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Abstract

We construct smooth, real, mean-zero, 1-bounded functions on high-dimensional spheres
whose average product over zero-sum unit triangles tends to 7/16384, but whose correlation
with every function of m linear coordinates is O(y/m/d) when m = o(d). The bound is uniform
over all choices of coordinates and all test functions of L? norm at most one. The construction
is a centered cosine of a balanced, rescaled quadratic form. A conditional coupling gives the
projection estimate, and an elementary multivariate central limit argument computes the trian-
gle average. This gives a negative answer to the dimension-free quantitative interpretation of
Zakharov’s spherical-triangle inverse question in the AIM problem list. It does not resolve the
related extremal problem for zero-sum-free subsets of the sphere.

1 The question and the counterexample

Let 04— be normalized surface measure on S9! ¢ R?. For a real bounded measurable function f,
define

Ta(f) = Exiyv+z-of(X)f(V)f(Z), XY, ZeS"
The expectation uses the invariant probability measure on ordered zero-sum unit triangles. Equiv-
alently, take a Haar orthonormal two-frame (U, V') and put

X=U Y=-U+%v, z=-lu-Lv (1)

The vectors have unit length and pairwise inner products —1/2.

Zakharov’s Problem 2.4 in the AIM workshop list [1] asks whether | f| < 1 and |T4(f)| > 0 imply
correlation with a function of Os(1) coordinates in some basis. We make the usual quantitative
interpretation explicit: both the coordinate bound m(d) and a positive correlation threshold &(9)
should be independent of d. A linear m-junta here means a measurable function g(z) = G(Pyx) for
a subspace W of dimension at most m, where Py is orthogonal projection. We will allow ||g||2 < 1,
a larger class than |g| < 1.

For every even d, define

Ag = diag(1g/2, —14/2), Qa(x) = \/C%l‘TAdfﬂ,
t = 2y/log 2, pa = Ecos(tQq(X)), fa(@) = 5 (pa — cos(tQq())).
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Theorem 1. The functions f; are smooth, real, even, mean-zero and 1-bounded. As d —
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For every m-dimensional subspace W with 0 < m < d and every g(z) = G(Pwx) of L*(64_1) norm
at most one,

Ty(fa) — I fallz —
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Efqs(X)g(X)| < 2v/2log2+v/m + ) . 4
[B4,(X)50%)] < 2v/2T082 im ( s+~ @
In particular the supremum of these correlations tends to zero whenever m = o(d), uniformly over
the subspace and the test function.

Corollary 2. For § = 7/32768, no dimension-free bounds m(d) < oo and €(6) > 0 give the linear-
coordinate inverse conclusion described above. The same failure holds for a dimension-free lower
bound on normalized Pearson correlation.

Indeed, the first limit in (3) is 20. For any proposed m(d),e(d) choose a sufficiently large even
d so that T4(fq) > 0 while the right side of (4) is less than £(6). It also bounds tests using fewer
coordinates. For Pearson correlation, center the test function and normalize its L? norm. The
denominator || fg||2 stays bounded away from zero by (3). Coordinates in a nonorthogonal linear
basis are included: any rank-m linear map factors through projection onto its row space.

The statement is quantitative, not a claim of exactly zero correlation at each fixed dimen-
sion. The word “correlate” is not explicitly quantified in the source; a purely qualitative nonzero-
correlation question would be different. The construction uses signed functions. The zero-sum-free
set bounds of Dicz [2] and Ge-Xu [3] concern a different extremal question, for which the hemi-
sphere remains the motivating example.

2 A uniform estimate for all linear projections

The following elementary coupling is the main uniformity input.

Lemma 3. Let d > 2, let A be real symmetric with ||Allop < 1, and put Q(z) = /d/2zT Az.

If h : R — R is L-Lipschitz and F = h(Q) — ER(Q), then for any m-dimensional subspace W,
0<m<d,

|E[F(X) | PwX]||, <2vV2Ly/m <\/d1+ =+ \/dl_ m) : (5)

No trace condition on A is required.
Proof. The case m = 0 follows from EF = 0. Suppose 1 < m < d and write P = Py, P~ =1 — P.

Let U, U’ be independent copies of PX, and let V be an independent uniform unit vector in W+.
Put

s=|U|I1>, §=|U)2 r=vVi-s r=Vi-s, X=U+rV, X' =U +1V.

Both X and X’ have law o4_1: conditional on its projection, a uniform sphere point has a uniform
complementary direction. This also follows by normalizing independent Gaussian components in
W and W+. The coupled points need not be independent, but X’ is independent of U. Thus
E[F(X') | U] = 0. Conditional Jensen gives

[EF(X) | U2 < [F(X) = F(X)]l2 < LIQX) = Q(X)]|2. (6)



The unscaled difference is
XTAX - X'TAX'=UTAU —U'TAU' — (s — ') VTAV
+2rUTAV — 2/'U'TAV.
The usual sphere moments are

810kt + Oikje + 0igd;
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For a short derivation, write a = EX{ and b = EX?X?2. Sign symmetry and a 45-degree rotation
give a = 3b, while 1 = E(}" X?)? = da+d(d—1)b. For any symmetric B, contracting these moments

yields
T 2

(8)

Apply this with B = PAP. Its rank is at most m and its operator norm at most one. Independence
of U, U’ implies
m

T 1T !
UvtAu — 't AU ||, < I

Taking B = P gives the same bound on |s — s'[|2, hence on the second term of (7), because
[VTAV| < 1. Also EUUT = P/d and EVVT = P+ /(d — m). Independence gives

tr(PAP+AP) m

E(UTAV)? = < :

(U7 AV) dd—m) — d(d—m) ()
The numerator is ||[P+AP||%g < m. Since r,7’ < 1, Minkowski’s inequality in (7) now gives

lQ(X) - \|2<F<m ,/ T m)

_2ﬁ<

\/d2\/dm

Together with (6), this proves the lemma. The case d — m = 1 uses a uniform direction on a
two-point sphere and requires no change. ]

For (2), use h(q) = — cos(tq)/2, whose Lipschitz constant is ¢/2 = y/log2. Conditional expec-
tation followed by Cauchy—Schwarz against g = G(Py X)) proves (4). This argument is uniform in
W no net of subspaces or regularity assumption on g is involved.

3 Quadratic statistics on a random triangle

Lemma 4. For a Haar triangle (X,Y,Z) as in (1), the vector (Qqa(X),Qa(Y),Qa(Z)) converges
in law, through even d, to a centered Gaussian vector (Z1,Za, Z3) with variances one and pairwise
covariances 1/4.

Proof. Let G, H be independent standard Gaussian vectors in R%. Set

G -H
r2 ’

r= |G|, k= (= ||H - kG|, U=G/r, V=(H-kG)/t.



Almost surely these are defined, and (U, V) is a Haar orthonormal two-frame. Write A = A4 and

GTAG HTAH GTAH
- P Rd = ’ Bd = .
Vvad v2d v2d
These converge jointly to independent centered Gaussian variables S, R, B of variances 1,1,1/2.

Indeed, for d = 2q, put J; = (G? — 1, H? — 1,G;H;). The J; are iid with mean zero and covariance
diag(2,2,1), and

Sa

1 q
2va i3
The differences have covariance diag(4,4,2) and finite moments. The ordinary multivariate central
limit theorem proves the claim.

The law of large numbers gives 12/d — 1 and ¢2/d — 1 in probability, and k = Op(d—'/?). For
the second norm assertion, use /> = |H||?> — (G - H)?/r? and (G - H)?/r? = Op(1). The exact

identities
. d
T
d
Vd/2VTAV = 72(Ra = 2kBa+ k%Sq),

\d/2UTAV = %(Bd — kSy)

and tightness of (Sy, R4, Bg) allow Slutsky’s theorem to be applied. Expanding the quadratic forms
in (1) gives the limit

(Sa, Rq, Bq) = (Ji — Jg44)-

Zy=8, Zy=1S4+3R-LB,  Z;=1543R4 VB (10)
Direct calculation gives variance one for each coordinate and covariance 1/4 for every pair, as
asserted. O

4 The limiting triangle average

Put C; = cos(tZ;) and ¢ = EC;. The Gaussian characteristic function and #* = 4log 2 give
1 5
c=e 2= 7 EC;C; = et cosh(t?/4) = o (1 # 7). (11)
To compute the third moment, expand the product of cosines as the average of the exponentials

with eight choices of signs. Two sign choices have variance 9/2 for the signed sum of the Z;, and
the other six have variance 5/2. Hence

1=

49
E _1,-9t2/4 | 3 _—5t2/4 _ )
C1CC5 7€ + yia 72048
Centering and reversing the sign now give
49 1\ /5 13 7
E C; =——=3(- — 2({-) =—— 12
(=) =555 (4) (64) + (4) 2048 (12)

3
C J—
E = .
H 2 16384

1
3 C; 7
=1



All test functions in these expectations are bounded continuous. Lemma 4 therefore implies their
expectation convergence. In particular pg — c; replacing the centering constant by pg changes the
bounded product expectation by a quantity tending to zero. This proves the first limit in (3). For
the second, use

257 257 1 9295
=30+ ) =0 Varlle=C)/2) =3(575 " 15) = 2018

Finally (2) makes the smoothness, parity and exact centering of f; immediate. Since pg and the
cosine both lie in [—1, 1], one has |f;| < 1. Together with Lemma 3, this completes Theorem 1.

5 Scope and reproducibility

The obstruction is a bounded nonlinear function of a quadratic statistic involving many directions.
Thus bounded harmonic degree and a bounded number of linear coordinates should not be conflated.
The argument does not exclude inverse statements allowing bounded-degree polynomial statistics.
It also makes no assertion about the planar or finite-field analogues mentioned in [1], or about the
exact extremal measure of zero-sum-free sets.

The supplementary standard-library Python program checks the triangle Gram matrix, the
limiting covariance, all eight Gaussian sign contributions, the rational moments in (11)—(12), and
sample exact fourth-moment contractions. It produces identical results with ordinary and optimized
Python execution. These checks support the arithmetic; the proofs above establish the limiting
and all-subspace claims without numerical sampling.

This unrefereed note was developed with Al assistance in exploration, proof drafting and com-
putational checks. The argument has undergone originating-model self-audit, not independent
peer review or proof-assistant verification. The bounded literature search does not certify absolute
priority.
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