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Abstract

A bounded conjugate variable does not imply a coarse relative free Poincaré inequality. Let
B be a diffuse tracial von Neumann algebra, let Y be a bounded self-adjoint element commuting
with B, and put A = W*(B,Y). If S is a variance-one semicircular element free from A, then
X =Y +¢eS, e > 0, generates A x W*(S) together with B. The variable X is algebraically
free from B and has bounded conjugate variable S/e, but ker dx.p = L%*(A). Thus the kernel
is strictly larger than L?(B) whenever Y ¢ B. For a tensor Bernoulli choice of Y, equal-trace
pinching polynomials have squared Poincaré ratios n + 2. This gives a negative answer to
Question 7.4 of Ito’s arXiv version 3 and shows that the hypotheses of the AIM X-constants
question alone do not force its kernel identity. It does not classify all cases where that identity
holds. We also construct an irreducible inclusion of II; factors with the same obstruction: for
a Bernoulli crossed product A = B x Z, the variable X = v+ u* + ¢S has B NW*(B,X) =C
and closed derivative kernel L?(A). Twisted pinching polynomials have exact squared ratios
2m + 1+ ¢

1 The question and the construction

Let (M, 7) be a finite von Neumann algebra with faithful normal tracial state and B C M a unital
von Neumann subalgebra. If X = X* € M is algebraically free from B, the free difference quotient

dx:p : B(X) — L}*(M,7)® L*(M, 1)

is the derivation determined by dx.pX = 1®1 and 0x.gb = 0 for b € B. The target is the ordinary
coarse correspondence, with a - (u ® v) - b = au ® vb and |ju ® v||2 = ||ul|2]|v||]2. It is not a tensor
product balanced over B.

The AIM problem [1, Section 0.1] assumes infinite-dimensional B, M = W*(B, X) and clos-
ability of this derivation. It asks for conditions ensuring that its closed kernel is L?(B), and for
conditions yielding

|P— EgPl < CloxsPlz (P e B(X)). 1)

Here E'p is the trace-preserving conditional expectation, also viewed as the orthogonal projection
on L2.

Ito [2, Section 7] gives a commuting obstruction without a conjugate variable, then asks in
Question 7.4 whether a conjugate variable suffices for (1). The numbering in this note refers
specifically to arXiv:2409.16498v3. We add free semicircular noise to a commuting variable and
show explicitly that the hidden constant remains recoverable.
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Theorem 1. Let (A, 7) be a finite tracial von Neumann algebra, let B C A be a diffuse unital von
Neumann subalgebra, and let Y =Y™* € B'NA satisfy A= W*(B,Y). Form the tracial free product

(N,7) = (A,7) « (W*(9),7),
where S is centered semicircular of variance one. Fore >0, put X =Y +¢&S5. Then:
1. W*(B,X) =N, and X is algebraically free from B.
2. Ox.p 1is closable and its conjugate variable is J(X : B) = S/e € N.
3. Writing D = Ox.p, one has
ker D = L*(A),  [[& — Eaél2 <¢l|DEll2 (¢ € dom D). (2)

The constant € is optimal.

4. S, J(X :B) €edomD and

DS=cM®l, DJ(X:B)=¢c?1®1.

IfY ¢ B, the kernel is strictly larger than L?(B) and (1) fails for every finite C.

Diffuseness here is a hypothesis on the coefficient algebra, not on the distribution of Y. In the
most concrete example Y has a two-point distribution.

Corollary 2. Take

B=12(01), A=BEC, Y=le(,-1)
with Lebesgue trace on B and uniform trace on C2. For an equal-trace partition 1 =31 | p; in B,
define g, = > i piXpi. Then

52

Epgn = 0, lan = Y3 ==, (3)
g2 1
lgnll3 = 1+ o 10x:Banl5 = o (4)

In particular the squared ratio in (1) is n+¢&2, whereas J(X : B) is bounded with | J(X : B)| = 2/
and ||J(X : B)||3 =72

2 Algebraic freeness and recovery

We first record the algebraic point that distinguishes the regularized example from a commuting
variable itself.

Lemma 3. If S is semicircular and scalar-free from A, then evaluation at S embeds the algebraic
free product A x Clt] into N. For anyY =Y* € A and any ¢ > 0, evaluation at Y + &S is also
injective.



Proof. Centered reduced words in the two factors identify with algebraic tensors in the correspond-
ing reduced free-product Hilbert space. The trace on A is faithful, and the semicircle law has
infinite support, so no nonzero polynomial in S has zero L? norm. The reduced-word decomposi-
tion therefore has no algebraic kernel. The formal substitution fixing A and sending ¢ to Y + &t
is an automorphism of A % C[t], with inverse ¢ — (t —Y')/e. Compose it with the first injective
evaluation. O

In particular X is algebraically free even from A, and hence from B. This is not a claim of
probabilistic freeness of X from either algebra.

Lemma 4. In Theorem 1, let 1 = Y1 | p; be an orthogonal partition in B with 7(p;) = 1/n, and
define
n n
hn = piSpi,  an =Y piXpi.
i=1 i=1
Then 1
Eahy =0,  |lhall3 = =Y Fehy, ] < XL (5)

Consequently W*(B,X) = N.

Proof. A diffuse finite von Neumann algebra contains a diffuse abelian subalgebra and hence such
equal-trace partitions. Since Y commutes with every p;, its pinching is Y. Centering and freeness
of S give F45 =0 and

T7(SaSb) = 7(a)7T(b) (a,be A).

The mixed terms in the square of h,, vanish by orthogonality of the projections. Thus

Ihall3 = 3" r(0:SpiSp) = X (SpiSps) = 3 7(pi)? = ©

. n
K3 (2 (2
Also E zh,, = 0 by bimodularity of F4. Pinching by an orthogonal partition is a unital completely
positive map, which proves the operator-norm bound.
Let M = W*(B,X) C N. Since q, € M and ¢, — Y in L?(N), the L?-continuous conditional
expectation Ejs fixes Y. As Y is bounded, Y € M. It follows that S = (X —Y)/e € M, so M

contains A and S and is all of V. O

Recovery is essential: it places S/e in the algebra generated by B and X, not merely in an
ambient free-product extension.

3 The closed derivative and its exact kernel

Let § = 0s.4 on A(S). Semicircular integration by parts gives
T(SP) = (tr®71)(dP) (P € A(S)). (6)

This is the standard conjugate-variable identity [5, 2]. The Leibniz rule and (6) give, on polynomial
tensors,

0" (a®b) =aSb— (Id®@7)(da)b — a(r @ id)(db). (7)
In particular the adjoint has dense domain, so ¢ is closable. Denote its closure by T'. The relative
semicircular Poincaré estimate [2, Corollary 6.11 and Remark 6.12], with coefficient algebra A and
covariance a — 7(a)l, states that

1€ = Ballla < ||IT€[l2,  kerT = L*(A). (8)



Here that covariance norm is exactly the ordinary coarse norm.
On B(X) C A(S) one has 0X =e¢1® 1 and 0b = 0. Lemma 3 and the defining Leibniz rule
therefore imply
Ox.p = 5_15|B(X>7 D Ce T (9)

The domain on the left is dense in L?(IN) by Lemma 4. The restriction is closable, so the notation
D is justified. Equations (8)—(9) show that ker D C L2(A).
For the reverse inclusion, direct differentiation gives

1
Ox:Ban =Y _Pi®pi  |0x:Banlls =Y T(pip)* = . (10)

Together with ¢, — Y this proves Y € dom D and DY = 0. We spell out why the whole algebra
A becomes constant. For each fixed & > 1, the uniform operator-norm bound in (5) and the
telescoping identity give ¢® — Y* in L2. The coarse bimodule estimate and the Leibniz rule give

10x:5(ax)ll2 < KIX ¥ 0x:84nll2 — 0. (11)

For b € B, the same reasoning applies to bqﬁ. Thus bY* € ker D. Because Y commutes with B,
the span of these elements, including k& = 0, is B[Y]. It is L? dense in A = W*(B,Y). A closed
operator has a closed kernel; hence L?(A) C ker D. This proves the kernel identity.

The inequality in (2) now follows from (8) and (9). Further, S = (X —Y)/e € dom D and
DS =11 ®1. Since ||S]|2 = 1 and E4S = 0, equality for S proves that the constant ¢ is optimal.
The argument only uses the restriction in (9); it does not assume equality of the full operator
domains.

Finally, for P € B(X), (6) gives

7((S/e)P) = (r @ 7)(dx.BP).

This identifies S/e € N = M as the conjugate variable. Its derivative is €721 ® 1 by the preceding
computation. If Y ¢ B, then ||¢g, — Epgnl|l2 = [|Y — EgY|l2 > 0, while (10) tends to zero. This
proves failure of (1) and completes Theorem 1.

4 Exact ratios and comparison with earlier results

In the tensor Bernoulli example, EgY = 0 and ||Y||]s = 1. Equation (5) implies Egh,, = 0 and

(Y, h,) = 0. Hence
2

9
lgnllz = IIY + ehnll3 =1+ o

The recovery and derivative formulas prove Corollary 2. In particular no unspecified constants or
asymptotic error terms enter the obstruction.

More generally, for any finite orthogonal partition with ¢; = 7(p;), the same computations
replace 1/n by >, t2. The distinction between Y ;¢; = 1 and Y, — 0 is the mechanism of the
construction. The commuting component survives pinching, while both the free noise and the
coarse derivative disappear in L2.

Ito’s commuting example [2, Theorem 7.2] establishes the obstruction before regularization; his
Proposition 7.3 explains why it lacks a conjugate variable. The free noise here removes that defect,
and the recovery sequence shows why it does not restore the proposed inequality. This conclusion
concerns the coarse norm and does not contradict the stronger projective-norm estimate of [3].



There is also a general structural antecedent. Lee and Nelson [4, Proposition 2] show that the
anticoarse space associated with the constants of a closable coarse derivation is annihilated by its
closure. That absorption result explains why a diffuse commuting extension can contribute extra
constants. We do not claim that principle as new. Our argument gives an explicit regularized
realization, its bounded conjugate variable, its exact closed kernel and a polynomial sequence with
exact diverging ratios.

The result answers the conjugate-variable sufficiency question negatively. The original AIM
formulation asks for conditions; a characterization of all positive cases is not provided. For example,
if Y € B, then A = B and (2) is precisely a positive case.

5 An irreducible inclusion of factors

The preceding example has a large relative commutant. We now show that irreducibility does not
restore the proposed inequality.

Theorem 5. Let o
B = Q)(M>(C), trs), A=Bx,7Z,
JEZL
where « shifts tensor coordinate j to j+ 1, and write u for the canonical unitary satisfying ubu™ =
a(b). In N = A«W*(S), with S centered variance-one semicircular, put X = u+u*+¢eS fore > 0.
Then
W*(B,X) =N, B'NnN =C.

The variable X is algebraically free from B, its conjugate variable is S/e, and its closed coarse
derivative satisfies

ker D = L*(A) 2 L*(B),  ||¢ — Ea&ll2 < || D€z (€ € dom D).

The constant is optimal and DJ(X : B) = e21®1. In particular B C N is an irreducible inclusion
of 111 factors with no finite Poincaré constant relative to B.

Here and below all tensor factors of B have normalized trace. For m > 1, let p,,, w € {0,1}™,

be the diagonal cylinder projections on coordinates 1,...,m, and put n = 2™. They partition
identity and have trace 1/n. Define
Qm = Za(pw)Xpwv Hy, = Za(pw)spwa Fn = Za(pw)a_l(pw)~ (12)
w w w
The summands of F,, are disjoint diagonal projections. On the binary coordinates 0,...,m + 1,
their union is the event that the stringson 0,...,m—1 and 2,...,m+ 1 coincide. Its m constraints

force two-periodicity; there are exactly four assignments out of 2™+2. Therefore
F2=F,=F'  71(Fp,)=2""=1/n. (13)
Using upy, = a(py)u and u*py, = o~ (py,)u* gives

Qm =u+ Fpu* +cHp,. (14)

In particular the unwanted u* term is small in L?, not zero.



Since F4H,, = 0, it is orthogonal to the first two terms. Orthogonality of the left projections
and the scalar-free second-moment identity give

||Hm”g = ZT(pwsa(pw)Spw) = ZT(pw)T(a(pw)) = 1/”'

w w

Also u and F,,u* have distinct Fourier degrees in the crossed product. Thus

14 &2

1+¢e?
1Qmll3 =1+ — 10x:8Qmll3 =

1
— (16)
For the last identity differentiate directly: 0x.pQm = > ., @(pw) ® py. Both partitions are orthog-
onal, so the coarse squared norm is Y., 7(a(pw))7(pw) = 1/n.

We first justify that this derivative is well-defined and that the bounded conjugate variable
belongs to the generated algebra. Lemma 3 applies to Y = u + u*, without any commuting
assumption. For M = W*(B, X), (15) and L? continuity of Ey; give u € M. Thus A C M and
S = (X —u—u*)/e € M, proving M = N. As before D C ¢ 'T, where T = 0.4, and hence
ker D C L?(A).

The map Z — >, a(pw)Zpw is operator-norm contractive, although it need not be positive:
on any vector 7, orthogonal ranges give

2
1> alp)Zpwn|| =Y lawu) Zpwnl® < 12123 Ipunl®

Consequently [|Qn| < [|X]|. Equations (15)—(16) put w in ker D. The real-derivation identity
O(P*) = 9(P)', where (a®b)! = b* ® a*, also puts u* there. For any fixed word in B, u,u*, replace
w, u* by Qm,Q%,. The uniform norm bound gives L? convergence by telescoping, and the Leibniz
rule makes the derivatives tend to zero. These words are L? dense in A, so ker D = L2(A). The
argument proving the sharp inequality and the identities for S and J in Section 3 now applies
verbatim with Y = u + u*. The exact squared ratio in (1) is n + 1+ &2 = 2™ 4 1 + £2.

It remains to verify irreducibility. Each nonzero power o is outer. Indeed, the trace-zero
unitary v; = diag(1, —1) in coordinate j asymptotically commutes in L? with every fixed element
of B, by approximation with finite tensors. If o = Ad(a) for a unitary a € B, this would imply
|ak(v;) — vill2 — 0 as j — oo. But that squared norm is exactly 2, because the two tensor
coordinates are distinct.

If 2 € B'N A, its Fourier coefficients ay = Ep(2u~F) satisfy bay = ara®*(b) for every b € B. If
k # 0 and a;, # 0, both aja; and apaj, are the same positive scalar multiple of identity, since B is a
factor. Thus a scalar multiple of ay, is a unitary implementing o up to inversion, a contradiction.
Also ag is scalar. Hence B'N A = C.

For completeness, the free product does not enlarge this relative commutant. The reduced-word
decomposition identifies

LYN)e L} (A) =2 L2 (A) @ KR L*(A)

as an A—A correspondence, where K consists of reduced words beginning and ending in centered
letters from W*(S). Take a Haar unitary v € B. Its powers v" tend weakly to zero. Matrix
coefficients of conjugation by v" on elementary tensors factor as

(W"a,a’y(k, K'Y (bv™T, b)) — 0.



Density and the unitary norm bound extend this to all vectors. A B-central vector in this
correspondence must therefore be zero. For z € B’ N N, the vector z — E 2 is B-central, so
2= FEsz € B'N A= C. This proves Theorem 5.

The standard outer-action and free-product facts in this argument are not new. Lee—Nelson
kernel absorption also accounts for normalizing directions; our additional conclusion is the explicit
irreducible regularized construction and its exact recovery, kernel and ratios. This section strength-
ens the same negative sufficiency result, not the unresolved classification of positive cases.

6 Reproducibility

The accompanying standard-library Python program checks finite noncrossing semicircular moment
identities, the derivative chain rule, conjugate-variable identities and pinching formulas using ra-
tional arithmetic. It passes 2,190 predicates in each of normal and optimized execution, with 864
coefficient-word tests and 27 partition/noise models. These checks supplement the written infinite-
dimensional argument; they are not formal verification. An additional exact checker performs 421
predicates for the irreducible construction, comparing exhaustive binary-cylinder enumeration with
constraint-graph counts for 1 < m < 12 and testing the norms and ratios at 60 rational noise models.
Both checkers run identically with and without Python optimizations.

AT tools assisted with literature searches, calculations and drafting. The author is responsible
for the statements and proofs. This is an unrefereed preprint; no independent review or absolute
priority certification is asserted.
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