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Problem 1: LIGO-GW150914

[

In 2015, the gravitational-wave observatory LIGO detected, for the first time, the passing of
gravitational waves (GW) through Earth. This event, named GW150914, was triggered by waves
produced by two black holes that were orbiting on quasi-circular orbits. This problem will make
you estimate some physical parameters of the system, from the properties of the detected signal.

Part A: Newtonian (conservative) orbits (3.0 points)
A.11.0pt

Consider a system of two stars with masses M7, Mj, at locations 71, 7’3, respectively, with
respect to the center-of-mass of the system, that is,

MlFl + Mg’Fz =0. (M
The stars are isolated from the rest of the Universe and moving at non-relativistic velocities. Using

Newton's laws, the acceleration vector of mass M can be expressed as

d*r 1 )
= —O0— y
dt? i

where r1 = |F1|,72 = |F2]. Findn € Nand a = a(G, M1, M>), where G is Newton's constant
[G ~6.67 x 107! Nm?kg 2.

A.2 1.0pt

The total energy of the 2-mass system, in circular orbits, can be expressed as:

E=A(u,Q,L) - —J‘L{l”, (3)
where
M, M,
= 1M = M4 M, 4
=2+ 0, 17T 2 )

are the reduced mass and total mass of the system, {2 is the angular velocity of each mass and L
is the total separation L = r; + 75. Obtain the explicit form of the term A(yu, 2, L).

A.3 1.0pt

Equation 3 can be simplified to £ = ﬁG#. Determine the number S.
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Part B: Introducing relativistic dissipation (7.0 points)

The correct theory of gravity, General Relativity, was formulated by Einstein in 1915, and predicts
that gravity travels with the speed of light. The messengers carrying information about the
interaction are called GWs. GWs are emitted whenever masses are accelerated, making the
system of masses lose energy.

Consider a system of two point-like particles, isolated from the rest of the Universe. Einstein
proved that for small enough velocities the emitted GWs: 1) have a frequency which is twice as
large as the orbital frequency; 2) can be characterized by a luminosity, i.e. emitted power P,
which is dominated by Einstein's quadrupole formula,

G G [ PQiy [ PQy
PZ@Z.Z(#B i ) ©

Here, c is the velocity of light ¢ ~ 3 X 108 m/s. For a system of 2 pointlike particles orbiting on
the z — y plane, Q;; is the following table (z, j label the row/column number)

2

My
Qu = 7(290,24 —Y4),

A=1
2
My 2 2
Qum =) == () —2%), (6)
A=1
2 2
Q33 = _;_3 (4 +ya),
2
Qu2=Qun =» Mazaya, (7)
A=1
and Qij = 0 for all other possibilities. Here, (2 4,y 4) is the position of mass A in the center-of-
mass frame.
B.11.0pt
For the circular orbits described in A.2 the components of Qij can be expressed as a function of
time t as:
pL? i# pL?
Qii = T (ai + bz COS kt) 5 Qij = Tcij sin kt . (8)

Determine k in terms of {2 and the numerical values of the constants a;, b;, ¢;;.
B.2 1.0pt
Compute the power P emitted in gravitational waves for that system, and obtain:
G
P = gc—5 p2LA0s . 9)
What is the number £? [If you could not obtain &, use £ = 6.4 in the following.]

B.3 1.0pt
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In the absence of GW emission the two masses will orbit on a fixed circular orbit indefinitely.
However, the emission of GWs causes the system to lose energy and to slowly evolve towards
smaller circular orbits. Obtain that the rate of change % of the orbital angular velocity takes the

form

dt

where M., is called the chirp mass. Obtain M. as a function of M and p. This mass determines

3 11
( il ) - 39* 2 @My, (10)

the increase in frequency during the orbital decay. [The name "chirp" is inspired by the high pitch
sound (increasing frequency) produced by small birds.]

B.4 2.0pt

Using the information provided above, relate the orbital angular velocity €2 with the GW frequency
faw. Knowing that, for any smooth function F'(t) and a # 1,
dF(t)
S dt

where x is a constant and tg is an integration constant, show that (10) implies that the GW

=xF(@t)* = F@t)"*“=x(1-a)t—t), (11)

frequency is

) GM,\ @13+ )
s = 871-8/35(T> (to —t)*P (12)

and determine the constant p.

On September 14, 2015 GW150914 was registered by the LIGO detectors, consisting of two L-
shaped arms, each 4 km long. These arms changed by a relative length according to Fig. 1. The
arms of the detector respond linearly to a passing gravitational wave, and the response pattern
mimics the wave. This wave was created by two black holes on quasi-circular orbits; the loss of
energy through gravitational radiation caused the orbit to shrink and the black holes to eventually
collide. The collision point corresponds, roughly, to the peak of the signal after point D, in Fig. 1.

Figure 1. Strain, i.e. relative variation of the size of each arm, at the LIGO detector H1. The
horizontal axis is time, and the points A, B, C, D correspond to ¢ = 0.000, 0.009, 0.034, 0.040
seconds, respectively.

B.5 1.0pt

From the figure, estimate fow(t) at

— tB+tA and t —M

e T (13)
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Assuming that (12) is valid all the way until the collision (which strictly speaking is not true) and
that the two objects have equal mass, estimate the chirp mass, M., and total mass of the system,
in terms of solar masses Mg ~ 2 x 10°° kg.

B.6 1.0pt

Estimate the minimal orbital separation between the two objects at t@. Hence estimate a
maximum size for each object, R,.,. Obtain Ry /R . to compare this size with the radius of our
Sun, Rp ~ 7 x 10° km. Estimate also their orbital linear velocity at the same instant, vcol,
comparing it with the speed of light, vcol/c.

Conclude that these are extremely fast moving, extremely compact objects indeed!

Official English text of the problem.

Answers
GM}
e Al:n =3, a =
(M1 + M>)?
o A2: A(p,Q, L) = —puQ?L?
1
e A3:0=——.
p 2
¢ B.1: With the masses on the x-axis at t = 0 and counterclockwise orbital motion,
11 2
k:29) 9 9 - S50 o | babab - 1a_1)0'
(alazas) <33 3) (1 2 3) ( )
Also, c13 = c91 = 1; all other off-diagonal ¢;; vanish.
32 32G 5 46
e B2:({=— =64, = ——u“L*Q°.
$=3 Bes |
e B3: M, = /,L3/5M2/5, with
G
dt cd
Q
e B.4: fow = b p=1,and
5/3
-8/3 GM.
va; = 871'8/35(—63 ) (to —t).

e B.5: fqw(0.0045s) ~ 56 Hz, fqw(0.037s) ~ 83 Hz; M. ~ 30M,, M ~ 69M,,.
o B.6: Lyn ~ 5.1 x 10°km, R,y ~ 2.6 x 10°km, Ry /Rpyax =~ 2.7 x 10%. Each object's
orbital speed is v = 6.7 x 107 m/s, 50 vy /c =~ 0.22.

L

Solution
A1

Newton's law of gravitation gives the acceleration of the first star:
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2= — —
d'l’l T — T

= —GM,
dt? |71 — 73
The center-of-mass condition implies
ppo Mg g g, oMt Mg
= — — —Tr9 = ———— .
2 M, 1, 1 M, 1
Consequently,
dz?l B GM23 Ty
dt? (Ml + M2)2 ’I"‘;’
Comparison with (2) gives
GM;
n =3, =
(M, + M,)?
A.2
The center-of-mass condition and L = r1 + 73 give
M, M,
r = y Ty = .
M M

The stars have orbital speeds v; = 2r; and vy = {r,. Their total kinetic energy is therefore
1 2.2, 1 2,2
T: EM]_Q 'r'l+ §M2Q 7‘2

192L2 ]\/-"1]\/-[22 + ]\/-[2]\412
2 M?2

= %,u,QzL2.
The gravitational potential energy, taking zero at infinite separation, is
g GMM,  GMp
L L -

Thus the term A is the kinetic energy:

A(p,Q,L) = %MQ2L2 :

A3

For the first star, gravity supplies the centripetal force:

MQ%r = %
Using 71 = M>L /M, we obtain the circular-orbit relation
0= 0|
Hence
T — l,uﬁzLQ — %

2 2L 7’
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and

GMp GMp — GMuyp
2L L 2L
Therefore,

B.1

Choose the time origin so that the first mass lies on the positive x-axis at t = 0, with counterclockwise

motion. Then

(z1,y1) = (r1 cos Qt, 71 sinQt),

(z9,ys) = (—rgcos Qt, — rysin Q).
From A.2,

Ml"‘% + M2'I‘% = ,U,LZ.
Substitution into the quadrupole components gives
L? L? /1
Qi1 = %(2 cos? Qt — sin® Ot) = 'UT (§ + cos 2Qt> ,

L? L? (1
Qoy = %(2 sin? Ot — cos® Ot) = Ee <§ — CoS 2Qt) ,

2
__[J,L2_,LLL2 2
Q33_ 3 - 2 3 ’

2

Q12 = Q21 = ,uL2 cos (tsin Ot = Mé; sin 2€)¢.
Thus
F=20]

The diagonal coefficients are

7 a; b;

1 1/3 1

2 1/3 -1

3 —2/3 0
The off-diagonal coefficients are

c12 = ¢ = 1, C13 = C31 = Ca3 = C33 = 0.

B.2
Write ¢ = uL?/2 and k = 2€). For the circular orbit, the nonzero third derivatives are
Q'H = gk sin kt,
.Q'22 — —gk®sin kt,
Q12 = Qo1 = —qk® cos kt.

Both off-diagonal entries contribute to the double sum. Therefore,
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Z(QU)2 = 2¢°k® sin? kt + 2¢°k° cos? kt

]
— 2q2k6
=2 ( pL? ) (20)°
2
= 32u%L405.
The luminosity is consequently
32G 32
P =120 = = =6.4|
55 ¢ 5

The result is independent of orbital phase.
B.3

We approximate the inspiral as a slowly evolving sequence of circular orbits. The masses remain
constant, and the energy carried away by the waves obeys

dE
r

Eliminating L with the circular-orbit relation,
L= (GM)Y3q23,

gives
1
E = —EN(GM)2/3Q2/3.

Its time derivative is
4B _ 1 cappgis 2

— = ——ul(GM .
dt 5 HGM) dt

he luminosity, expressed in terms of €2, is
G
P = §—c5 u2((¥l\4)4/3(210/3.

Equating the energy-loss rate to —P yields

df} GO BuM>/? Ql/3

.

cd

Cubing,

dS}
3 3 G5 3M2
() = mep
This has the required form if
M? = pdM2.
Thus

(M1M2)3/5
(M1 + M)'/5 |

]\4C — '11,3/5M2/5 —
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In particular, dQ/dt > (: as the system loses energy, its orbit shrinks and its orbital frequency
increases.

B.4

The orbital frequency is for, = €2/(27). The given factor of two between GW and orbital frequencies
therefore implies

Q
fGW - 2.forb = |
T

Taking the positive cube root of (10),

dQ (GM.)® 11
- =3¢ Q3.

b
With €2 = 7 fgw, this becomes

dfGW_3 s/3( GM. 5/3 11/3
dt & c3 GW -

Using (11) with @ = 11/3, or directly differentiating f&gf, gives
d (.-8/3 8/3( GM. g

Integration yields

(&

B oM, \ P

Comparing the exponents with (12),

SO

p=1]|

Here tg is the formal time at which this approximate inspiral model predicts a divergent frequency.
B.5

A and B mark consecutive zero crossings on either side of one positive crest; C and D do likewise for a
later crest. Each interval therefore spans approximately half a GW cycle.

Approximating the frequency over each short interval by its midpoint value,

1 1

to) o — ~ 55.6 Hz,

faw(typ) 2(ts —ta)  2(0.009s) ’
1 1

faw(tes) = - ~ 83.3 Ha.

2(tp —tc)  2(0.0065)
The corresponding times are
tﬁ = 0.0045 S, tch) = 0.037 S,

so their difference is 0.0325 s.
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Let fap and fcp denote these frequency estimates. Subtracting the B.4 relation evaluated at the two

times eliminates %o:
5/3
83,83 o s3.f GM.
s —Jfop =87 / f(?) (tC—D_ tﬁ)'

Solving for the chirp mass,

3

c _
M =< AB CD
G

87‘(‘8/3€ (tC—D — tﬁ

“8/3  ,-8/3 ] 3/5

Using the supplied constants and £ = 6.4,
M, ~ 6.02 x 10% kg,

or, to appropriate precision,

Mc ~ 3OM@ .

For equal component masses, M1 = Ms = M/2, o)
3/5
lL g zk{. ]k[ == .zk[ ]k[2/5 = _zk{_.
4"’ ¢ 4
Thus
M = 435M, ~ 1.38 x 1032 kg,

and

M ~ 69M |

Each component therefore has a mass of approximately 35M,.
B.6

At the later measured time,

Qg = mfcp ~ 2.62 x 10%rad/s.

1/3

L= .
02 _
CD

The equal-mass choice also gives the minimum total mass, and hence the minimum separation,

The circular-orbit relation gives

compatible with the inferred chirp mass and frequency. Indeed,

po_ MM 1
M (M;+M,)? — 4’
SO
o\ 3/5 M
c=M(——) < —r.
Me=M(37)" < 5

Equality holds for equal masses. Using the mass found in B.5,

(6.67 x 10 11)(1.383 x 10%?) } 1/3
m7

Lmin =~ l
(2.618 x 10%)2
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which gives

Lpin ~ 5.1 x10°m = 5.1 x 10>km |

Using a common radius for the equal-mass objects, their remaining distinct requires approximately
2R < L. Hence

L min

R ™ ~ 2.6 x 10> km|.

The comparison with the Sun is
R 7 x 10°km
Rimax ~ 2.56 x 102km’

SO

Ro

~ 2.7 % 103|
Rmax x

Each object orbits the center of mass at radius L/2. Its orbital speed at this instant is therefore
L 2 5
Vool = QC—DE ~ (2.618 x 10)(2.562 x 10°) m/s,

giving

Veol ~ 6.7 x 107 m/s|, UZOI ~ 0.22|.

Thus each object contains roughly 35 solar masses within a radius no greater than about 260 km, while
moving at about one fifth of the speed of light. These are extremely compact and fast-moving objects.
The numerical estimates use the stipulated Newtonian circular-orbit and quadrupole approximations,
whose accuracy deteriorates near merger.

The solution was checked against the official solution.

Problem 2: Where is the neutrino?

[
When two protons collide with a very high energy at the Large Hadron Collider (LHC), several
particles may be produced as a result of that collision, such as electrons, muons, neutrinos,
quarks, and their respective anti-particles. Most of these particles can be detected by the particle
detector surrounding the collision point. For example, quarks undergo a process called
hadronisation in which they become a shower of subatomic particles, called "jet". In addition, the
high magnetic field present in the detectors allows even very energetic charged particles to curve
enough for their momentum to be determined. The ATLAS detector uses a superconducting
solenoid system that produces a constant and uniform 2.00 Tesla magnetic field in the inner part
of the detector, surrounding the collision point. Charged particles with momenta below a certain
value will be curved so strongly that they will loop repeatedly in the field and most likely not be
measured. Due to its nature, the neutrino is not detected at all, as it escapes through the detector
without interacting.

Data: Electron rest mass, m = 9.11 X 1073 kg; Elementary charge, e = 1.60 x 1074 C;
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Speed of light, ¢ = 3.00 x 10® ms~1; Vacuum permittivity, €p = 8.85 X 102 Fm!
Part A. ATLAS Detector physics (4.0 points)
A.1— 0.5pt

Derive an expression for the cyclotron radius, 7, of the circular trajectory of an electron acted
upon by a magnetic force perpendicular to its velocity, and express that radius as a function of its
kinetic energy, K; charge modulus, e; mass, m; and magnetic field, B. Assume that the electron
is a non-relativistic classical particle.

Electrons produced inside the ATLAS detector must be treated relativistically. However, the
formula for the cyclotron radius also holds for relativistic motion when the relativistic momentum
is considered.

A.2 — 0.5pt

Calculate the minimum value of the momentum of an electron that allows it to escape the inner
part of the detector in the radial direction. The inner part of the detector has a cylindrical shape
with a radius of 1.1 meters, and the electron is produced in the collision point exactly in the center
of the cylinder. Express your answer in MeV/c.

When accelerated perpendicularly to the velocity, relativistic particles of charge e and rest mass
m emitt electromagnetic radiation, called synchrotron radiation. The emitted power is given by

P 62a2’)/4

6megc®
where a is the acceleration and v = [1 — (v/c)?] /2.
A.3 —1.0pt

A particle is called ultrarelativistic when its speed is very close to the speed of light. For an
ultrarelativistic particle the emitted power can be expressed as:
el
P=¢{——E’B’,
egm-c®
where £ is a real number, n, k are integers, E is the energy of the charged particle and B is the
magnetic field. Find &, n and k.

A.4 —1.0pt
In the ultrarelativistic limit, the energy of the electron as a function of time is:
Ey
El) = ——,
]. —|— OéEot

where E) is the initial energy of the electron. Find « as a function of ¢, ¢, B, €g and m.
A.5 — 0.5pt

Consider an electron produced at the collision point along the radial direction with an energy of
100 GeV. Estimate the amount of energy that is lost due to synchrotron radiation until the electron
escapes the inner part of the detector? Express your answer in MeV.
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A.6 — 0.5pt

Find an expression for the cyclotron frequency of the electron as a function of time in the
ultrarelativistic limit.

Part B. Finding the neutrino (6.0 points)

The collision between the two protons shown in Figure 1 leads to the production of a top quark (f)
and an anti-top quark (f), the heaviest elementary particles ever detected. The top quark decays
intoa W boson and a bottom quark (b), while the anti-top quark decays into a W~ boson and
an anti-bottom quark (b). In the case depicted in Figure 1, the W boson decays into a anti-muon
(u™) and a neutrino (), and the W~ boson decays into a quark and an anti-quark. The task of
this problem is to reconstruct the full momentum of the neutrino using the momenta of some
detected particles. For simplicity, all particles and jets in this problem will be considered

massless, except for the top quark and W * bosons.

The momenta of the top quark decay products can be determined from the experiment (see
Table), except for the neutrino momentum component along the (z-axis). The total linear
momentum of the final state particles caught by the detector is only zero on the transverse plane (
zy plane), and not along the collision line (z-axis). As such, one can find the transverse
momentum of the neutrino from the missing momentum in the transverse plane.

On June 4, 2015, the ATLAS experiment at the LHC recorded a proton-proton collision at 00:21:24
GMT+1 like the one represented in Figure 1.

Jet1

Out
b /T,,—*"\m
N\ O
A
P 9 O @ <4 o e e &
1 p
_ W™ Ot
Jet2 /
b
Jet4

Jet3

Figure 1. Schematic representation of the ATLAS detector coordinate system (left) and proton-
proton collision (right).

The linear momenta of the three final-state particles coming from the top quark decay, including
the neutrino, is presented below for each component.

Particle pz (GeV[c) py (GeV/c) p. (GeV/c)
anti-muon (™) —24.7 —24.9 —12.4
jet1(j1) —14.2 +50.1 +94.1

neutrino () —104.1 +5.3 —
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B.1— 1.5pt

Find an equation which relates the square of the W™ boson mass, m%v, with the neutrino and
anti-muon momentum components presented in the table above. Express your answer in terms of
the neutrino and anti-muon transverse momentum,

5O —pi 1 p® and 5 = pPi 4 ps,

and their z-axis momentum components, pg“) and p,(zy).

B.2 — 1.5pt

Assuming a W boson mass of mw = 80.4 G‘reV/c2 calculate the two possible solutions for the
neutrino momentum along the z-axis, pg'/). Express your answer in GeV/c.

B.3 —1.0pt

Calculate the top quark mass for each one of the two previous solutions. Express your answer in
GeV/c?.

[If you did not obtain the two solutions in B.2, use pgj) = 70 GeV/cand pgj) = —180 GeV/c]

The normalised number of collision events for the measurement of the top quark mass (as
determined from the experiment), has two components: the so-called "signal" (corresponding to
the decay of top quarks) and "background" (corresponding to events from other processes that
do not include top quarks). Experimental data include both processes, see Fig. 2.

P 014

0.12

0.1

0.08

0.06

0.04

0.02

Ly
I EERNY ol BRI 1) S T I i co e e by

50 100 150 200 250 300 350 400 450 500
m, / (GeV/c?)

Figure 2. Top quark mass distribution as determined from the experiment, i.e. the normalised
number of events plotted against the top quark mass. The dots correspond to the data. The
dashed line corresponds to the "signal" and the shade to the "background".

B.4 — 1.0pt

According to the top quark mass distribution, which one of the two previous solutions is more
likely to be the right one? Estimate the probability for the most likely solution.
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B.5 — 1.0pt

Calculate the distance traveled by the top quark before decaying, using the most likely solution.
Assume the top quark has a mean lifetime at rest of 5 % 107 % s.

Official English text of the problem.

Answers
Here py) = |57 |
2mK
e Al:r = \/ m
eBBR
« A2:p, = — =33 102 MeV /c.
1
‘A3§:—, ’n,:5, k:4
6
€4B2
e Adiy= ——.
6megmicd

A.5: AE ~ 55 MeV.
A.6: The instantaneous frequency is

eBc?
f(t) = onEg (1+ aEpt).
The angular frequency is w(t) = 27 f(t).
e B.1:
m2,c? . N
W o2 + 6] [ + ]

-ty .

B.2: p) ~ +74.0 GeV/cor —188 GeV/c.
B.3: Respectively, m; ~ 169 GreV/c2 or 311 GeV/c2.

B.4: The pgy) ~ +74.0 GeV /c solution is more likely. The plotted probability at its
reconstructed mass is approximately P ~ 0.12, or 12%.
B.5: The mean distanceis L ~ 1.9 x 106 m.

\

Solution
A1

For motion perpendicular to the magnetic field, the magnetic Lorentz force provides the centripetal
force:

mv2

evB =

r

Thus r = mw/(eB). Using the non-relativistic kinetic energy K = %mv2,
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V2mK
eB |

r =

Equivalently, 7 = p/(eB), which also applies relativistically when p is the relativistic momentum.
A.2

Let the detector radius be R = 1.1 m. The electron’s circular orbit passes through the collision point,
so its orbit centre is a distance r from that point. Its greatest radial distance from the collision point is
therefore 2r.

The limiting orbit touches the cylindrical boundary when
2r = R.

The minimum total momentum occurs for motion perpendicular to the solenoid field. Hence the escape
threshold is

1.1
Prmin = eBg = (1.60 x 10_19)(2'00)7 = 1.76 x 10 P kgms'.
Since
10%(1.60 x 10 *?
] MeV /e — 20160 _ ) o 533%10 2 kgms L,
3.00 x 10
we obtain

Pmin = 3.3 X 10% MeV /c|.

Just above this threshold, the orbit crosses the cylindrical boundary.

A.3

For acceleration perpendicular to the velocity, the relativistic transverse equation of motion is
evB = yma,

so the curvature acceleration is

evB

a = .
ym

Substitution into the given radiation formula gives

2 2B , By
7 =

P = = —.
6megc®  v2m 6megm2c?
In the ultrarelativistic limit, v ~ ¢, while the total energy is E = 'ymc2. Therefore,

et B2 (E )2 e*E2 B2
) =

P~ 5
6megmec

mc 6megmicd

Comparison with the requested form yields

_ 1
6’

13 n =5, k= 4|

A.4

The magnetic force does no work, so the electron’s energy decreases by the energy radiated:
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— = -P=—aF?
dt
where, from A.3,
e‘B?
o =
6megmic®
Integrating with E(0) = Ey,
E(t) dE t
/ —2 = —Oé/ dt,
g, F 0
which gives
1 1
—— — — = at.
E(t) Ey
Consequently,
E
E(t) = . )
1+ aFyt

as stated in the question.
A.5
First check the trajectory curvature. For an ultrarelativistic electron, p ~ E/c, so its initial cyclotron
radius is
Ey
ro Y ——.
eBc

Here
Ey =100 GeV =1.60 x 102 J,
and therefore

1.60 x 1078
ro = i — 1.67 x 102 m.
(1.60 x 10*19)(2.00)(3.00 X 108)
Since 7o > R = 1.1 m, the path through the detector is almost straight. Thus

R 1.1

texi ~ =7 —367x10"s.
ST e 3.00 x 10°
Using the supplied constants,
42
B
a=—2"  _ _939x102J ls!
6megmicd

and
aEotesit = 5.51 x 107*.
The energy lost is
E aEStexit

AE = EO — - .
1 + aFEotexit 1 + aFotexit

Numerically,
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AE = 8.81 x 1072 J = 55.1 MeV.

Thus, to sensible precision,

AFE ~ 55 MeV|.

This is only about 5.5 X 10 of the initial energy, confirming that the radius remains very large
throughout the flight.

A.6

The instantaneous angular rate of rotation of the momentum is

v eB
w=—=—
r ym
Using E = ymc?,
eBc?
w(t) = :
E(t)
Substituting the result of A.4,
B 2
w(t) = 25 (1 + aBgt) |
Ey

The ordinary frequency, measured in cycles per second, is therefore

eBc?
f(t) = ok, (1+ aEot) |

Both increase linearly with time within the ultrarelativistic approximation.

B.1

Four-momentum conservation in W+ — u* + v gives
Ew=E,+E,  pw=p"+p".

The invariant mass of the two-particle system satisfies

miyc! = (E, + E,)* - cz‘ﬁ(”) + v ‘2.

Both daughter particles are treated as massless, so
E,= C\ﬁ(”)|, E, = c|p'(”)|.
The individual energy—momentum terms cancel on expanding the invariant:
miyct = 2 ( ELE, — ¥ .5@)),

Now

59 = /)2 + (6)2,

and
ﬁ(u) .ﬁ(V) — ﬁ(lg) ’ﬁr(f/) + pgu)pg).

Hence the requested relation is
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2 .2
myyC

v [0+ 0] [+ 6]

By By — .

B.2
Define
g=pY,  t=p¥,  a=0¥)?2  b=(0V)?,
and let
— m2 Cz —| =V

The equation from B.1 becomes
Du \/Fq2 =D+ {q.
Squaring and using pi — 02 =q,
aq? — 2D{q +pib —D?=0.
Its roots are

_ D{+p,VD?—ab

a

q

The measured components give
a = 24.7% +24.9% = 1230.1 (GeV/c)?,
b=104.1% 4 5.3% = 10864.9 (GeV/c)?,

p, = V24.7% + 2497 1+ 12.42 = 37.2003 GeV /c,
s 5 = (—24.7)(—104.1) + (—24.9)(5.3)
= 2439.3 (GeV/c)?,
80.47

D =

+2439.3 = 5671.38 (GeV /c)%

Thus the two numerical roots are
q. = 73.9532 GeV/c, q_ = —188.2937 GeV/c.

Both satisfy the original, unsquared equation. Therefore,

pi”’ ~ +74.0 GeV/c or — 188 GeV/c|.

B.3

The top quark decays into the anti-muon, neutrino and bottom-quark jet. Conservation of energy and
momentum gives

Because all three decay products are treated as massless,
E, =c <|ﬁ(u)| + Y| + |1—5(j1)‘).

The jet momentum magnitude is
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B = /(~14.2)2 + 50.1% + 04.12 = 107.5475 GeV /.

Writing g as its numerical value in GeV/c,

E; = [37.2003 + 107.5475 + 1/10864.9 + qQ} GeV,

and
pr = (—143.0, 30.5, 81.7 + q) GeV/c.
The reconstructed top mass follows from
mict = EX — 2 |p:|2.

Keeping extra digits during the calculation gives:

Neutrino solution E, (GeV) E;(GeV) ps. (GeVlc) my (GeV/c?)

g+ = 73.9532 GeV/c 127.804  272.552 155.653 169.344

g_ = —188.2937 GeV/c 215.219  359.967 —106.594 311183
Therefore,

my ~ 169 GeV/c*  for pgy) > 0|,

me ~ 311 GreV/c2 forpgy) < 0|

B.4

The mass 169 GeV /c? lies close to the maximum of the distribution in Figure 2, whereas 311 GeV /c?

(¥)

lies in its small upper tail. The positive-p; * solution is therefore more likely.

Reading the ordinate of the plotted total-distribution curve near 169 GeV/c2 gives

P ~0.12 orapproximately 12%|.

The corresponding reconstructed neutrino momentum is

¥ ~ (=104.1, +5.3, +74.0) GeV/c|

B.5

For the more likely solution,
pr = (—143.0, 30.5, 155.653) GeV/c,
so
|p:| = 213.558 GeV/c.

The top quark’s Lorentz factor and speed are

E, 272552
mye?  169.344

 [Bile  213.558
"~ E, 272552

The mean lifetime in the detector frame is ;7. Thus the mean distance travelled is

v = = 1.609,

Bt = 0.7836.
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Bt/ c
myc?

L = vyymg = Beyiery = CTp-

Substitution gives
213.558

L=""""""3.00 x 10%)(5 x 107%) = 1.89 x 10 '® m.
169.344

Therefore,

L~19x%x10%m]|

This is a mean distance because the supplied rest-frame lifetime is a mean lifetime.

The solution was checked against the official solution.

Problem 3: Physics of Live Systems

[
Data: Normal atmospheric pressure, Py = 1.013 x 10° Pa = 760 mmHg

Part A. The physics of blood flow (4.5 points)
In this part you will analyse two simplified models of blood flow in vessels.

Blood vessels are approximately cylindrical in shape, and it is known that for a steady, non
turbulent flow of an incompressible fluid in a rigid cylinder, the difference in pressure of the fluid
at the two ends of the cylinder is given by

8¢
AP=—1q, ()
mnr

where £ and r are the length and radius of the cylinder, 1 is the fluid viscosity and Q) is the
volumetric flow rate, i.e. the fluid volume that passes the cylinder cross section per unit time. This
expression is often able to provide the correct order of magnitude for the pressure difference in a
vessel, even without taking into account the pulsatile flow, the vessel's compressibility and
irregular shape, and the fact that blood is not a simple fluid but a mixture of cells and plasma.
Moreover, this expression has the same form as Ohm's law, with the volumetric flow rate being
interpreted as a current, the difference in pressure as a voltage, and the factor R = % as a

resistance.

Consider for example the symmetrical network of arterioles (small arteries) depicted in Figure 1
that delivers blood to the capillary bed of a tissue. In this network, at each bifurcation a vessel is
divided in two identical vessels. However, the vessels of higher levels are thinner and shorter:
consider that the radii and lengths of vessels in two consecutive levels, 7 and ¢ + 1, are related by
riv1 =1i/2Y/% and by £;,1 = £;/21/3.
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Figure 1. Network of arterioles.
A1 (1.3pt)

Obtain an expression for the volumetric flow rate, (Q;, in a vessel at any level %, as a function of the
total number of levels IV, of the viscosity 7, of the radius g and length £ of the first vessel, and
of the difference AP = P, — P, between the pressure at the arteriole at level 0, P, and the
pressure at the capillary bed, Pcap.

A.2 (0.5pt)

Calculate the numerical value of the volumetric flow rate Q¢ of the arteriole at level 0, if its radius
is6.0 x 107° m and its length is 2.0 x 10~ m. Consider that the pressure at the arteriole inlet is
55 mmHg and the vessel network has N = 6 levels linking this arteriole to the capillary bed at the
pressure 30 mmHg. Consider that the blood viscosity is n = 3.5 X 1073 kg m~!s~!. Express
your result in mi/h.

A blood vessel as an LCR circuit

The approximation of rigid cylindrical vessels falls short for several reasons. It is particularly
important to include the time dependent flow and to take into account the change in vessel
diameter that occurs when the pressure varies during a blood pumping cycle done by the heart.
Moreover, it is observed that in the larger vessels the blood pressure varies significantly during a
cycle, while in the smaller vessels the amplitude of the oscillations in pressure is much smaller,
and the flow is almost time independent.

When the pressure increases in a single elastic vessel, there will be an increase in its diameter,
thus permitting to store more fluid in the vessel, and to deliver it when the pressure drops. For this
reason, the elastic behaviour of the vessel can be simulated by adding a capacitor to our initial
description. Moreover, when taking into account the time dependent blood flow rate, one has to
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consider the inertia of the fluid, proportional to its density p = 1.05 X 197 kg m 3. This inertia
can be described by an inductance in our model. In Figure 2 we represent the equivalent circuit for
a single vessel in this model. The equivalent capacitance and inductance are given by

3
3lrr il D 94p ’
2Eh 472

respectively, where h is the width of the vessel wall and F is the artery Young's modulus, a

C = (2)

coefficient that describes the alteration in size of the vessel tissue when a force is applied. The
Young's modulus has units of pressure and is on the order of E = 0.06 MPa for arterioles.

R L
— VWWA— N

C’D B, cos ot C o

P

> 1t COS@7+¢)

- v S

==

Figure 2. Equivalent electric circuit for a single vessel.
A.3 (2.0pt)

Obtain, in the stationary regime, the pressure amplitude at the vessel outlet, P,,;, as a function of
the pressure amplitude at the inlet, P,,, the equivalent resistance, R, inductance, L and
capacitance, C, for a flow with angular frequency w. Establish the condition between 7, p, E, h, r
and ¢ so that, for low frequencies, the pressure oscillation amplitude at the outlet is smaller than
that of Pi,.

A.4 (0.7pt)

For the vessel network in A.2 estimate the maximum arteriole wall thickness h so that the
condition established in A.3 is satisfied (consider that A is level independent).

Part B. Tumour growth (5.5 points)

Tumour growth is a very complex process where biological mechanisms such as cell proliferation
and natural selection are intertwined with physics. In this problem we will consider a simplified
model of tumour growth that addresses the increase in pressure commonly observed in solid
tumors.

Consider a group of normal cells forming a tissue surrounded by an inextensible basement
membrane, which forces the tissue to maintain always the same form: a sphere of radius R,
(Figure 3).

eulersolve.org/ipho/2018/ 22/30



Figure 3. Simplified tumour.

Initially the tissue does not have residual stresses, i.e. the pressure at every point is equal to the
atmospheric pressure.

At time t = 0, a tumour starts growing at the centre of this sphere and, as it grows, the pressure
inside the tissue increases. Consider that both tissues (normal, N, and tumour, T) are
compressible such that their densities, pi and pr, increase linearly with pressure:

b b
_ 1+ -2 ), _ 1+ — ), 2
PN—P0<+KN) PT—PO<+KT> (3)

where p is the rest tissue density, p is the pressure difference to the atmospheric pressure and
Ky, K1 are the compressibility moduli (bulk moduli) of the normal and tumour tissues,
respectively. In general, tumours are stiffer and so they have a higher bulk modulus.

B.1 (1.0pt)

The mass of normal cells is not altered while the tumour is growing. Obtain the ratio between the
tumour volume and the total tissue volume, v = VT/V, as a function of the ratio between the
tumour mass (M) and the normal tissue mass (Mn), p = Mt /My and the ratio of the bulk
moduli, K = Kn/KT.

Hyperthermia is sometimes used together with chemotherapy and radiotherapy in the treatment
of cancer. In hyperthermia the cancer cells are selectively heated from the normal human body
temperature, 37 °C, to temperatures above 43 °C, inducing their death. Researchers are currently
developing carbon nanotubes covered with special proteins capable of binding to tumour cells.
When the tissue is irradiated with near-infrared radiation, the nanotubes absorb it in a much
greater extent than the surrounding tissues and therefore can be selectively heated as well as the
tumour cells to which they are attached.

Consider that the tumour, the normal cells and the surrounding tissue have a constant thermal
conductivity k, i.e. in the geometry of this problem, the energy that crosses a spherical surface of
radius 7 per unit time and per unit area is equal to k times the derivative of the temperature with
respect to 7. The nanotubes are uniformly distributed in the tumour volume and are able to deliver
a power P of thermal energy per unit volume. Assume that the temperature is equal to the normal
human body temperature very far away from the tumour.
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B.2 (1.7pt)

Obtain, for the stationary state, the temperature at the centre of the tumour as a function of P, k,
the human body temperature and the tumour radius, R.

B.3 (0.5pt)

Obtain the minimum power per unit volume, Pin, Needed to heat up all tumour cells in a tumour
with 5.0 cm radius to a temperature larger than 43.0 °C. Take the thermal conductivity of the
tissue to be equalto k = 0.60 WK ' m™1.

Consider that the tumour is irrigated by a vessel network with a branched structure like in
question A.1. As the tumour grows, when its pressure p becomes larger than the pressure PCap at
the thinnest vessels, the radii of these vessels will decrease by a small amount dr. If this pressure
reaches a critical value p, (which would correspond to a radius decrease of dr,), the thinnest
vessels would collapse, compromising seriously the irrigation to the tumour. The pressure and the
radius change can be related by the following phenomenological relation:

P Pe or \ or
— = 1) (2- )= 4
P (Pcap ) ( 5rc) ore “)

Consider that just the smallest vessels (of level N — 1) have their radius altered when the tumour
increases its pressure.

B.4 (2.3pt)

In the linear regime (i.e. consider that p — Pcap is very small), express the relative drop in the flow

0QN-1
" QN-1
KN: NI pCr 57"6, TN—lr Pcap-

rate , in these thinnest vessels, as a function of the tumour volume ratio v = VT/V and

Official English text of the problem.

Answers
e A1
ﬂ'réAP
i= —— t1=0,...,.N—1
877£0N 20
e A2

Qo = 1.4536... ml/h ~ 1.5ml/h|.
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e A3

P

Py — .
' /I _w’LO)?  (WRO)?

Attenuation at sufficiently low nonzero frequencies requires

64n%¢>
RC>2L <« h<—T"|
3pErs
The inequality is strict for attenuation at order wz; equality gives attenuation at order e
e A4
64n>02
max = 2 ~7.7%x 10" m =77 pm|
3pEry

Level 0 imposes the strongest constraint.

e B.1

_ 2p
1+p++/(1—p)2+4kp

e B.2 With T} the normal body temperature,

(%

PR3,
2k |

T(0) = Ty +

3k(43.0 — 37.0) K

~4.3%x10°Wm3|
R,

Pmin -

This is the threshold:; strictly exceeding 43.0 °C everywhere requires power density above
it.
e B.4 Taking 6@ y—1 to mean the positive decrease,

5QN—1 - 2(5’)"C <KN’U _p >
Qn-1 N NTNfl(pc - Pca.p) 1-vw LI

This applies just above the onset of compression, where p > Peap.

.

Solution
A1

The geometrical scaling gives
T =70 2‘75/3, L =¥ 2_i/3.
Consequently, the hydraulic resistance of one vessel at level 7 is

Snts _ 310 i _ Ry 2]
r; Ty,

R; =
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Conservation of volume flow and symmetry imply that the flow divides equally at each bifurcation. Thus

@
Qi =%

The pressure drop across any one vessel at level ¢ is therefore
AP; = R;Q; = RyQ.

Every path from the inlet to the capillary bed passes through one vessel at each of the IV levels. Adding

the pressure drops along such a path,

AP = NRyQ,.
Hence
2t 8pfgN 2|

Equivalently, each level contributes R¢/2i = Ry to the total network resistance, so Req = N Ry.
A.2
Using the supplied conversion between mmHg and pascals,

1.013 x 10°
760

AP = (55 — 30) Pa = 3.3322 x 10° Pa.

Therefore,
(6.0 x 107°)%(3.3322 x 10?)
8(3.5 x 1073)(2.0 x 1073)(6)
Since 1 m® = 10 mland 1 h = 3600 s,
Qo = (4.0379 x 1071°)(10°)(3600) = 1.4536 ml/h.

To two significant figures,

Qo =4.0379 x 107 ¥ m?s .

QO ~ 1.5 m]./h .

A.3

In the circuit analogy, pressure corresponds to voltage and volume flow to current. The capacitor
relation and the pressure balance around the circuit are

dpout dQ
— in — Pout — L—-.
Combining these equations gives
dzpout dpout
L — Pin-
C 12 + RC 7 + Pout = P

After transients have decayed, the input and output oscillate at the same angular frequency.
Representing them by complex amplitudes,

(1 — WILC + inC)ﬁout — P,.

Taking absolute values,
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P,

Py — .
' /O _PLO) 1 PRC?

The square of the denominator is
1+ C(R*C —2L)w* + L?C*w*.
For sufficiently small nonzero w, attenuation at leading order requires

R%C > 2L.

If R2C < 2L, the denominator is smaller than unity at sufficiently low frequencies and the pressure
oscillation is amplified. At the boundary R2C = 2L, the denominator squared becomes

1+ L2C%w* > 1, so the boundary also attenuates, although only at order w*. The exact condition is
therefore R2C > 2L.

Substituting the given vessel parameters,

RO — ( 84n ) ? 303 96203

art ) 2Eh ~ gEhr5’
whereas
o = P
272
Thus

64n20? > 3pEhr?

or, equivalently,

64n>02

h<hcri:—-
N Py

For attenuation at order wz, replace these inequalities by strict ones. At zero frequency, the pressure
gain is exactly unity.

A.4

At level 1,

64n>¢2 _ 64n°03 i3,
3pEr? 3pErg

crity —

This bound increases with level number. Since the same wall thickness must satisfy the condition at
every level, the strongest constraint is imposed by level 0.
Using E = 0.06 x 10° Pa,
64(3.5 x 1073)2(2.0 x 1073)2
Pmax = ( - ) ) ) — =7.6818 x 10° m.
3(1.05 x 10 )(0.06 x 10 )(6.0 x 10~ )3

Thus, within the given model,

Panax ~ 7.7 % 10> m = 77 pm |.

A thickness below this limiting value gives the strict leading-order attenuation condition throughout the
network.
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B.1

The total tissue volume V' is fixed. Initially it contains normal tissue at density po, so conservation of
normal-cell mass gives

My = poV = pn(V — V).
Writing v = Vr/V and using equation (3),

1 = (1+KLN)(1—11).

Hence the pressure is related to tumour volume by

_KN’U
P=94]

The tumour mass is

b
My = 1+ — | Vqp.
T Po<+KT)T

P KV
uzv(l—l—K—T) :v(1+ 1_@).
Rearranging gives a quadratic equation for v:
(1—r)v? — (1 +p)v+p=0.
The physical root approaches zero when p approaches zero. For k # 1, it is

I VA (e ) e )
2(1 — k) '

Dividing by My = poV,

Rationalizing yields a form that also applies directly when x = 1:

_ 2p
L+ p++/(1—p)?+4kp

As a check, for equal bulk moduli the two tissues have equal densities, giving v = ,u,/(l + ,u), as this

v

expression predicts.
B.2

Let T}, be the body temperature far from the tumour. In the stationary state, the outward heat current
through a sphere equals the total power generated inside it. With outward heat flow taken as positive,
Fourier's law is

. dr
— _ 2,27
H(r) = —4nrk I

Inside the tumour, 0 < r < R, uniform heat generation gives

ar Agr®
— 2 —_
4mrok 7 3

P,

SO
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dT_ Pr

dr 3k’
Outside the tumour, the entire generated power crosses every spherical surface:
dT 47TR%
—A4nr’k— = P
T dr 3
Integrating with T'(r) — Tp as r — oo,
PR3
T(r) =Ty, + —=, > Rr.
3kr
Thus the temperature at the tumour surface is
PR
T(Rt) =1,
(RT) b+ 3%
Temperature is continuous at the surface. Integrating the interior gradient inward from that surface
gives
P oo 2 P 2 2
T(r)=T(Rt) + —(R% —r°) =T, + —(3R% — 7).
6k 6k
Consequently,
T(0) =T, + PRy
Y

The temperature decreases quadratically inside the tumour and approaches T}, as 1/7’ outside it.
B.3

The temperature decreases with distance from the centre, so the coldest tumour cells are at its
surface. Heating every tumour cell above 43.0 °C therefore requires

2

PR2 )
T(Rr) =Tp + — - > 43.0°C.

The threshold power density is

D 3k(43.0 — 37.0) K
min ) .

Substituting R = 5.0 x 1072 m,

3(0.60)(6.0)

(5.0 x 1072)2

Poin = —=4.32 x 10° Wm™3.

Thus

Poin ~ 4.3 x 10> Wm 3|

At this threshold the surface is exactly at 43.0 °C, while the centre is at 46.0 °C. Strictly exceeding the
specified temperature everywhere requires P > 4.32 x 103 Wm 3.

B.4

First linearize the pressure-radius relation. Equation (4) can be written as
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p_Pcap:(pc_Pcap)

5 or or )\ 2
ore ore '
On the branch connected to the uncompressed state, sufficiently close to p = P,

ore
§re ——<—(p— Pay)|.
2(pc - Pcap) “p
Only the terminal vessels change radius. Set
or
€= < 1.
TN-1

Their lengths remain unchanged, so Poiseuille's law gives
Nvo1=RBy1(1—e) "~ Ry 1(1+4e).

From A.1, the 2V =1 terminal vessels together initially contribute Ry to the network resistance. The
other N — 1 levels remain unchanged. Thus

R, = (N —1)Ry+ Ro(1 —€)* =~ NRj + 4Rye.

For fixed inlet and capillary pressures, the total flow is inversely proportional to Req. Symmetry still

2N—1

makes the terminal flow equal to the total flow divided by , o its fractional decrease is the same

as that of the total flow:

0Qn1 _ Req—Req 4 or

QN—l - Req B W TN-1 .

The factor 1/N accounts for the fact that only one of the N equal resistance contributions changes.

Substituting the linearized radius change,

5QN_1 - 257‘c P — Pcap
Qn-1  Nry-1 pc— Peap

Finally, normal-cell mass conservation from B.1 gives p = Kxv/(1 — v). Therefore,

0QN-1 207, (KNv _p )
QN—l - N”"N—l(pc - Pcap) 1-w T

This expression applies just above the onset volume fraction

. Pcap
B KN"‘Pca,p,

with (p — Peap)/(Pe — Peap) < 1and 0r/7y_1 < 1. Below the onset, the stated model does not
prescribe vessel narrowing.

Vx

The solution was checked against the official solution.
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