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Abstract

The nonexistence of a Hadamard matrix of order 28 with one circulant core is classical.
A related AIM workshop challenge asks for an explicit polynomial combination of the 41
generators of the seventh Hadamard ideal that equals one. We give such a combination over
the rationals, in factored finite-sum form, with total degree at most 29. Compression from
length 27 to length 9 leaves 36 compressed rows and 78732 Boolean lifts; each lift violates an
original correlation equation. Boolean projectors and ordered polynomial differences convert
this finite computation into explicit multipliers for the original generators. The certificate
uses 340840 leaf identities and is accompanied by integer enumeration, exact symbolic checks
and a second bit-mask replay. The contribution is the reproducible certificate, not a new
nonexistence theorem or a claim of optimal certificate degree.

1 The specific certificate problem

The AIM Computational Algebraic Statistics workshop lists a challenge of Kotsireas: establish
inconsistency of a 41-equation system in 27 variables and explicitly express one as a polynomial
combination of its generators [1]. The challenge follows, but is separate from, Onn’s question
on cell spectra of contingency tables. It concerns the seventh Hadamard ideal of Kotsireas,
Koukouvinos and Seberry [2]. Their Section 4.3.2 records a known nonexistence theorem and
an exhaustive search. Neither that theorem nor the use of finite enumeration is claimed as new
here. The AIM page also records Sturmfels’s suggestion to assemble certificates for pieces of the
system.
We state the target ideal explicitly. Indices on original variables are taken modulo 27, and

26 26
gi=a;—1, L= a—-1  sg=1+> aaiaq (1<d<13). (1)
=0 =0

Thus

H7; = (L,qo,...,q2,51,---,513) € Qlag, ..., a].
This is Definition 1 of [2], with indices shifted by one. The positive row-sum normalization is
part of that definition. The three legacy data-file links in the workshop statement were not

retrievable with valid HTTPS certificate checking; our statement uses the published definition,
without claiming a byte-for-byte comparison with those files.

Theorem 1. The rational polynomials Ay, Agq, Q; defined in Section 4 satisfy

13 26
1=A L+ Agsq+ > Qiti- (2)
d=1 i=0

Every summand has degree at most 29. The specified representation uses 262108 compressed
leaf identities and 78732 full-sign leaf identities. In particular, H7 = (1) over Q and over C.
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All coefficient formulas below are finite sums with explicit indexing sets. Every division is
by a fixed nonzero integer, or is a divided difference explicitly interpreted as a polynomial. No
unspecified ideal-membership computation is part of the definition.

2 Compression with explicit generator relations

For 0 <r <9, put By = ar + ar49 + ar118. In nine formal variables X, with indices modulo 9,
define

gO(X):ZXT_lv gl(X):ZX3_257

9ir1(X) =3+ X, X, 14 (1<d<4).

Direct polynomial expansion gives

go(B) =L, g1(B) = >2; qi + 259,
92(B) = s1+ s8 + 510, g3(B) = s2 + 87+ s11, (3)
94(B) = 53+ s¢ + s12, g5(B) = 54 + 55 + s13.

For the energy identity, >°, B2 = Y, a? + 23, a;a;+9. For the correlation identities, expand the
products blockwise: the compressed shift d is the sum of the original shifts d,d 4+ 9,d + 18. The
original correlations at opposite shifts agree. These are literal identities in the polynomial ring;
no equation from (1) has been imposed to establish them.

Let T = {—3,—1,1,3} and define the finite set

C={beT?:g;() =0 for every 0 < j < 5}.
For b ¢ C, let j(b) be the least j with g;(b) # 0. For b € C, put

Sy={ce{-1,1}*" 10,409+ 0p15=b (0<r<9)}, S=JS.

Lemma 2. The set C consists of the nine cyclic rotations of each of

(_37 _17 17 17 _17 17 37 _17 1)7
_3a _17 1737 _17 17 17 _17 1 )
(_3a 1a _17 17 1a _17 37 17 _1)7
(=3,1,-1,3,1,—1,1,1,—1).

These 36 rows are distinct. Each S, has 37 = 2187 elements. Every o € S has sq(c) # 0 for
some 1 <d<6.

Finite verification. Appendix A gives a complete integer-only check. It first visits all 49 rows,
tests all six compressed equations, and compares the survivors with the rotations of (4). A
surviving row has one entry 3, one entry —3 and seven entries of absolute value one. The
saturated blocks have one sign triple each; every other block has three. The second loop therefore
visits every one of the 36-37 = 78732 lifts, without a symmetry reduction, and tests the original
equations. It raises an error if a lift survives. The first violated equation has the following
histogram:

d | 1 2 3 4 5 6

#o ‘ 50220 18252 7236 2052 324 648.

The supplied second implementation reconstructs the compressed rows by choosing the two
saturated positions. For each lift it uses a 27-bit mask m of its negative entries and the exact
formula

sq(0) = 28 — 2 wt(m xor rotg(m)).



It reproduces the entire first-failure histogram, including residual values. These are exhaustive
finite verifications, not random tests. O

For the remainder define d(o) as the least shift in {1,...,13} with s4,)(0) # 0. The lemma
ensures that this index exists and is at most six. It also proves that all scalar divisors used below
are nonzero. The finite verification is part of the certificate, not a search whose failure to find
a point is interpreted as a proof.

3 Boolean projectors and polynomial differences

For & = (x9,x1,72) and € € {—1,1}3, set

1+ ekwk
k=0
For t € T define

eote1tea=t
€k 14 epxy
R)= Y gt
eote1tea=t h#k
Lemma 3. As polynomial identities over Q,
2
> Pyx) =1, (w0 + 21 + 22 — ) Py(x) = Y _ (2} — 1)Rep(w). (6)
teT k=0

Proof. The first equality is the product of the three identities (1 4+ xx)/2 + (1 — 2%)/2 = 1. For
the second, in each term of (5) use Y, ex =t and
14+ epzp €k

(zk — Ek)T = 5(95% —-1).

Write z, = (ar, ar49, ar418) and set

8 26
1+ 0,0,
S G )
i=0

Then the following partition holds in the polynomial ring:
1=> B, =Y E, (bel). (7)
beT?® €Sy

The second identity is simply the blockwise expansion of the product.
For a polynomial f in n variables and a constant vector z, define the ordered divided differ-

ence
f(ZO> ces Zim1, Xy 7Xn71) - f(z()a e 2y X1,y 7Xn71)
i T 2

Dif(X;2) =

The numerator is divisible by X;—z; in the polynomial ring; (8) denotes this quotient polynomial,
including at X; = z;. Telescoping yields

f(X) = f(2) = Z(Xi —2;)D;i f(X; 2). 9)

For our quadratic polynomials, D; f has degree at most one. For complete computational speci-
ficity: a monomial X; X} with ¢ < h contributes X}, to D; and z; to Dp; Xl-2 contributes X; + z;
to D;, and X; contributes one.



4 The explicit multipliers
For b € T?\ C put j = j(b), vy = g;(b), and

P,
W, = -2, (10)
Up
D,g;(B;b)

Vortok = Ry, 1(r) [] Pou(2a) (0<7 <9, 0<k<3).

Ub UET

Multiply (9) by P, and apply (6) in each block. Rearranging gives
26
Py = Wagj)(B) = Y Voiti- (11)
i=0

For o0 € S put d =d(0), wy = s4(0), and define

E
We = 707 (12)
We
Vy, = Disq(a;0) o; 11 1 +onan
We 2 ki 2
Now (9) and the one-variable identity in Lemma 3 give
26
EG' = Wosd(o') - Z VU,iQi- (13)
=0

Let ojq be the integer coefficient of sq in (3). Explicitly, a19 = 2; for j = 2,3,4,5 the
nonzero entries are one on, respectively,

{1,8,10}, {2,7,11}, {3,6,12}, {4,5,13}.

All other entries are zero. The 41 multipliers in Theorem 1 are

beC
J(b)=0
Aa=2 ajmaWo+ > Wo (1<d<13),
be¢C oES
d(o)=d
Qi= > W= Voi—> Voi (0<i<27).
betC betC oS
ib)=1

Here every sum over b is restricted to 7°. Equations (5), (8), (10), (12) and (14), together with
the finite indexing sets, explicitly specify the multipliers. Expanding their many monomials is
not required to interpret the identity.

Proof of Theorem 1. Sum (11) over b ¢ C and (13) over 0 € S. The left sides sum to one by
(7). Substituting (3) and collecting the coefficients of the original generators yields exactly (14),
proving (2).

The degrees of P, E, are at most 27. For a coarse correction, the degrees of Ry, j, the eight
other block projectors and D,g; are at most 2,24, 1, respectively. After multiplication by ¢; the
degree is at most 29. A fine correction has degree at most 1+ 26 +2 = 29. The W terms times
their equations also have degree at most 29. Finally 49 — 36 = 262108, which, with the 78732
fine leaves, gives the stated count. O



5 Verification and interpretation

The accompanying source package includes three standard-library Python programs. The enu-
meration program records the compressed survivors, the integer divisor histograms and a de-
terministic leaf-stream digest. The symbolic program checks 32 polynomial identities over the
rationals: the block projectors, their first moments, the six compressed relations, and the generic
telescoping identities. The bit-mask program supplies a separate implementation of the finite
lift test. Normal and optimized Python runs agree; no correctness condition relies on an assert
statement that optimization could remove.

The proof combines the finite lemma with the algebraic identities, rather than treating
numerical substitution at sample points as a polynomial-identity proof. This is self-audited
computer-assisted work, not a proof-assistant formalization or external independent review. The
local two-program comparison should not be interpreted as such a review. Al assistance was
used in developing and checking the certificate, implementing the verifiers and preparing the
manuscript; responsibility for the submitted text rests with the author.

Boolean interpolation, polynomial telescoping and sequence compression are classical. The
certificate is provided as an explicit reproducible answer for the stated ideal, without a claim of
absolute priority, minimal degree, minimum size, or a new general Nullstellensatz method. It
does not settle the other workshop questions concatenated with this challenge in the dataset
record.

A A complete finite check

The following executable check uses only the Python standard library. The supplementary
programs also record full residual histograms and perform the symbolic and bit-mask checks
discussed above.

from itertools import product
from collections import Counter
= (-3, -1, 1, 3)
def g(b):
return (sum(b)-1, sum(x*x for x in b)-25) + tuple(

3+sum(b[r]*b[(r+d)%9] for r in range(9))
for d in range(1,5))

C = [b for b in product(T, repeat=9) if not any(g(b))]

seeds = [

(3, 1,1,1,-1,1,3,-1,1),

(-3,-1,1,3,-1,1,1,-1,1),

(-3,1,-1,1,1,-1,3,1,-1),

(-3,1,-1,3,1,-1,1,1,-1)]
rotations = {b[r:]J+b[:r] for b in seeds for r in range(9)}
if len(C) !'= 36 or set(C) != rotations:

raise ValueError ("compressed enumeration")
triples = {t: [s for s in product((-1,1), repeat=3)

if sum(s) == t] for t in T}
hist = Counter()
for b in C:
for blocks in product(*(triples[t] for t in b)):
= [0]%27

for r, block in enumerate(blocks):
for k in range(3):
a[r+9*k] = blockl[k]
for d in range(1,14):
if 1+sum(alil*a[(i+d)%27] for i in range(27)):
hist[d] += 1
break
else:
raise ValueError("surviving common zero")



expected = {1:50220,2:18252,3:7236,4:2052,5:324,6:648}

if dict(hist) != expected or sum(hist.values()) != 78732:
raise ValueError("lift histogram")

print ("PASS", len(C), sum(hist.values()))
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