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Abstract

L. Zalcman asked whether the equation Jy(z) = 1, where Jj is the Bessel function of order zero,
has at most one solution on each ray from the origin. The question is Problem 2.45 in Hayman and
Lingham’s Research Problems in Function Theory, where it is noted that an affirmative answer
would show that the exceptional set in a two-circle theorem of Delsarte and Lions is void. We
prove that the answer is yes. Apart from the double solution z = 0, the solutions are 4z,
and +%Z,; (m > 1), all simple, where z,, lies in the open first quadrant and 7/2 > argz; >
argzo > --- > 0. Hence every open ray from 0 contains at most one solution. (On closed rays
the statement fails trivially, because 0 is a solution.) For Re z > 60 the proof uses Olver’s explicit
error bounds for Hankel’s expansion, a contraction mapping, Rouché’s theorem and a differential
inequality for the arguments of the approximate solutions. For the rectangle [0,60] x [0,5] it
uses a certified computation in exact integer ball arithmetic (an argument-principle count, Rouché
discs and exact comparisons of arguments), which was reproduced by two independent interval-
arithmetic computations. Consequently, the set of positive quotients of nonzero solutions of Jy(2z) =
1 is {1}, and Delsarte’s two-circle theorem in the plane holds for every pair of distinct radii: a
continuous function on R? with the circle mean-value property for two distinct radii is harmonic.
This is an unrefereed note.

1 Introduction

Let Jo(z) = Zkzo(—l)k(z/2)2k/(k!)2 be the Bessel function of the first kind of order zero. It is
an even entire function, real on the real axis. Problem 2.45 of the collection of research problems in
function theory of Hayman and Lingham [HL19], attributed to L. Zalcman, asks whether the equation

Jo(z) =1 (1)

“has at most one solution on each ray from the origin” [HL19, Problem 2.45]. The problem text adds
two remarks: an affirmative answer would show that the exceptional set in a theorem of Delsarte
and Lions [DL59] is void, and asymptotic estimates allow at most finitely many solutions on each ray.
According to the tables in [HL19], the problem first appeared among the new problems collected at the
1973 Canterbury symposium [CH74]. In the arXiv version of [HL19] (2018), Update 2.45 states that
no progress on the problem had been reported to the authors. The problem is record AMR-022-2045
of the UnsolvedMath dataset [ula26].

Since Jo(z) — 1 = —22/4 + O(2*), the point z = 0 is a double solution of (1), and it lies on every
closed ray. Read with closed rays, the question would have the trivial answer “no” for every ray
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through a nonzero solution. This is not the intended reading, because the exceptional set is defined
by quotients of nonzero solutions (see below). We therefore consider open rays {teie :t > 0}, that is,
nonzero solutions.

Theorem 1.1. The solutions of (1) are z = 0, which is a double solution, and the points +z,,, +Zm,
(m > 1), which are simple solutions. Here z1,z,... are the solutions in the open first quadrant,
numbered by increasing real part, and

g>argz1>arng>argz3>--->O. (2)

Consequently every open ray from 0 contains at most one solution of (1); it contains one exactly when
its direction is +arg z,, or w =+ argz, for some m > 1. Moreover, for m > 10 we have |2y, — F,| <
0.576/(2mm), where Fy, is the unique solution with Re F' > 60 of F' = 2mm + m/4 + § Log(2n F).

Table 1: The solutions z,, of Jy(z) = 1 in the open first quadrant with Re z,, < 80, rounded. For
m < 9 the values are centres of certified discs of radius 27120 (Section 4); for 10 < m < 12 they are
centres of certified discs of radius 2719 from the first independent computation of Section 4.1. The
second independent computation of Section 4.1 confirms every digit shown.

m

Rez,

Im z,,

arg zm

1
2
3
4
)
6
7
8

9
10
11
12

6.947506242533
13.276697958613
19.579253925689
25.873373935358
32.163666085293
38.451875827822
44.738818789432
51.024930018196
57.310463905467
63.595579655298
69.880382255084
76.164943883334

1.880440653101
2.205702959318
2.401190563940
2.541420474435
2.650840397869
2.740576973117
2.816641954352
2.882654594139
2.940963696532
2.993180391125
3.040457948947
3.083650344697

0.26433072
0.16462978
0.12203017
0.09791124
0.08223138
0.07115259
0.06287447
0.05643503
0.05127137
0.04703115
0.04348204
0.04046438

The two-circle theorem. For r > 0 and f € C(R?) let

M, f(z) = -

T oon

2
/ f(z +r(cosb,sinb)) df
0

be the mean of f over the circle of radius r about x. Harmonic functions satisfy M, f = f for every
r. For A € C let ey(z) = €. By [DLM26, (10.9.1)],

Mre)\ = Jo(/\T‘) €e\- (3)

Let

Hy={a/B: a,p € C\ {0}, Jo(a) = Jo(B) =1, /B € (0,00)}
be the set of positive quotients of nonzero solutions of (1) (the notation is that of Berenstein and
Gay [BG86]; see below). Clearly 1 € Hy. If ri/ro = a/f € Ha, then A = a/r1 = [/ry satisfies
Jo(Ar1) = Jo(Ar2) = 1. So, by (3), My ex = M,,ex = ey, while Aey = —A\%ey # 0. By Delsarte’s
theorem, these examples are the only obstruction.



Theorem 1.2 (Delsarte’s two-circle theorem). Let 71,79 > 0 with r1/ro ¢ Hy. If f € C(R?) satisfies
M, f = M,,f = f onR?, then f is harmonic.

This is the planar case of Delsarte’s two-radius theorem [Del58]; see also [DL59, Fla65, Zal80,
NV94]. We have not seen [Del58] or [DL59], and we quote Theorem 1.2 in the form given in the
zbMATH summary of the paper [BG86] of Berenstein and Gay. That summary states a local version:
if 1 /ro ¢ H, and 1 4+ ro < R, then a continuous function on the ball of radius R about 0 in R" is
harmonic if and only if it has the mean-value property for the spheres of radii 1 and ro about every
centre x with |z| + r; < R. Here H,, is the set of positive quotients of nonzero solutions of the n-
dimensional analogue of (1) (Remark 6.2), and the summary records that H,, is finite and contains 1.
Applying the local version on the discs of radius R > 71 + 75 about all points of R? gives Theorem 1.2.
The summary prints the function whose zeros define H, as A, of Remark 6.2, with an unclosed
parenthesis and without the term —1. We read it as A,, — 1: this is the only reading compatible with
the finiteness of H,, stated there (the positive zeros of Jy have infinitely many quotients), with the
examples ey and with the remark in [HL19]. The examples ey show that the hypothesis r1/ry ¢ Ho
is necessary, and Theorem 1.2 shows that it is sufficient. Zalcman’s question is whether Hy = {1}.

Corollary 1.3. Hy = {1}.

Corollary 1.4. Let ri,ro > 0 be distinct. Then every f € C(R?) with My, f = M,,f = f is harmonic.
For ry =ry =1 this fails: the function e, ;. satisfies Mye., ;, = e, but is not harmonic.

The new input to Corollary 1.4 is Corollary 1.3; the harmonicity comes from Theorem 1.2. In
the same way, Corollary 1.3 shows that the hypothesis r1/ry ¢ Hj of the local two-circle theorem of
Berenstein and Gay [BG86] reduces to ry # ra.

Method. By symmetry it suffices to locate the solutions in the closed first quadrant, and none of
them lies on the axes (Lemma 2.1). We split this quadrant into the half-strip Q2 = {Rez > 60, Im z >
0}, the half-strip S = {0 < Rez < 60, Imz > 5} and the rectangle B = {0 < Rez < 60, 0 <Imz <
5}. On QU S we use Hankel’s expansion of Jy with Olver’s explicit error bounds [Olv97, DLM26].
In S they show that there are no solutions. In € they show three things. Every solution lies within
distance 0.576/(2mm) of the fixed point F,, of an explicit contraction, for some m > 10. Each disc
D(F,,,1/(2mm)) contains exactly one solution (Rouché’s theorem). The arguments of these discs
decrease with m (a differential inequality for arg F, as a function of m). On B we use a certified
computation in exact integer ball arithmetic. The argument principle shows that B contains exactly
nine nonzero solutions, Rouché’s theorem encloses them in discs of radius 2719, and exact comparisons
order their arguments and compare the last one with the first disc of the tail. The computation takes
about one second. Two independent verification runs reproduced it with their own code and interval
arithmetic, the second one with a different counting method (Section 4.1).

Related work. Two-radius theorems have a large literature. Besides [Del58, DL59, Zal80, BG86],
see for example [Zal72] for two-radius theorems of Pompeiu type, the survey [NV94], Volchkov’s
refinements [Vol95, Vol96], and [PS10] for Damek-Ricci spaces. In the works we consulted (several
only through reviews or summaries; see “Scope and priority” at the end), the hypothesis that r1/ro
is not a quotient of solutions is kept, and we found no statement that Hy = {1}. Two recent papers,
[VV23a] and [VV23b], have titles that refer to a problem of Zalcman. By its zbMATH summary,
[VV23Db] concerns a different question of Zalcman: the reconstruction of a distribution f on R™ from
its spherical means f * 0,, and f * 0, over two radii, a problem that is correctly posed only when
71/ is Mot a quotient of positive zeros of J,;5_1. Of [VV23a] we could see only the bibliographic
record in zbMATH (title, classification and reference list), which does not show which problem of



Zalcman is meant. Neither record indicates that Problem 2.45 is addressed: it is not mentioned in
the zbMATH summary of [VV23b], and the reference list of [VV23a] recorded in zbMATH does not
include the problem collections [CH74, HL19].

2 Preliminaries

Throughout, g(z) = Jo(2)—1, z = x+iy and r = |z|. Log is the principal logarithm and arg z € (—m, 7].
D(c, p) and D(c, p) are the open and the closed disc of radius p about c. We write Q = {z >0, y > 0}
for the closed first quadrant and Iy(y) = Z,,CZO(y/Q)%/(k!)2 = Jo(iy).

Lemma 2.1. (a) g(—z) = g(2) and g(z) = g(2).
(b) g(x) <0 for real x # 0, and g(iy) > 0 for real y # 0.

(c) Every nonzero solution of (1) lies in an open quadrant. If two of them lie on the same open ray,
then one of the maps z — z, —z, Z, —Zz sends them to two solutions in the open first quadrant
with the same argument.

Proof. (a) The power series of g is even and has real coefficients. (b) By [DLM26, (10.9.1)], Jo(z) =
% fgr cos(zsinf) df. For x # 0 the continuous integrand is less than 1 except at finitely many 6, so
Jo(z) < 1. Also g(iy) = > 151 (y/2)%/(k!)? > 0. (c) The first claim follows from (b). The four maps
permute the open quadrants, map open rays to open rays, and preserve the set of solutions by (a). [

Lemma 2.2. For |z| <1 we have g(z) = —% S(%), where S(w) = ijo(—w)j/((j + 1)1)? satisfies
|S(w) — 1] < 0.0643 for |w| < 1/4. Hence z = 0 is a double zero of g, and g has no other zero
in D(0,1). Along the arc z = €, with § decreasing from 7/2 to 0, the continuous argument of g
decreases by exactly .

Proof. For |w| < 1/4 we have [S(w) — 1] < > .4 477 /((F + 1)NH?% < 0.0643 [Q], so S(w) # 0 and
|arg S(w)| < 0.07. On the arc, a continuous argument of g(e) is m 4 20 4 arg S(e%?/4). At 0 = /2
and at § = 0 the number S(e?*/4) = S(F1/4) is positive. So the change from § = 7/2 to § = 0 is
T — 27 = —m. O

Lemma 2.3. For n € {0,1,2} and z € C we have |J,(2)| < Ip(|Imz|). Consequently |¢'(z)| <
To(|Tm 2]) and |g"(2)] < Io(| Tm =)

Proof. By [DLM26, (10.9.2)], Jn(z) = L [ cos(zsinf — nf)df, and |cos(a + ib)| < coshb for real

a,b. Hence |J,(2)| < L [ cosh(ysin®)df = Io(|y|) by [DLM26, (10.32.1)]. Finally ¢’ = —J; and
g" = —J, = —(Jy — J»)/2 [DLM26, (10.6.3), (10.6.1)]. O

Lemma 2.4. Let z € Q\ {0} and r = |z|. Then
Jo(2) = (2m2)~ /2 [e_i(z_”/4) (1+ R (2)) + €9 (1 + R+(z))} (4)
with the principal branch of the square root, where

]' T — 4 T T
|RT(2) < ey (r) == 561/(4 R (R) <e(r) = 3 € /e, ()

Proof. By [DLM26, (10.4.4)], Jo = (H" + H{?). By [DLM26, (10.17.13)] with » = 0 and £ = 1,

H{D(2) = (2/(x2))/2¢E"/ (1 + R¥ () and Hi?(2) = (2/(m2))Y2e7 =7 (1 4+ R~ (2)), where



R* = R (0,z). This gives (4). Since a1(0) = —1/8 [DLM26, (10.17.1)] and [v? — 1| = 1, Olver’s
error bound [Olv97, pp. 266-267], [DLM26, (10.17.14)] reads

|Ri(z)\ < %Vi exp (%Vi), (6)

where Vy = [|t|72|dt| is the total variation of ¢t~ along a path from z to +ico. The admissible
paths are those along which Im¢ varies monotonically: nondecreasing for V; and nonincreasing for
V_. This is what keeps the kernel of the Volterra integral equation behind (6), which is 1 — eF2i(z—1)
times a constant of modulus %, bounded by 1 in modulus. The text of [DLM26, §10.17(iv)] states the
condition with |Im¢| in place of Im¢. For V_ and Imz > 0 that version cannot be meant literally,
because every path from z to —ioco crosses the real axis; the same holds for the bound for V. that
[DLM26, (10.17.15)] gives when —7/2 < argz < 0.

The bounds Vi < |z|7! and V_ < x(1)]z|7 = 7/(2]2]) on @ \ {0} are [DLM26, (10.17.15)]. For
completeness we exhibit admissible paths. Write z = re with 0 < 0 < 7/2, and let p > r and X > 0.
For V., go along the ray from z to pe®, then along the arc |t| = p to ip, then up the imaginary axis.
Along this path Im ¢ is nondecreasing, and the variation of =1 is (1/r —1/p)+(w/2—8)/p+1/p, which
tends to 1/r as p — oo. For V_, go along the horizontal segment from z to z + X, then vertically
down from z + X. Along this path Im¢ is nonincreasing, and the variation is at most

/OO du +/°° ds 0 .
. wrtyr Jo o (z+X)2+s2 rsinfd -+ X’

where 0/sinf is read as 1 if # = 0. As X — oo this tends to 0/(rsinf) < w/(2r), since 6/siné
increases on (0,7/2]. Since (6) holds for every admissible path and its right side increases with Vi,
we obtain (5). O

For z € @\ {0} put

o(z) = —i (z - %) - %Log(%rz), u(z) = e??).

Then u = e~ "=/ (272)~1/2 and ¢/*~™/Y(272)"1/2 = 1/(272 ), so (4) becomes

1+ R" eY
=(u—1 E E = - = .
9(2) = (w—1)+ B, wEr e M= ®

Note that €4 (r) and rey(r) decrease in r.

3 The region Rez > 60

Let @ = {z : Rez > 60, Imz > 0} and S = {z : 0 < Rez < 60, Imz > 5}. The numer-
ical inequalities marked [T1]-[T7] below are verified in exact rational arithmetic by the program
tail_constants_2045.py. It encloses 7 in [3.14159265358979, 3.14159265358980] and bounds exp
and In by truncated series with remainder estimates. They were checked again in interval arithmetic
in two independent verification runs (Section 4.1). Each of them concerns a quantity that is monotone
in 7 or in m, for the reasons given in the text, and is checked at the extreme value.

Lemma 3.1. Let z € Q.
(A) If r > 5 and |u(z)| > 2, then |g(z)| > 0.81.
(B) If r > 60 and |u(z)| < 1/2, then |g(z)| > 0.44.



(C) g has no zeros in S.

Proof. (A) By (7) and (5), |g] > |u[(1 —e-) —1—(1+¢e4)/(2nr|u|). The right side increases in |u| and
inr, solgl >1—-2c_(5) — (1+¢4(5))/(207) > 0.81 [T1]. (B) Since y > 0, we have |u| > (27r)1/2.
Hence [g| > 1 — (1+¢e_)|u| — (1 +¢e4)/(2nr|u]) > 1 — 3(1 +£_(60)) — (1 + £4(60))/v/1207 > 0.44
[T2]. (C) For z € S we have 5 <y <r < 60 +y, so |u|?> > e?¥/(27(60 + y)). This increases in y, and
at y = 5 it is at least 4, because e!? > 5207 [T1’]. So |u| > 2 and r > 5, and (A) applies. O

Lemma 3.2. For real t > 10 let T(z) = 27t + 7 /4 + % Log(27z).

(a) Ty maps Q into Q, and |Ty(z) — Ty (2")| < |z — 2’|/120 for z,2' € Q. Hence T} has a unique fized
point F(t) € Q.

(b) 2nt <ReF(t) < 2nt + /4 and 3 In(4n’t) < Im F(t) < Re F(t).
(¢) t— F(t) is real-analytic, and F' =27 F/(F —i/2).

(d) For z,2/ € Q wci2ilave 0(z) — ¢(2') +i(z — 2')| < |z — 2/|/120. In particular 15|z — 2| <
6(2) — ¢(2)] < 13512 — /|-

(e) Let m > 10 be an integer and z € Q. Then ¢(z) = —2mim + w if and only if z = Tp,(2) + iw.
In particular F,, := F(m) satisfies ¢(F,) = —2mim and u(F,,) = 1.

Proof. (a) For z € Q we have arg z € [0,7/2], so ReTy(z) = 2nt+m/4— § arg 2 € [27t, 2wt + 7 /4], and
2t > 207 > 60 [T3”]. Also ImT}(z) = 1 1In(27|z[) > 0. The set © is convex and [2| > 60 on it, so
|Log z — Log 2’| < |z — 2’|/60. (b) The bounds on Re F come from (a). Next, Im F' = $ In(2n|F|) >
$In(47%t). If InF > ReF, then 2ImF = In(27|F|) < In(2y27Im F), which is impossible for
ImF > 20m. (c¢) 0.(z — Ti(2)) = 1 —i/(22) # 0 on Q, so the implicit function theorem applies.
Differentiating I = T;(F) gives I' = 27 + LF'/F. () ¢(2) — ¢(2') +i(z — 2) = —2(Logz — Log /).
(e) ip(z) = z —m/4— 5 Log(2mz), so ¢(z) = —2mim +w means z = 2mm + /4 + 5 Log(27z) +iw. [

Lemma 3.3. If z € Q and g(z) =0, then |z — F,,| < 0.576/(2wm) for some integer m > 10.

Proof. By Lemma 3.1, 1/2 < |u| < 2. By (7), |[u— 1| = |E| < |Jule— + (1 +e4)/(2nr|u]) < 61(r) ==
2e_(r)+ (14+e4(r))/(mr). So 1 =01 < |u| <1+ d1, and using (7) once more,

1+e4

lu—1] <6(r) == (1+d1)e— + (1= 1)

At r = 60 we have 0; < 0.0186 and § < 0.0095 [T3], and 01, 6 and rd decrease in r. Write u =1+ 17
with |n| < §(r) < 1. Then w := Log(1l + n) satisfies |w| < —1In(1 — ) < A(r) := /(1 — §). Here
rA(r) decreases in 7, 60A(60) < 0.5709 and PEIA(60) < 0.0097 [T3]. Since e?(?) = ¥ we have
¢(z) = —2mim + w for some integer m. Taking imaginary parts, 2rm =« — 7/4 + %argz +Imw >
60—m/4—X(60) > 187 [T3’], so m > 10. By Lemma 3.2(e) and (a), |z2—F| < |Ton(2) =T (EFp) | +|w| <
|z — F,| /120 + |w|. Hence

120 60A(60)

119 :

2= Pl < M) < 488

In particular [z — Fp,| < BOA(60) < 0.0097, so |z| > [Fp| — 0.0097 > 2wm — 0.0097. Therefore

(2mm)|z — Frn| < 123 - 60A(60) - 2rm/(2rm — 0.0097) < 0.576 [T4]; the middle expression decreases in

m. OJ

Proposition 3.4. Let m > 10, p,, = 1/(2rm) and D,, = D(Fy,, pm). Then D,, C Q, the discs Dy,
are pairwise disjoint, and g has exactly one zero zy, in Dy, which is simple. The zeros of g in § are
exactly the points z,,, m > 10.



Proof. We have Re Fy,, — pp, > 20m — 1/(207) > 60 and Im F,,, — py, > 5 In(407%) —1/(207) > 0 [T57],
[T5”], so Dy, C Q. The discs are disjoint because Re Fy,,11 — Re Fy,, > 21 — w/4 > 2ppy,.

Let z € 0Dy, and w = ¢(2) — ¢(Fy,). By Lemma 3.2(d), o— = 153pm < |w| < 04 1= 155pm <
0.0161. Since u(F,,) = 1, we have u(z) = e® and

u(z) = 1 > | = YwlPe! > o — Lo2e7,

because t — ¢t —3t%e! increases on [0,0.4] [T5”"]. Also |u| < e+, [u|~! < e+ and |z| > 1/ := 2mm—pyp,
so by (7) |E| < e t[e_(r") + (L +e4(r"))/(27mr")]. Multiplying by 27m, we get on 9Dy,

(2rm)|E| < 0.5641 < 0.9837 < (27rm)|u — 1]

[T5]. The upper bound for |E| decreases in m and the lower bound for |u — 1| increases, so it suffices
to check m = 10. By Rouché’s theorem, ¢ = (u — 1) + E and u — 1 have the same number of zeros
in Dp,. If u(z) = 1 with 2 € D,,, then ¢(2) — ¢(F,,) € 2miZ and |p(2) — ¢(Fy,)| < oy < 27, so
#(z) = ¢(F), and z = F,,, by Lemma 3.2(d). Since (u — 1) (F,,) = ¢/(Fy,) = —i — 1/(2F,,) # 0, the
function u — 1 has exactly one zero in D,,, and it is simple. Hence the same holds for g. Finally, by
Lemma 3.3, every zero of g in € lies in some D,,,, because 0.576 < 1, and is therefore equal to z,,. O

Proposition 3.5. For m > 10, every point of D,, has a larger argument than every point of Dy, 1.
In particular arg zp,, > arg zm+1.

Proof. By Lemma 3.2(c),

d F’ 2 27h
—argF(t) =Im — =1Im T T

dt F F_i/2:_a2+b2’ a:ReF(t), b:ImF(t)_%

Let v(t) = 3(In(4n?t) — 1), so that v(10) > 0. By Lemma 3.2(b), for ¢ € [m,m + 1] we have
0<wv(m)<v(t) <b<a<2r(m+ 1)+ /4. Since b/(a? + b?) increases in b € (0,a) and decreases
in a > 0, integration over [m,m + 1] gives

2mv(m)
Ca(m+1)+7/4)2 +v(m+1)2

arg [, —arg F,p1 > G(m) =

The function m2G(m) increases for m > 10, because v increases while (27(m + 1) 4 7/4)/m and
v(m + 1)/m decrease (the latter since In(4472) > 2 [T6”’]). Hence m2G(m) > 100 G(10) > 0.3196
[T6]. On the other hand, every point of D,, has argument within arcsin(p,,/|Fp|) of arg F,, and
pm/|Fm| < 1/(47%m?) < 0.0003, so this angle is at most 1.0001/(47?m?) [T6’], [T6”]. Therefore

B 2-1.0001 0.3196 — 0.0507 <
Amim?2  — m?

0. O

infarg — sup arg > G(m)

Dm Dm+1

Lemma 3.6. Im Fip < 3.0193. Consequently, with m— = 3.14159265358979 < 7 and b* = (20— —
0.016) + 3.0353 ¢, every b € Dqg satisfies 0 < argb < argb* < 0.04829.

Proof. Let y = Im Fyg. By Lemma 3.2(b), |Fig| < Re Fio +y < 20.257 + y, so y = & In(27|Fyo) <
3 In(27(20.257 + y)). The function y Hjln(27r(20.257r + y)) — y is decreasing and negative at
y = 3.0193 [T7], so y < 3.0193. For b € D1y we have Reb > 20m — 1/(20m) > 207_ — 0.016 and
0 <Imb < y+1/(20m) < 3.0353, so Imb/Reb < 3.0353/(207m_ — 0.016) and hence argb < argb*.
Finally arg b* = arctan (3.0353/(20m_ — 0.016)) < 0.04829. O



4 The rectangle [0,60] x [0, 5]

Proposition 4.1 (computer-assisted). The function g has exactly nine zeros in B\ {0}, where B =
{z+iy:0<2<60, 0<y <5} They are simple and lie in the open first quadrant. Numbered by
increasing real part, they lie in discs of radius 27199 about centres whose rounded values are listed in
Table 1, and

argz; > argze > --- > argzg > supjargh: b€ Dip}.

The proof is a computation. It is carried out by two programs in the source files, ball_2045.py
and cert_bounded_2045.py, and we describe what they verify.

Arithmetic. A real number is represented by a pair of integers (m, e) with e > 0, which stands for
the interval [(m —e)27320, (m +€)273?%), and a complex number by a pair of such intervals. Additions
are exact. Each multiplication, and each division by an integer, rounds the midpoint to the nearest
integer and adds to e a rigorous bound for the rounding error and the propagated radii. Jy and J; are
evaluated from their power series [DLM26, (10.2.2)]. Once the ratio of consecutive terms is at most
1/2 in modulus for all later terms, the tail is bounded by the modulus of the last term computed,
which is added to the radius. An exact rational upper bound M = 27.2398... for Iy(5) is computed
from its series in the same way. No floating-point number enters any decision.

Counting. Let I' be the boundary of B\ D(0, 1), traversed positively: the segment from 1 to 60,
the right side from 60 to 60 + 57, the top side from 60 4 5 to 5i, the segment from 5¢ to i, and the
arc of |z| =1 from i to 1. By Lemmas 2.1 and 2.2, g has no zeros on the two segments and the arc.
Along the segments ¢ is real with constant sign, so its argument is constant there, and along the arc
it changes by —m. The program divides the right side and the top side into 31 and 256 segments [a, b]
with dyadic end points, each of which satisfies

b~ allg'(a)l + 5lb — a*M < 3g(a)l; (8)

this is checked rigorously from the enclosures of g(a) and ¢'(a) = —Ji(a). By Taylor’s formula and
Lemma 2.3 (|¢"| < Ip(5) < M for 0 < Imz < 5), every value of g on [a,b] lies in the closed disc of
radius 3|g(a)| about g(a). Hence g has no zero on [a, b], and the continuous argument of g changes by
at most arcsin% = m/6 from a to b. Except at the end points 60 and 5i, where g is real, the enclosure
of each value g(a) lies in an open quadrant. Since consecutive arguments differ by at most 7 /6, the
quadrant of the continuous argument changes by 0 or 1 at each step, and it can be followed exactly.
Starting from arg g(60) = 7 (as ¢g(60) < 0), the program finds that the continuous argument reaches
207 at 5i, where g(5¢) > 0. Thus the argument of g changes by 197 along the right and top sides
and by 0+ 197 + 0 — 7 = 187 along I'. By the argument principle, g has exactly nine zeros inside
I', counted with multiplicity. By Lemmas 2.1 and 2.2 and the above, these are all the zeros of g in

B\ {0}.

Localisation. Newton’s method, run in exact rational arithmetic from floating-point starting values,
gives centres 21, ..., 29; these are exact dyadic rationals, recorded in the output files. With p = 27130
the program verifies

9(Zn)| + 502 M < plg'(2m)] (1< m<9), (9)

with |g(Z)] < 2.2-1077 and |¢'(2,)] > 0.94. On the circle |z — 2,,| = p, Taylor’s formula and
Lemma 2.3 give [g(z) — ¢'(2m)(z — Zm)| < [9(Zm)| + 3p°M < |¢'(2n)(z — Zm)|. So, by Rouché’s
theorem, g has exactly one zero in D(Z,,, p), and it is simple. The nine discs are disjoint and lie inside
I', so they contain all nine zeros.



Arguments. For points a, b of the open first quadrant, arga > argb if and only if Im(ab) > 0. If
a € D(24,p) and b € D(2j41, p), then Im(ab) > Im(Z2;2j41) — p(|2j| + |2j41]) — p®. The program finds
Im(2;2,41) > 9.64 for 1 < j < 8, while the correction is below 10743, Finally, it finds Im(29b*) > 10.78,
with b* as in Lemma 3.6; this exceeds the correction p|b*|, so arg z9 > argb* > supp, , arg.

The computation takes about one second. Floating point is used only to produce the starting
values for Newton’s method, and the certification does not depend on them.

4.1 Independent reproductions

Two independent verification runs (see “Verification” at the end) reproduced Proposition 4.1 with
their own programs. Both use the interval arithmetic of mpmath [mpm26] with outward rounding, at
420 and at 240 bits, and their own power series with tail bounds.

First run. Its programs do the following.

o They apply the argument principle to the whole rectangle [-X, X] x [=5,5], without using
Lemmas 2.1 and 2.2 or any symmetry. Each step [a,b] is certified by Io(n) |b — a| < 1|g(a)],
where 7 is the largest value of |Im z| on [a, b]; this uses |¢'| = |J1| < Ip(|]Imz|) (Lemma 2.3).
The increments of the argument are enclosed in intervals and summed. The winding number is
enclosed in [38, 38] for X = 60 and in [50, 50] for X = 80. Since 0 is a double zero and the zeros
in the four open quadrants correspond to each other (Lemma 2.1), this gives 38 =244 -9 and
50 =244 -12. So g has nine zeros in (0,60) x (0,5) and twelve in (0,80) x (0,5).

o They certify Rouché discs of radius 2719 about 21, . .., 219, using |¢”| < Iy(|Im 2|). The certified
gaps between consecutive arguments decrease from 0.0997 (between arg z; and arg z2) to 0.0030
(between arg z1; and arg z12). They enclose Fig, Fi1, Fio rigorously and find (27m)|zy, — Fin| <
0.1995, 0.1998, 0.2000 for m = 10,11,12. They also find argzg > 0.05127 > 0.04733 >

supp,, arg.

o They re-derive the inequalities [T1]-[T7] and [Q] and check them with interval enclosures of ,
exp and In. They also check the inequalities of Lemma 3.3 and Propositions 3.4 and 3.5 directly,
without the monotonicity arguments, for 450 values of m between 10 and 10'°.

Second run. It counts the zeros in B without the argument principle, without Lemmas 2.1 and 2.2
and without symmetry, by covering the closed rectangle B with sets on which the number of zeros
is known. It uses the bound |¢"(x + iy)| < I{/(|y|), which follows by differentiating the integral of
Lemma 2.1 twice.

« On the square [0,1]% it uses h(z) = (Jo(z) — 1)/22, an entire function with h(0) = —3, and
checks |h(c)| > SSUp|, < /5 |W/(2)|, where ¢ is the centre and s the half-diagonal of the square.
So 0 is the only zero of g in [0, 1]%.

¢ Nine discs of radius % about approximations of z1, ..., z9 each contain exactly one zero, which

is simple (Rouché’s theorem).

o The rest of B is covered by 969 squares @ with |g(c)| — |¢'(c)| s — 2s°I}/(n) > 0, where c is the
centre and s the half-diagonal of () and 7 is the largest value of Im z on ). By Taylor’s formula
g has no zero on such a square.

Hence ¢ has exactly nine zeros in B\ {0}, all simple, and none on the boundary of B. The sec-
ond run also certifies Rouché discs of radius 27119 about zi,..., 212, which confirm every digit of



Table 1 and the order argz; > --- > argzjo. It encloses Fig, F11, F12 and finds (21m)|zy, — Fin| <
0.19950, 0.19976, 0.19998 for m = 10,11,12 and supp, arg < 0.047323 < 0.051271 < argzg. It
re-checks [T1]-[T7] and [Q] in interval arithmetic, checks the inequalities of Lemma 3.3 and Proposi-
tions 3.4 and 3.5 directly for 3038 values of m between 10 and 10'®, and checks arg F},, — arg Fj,, 41 >
G(m) for 10 < m < 59 with rigorous enclosures of F,.

5 Proofs of the main results

Proof of Theorem 1.1. Since g(z) = —2%/4 + O(z*), the point 0 is a double zero of g. The closed first
quadrant is BU S UQ. By Proposition 4.1, the zeros of g in B\ {0} are z1,...,29. By Lemma 3.1(C)
there are none in S, and by Proposition 3.4 the zeros in 2 are the z,, with m > 10. All of them are
simple, and by Lemma 2.1(b) they lie in the open quadrant. We have Re zg < 60, and for m > 10
the real part of z,, € D,, lies between 2rm — p,, and 27rm + 7w/4 + py,. So the numbering is by
increasing real part. The inequalities (2) follow from Proposition 4.1 for m < 9, from Proposition 4.1
and z19 € Djg for argzg > argzyg, and from Proposition 3.5 for m > 10. By Lemma 2.1(a) the
solutions are 0 and +z,,, +Z,, all simple. If two nonzero solutions lay on the same open ray, then
by Lemma 2.1(c) two of the z,, would have the same argument, contradicting (2). The direction
statement follows, since Z,,, —z, and —Z,, have arguments — argz,,, argz,, — 7 and ™ — arg zy,.
The bound on |2, — Fy,| is Lemma 3.3. Finally, a solution F of F' = 2rm + 7/4 + £ Log(2nF) with
Re F > 60 satisfies Im F' = £ In(27|F[) > 0, so it lies in €2, and there it is unique by Lemma 3.2(a). O

Proof of Corollary 1.5. Let «, 8 be nonzero solutions of (1) with a/3 =t > 0. Then o = tf lies on

the open ray through /3, so « = 8 by Theorem 1.1, and ¢t = 1. Conversely 1 = z1/21 € Hs. O
Proof of Corollary 1.4. If ry # ro, then r1/ro # 1, so r1/r2 ¢ Ha by Corollary 1.3, and Theorem 1.2
applies. If r1 = ro =7, let A = 21/r. By (3), Myey = Jo(z1)ex = ey, while Aey = —\2ey # 0. O
6 Remarks

Remark 6.1. The bound |z, — F,| < 0.576/(2wm) is far from sharp. The next term of Hankel’s
expansion suggests that (2, —Fp,) Fy — §—5= asm — 00, so that (2mm)|z,,—Fn| = [3—5=| ~ 0.2024.
Floating-point computations, which are not part of the proof, agree. For 10 < m < 20000 the
computed values of (2rm)|z,, — Fy,| are at most 0.2024. The computed arguments decrease, with
consecutive differences at least 2.5 - 107 (near m = 20000); this is consistent with the lower bound
0.3196/m? of Proposition 3.5.

Remark 6.2. For functions on R™ the circle means are replaced by sphere means, and Jy by A,(z) =
I'(n/2) (2/2)"/2*1Jn/2_1(z); thus A = Jy and As(z) = (sinz)/z. The corresponding exceptional set
H,, consists of the positive quotients of nonzero solutions of A, (z) = 1 (see [BG86] and the discussion
after Theorem 1.2). The method of this note should apply to each fixed n, but we have not carried
this out, and nothing is claimed here for n # 2.

Verification. The claims were checked as follows.

1. The certified computation of Section 4 (ball_2045.py and cert_bounded_2045.py; exact inte-
ger and rational arithmetic, about one second), and the check of the inequalities [T1]-[T7] and
[Q] in exact rational arithmetic (tail_constants_2045.py). Both were re-run from the copies
in the source files and reproduced the recorded outputs.
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2. Floating-point cross-checks with SciPy (sanity_scipy_2045.py), which are not used in the
proof:

o the zeros for m < 20000 (Remark 6.1);
« a floating-point argument principle on B\ D(0, 1), which gives 9.000000;

o the ratios |[R¥(z)|/e1(|z|) at 4000 random points of Q with |z| > 5, which are at most 0.50
and 0.34;

o on the circles 9D, 10 < m < 14, the values (27rm) min [u—1| ~ 0.99 and (27m) max |E| ~
0.20, against the bounds 0.9837 and 0.5641 used in Proposition 3.4.

3. A first independent verification run, which was Al-assisted, re-derived the arguments of
Lemma 2.4 and Section 3, re-ran the programs of item 1, and wrote its own interval-arithmetic
programs, described in Section 4.1. It also made non-rigorous checks with mpmath at 34-40
digits:

o the ratios |R*|/e+ on a grid that includes the edges of the quadrant, below 0.50 and 0.34;

e the zeros z,, for 10 < m < 3000, computed from a 30-term Hankel expansion, with decreas-
ing arguments;

o the formula of Lemma 3.2(c), compared with finite differences.

It found no mathematical error. It asked for corrections to the presentation, which have been
made: the statement of the path condition in Lemma 2.4, the precise form of the two-circle
theorem used (Theorem 1.2) and the remark on necessity, the publication of the programs, and
the discussion of [VV23a, VV23b].

4. A second independent verification run, also Al-assisted, read the problem again in the source
of [HL19] and §10.17 of [DLM26], re-derived the proofs, re-ran all programs from the source
files (the recorded outputs were reproduced), and wrote its own interval-arithmetic programs,
described in Section 4.1. It also made non-rigorous checks with mpmath at 40 digits: the ratios
|R*|/e+ on a polar grid with 5 < |z| < 400 that includes both edges of the quadrant (at most
0.4997 and 0.3383); the variation of ¢! along the paths of Lemma 2.4, by quadrature; and the
statements of Remark 6.1 at sample values of m up to 20001. It found no mathematical error.
It asked for corrections to the presentation and to the sourcing, which have been made: the
wording of Update 2.45, the source and the form of Theorem 1.2, the description of [VV23a,
the way Olver’s bound was used, and one clause in the proof of Theorem 1.1.

All programs and their outputs are included in the source files.

Scope and priority. Theorem 1.1 answers Problem 2.45 of [HL19] affirmatively for open rays,
which is the reading intended there; for closed rays the statement fails only because 0 is a solution.
The proof is computer-assisted on the rectangle [0,60] x [0,5]. All other steps are analytic, and
their numerical constants are checked in exact arithmetic. The only external input beyond standard
facts about Bessel functions is Olver’s error bound for Hankel’s expansion, which we use in the form
stated in [DLM26, §10.17(iv)]; the page reference to [Olv97] is taken from there, and we have not
seen [Olv97] itself. Corollary 1.4 combines Corollary 1.3 with Delsarte’s theorem. We did not see
[Del58] or [DL59]. Our formulation of Theorem 1.2 and our description of [BG86] follow the zbMATH
summary of [BG86], as explained after Theorem 1.2; we know [BG86, Vol95, Vol96] only from their
zbMATH reviews or summaries. We read the problem in the arXiv version of [HL19]. We did not
see the problem list [CH74], Zalcman’s survey [Zal80], the papers [Fla65, Zal72] or the survey [NV94],
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and we know [VV23a] only from its bibliographic record. We searched arXiv, Crossref, OpenAlex,
zbMATH, Semantic Scholar and the web for work on the solutions of Jy(z) = 1 and on the exceptional
set of the two-circle theorem. This included the works citing [DL59] that are listed by OpenAlex. We
found no answer to the problem, and the arXiv version of [HL19] (2018) reports none. The method,
asymptotic expansions with explicit error bounds combined with a finite certified computation, is
standard, and the result may well be within reach of experts. This negative search is not a proof of
priority.

Al-assisted tools were used to search the problem corpus and the literature, to find the arguments
and the certified computation, to write and run the verification programs, and to help prepare this
manuscript. The author has reviewed the proofs, the computations and the sources and is responsible
for all claims. The note has not been peer reviewed.
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