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Abstract

The likelihood of the crossed bivariate Gaussian seemingly unrelated regression model can have
several local modes. Its almost-sure eventual uniqueness is known. We give an explicit finite-sample
bound: for fixed noncollinear regressor vectors of correlation r, with d = 1—|r| and k = n—2 > 2, the
probability of more than one stationary point is at most exp{—kd?/[16(1+|r|)]}+2 exp(—k/16). The
bound is uniform over the slopes and all positive-definite error covariances. A determinant normal
form gives a directly checkable unimodality certificate, which combines with elementary Gaussian
tails. Common regressors are allowed by replacing k& with n — p — 2 after projection. For Gaussian
random predictors of population correlation rg, an explicit bound is 11 exp{—(n—2)(1—|ro|)*/512}.
A change-of-measure argument shows that the probability of multiple modes is exp{—0(n)} at
each fixed nonsingular random-design parameter. The constants are not claimed optimal. We also
record the classical algebraic MANOVA certificate to distinguish the two parts of the motivating
AIM question.

1 The question and quantitative statements

Consider the crossed bivariate SUR model
iid
y1 = frr1 + €1, Y2 = [oxa + €2, (€i1,€i2) ~ N2(0,%), X > 0. (1)

Here 21,22 € R™ are linearly independent, and both slopes and the entire error covariance are unre-
stricted parameters. A mode means a local maximum in this open parameter space, not a maximum
restricted to an algorithmic search region. We count stationary points of the full likelihood, or equiv-
alently of the covariance-profile likelihood.

Drton and Richardson [2] demonstrate multimodality and prove almost-sure eventual unique-
ness for Gaussian random predictors. Question 11 of the AIM workshop list [1], recorded as AIM-
COMPUTATION-0025 in [5], pairs an algebraic MANOVA question with Takemura’s question about
the speed of convergence to unimodality in bivariate SUR. We give explicit sampling-probability
bounds for the crossed model (1).

Theorem 1 (Fixed design). Let n > 4 and define

T
r=—A2 g1 |p|>0, k=n-2
[E3Y[E21]

If N, is the number of stationary points of the likelihood in (1), then

kd?
]P){Nn > 1} S min {1,6Xp <_]_6(]_—|—|7"D> —+ 26k/16} . (2)
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Off an event bounded by the right-hand side, there is exactly one stationary point, and it is a strict
local and global maximum. The bound is uniform over 31, By and all 3 = 0. If the two equations also
contain the same full-rank n x p design matriz Z, replace x; by their projections onto col(Z)*+ and k
by n —p — 2, requiring k > 2 and independence of the two projected regressors.

Theorem 2 (Gaussian random design). Suppose the predictor pairs are iid centered nonsingular
bivariate Gaussian, independent of the errors, with population correlation rg. Put dy =1 — |rg|. For
n >4,

P{N, > 1} < min{1, 11e~("~24%/512} (3)

For each fized nonsingular parameter of this model, the probability P(M,) of at least two local modes
satisfies
6—Cn < ]P)(Mn) < 116—(n—2)d§/512 (4)

for some finite C' and all sufficiently large n.

Thus, for example, n > 2 4 512d; 3log(ll /), rounded upward and at least four, suffices for the
upper failure probability a. These are conservative bounds, not estimates of the optimal exponent
or the exact finite-sample probability. Arbitrary systems with several private regressors per equation,
misspecification and non-Gaussian errors are not covered.

2 A determinant normal form and certificate

Write X = [21,22) and G = XTX/n. Fit the unrestricted regression of each response on both
predictors:

y1 = a1x1 + hro + 21, Yo = jx1 + aoxs + 29, XTzl :XTZQZO.

Put R = (zisz/n)zj:l and assume R > 0. For candidate slopes let a = 1 — a3 and b = By — ao.
Introduce

r = Gi2/vVG11Ga2, s = Ria/v/ Ri1Ra2,
u = hy/Ga2/Ri1, v = jy/G11/Raz,
A= ay\/G11/R1, B = b\/G22/Rao.

r=1-7% k=rs+7uv, P=sv—ru, Q=su—rv. (5)

Finally set

The residual covariance at (a, b) is R+ LT GL, where L = [7:1 jb] . Its determinant, divided by Ri1Rao,
is exactly

F(A,B) =71A’B? + A2 + B> - 2kAB 4 2PA +2QB + C, (6)
C=1-3s>+u?+v%—2rsuv + Tu*v%

Indeed, expanding det(R+L7 G L) gives det R, the terms quadratic in L and linear in R, and det G (ab—
hj)?. The translation by the unrestricted own-regressor coefficients has removed both cubic terms.
This is an identity for all real A, B.

Lemma 3 (A stationary-point certificate). For (6), suppose 7 >0, p=1— || > 0, and
T(P? + Q%) < 2u°. (7)

Then F has exactly one stationary point, its strict global minimum.



Proof. Let w = (A, B) and t = (P, Q). At a stationary point,
0=1w VF=27A’B*+ A+ B> - 25kAB + t - w.
The quadratic form is at least uwl||?, so every stationary point lies in the closed ball of radius ||t||/p.

The quartic Hessian is
5 B? 24B
"\2ap 42 |-

Adding |ABI|I inside the brackets gives a positive semidefinite matrix: its determinant is |AB|(A? +
B?) —2A2B? > 0 and its diagonal is nonnegative. Therefore

V2F(w) = (2u — 7]jwl|*) 1.

By (7) this is positive definite throughout the ball containing all stationary points. The nonnegative
quartic and positive-definite quadratic make F' coercive, so a global minimum exists. Strict convexity
on the ball excludes a second stationary point and makes the minimum strict. O

Corollary 4. In the SUR normal form, with d =1 — |r|, a sufficient condition is

d3
u? + 0% < e (8)

Proof. Since |s| < 1 and |uv| < (u? + v?)/2,
p>d— %(uz +02) > d—d3/8 > 7d/s.

Also P2+ Q? < (7] + |s])?(u? + v?) < 4(u® + v?). The left side of (7) is at most d*, while its right
side is at least (343/256)d> > d3. O

Remark 5. Global convexity is neither used nor generally true. When r = s = v =v =0, F =
(1 + A?)(1 + B?) has one stationary point, but its Hessian at A = B = 2 has eigenvalue —6. The
certificate confines all stationary points to a region where strict convexity does hold.

For fixed slopes, write the normalized residual covariance as S(f). It is positive definite if R > 0.
In the precision coordinate 2 = X ~! the covariance log likelihood is

5 logdet Q — 5 tr(25(5)).
This is strictly concave and has its only stationary point at 2 = S(8)~!. Hence the profile is a
constant minus (n/2)logdet S(3). Full and profiled stationary points correspond bijectively. The
strict global determinant minimum certified above gives a strict global likelihood maximum, with no
other full-space stationary point.

3 Proof of the fixed-design bound

Invertible predictor and response scalings preserve stationary-point counts, so assume Gi11 = Gag =
Y11 = Y92 = 1. Let p = Y15 be the true error correlation. Under the correctly specified model the
unrestricted cross coefficients satisfy

_(h N 11 —rp
= ()nlo (1)



This follows directly from the covariance of unrestricted least squares, Cov(éij, EM) = ng(G_l)ik /n.
The largest eigenvalue in (9) is at most (1 + |r|)/(n7). Coupling H to a standard two-dimensional
Gaussian vector gives

h? + % < W, W~ (10)

1+ |r|
nr

Fach nR;; has marginal distribution X27 k = n — 2. No independence of the two diagonal entries is
required. The elementary bound

P{x} < k/2} < e M1 (11)
follows by applying Markov’s inequality to e~Xi/2, ek/4g—k/2 < e /16 Except on an event of proba-
bility at most 2e~%/16 both Ry > k/(2n). On this event (10) gives

1+ r])

2n 2(
Tp0? < (R 457 < :
wrrs W) s =W

Thus Corollary 4 applies if W < kd3/[8(1 4 |r])]. Since P{x3 >t} = ¢~*/2, a union bound proves (2).
Independence between the coupled Gaussian event and the residual event is not needed. For k& > 2,
R > 0 almost surely.

For common regressors Z, their coefficient score is Z'residual = 0 for every positive-definite
covariance. Profiling these coefficients is therefore exact orthogonal projection, not an approximation.
An orthonormal basis of col(Z )+ leaves n — p independent Gaussian error pairs. The unrestricted
residual rank becomes k = n — p — 2. Keeping divisor n for the covariance estimates leaves every
preceding calculation unchanged. This proves the common regressor assertion of Theorem 1.

4 Gaussian random predictors

Standardize the predictor variances to one and put 1 = dy/4. The four scalar Gaussian directions
X1, Xo, (X1 +2X)/V2, (Xi—Xo)/V2

have variance at most two. For a centered Gaussian variable U of variance v <2 and 0 <7 < 1,

1, o
]P’{ ~Q Ui

i=1
For completeness the usual chi-square Chernoff estimate is

> n} < 2e7/32, (12)

P{|x2%/n — 1| > 2} < 2exp{—nmin(z?,z)/8}.

For the upper tail use x — log(1 + x) > min(x?, 2)/4; for the lower tail use —x — log(1 — x) > 22/2
when 0 < x < 1. Since min((n/v)?,1/v) > n?/4, (12) follows.

With probability at least 1 — 8end3/512 411 four empirical second moments differ from their expec-
tations by at most 7. Their differences show that every entry of the two-dimensional predictor sample
covariance has error at most 7. Its correlation therefore obeys

< Ty e
Conditioning on the predictors, Theorem 1 yields
P{N, > 1} < Se—ndg/mz + e—(n—2)dg/256 + 9~ (n—2)/16 (13)

Using 0 < dp < 1 and comparing exponents gives (3).



5 A lower bound on the exponential scale

We prove the second assertion of Theorem 2 without assuming a large-deviation theorem. There is a
nonempty open set of positive-definite empirical four-variable covariance matrices producing two strict
modes. For an explicit point in this set, take

o (0 2 (L B,
G=R=1, B*_<2 0), V*_(B*T B*TB*+IQ>>O'

The normal form is

F(A,B) = A’B? + A> + B> —8AB + 25.

At (v/3,V3) and (—+/3, —/3) its Hessian has eigenvalues 4 and 12, while the origin is a saddle. These
strict minima persist under small covariance perturbations by the implicit function theorem; the
residual Schur complement remains positive. Consequently both give strict full-likelihood modes on
an open neighborhood of V.

Let P be the true centered nonsingular Gaussian law of (X7, X2,Y7,Y2), and let Q@ = Ny (0, V4).
Both densities are positive everywhere. Under Q", the empirical second-moment matrix enters the
preceding neighborhood with probability tending to one. Also

1 aQ™

=1
n 8 dpPm

— D(Q||P) < oo Q-almost surely,

by the law of large numbers. For all sufficiently large n, the intersection of the multimodal event and
the event that this ratio is at most D(Q||P) + 1 has Q™-probability at least 1/2. Changing measure
gives

P™(M,) > %efn(D(QIIP)H)_

This proves (4), for example with C' = D(Q||P) + 2. It does not specify the optimal exponent or a
finite threshold for this lower bound, and it is not a lower bound for arbitrary fixed design sequences.

6 The companion MANOVA question

The following familiar argument records the algebraic part of the source question and is not claimed
as a new MANOVA result. In a common-design model Y = X B + E, with X full rank, let B be least
squares and Sp = (Y — XB)T(Y — X B). Then

S(B) = Sy + (B—B)Y"X"X(B - B).
If Sy > 0, whitening yields

det S(B)
det So

~ _

=det(I+CTC), C=(XTX)"2(B-B)S;"~

By Cauchy—Binet this is one plus the sum of squares of all nonempty square minors of C'. The
coefficient score for any fixed covariance forces B = E’, and profiling gives S = S /n. There is
one stationary point and mode. If Sy is singular, the likelihood is unbounded above by shrinking a
covariance eigenvalue in a zero-residual direction. For nonsingular Gaussian errors, Sy > 0 almost
surely exactly when n — rank(X) is at least the number of responses.



7 Verification, relation to prior work, and limitations

The proof is analytic and applies to all parameters satisfying its hypotheses. A standard-library exact-
arithmetic checker supplements it: 3,969 rational (r,s,u,v) cases verify the determinant identity and
the eliminated quintic by coefficient comparison and count its real roots by Sturm division. All 869
cases satisfying Lemma 3 have one real root; all 105 cases satisfying (8) satisfy that lemma. Another
500 cases check nonunit normalizations. Together with boundary and constant checks this gives 16,440
assertions per run, with identical mathematical reports under Python 3.9.6 and 3.13.5. These finite
checks are not the general proof.

To reproduce the elimination, set A = (kB — P)/(1 + 7B?) in the second score equation. Its
numerator is

B° +72QB* + 2rB% + T7(2Q — ,%P)B2
+ (1 — k%2 +7P%)B+ (Q +KP).

The denominator is always positive. The coarse parameter grid contains one- and three-real-root
examples, not five-real-root examples; it makes no claim to exclude the latter, which are established
in [2].

The new quantitative argument is distinct from the qualitative limiting root argument of [2]. Sund-
berg [3] relates flatness and multiple modes to lack of fit in curved exponential families, explicitly with-
out deriving sampling-probability statements. Related high-probability likelihood geometry for linear
Gaussian covariance models is studied in [4]; the crossed mean-restriction model here has a different
parameter space. The present bounds use classical least squares, covariance profiling, Gaussian tails
and change of measure. We assert neither that these methods are new nor that a bounded literature
search certifies absolute priority.

For the standard correctly specified Gaussian model of the motivating question, the probability has
exponential order, with an explicit finite-sample upper bound. Exact probabilities, optimal exponents,
larger unequal-regressor systems and non-Gaussian models remain beyond the results proved here.
The source’s MANOVA statement is classical and is included only to make the scope clear.

This unrefereed manuscript was developed with Al assistance for derivation, literature retrieval,
implementation and exposition. The author is responsible for its claims. The retained originating
researcher self-audit is not independent review or formal verification.
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