 to the sum of the terms for (k,l) and (I,k). For (C,P) € P, and T' € G, the matrix
TP has row degrees at most n and (T'P)y, = T, P, so TP is row-reduced with row degrees n; and
deg(CT~1);; < d —m by the predictable degree property for TP. So (CT~!,TP) € P, lies in the
same fibre as (C, P), and T + (CT~!, TP) is injective. By Lemma 4.2(b) the matrices of rank p with
indices 1 form a set of dimension at most rp(d +2) — p?. This is increasing in p for p < r — 1, and for
p=r—1itequals 7?(d + 1) — rd — 1. O

Proof of Theorem 1.3. Let a =2, b> 1, d = 2b, so that V = V,, has dimension D = 4(b+ 2)(d + 1),



and 2ad = 4d = 8b. Let B C V be the set of V¢ for which Vg fails to have (NS). By Lemma 4.1,
Ve € B if and only if Ay.z € Rz* for some complex (b+2) x 4 matrix = with R-independent columns.
Let E be the real span of the columns of Z and j = dim¢(ENiE) € {0, 1,2}. Multiplying Z from the
right by a real invertible matrix, which multiplies Ag by a non-zero constant, we may assume that
= has one of three forms. We show that the corresponding parts By, B1, B2 of B have dimension less
than D.

j = 0. The columns of = are independent over C; this requires b > 2. Then V¢ — S = V= is onto
the 2 x 4 matrices of polynomials of degree at most d, and S > [gﬁg] is a bijection onto the real
4 x 4 matrices of polynomials of degree at most d. By Lemma 5.1 with r = 4, F = R, the set of V¢
with Ay.z € Rz%? has dimension at most D — 4d for each =. The matrices = form a set of dimension

8(b+2), and the group GL4(R) x S', of dimension 17, acts on them by Z — ¢=h with stabilizers {:I:l},
preserving the condition. As in the proof of Theorem 1.2, dimBy < D —4d +8(b+2) —17=D — 1.

j = 2. Here E is a complex plane and = = (&1,1&1,&2,i&2) with &1, & mdependent over C.
With 8 = Ve (€1,&), a 2 x 2 matrix, we get Ag = +(det S")(det S")*, and this lies in Rz? only if
det S’ € Cz??. By Lemma 5.1 with r = 2, F' = C, this holds on a set of dimension at most D — 4d for
each pair. The pairs form a set of dimension 4(b + 2) on which GL2(C), of dimension 8, acts freely
without changing E. So dimBs < D —4d +4(b+2) —8 = D — 4b.

j=1. Here ENiE = C¢ and 2 = (&,4i&,n1,12), where &, n1, 12 are independent over C, since
otherwise E NiE would be larger. Put o = Vi€, q. = Vene and 7, = det(o, ¢.) for ¢ = 1,2. The map
Ve — (0,q1,q2) is onto the triples of columns of two polynomials of degree at most d. Expanding
det[g] along its first two rows, after subtracting ¢ times the first column from the second, we find
det[%] = 2i(1175 — 7277), hence Ag = —Im(772). We claim that the triples with Im(7772) = 2?9,
c € R, form a set of codimension at least 4d. The triples with ¢ = 0 have codimension 4d + 4. Let
o # 0 and write 0 = g - (p1, p2)7 with g monic of degree e and p1, p2 coprime of maximal degree &,
and put t =d—€¢—9 > 0. Then 7. = g7, with T, = pi1go. — p2qic of degree at most v = d + 4,
and ¢, — T, is onto the polynomials of degree at most v, because its kernel consists of the multiples
h - (p1,p2)T with degh < d —§. The condition reads gg* Im(T}T2) = c2??, and the left side has
degree at most 4d — 2¢. If ¢ # 0, then ¢ = 0, g = 2¢ and Im(T}Ty) € Rz?. By Lemma 4.3 this has
codimension at least 2v = 4d — 2¢ in (q1, g2), and the condition z¢ | o has codimension 4¢; together at
least 4d + 2¢. If ¢ = 0, then Im(7775) = 0, of codimension at least 2v + 1 by Lemma 4.3, and the o
with given €, form a set of dimension at most 2¢ + 4(J + 1), that is, of codimension at least 2e + 4¢;
together at least 4d + 21 + 1. This proves the claim. The triples (&, 71,72) form a set of dimension
6(b + 2). The space E, up to multiplication by ¢, is unchanged under (£,71) — (&7, €?(nh + &w))
with v € C*, h € GL2(R) and w € C'2, where n = (11,12). These parameters form a set of
dimension 11, and they are determined by the new triple up to a common sign of e, h and w. So
dmB; <D —-4d+6(b+2)—11=D—-2b4+1<D—1.

Hence B # V, and for V¢ ¢ B the matrix Vg € P(4,2b) has property (NS). Proposition 2.3 with
(m,p) = (4,2b) proves the theorem. O

Remark 5.2 (Machine checks for m = 4). (a) (4,2). For b = 1, and for the matrix Vg made from
one 2 x 3 matrix V¢ of degree 2 with Gaussian integer coefficients, property (NS) is certified in exact
arithmetic by a positive definite combination of Pliicker relations as in Lemma 3.1; the data are in
the source files. Such certificates were also found, and verified in exact arithmetic, for nine further
matrices V¢ with random Gaussian integer coefficients.

(b) (4,4): numerical evidence only. For b > 2 we have no machine-checked instance of Theorem 1.3,
and we do not claim an explicit certified example for (4,2b) with b > 2. For seven random curves
with b = 2 a numerical search for a certificate as in Lemma 3.1 found none. For b = 2a floating
point computation supports the theorem. If the square matrix = is invertible and G = ZZ!, then
det[ S] = det(E) det[VCG], and the coefficients eg, ..., e1g of the last determinant are linear formb in
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the 36 minors of size 2 of G. The closure X C P of the set of these matrices of minors has dimension
15 and degree 2384, half the degree of SOg(C) [BBB'17]. By continuity every real solution, of any
type, gives a point of X with eg = - -- = e15 = 0; this point is given by a polynomial in = and = which
does not vanish. For nine random curves V¢ all solutions on X of 15 random linear combinations of
€o, - - ., e15 were computed by monodromy and parameter homotopy. Each time 2384 distinct regular
solutions were found, hence all of them, and at none of them do all of e, ..., e15 vanish: their norm,
suitably normalized, is at least 9 - 107, while the equations solved hold up to 3-107'6. A planted
real solution is found by the same procedure.

6 Remarks and open cases

Corollary 1.4 follows from Theorem 1.1, since for a system that is not stabilizable no polynomial
with all roots in the open left half-plane is det(z] — A — BKC') with real K. A non-empty open
set of such systems shows that the pole placement map is not generically surjective, whether generic
sets are complements of proper algebraic sets, as in [RS98|, or open dense sets, as in [EG02c]. For
(m,p) = (2,5) there is also a non-empty open set of systems, near the Wronski system, for which real
pole placement is possible [EG02b]. The settled cases are consistent with a positive answer to the
following analogue of the conjecture of Rosenthal and Sottile.

Problem 6.1. Is it true that for n = mp the generic system is stabilizable by real static output
feedback if and only if d(m,p) is odd?

The open pairs are, up to order: those with min(m,p) = 2 and max(m,p) odd, at least 9 and
not of the form 2% — 1; those with min(m,p) = 3 other than (3,3); those with min(m,p) = 4 and
max(m, p) odd; and those with min(m,p) > 5. For a > 3 the types j = 0 and j = a of Section 5 can
be treated by Lemma 5.1, but we have not carried out the count for the intermediate types.

Verification. Proposition 2.3, Theorems 1.2 and 1.3 and the lemmas are proved above and do not
depend on computation. Theorem 1.1 and the examples depend on finite computations in exact
arithmetic. The programs, certificates and outputs are in the source files; all exact programs and the
computation of Remark 5.2(b) were run again for this version.

1. A program in pure Python with rational arithmetic computes, from a file with V and the
multipliers, the minors V7, their degrees and greatest common divisor, the rank of M (V') and
a basis of U(V'), and tests positive definiteness of @) on U(V') by symmetric elimination with
positive pivots. It also tests non-degeneracy over C: the restrictions of the R ; to the kernel of
M (V') generate all forms of degree 4 for (2,4), and of degree 5 for (2,5) and (3,3) (a Macaulay
matrix has full column rank modulo a prime). The three matrices of Section 3 and five further
matrices for the same pairs pass; the matrix of Remark 5.2(a) passes all tests except non-
degeneracy, which does not hold for it. For (3,3) the smallest eigenvalue of @) on the unit sphere
of U(V) is only about 1075, but the test is exact.

2. A second program recomputes the minors, U (V') and the leading principal minors with PARI/GP,
and checks that ) vanishes on D, as a polynomial identity in the entries of X for the minors of
[I, | X]. A third program, written in a first Al-assisted independent verification run without
using the other two, computes the minors by the Leibniz formula, has its own elimination and
its own generator of the forms Ry j, proves the same identity, and tests positive definiteness by
fraction-free leading principal minors and by an LDLT decomposition. The three matrices of
Section 3, three of the further ones and the matrix of Remark 5.2(a) pass both.
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3. A program by the author reads the matrices of Section 3 and the multipliers for (2,4) and (2, 5)
from the source of this text, and those for (3,3) from the certificate file, and repeats the test of
Lemma 3.1 with its own code. It also checks Remark 3.3, Example 4.5(a),(b), the determinant
identities of Sections 4 and 5 and, for the matrix of type (2,4), the identities of Step 5 exactly.

4. Example 4.5 was checked by two independent exact programs: K, = 0 in (a); K, = RHy and
the signature of Hy in (b); in (c) Macaulay matrices of full rank modulo a prime, 56 in degree 5
for b = 3 and 6435 in degree 7 for b = 4. For (b) the first verification run also found a certificate
as in Lemma 3.1, which passes the first and the third program.

5. The first verification run re-derived the dimension counts in the proofs of Lemmas 4.3 and 5.1
and Theorems 1.2 and 1.3 and reported no gap; the details it asked for in Lemmas 4.2 and 5.1
have been added. Numerically, it verified the identities of Lemma 4.1 and of the three types, and
found that the equations defining Z,, N, 4 and the set treated in type j = 1 have independent
differentials at random points of these sets for several small parameters. Its least squares searches
for real solutions, for random curves of the types (2,2), (2,4), (2,6), (4,2), (4,4), (4,6), found
none; planted solutions were found in most control runs, but not in all. These computations,
that of Remark 5.2(b), the statistics in Remark 3.2 and the experiment of Example 4.5(d) use
floating point arithmetic and are evidence only. For the three matrices of Section 3 all d(m, p)
complex solutions were also computed numerically by homotopy continuation; they are distinct
and none is real.

6. A second Al-assisted independent verification run was made for this version, with programs of
its own. A fourth program for the test of Lemma 3.1 reads the matrices of Section 3 and the
multipliers from the source of this text and from the certificate files, generates the forms R; ;
from the definition in Section 3, proves that () vanishes identically on the minors of [ I, | X ],
and tests positive definiteness on U(V) by elimination and by the signs of the coefficients of
the characteristic polynomial. The three matrices pass; coprimality of the minors and non-
degeneracy over C were confirmed (Macaulay matrices of ranks 126, 2002, 2002 modulo 23! —1),
and the numbers printed in the PDF file were compared with the source. The run checked in
exact arithmetic Lemma 2.1, Steps 4 and 5 of the proof of Proposition 2.3 (Step 5 for the three
matrices), Remark 3.3 and Example 4.5(a),(b),(d); it re-derived the counts of Sections 4 and 5
and reported no gap; and it compared what is said here about [BA84, RS98, EG02c, EG02a,
EGO02b, RW99, Ere26] with these sources, in the versions named below. For random complex
curves with Gaussian integer coefficients it found, in exact arithmetic: property (NS) for 1996
of 2000 curves with b = 1 (for the other four K, # 0); K, = RH with det H # 0 for 300 of
300 curves with b = 2; Macaulay matrices of rank 56 over Q, as in Example 4.5(c), for 10 of
10 curves with b = 3; and the certificates for the type (4,2) mentioned in Remark 5.2(a). In
floating point arithmetic: at planted solutions of type (i) for b < 3, of type j =1 for b =1 and
of type j = 0 for b = 2, 3, the differential of the n equations with respect to = has rank n — 1,
the number of parameters of = minus the dimension of the group; and local searches for real
solutions of three random curves of type (4,4), with 2000 starting points each, found none, while
planted solutions of three control curves were found from 12, 8 and 5 of 500 starting points. In
this run the programs of items 1 to 5 were executed again from the source files, with the same
results; the exceptions are the random scans, the searches by which the certificates were found,
and the least squares searches of the first run.

Scope and priority. This note settles the cases listed in Theorems 1.1 to 1.3. The question of

[Ere26] remains open for all other pairs with d(m, p) even, and Problem 6.1 is a question, not a claim.
The criterion is due to Byrnes and Anderson; Proposition 2.3 is one direction of it, in the form we

12



need. The reduction to linear sections of the Grassmannian is classical [BB81, RS98|, and certificates
like that of Lemma 3.1 are standard. What we claim as new are the results on stabilizability for the
pairs other than (2,2), the examples, and the construction of Section 4.

We read [Ere26] and the list that links to it on October 3, 2026, the last time at 19:08 GMT;
the problem file bears that date, and the list does not mark the problem as solved. We read [BA84|
and [RW99] in full, [EG02c¢] in full in the authors’ preprint version, and the relevant parts of [EG02a]
(preprint version) and of [RS98, EG02b] (arXiv versions). We did not see [WH78, Byr89, RRW94,
Wan92, Ber76]; the first three were not accessible to us, and what we say about these five papers
is taken from [BA84, RS98, EG02c, RW99]. According to [EG02c], the paper [RRW94] solves the
problem of generic stabilizability for complex feedback. In [RW99, Section 3.4] it is said, with reference
to [BA84, RRW94|, that if a system is not generically pole assignable then there is an open set
of systems that cannot be stabilized. In [BA84] this is proved for n > mp, and we understand
the statement in this sense; the same section adds that pole assignability covers the question of
stabilizability only in part. Of the works [BCR98, For75, KL72, BBBT17], quoted for standard facts,
we looked only at the arXiv version of [BBB*17].

We searched zbMATH, Crossref, OpenAlex and arXiv for generic stabilizability by static output
feedback and for real pole placement, and looked through the works that cite [BA84, EG02¢c, EG02a,
RS98], most recently on October 3, 2026; we also made general web searches. We found no result on
generic stabilizability for n = mp other than the case (2,2), and no earlier use of the construction of
Section 4; the arXiv search of that day found only papers on the computational complexity of static
output feedback stabilization. As for Corollary 1.4, we found the pairs (2,5), (5,2) and (3, 3) neither
in the papers just listed nor in the arXiv version of [Sot11l], which does not treat pole placement;
but we did not search the literature on real Schubert calculus exhaustively, and we did not see the
published version of [Sot11]. This negative search is not a proof of priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the examples
and the arguments, to write and run the verification programs, and to help prepare this manuscript.
The author has reviewed the proofs, the computations and the sources and is responsible for all claims.
The note has not been peer reviewed.
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