INTERNATIONAL PHYSICS OLYMPIAD

IPhO 2015

Theory problems and solutions - Mumbai, India - 3 theory problems with complete solutions

eulersolve.org/ipho/2015/

Problem 1: Particles from the Sun

[

Photons from the surface of the Sun and neutrinos from its core can tell us about solar
temperatures and also confirm that the Sun shines because of nuclear reactions.

Throughout this problem, take the mass of the Sun to be M, = 2.00 x 103 kg, its radius,
Ro =7.00 x 10% m, its luminosity (radiation energy emitted per unit time),
Lo = 3.85 x 10%® W, and the Earth-Sun distance, d, = 1.50 x 10'! m.

1
(i) /aceam dr = (i — —2)6‘” + constant
a a

2 2
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a a a a
A Radiation from the sun :
Part Question Marks

Assume that the Sun radiates like a perfect blackbody. Use this fact to calculate the

0.3
temperature, T, of the solar surface.

The spectrum of solar radiation can be approximated well by the Wien distribution law.
Accordingly, the solar energy incident on any surface on the Earth per unit time per unit frequency
interval, u(v), is given by

R% 27h
3

u(v) = A% 27 exp(—hv/kgTs),

where v is the frequency and A is the area of the surface normal to the direction of the incident

radiation.

Now, consider a solar cell which consists of a thin disc of semiconducting material of area, A,
placed perpendicular to the direction of the Sun'’s rays.

Part Question Marks

Using the Wien approximation, express the total radiated solar power, P,,, incident on

A2 the surface of the solar cell, in terms of A, R, dw, Ts and the fundamental constants 0.3
C, h, kB'
A3 Express the number of photons, nv(y), per unit time per unit frequency interval incident 0.2

on the surface of the solar cell in terms of A, R, de, T, v and the fundamental
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Part Question Marks

constants ¢, h, kp.

The semiconducting material of the solar cell has a “band gap” of energy, E,. We assume the
following model. Every photon of energy £/ > E, excites an electron across the band gap. This
electron contributes an energy, E,, as the useful output energy, and any extra energy is
dissipated as heat (not converted to useful energy).

Part Question Marks

Define x4 = hyg/kBTs where 4, = hv,. Express the useful output power of the cell,

A4 1.0
Py, interms of 4, A, Ro, do, Ts and the fundamental constants ¢, h, kp.

A5 Express the efficiency, 7, of this solar cell in terms of x. 0.2

A6 Make a qualitative sketch of 77 versus 4. The values at £, = 0 and £, — oo should be 10
clearly shown. What is the slope of 7(z,) at z, = 0 and z, — 00? '

i Let zy be the value of z, for which 7 is maximum. Obtain the cubic equation that gives 1.0
x(. Estimate the value of ¢ within an accuracy of +0.25. Hence calculate 7(z). '

e The band gap of pure silicon is E, = 1.11 eV. Calculate the efficiency, 1s;, of a silicon o

solar cell using this value.

L Amol Dighe (TIFR), Anwesh Mazumdar (HBCSE-TIFR) and Vijay A. Singh (ex-National
Coordinator, Science Olympiads) were the principal authors of this problem. The contributions of
the Academic Committee, Academic Development Group and the International Board are
gratefully acknowledged.

In the late nineteenth century, Kelvin and Helmholtz (KH) proposed a hypothesis to explain how
the Sun shines. They postulated that starting as a very large cloud of matter of mass, M, and
negligible density, the Sun has been shrinking continuously. The shining of the Sun would then be
due to the release of gravitational potential energy through this slow contraction.

Part Question Marks

A9 Let us assume that the density of matter is uniform inside the Sun. Find the total 03
gravitational potential energy, €2, of the Sun at present, in terms of G, M, and R,. '
Estimate the maximum possible time, Ty (in years), for which the Sun could have been

A10  shining, according to the KH hypothesis. Assume that the luminosity of the Sun has 0.5

been constant throughout this period.

The Ty calculated above does not match the age of the solar system estimated from studies of
meteorites. This shows that the energy source of the Sun cannot be purely gravitational.

B Neutrinos from the Sun :

In 1938, Hans Bethe proposed that nuclear fusion of hydrogen into helium in the core of the Sun is
the source of its energy. The net nuclear reaction is:
4'H — *He + 2¢™ + 20,

The “electron neutrinos”, v, produced in this reaction may be taken to be massless. They escape
the Sun and their detection on the Earth confirms the occurrence of nuclear reactions inside the
Sun. Energy carried away by the neutrinos can be neglected in this problem.
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Part Question Marks

Calculate the flux density, ®,, of the number of neutrinos arriving at the Earth, in units
B1 of m~2s~L. The energy released in the above reaction is AE = 4.0 x 10~'2 J. Assume 0.6
that the energy radiated by the Sun is entirely due to this reaction.

Travelling from the core of the Sun to the Earth, some of the electron neutrinos, v,, are converted
to other types of neutrinos, v,,. The efficiency of the detector for detecting v, is 1/6 of its
efficiency for detecting v,. If there is no neutrino conversion, we expect to detect an average of
N1 neutrinos in a year. However, due to the conversion, an average of N2 neutrinos (v, and v,
combined) are actually detected per year.

Part Question Marks

B2 In terms of IN; and INV,, calculate what fraction, f, of v, is converted to v,,. 0.4

In order to detect neutrinos, large detectors filled with water are constructed. Although the
interactions of neutrinos with matter are very rare, occasionally they knock out electrons from
water molecules in the detector. These energetic electrons move through water at high speeds,
emitting electromagnetic radiation in the process. As long as the speed of such an electron is
greater than the speed of light in water (refractive index, n), this radiation, called Cherenkov
radiation, is emitted in the shape of a cone.

Part Question Marks

Assume that an electron knocked out by a neutrino loses energy at a constant rate of a
per unit time, while it travels through water. If this electron emits Cherenkov radiation for
B3 a time, At, determine the energy imparted to this electron (Eimpartea) by the neutrino, 2.0
in terms of o, At, n, m, and c. (Assume the electron to be at rest before its interaction
with the neutrino.)

The fusion of H into He inside the Sun takes place in several steps. Nucleus of "Be (rest mass,
mp.) is produced in one of these intermediate steps. Subsequently, it can absorb an electron,
producing a "Li nucleus (rest mass, mp; < mge) and emitting a v,.. The corresponding nuclear
reaction is:

Be+e — Li+u,
When a Be nucleus (mpe = 11.65 X 10°% kg) is at rest and absorbs an electron also at rest, the
emitted neutrino has energy E, = 1.44 x 10~ J. However, the Be nuclei are in random thermal
motion due to the temperature 1% at the core of the Sun, and act as moving neutrino sources. As a
result, the energy of emitted neutrinos fluctuates with a root mean square (rms) value A Erms.
Part Question Marks

If AFms = 5.54 x 10717 J, calculate the rms speed of the Be nuclei, Vge, and hence
B4 estimate T.. (Hint: A E;n,s depends on the rms value of the component of velocity along 2.0
the line of sight).

Official English text of the problem.
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Answers

e A1
. 1/4
T, = © ~ 5.76 x 10° K.
47TR2®0'
e A2
_ 12nARZ (ksTs)*
. d2 c2h3
e A3
271'AR?D S
_ e —hv/(kgT})
n~(v) = vie .
’Y( ) d2@02
e A4
2 ARZ (kpTs)* 3
— To(x2 + 22, + 2)e .
t déc2h3 g( g g )
e A5
zg(k + 2z4 + 2)e™
77("179) = .

6

e AG The curve starts at the origin with slope 1/3, reaches one maximum near (2.27,0.457),
and approaches the horizontal axis from above:

n(0) = 0, m&l_l}l(l)o’r] =0, n'(0) = %, x}ll_l;l(l)o n' =0 from below.
o A7
T — 25 — 229 —2=0, zy ~ 2.27, n(zy) ~ 0.457 = 45.7%.
e A8
T,g ~ 2.24, ne ~ 0.457 = 45.7%.
e A9
Q=— 3?};‘? ~ —2.29 x 10" J.

e A10

3GM2 ,

TKH = SRl ~ 1.88 x 10’ years.

e B1

2L

v — m ~ 6.8 X 1014 1'11_2 S_l.
i,
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e B2
6 Ny
= _—(1-22=2
/ 5 < N1>
e B3
2 1
Eimparted = €At t mec® | —— 1.
V1—1/n?
e B4
A-EI‘IH _
Vee = V3¢ 5 ® ~2.00 x 10° ms ™,
2 2
mpgeC A-Elrms &
Iy = ~1.12 x 10" K.
kp ( E, ) x 10
L
Solution

For numerical evaluation, use the standard constants

o =5.6704x10 8 Wm 2K,
G=6.6743 x 10 ' m3kg 1572,
kp = 1.380649 x 1072 JK !,

c = 2.99792458 x 10® ms 1,

with 1 eV = 1.602176634 x 107! J and 1 year = 3.15576 x 107 s.
A1

By the Stefan—Boltzmann law, a blackbody emits power oT* per unit surface area. The Sun's emitting
area is 47rRé, SO

Ly = 471'R(290'T34.

Therefore,

S

3.85 x 10% e ;
_ - —| =576 x 10°K]
47(7.00 x 10%)2(5.6704 x 10°5)
A2

The total incident power is the integral over all frequencies:

2 0
P, = A& 2mh / v3e /(ksTs) gy,
0

dz c?
Set
hv kBT
= — d — 5 d .
T e , 1 > T
Then

in

2AR? (kgTs)* [
G ®( 5T) / x3e T dx.
d2®02h3 0
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The supplied integration formula gives
o0
/ e ®dr = [—e’m(w?’ + 322 4 6z + 6)];>o = 6.
0

Thus

127 AR (kpT,)"
d2®(32h3

in

All efficiencies below use this same Wien-approximation input power.

A3

Each photon of frequency v carries energy hv. Dividing the spectral power by this energy gives the

spectral photon arrival rate:

Hence

_ 27TAR2®

2 e—hv/(ksTs) |
d2 c?
®

n,(v)

Its units are photons per second per hertz.
A4
Only photons with v > v, contribute, and each contributes useful energy E,. Consequently,

P = Eg/ n.,(v) dv.

9

Using By = z4,kpgT;s and the substitution from A2,

_ wARY (kT %,
out = > 573 g ze T.
dgch z,
Now
& o
/ z’e " dr = [—(2* + 2z + 2)e ] . = (:cg +2z4 + 2)e .
Ty
Therefore,
2 AR (kpTs)* 5
= zo(xs + 2z, + 2)e ™|
out d%c2h3 g( g g )
A5

Efficiency is useful output power divided by incident power:
Pout
P,

The common dimensional and geometrical factors cancel, giving
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xg(:zzg +2x,+2)e %

n(xg) = 6 ) .’Eg Z 0.
A6
At zero band gap,
n(0) =0}.
Although photons can then excite electrons, the useful energy per electron is zero.
For large Zg,
() :vge’zg
€T g R
NZy 6
o)
li =0}
Jim n(z,) =0

The exponentially small number of photons above the gap makes the useful output vanish.

Differentiating,

n'(zg) = 5 (= + 22 + 22, + 2).

Thus

1
7'(0) = 3P lim 7'(z4) = 0 from below |

Tyg—00

The sketch starts at the origin with tangent n = :Bg/3, rises to a single maximum near x, = 2.27, and
then decreases toward the horizontal asymptote 17 = 0, remaining positive. For additional shape
information,

so the curve is concave downward for 0 < x, < 4 and concave upward for z, > 4.

Representative points are:

Zg n(zy)

0 0

1 0.307

2 0.451
2.27 0.457
4 0.317

6 0.124

10  0.00923

— 00 — 0
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A7
At the maximum, n’(z) = 0. Since the exponential factor never vanishes,
—zd +xp 4+ 220+ 2 =0,

or

zg—a:(2)—2a:0—2:0.

For ¢y > 0, this is equivalent to

2 2
530:14‘—4——2-
Lo x

The left-hand side increases strictly with g, while the right-hand side decreases strictly. Therefore,

there is only one positive stationary point. Together with the endpoint behaviour in A6, this establishes

that it is the global maximum.
Let F(z) = 3 — 2% — 2z — 2. Then

F(2) = -2, F(2.5) = 2.375.
Thus 2 < z( < 2.5, already giving £y = 2.25 £ 0.25. Refinement gives

ro=227)

Substituting into the efficiency,

xo(x22 + 2z + 2)e 20
(o) = 0(®p 60 )¢ 045703,

Hence

Nmax = 45.7%|.

A8

At the surface temperature found in A1,
kgT, ~ 0.4966 eV.

For silicon,
By 1.11
= = ~ 2.235.
P08 T BpT,  0.4966
Therefore,
2.235 (2.235% + 2(2.235) + 2)e 22
st = G ~ 0.45694.
Thus
nsi ~ 45.7%|.

This is very close to the maximum because the silicon gap is close to the optimal gap
xokpT, ~ 1.13 eV.

A9

Build the uniform sphere by bringing successive thin spherical shells from infinity. At radius r, the mass

already assembled is

eulersolve.org/ipho/2015/
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r
M(?”) - MCD_)
R}
and the shell mass is
M. 2
M = 3 o dr.
RS
By the shell theorem, the potential energy added is
GM(r)dM
o —  GM(r)dM
r
Therefore,
Q= —_3GMC% /R® rtdr = ——3GMC% R—%.
RS Jo RS 5
Hence
3GM?
Q=——"2|~-229 x 10 J.
SR, 9x10*J

The negative sign corresponds to taking zero potential energy at infinite separation.
A10

The initial very extended cloud has approximately zero gravitational potential energy. Its contraction
therefore releases at most

- 3GM2
~ T5R,

The maximum possible shining time follows by taking all this released energy to have been radiated. At

E available — —Q

constant luminosity,

I 3GM2
TKH = —————,
©TKH 5Ro
so
3GM?2
T S RoL, |
OR©
Numerically,
2.288 x 10% 1 -
TKH = 385 < 10 ~ 594 x 10" s =|1.88 x 10" years|.
.85 X

Any released energy retained as internal energy would reduce the duration supported by gravitational
contraction, so this is an upper bound.

B1

Neglecting energy carried away by neutrinos, the number of fusion reactions per second is
. _L®
N, reaction — E

Each reaction produces two neutrinos:

eulersolve.org/ipho/2015/ 9/30



2L
AE -
For spherical emission, these neutrinos cross an area 47rdé at Earth's distance. Thus
2L,
Andi AE |

N,

v

Substitution gives

2(3.85 x 10%
B, — (3.85 x 1077) _[6.8 x 104 m 25|
47(1.50 x 1011)2(4.0 x 10712)

B2

After conversion, the fraction 1 — f remains as electron neutrinos and contributes (1 — f)N;
detections per year. The converted fraction contributes fN1/6, because its detection efficiency is six
times smaller.

Consequently,

N2:(1—f)N1+ﬂ6Yl =N1( —%f)

_8(_ N
f_5<1 Nl)'

The physical range 0 < f < 1 corresponds to N1/6 < Ny < Nj.

Solving,

B3

Cherenkov radiation ceases when the electron slows to the speed of light in water:

C
Vth = —.
n

The electron’s kinetic energy at that instant is relativistic:
1

1
VYth = — — = =
\/1—vfh/c2 V1-1/n

During the emission time At, the electron loses energy aAt. Its initial kinetic energy immediately after

Ky, = (’Yth - 1)mec2a

the neutrino interaction is therefore
K; = Ky + aAt.

Since the electron was initially at rest before the interaction, the energy imparted by the neutrino equals
K;. Hence

1
Eimparted = oAt + mec2 <— — 1) .

V1—1/n?

The second term is essential: the electron still has kinetic energy when Cherenkov emission stops.
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B4

Use the stated model in which the energy spread comes from thermal motion of the Be sources. Let v

be the source velocity component toward Earth.

For a massless neutrino, momentum in the source rest frame is p, = El,/c. To first order in the
nonrelativistic source velocity, the Lorentz transformation of energy gives

E
E,,~FE, + UHTV

Thus the Doppler energy shift is

v
§E ~ E,—.
c
The thermal motion is isotropic, so
2 2
_ 2\ __ <U > _ VBe
Taking the rms energy shift,
AE,, = By (v2) = B Vs
c l V3e
Therefore,
AE
VBe _ \/gc rms
E,
Numerically,
AE.,, 5.54x107%7 4
7 = < 10 = 3.847 x 1077,
and hence

Vie ~ 2.00 x 10° ms™'|.

The ratio V. /c =~ 6.66 x 10~ validates the nonrelativistic approximation.

By equipartition for the three translational degrees of freedom,
1 9 3
EmBeVBe = EkBTC.

Thus

TC = = EV

mBeVB2e "’nBeC2 A-Erms 2
3kgp kg '

Substituting the data,

T, =

(11.65 x 1027)(2.9979 x 10°)? (5.54 x 1017>2
1.380649 x 10~ 1.44x 1078 )’

which gives

eulersolve.org/ipho/2015/
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T.~1.12 x 10" K|.

The solution was checked against the official solution.

Problem 2: The Extremum Principle

[
A The Extremum Principle in Mechanics

Consider a horizontal frictionless * — y plane shown in Fig. 1. It is divided into two regions, | and II,
by a line AB satisfying the equation * = x;. The potential energy of a point particle of mass m in
region lis V' = 0 while itis V. = V}; in region Il. The particle is sent from the origin O with speed
v; along a line making an angle #; with the x-axis. It reaches point P in region Il traveling with
speed v along a line that makes an angle 82 with the x-axis. Ignore gravity and relativistic effects
in this entire task T-2 (all parts).

I A 1 _wp
X
V=20
TV—VO
[74
o B}
0O X1 x
Figure 1

Figure 1

A1 Obtain an expression for vs in terms of m, v and V. 0.2

A2 Express vs in terms of vy, 61 and 0s. 0.3

We define a quantity called action A = m [ v(s)ds, where ds is the infinitesimal length along the
trajectory of a particle of mass m moving with speed v(s). The integral is taken over the path. As
an example, for a particle moving with constant speed v on a circular path of radius R, the action
A for one revolution will be 2rm Rwv. For a particle with constant energy F, it can be shown that of
all the possible trajectories between two fixed points, the actual trajectory is the one on which A
defined above is an extremum (minimum or maximum). Historically this is known as the Principle
of Least Action (PLA).

PLA implies that the trajectory of a particle moving between two fixed points in a region of
constant potential will be a straight line. Let the two fixed points O and P in Fig. 1 have
coordinates (0, 0) and (z, yo) respectively and the boundary point where the particle
transits from region | to region Il have coordinates (z, ). Note that z; is fixed and the
action depends on the coordinate « only. State the expression for the action A(a). Use PLA

A3

to obtain the relationship between 1)1/'[)2 and these coordinates.
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B The Extremum Principle in Optics

A light ray travels from medium | to medium Il with refractive indices n1 and ny respectively. The
two media are separated by a line parallel to the x-axis. The light ray makes an angle 2; with the y
-axis in medium | and 722 in medium Il (see Fig. 2). To obtain the trajectory of the ray, we make use
of another extremum (minimum or maximum) principle known as Fermat's principle of least time.

YA

Figure 2

Figure 2

The principle states that between two fixed points, a light ray moves along a path such that
B1 time taken between the two points is an extremum. Derive the relation between sin ¢ and 0.5
sin 9 on the basis of Fermat's principle.

Shown in Fig. 3 is a schematic sketch of the path of a laser beam incident horizontally on a
solution of sugar in which the concentration of sugar decreases with height. As a consequence,
the refractive index of the solution also decreases with height.

"M 0,0)

+R“\_- _>x

(%0, —¥0)
Figure 3: Tank of Sugar Solution

Figure 3: Tank of Sugar Solution

Assume that the refractive index n(y) depends only on y. Use the equation obtained in B1 to
B2 obtain the expression for the slope dy/dm of the beam'’s path in terms of refractive index ng 1.5

aty = 0and n(y).

The laser beam is directed horizontally from the origin (0, O) into the sugar solution at a
height y, from the bottom of the tank as shown in figure 3. Take n(y) = ny — ky where n,

B3 1.2
and k are positive constants. Obtain an expression for x in terms of y and related quantities
for the actual trajectory of the laser beam.
1 Manoj Harbola (IIT-Kanpur) and Vijay A. Singh (ex-National Coordinator, Science Olympiads)
were the principal authors of this problem. The contributions of the Academic Committee,
Academic Development Group and the International Board are gratefully acknowledged.
You may use: [ secdf = In(secd + tan ) + constant, where sec = 1/ cos  or
de 1 ( + /22 1) + constant
—— =In(=x T° — constan
vz2 -1
B4 Obtain the value of x(, the point where the beam meets the bottom of the tank. Take 08

yo = 10.0 cm, ng = 1.50, k = 0.050 cm™! (1 cm = 1072 m).
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C The Extremum Principle and the Wave Nature of Matter

We now explore the connection between the PLA and the wave nature of a moving particle. For
this we assume that a particle moving from O to P can take all possible trajectories and we will
seek a trajectory that depends on the constructive interference of de Broglie waves.

As the particle moves along its trajectory by an infinitesimal distance As, relate the change
C1 Ay in the phase of its de Broglie wave to the change A A in the action and the Planck 0.6
constant.

Recall the problem from part A where the particle traverses from O to P (see Fig. 4). Let an
opaque partition be placed at the boundary AB between the two regions. There is a small
opening CD of width d in AB such thatd < (zp — 1) and d < 2.

C2 1.2
Consider two extreme paths OCP and ODP such that OCP lies on the classical trajectory
discussed in part A. Obtain the phase difference Apcp between the two paths to first order.

N I Il
g A p
V=0 D (x0,Y0)

V=V,

C =
B CD d\
~
O xl x

Figure 4
Figure 4

D Matter Wave Interference

Consider an electron gun at O which directs a collimated beam of electrons to a narrow slit at F in
the opaque partition A;B; at £ = x; such that OFP is a straight line. P is a point on the screen at
T = x (see Fig. 5). The speed in | is v; = 2.0000 X 10" ms ! and & = 10.0000°. The potential
in Il is such that speed v2 = 1.9900 X 10" ms~L. The distance xo — x1 is 250.00 mm (

Imm = 10 3m). Ignore electron-electron interaction.

YA I A I

Ay

Fl_--

//'V ’,/’I IZlS.OO nm

{02 GTB1
X1

=WV

0 Xo

250 mm
Figure 5

Figure 5

D1  If the electrons at O have been accelerated from rest, calculate the accelerating potential U;. 0.3

D2 Another identical slit G is made in the partition A;B; at a distance of 215.00 nm ( 0.8
1nm = 10~°m) below slit F (Fig. 5). If the phase difference between de Broglie waves
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arriving at P through the slits F and G is 2703, calculate .

What is the smallest distance Ay from P at which null (zero) electron detection maybe
D3 expected on the screen? [Note: you may find the approximation
sin(f + A6) =~ sin 6 + A6 cos 0 useful]

The beam has a square cross section of 500nm x 500nm and the setup is 2 m long. What
D4 should be the minimum flux density Imin (number of electrons per unit normal area per unit
time) if, on an average, there is at least one electron in the setup at a given time?

Official English text of the problem.

Answers
2V
o Al: vy = v%— —0.
m
sin 0,
e A2: vy = v1— .
sin 6,
e A3:
A(Oé) = mvlv .’E% —+ Oé2 -+ mv2\/(a:0 — .’171)2 + (yo — 01)2,

1 (yO - O“) x% + a?

v2 a\/(mo—%)z"‘(yo—a)z.

e Bl:niSint; = nosinis.

no — ky + \/(no—ky)2—n(2]

no

z(y) = %ln

k
Equivalently, y(z) = % ll — cosh(—w)} .
no

e B4:x; =23.86... cm ~ 24 cm.
2 AA

e CLAp=—AA=—.

L A
e C2: Apcp = 0 tofirst order in d; the leading correction is quadratic.
e D1: U; ~ 1.14 x 103 V.
. p2: g= Medn ;vz)sme ~ 5.13.
e D3: Ay~ 1.6 x 10 °> m = 16 um, below P.
e DA: I, ~4x10¥m2s L.

L

Solution

For the numerical electron calculations, use

eulersolve.org/ipho/2015/
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m, = 9.1093837 x 103! kg, e = 1.602176634 x 10 1% C, h = 6.62607015 x 103 Js,
where e is the magnitude of the electron charge.

A1

The potential is time independent, so mechanical energy is conserved:

Lo 1 4
5 MVT = MU + Wo.

Vo = \/’U2— —2VO
2 1 .
m

The problem assumes that the particle is transmitted into region II.

Therefore,

A2
The potential depends only on z, so the force has no y-component. Consequently, the momentum
parallel to the boundary is conserved:

muw1 sin 81 = mws sin 65.

Thus,

A3

Let the boundary crossing point be @ = (x1, ). The two straight segments have lengths

Ly = /23 +a?, Ly = \/(580 —z1)% + (Yo — ).

At fixed total energy, the speeds in the two regions are fixed. Hence

A(O[) = m(vlLl -+ ’U2L2) .

The actual trajectory satisfies

dA a Yo — @
_— = _ — O-
da " lvl . L, ]

v (yo—a)l1 (yo — @)y/z] +a?
U2 aly ay/(zo — 21)? + (yo — @)?

Since o/ L1 = sin 61 and (yo — &) /L2 = sin 05, this reproduces A2. Moreover,

d’A - U1$% n vo(To — x1)? <0
da? L3 L3 ’

Therefore,

so this stationary action is a minimum.
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B1

Write the horizontal interface as y = b, and let the ray cross it at (a, b). The speed of light in medium j
is ¢/m;. Its travel time from O to P is therefore

T(a) = Z2v/a 152 + 22\ /(20 — )2 + (3o — b)?.
c c
Fermat's principle requires dT'/da. = 0:

o To— &

n———— =ny .
Va? + b2 V(o — a)® + (yo — b)?

Because the angles are measured from the interface normal, the two geometric ratios are sin ¢; and

sin z2. Thus

— — sin iy Ny
nysini; = ngsinis |, i ol
2 1

B2
Regard the liquid as a succession of thin horizontal layers. Applying B1 between adjacent layers shows
that
n(y) sini(y) = constant.
The initial ray is horizontal, so #(0) = 90°, giving
n(y) sini(y) = no.
For a ray traveling towards increasing x,

Lo dx 1
sing = —

ds /T (dydw)?

Consequently,
n(y) B
V1 + (dy/dx)?

dy\* _ n)? |
dx N n% '

The ray bends towards the larger refractive index, which is downward. Choosing the negative slope,

and hence

dy __ [n(®?
B3
Substitute n(y) = no — ky:
dx ng

d_y_

ook

Integrating from the entry point (0, 0),
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= ——710

/ \/no—kn —n2.

With u = (ng — kn)/ny, this becomes

/no ky)/no du
a 21

Using the supplied integral,

no — ky + \/(no—ky)2—n

2
0

z(y) = —

no

This is the branch withx > 0 and —yy < y < 0.

Equivalently,

SO

o) =12 [1 - cosh(i—:z)} .

It passes through the origin with a horizontal tangent and curves increasingly downward.

B4

At the bottom, y = —1yg. Therefore,

Ty = marcosh(l + k:yo)
k no

Using centimetres consistently,

ny kYo 0.050(10.0)
— 14+ 20—y 2
5~ 300cm, Ay T 150
Thus
4
Ty = 30.01n<+Tﬁ> cm = 23.86096 . .. cm
Hence
g~ 24cm =0.24m|
c1

The de Broglie wavelength is

p  mv

The spatial phase accumulated over an infinitesimal distance is
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27 2m

Ap = TAS = vaAs.
Since AA = mwv As,
27 AA

For stationary waves of the same energy, the common temporal phase cancels when comparing paths
at the same observation time.

C2
Let C have coordinate (21, ), so D has coordinate (1, @ + d). To first order,
OD — OC = dsin 6, + O(d?),
while
DP — CP = —dsinf, + O(d?).
Therefore,
Aopp — Apcp = md (vysin by — vy sinfy) + O(d?).
Because OCP is the classical trajectory, A2 gives
vy 8in@; = vy sin 0.
Using C1,

2mmd

Apcp = (v1sinf; — vasinfy) + O(dz).

Thus

Apep =0 tofirstorderind|.

The phase difference is generally nonzero at second order. Stationary action makes neighboring paths
have the same phase to first order.

D1

Acceleration from rest through a potential difference of magnitude U; gives

1
el; = Emev%.

Hence

mev%

U, = =1137.126... V,
2e

or

U ~1.14 x 103 V|.
D2
Let

d =215.00 x 10 % m, L = zo — x1 = 0.25000 m.

We treat the incident collimated beam as a coherent plane wave and use the far-field path-length
differences to first order in the slit separation.
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Since F is above G, the incident phase difference is

. : mev
YF — Yo = ;ldsine.

At P, which lies on the straight continuation of OF,
FP — GP ~ —dsin@.

Propagation in region Il therefore contributes

mMevV2 .
dsin 6.

Taking the total phase difference as the phase through F minus that through G,

218 = m;d (v1 — v2) sin 6.
Thus
. med(v1 — v2)sin 6
— - )
Numerically,
B =5.132650..., B~ 5.13|

This is the unreduced phase difference in cycles; modulo one cycle it is 0.132650. . ..
D3

For identical slits with equal amplitudes, destructive interference occurs when the phase difference is
an odd multiple of 7, or a half-integer number of cycles.

Let the outgoing direction towards a nearby screen point be 8 + §6. The incident phase difference
remains fixed, while the propagation phase changes. The phase difference in cycles becomes

d
b(60) = m; [v1 sin @ — v2 sin(0 + §6)].

Using the given small-angle expansion,

mevad

b(66) ~ B — cos 6 66.

The neighboring half-integers are 4.5 and 5.5. Their distances from [ are
B —4.5=0.632650.. ., 5.5 — 5 =10.367350....
The nearest minimum therefore has b = 5.5, giving
h(5.5 — B)
mevadcos

06 =

The negative sigh means the minimum lies below P.

The signed displacement on the vertical screen is
L
6y = L [tan(f + 66) — tan 0] ~ ——40.
cos? 0

Thus its magnitude is
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_ hL(55—p)

mevad coss 0

Ay

Numerically,

hL

O 44.5001... um,
m,vad cos? 0 pm

so the leading-order result is
Ay = (44.5001...)(0.3673499...) pm = 16.3471 ... pm.

Therefore,

Ay~ 16 pm, below P|.

The small-angle and far-field approximations are appropriate here: |50[ ~6.34 x 107° rad, and
d/L = 8.60 x 10~". The quoted result neglects higher-order path-length corrections.

D4
The beam’'s normal cross-sectional area is
S = (500 x 107)% = 2.50 x 10~ ** m?.
For a 2 m flight distance, using v >~ 2.0 X 107 ms !, the transit time is
2
T~ —
2.0 x 107

If the flux density is I, the number entering per unit time is 1.S. In steady operation, the average number

=1.0x 10 7s.

in the apparatus is

N =18
The minimum flux corresponds to N=1:
1
Imin = S
Therefore,
Tnin = ! =4x10"m?s7!|

(2.50 x 107*%)(1.0 x 1077)

More precisely, 7 = £1 /vy + £3/vs, where £1 + {5 is the flight distance. The two speeds differ by only
0.5%, so replacing them by the common approximate speed does not affect the quoted precision.

The solution was checked against the official solution.

Problem 3: The Design of a Nuclear Reactor
[
Uranium occurs in nature as UQ5 with only 0.720% of the uranium atoms being 23°U. Neutron
induced fission occurs readily in 23577 with the emission of 2-3 fission neutrons having high kinetic
energy. This fission probability will increase if the neutrons inducing fission have low kinetic
energy. So by reducing the kinetic energy of the fission neutrons, one can induce a chain of
fissions in other 235U nuclei. This forms the basis of the power generating nuclear reactor (NR).
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cylindrical geometry.

Fig-1

A typical NR consists of a cylindrical tank of height H and radius R filled with a material called

of natural UOx2 in solid form of height H, are kept axially in a square array. Fission neutrons,
coming outward from a fuel channel, collide with the moderator, losing energy and reach the
surrounding fuel channels with low enough energy to cause fission (Figs I-lll). Heat generated
from fission in the pin is transmitted to a coolant fluid flowing along its length. In the current
problem we shall study some of the physics behind the (A) Fuel Pin, (B) Moderator and (C) NR of

moderator. Cylindrical tubes, called fuel channels, each containing a cluster of cylindrical fuel pins

Schematic sketch of the
Nuclear Reactor (NR)
Fig-I: Enlarged view of a fuel

channel (1-Fuel Pins)

Fig-1I: A view of the NR
(2-Fuel Channels)

Fig-1ll: Top view of NR
(3-Square  Arrangement of
Fuel Channels and 4-Typical
Neutron Paths).

Only components relevant to
the problem are shown (e.g.
control rods and coolant are
not shown).

H
Ry
A Fuel Pin
Data for 1. Molecular weight
UO, M, = 0.270 kg mol

A1

A2

A3

2. Density p = 1.060 x 10* kgm 3

4. Thermal conductivity

3. Melti int Ty, = 3.1 103 K
elting poin 3.138 x 10 \ — 3.980 Wm 1K

Consider the following fission reaction of a stationary 2357 after it absorbs a neutron of
negligible kinetic energy.

235U—|—1n N 94ZI‘—|—14OCC—|—2111+AE

Estimate AFE (in MeV) the total fission energy released. The nuclear masses are:
m(*¥U) = 235.044 u; m(**Zr) = 93.9063 u; m(**°Ce) = 139.905 u;
m('n) = 1.00867 uand 1 u = 931.502 MeV ¢ 2. Ignore charge imbalance.

Estimate IV the number of 235U atoms per unit volume in natural UQOs.

Assume that the neutron flux density, ¢ = 2.000 x 10'® m—2s~1 on the fuel is uniform. The
fission cross-section (effective area of the target nucleus) of a 2351 nucleus is

o =5.400 x 1072 m?. If 80.00% of the fission energy is available as heat, estimate Q (in
W m—3), the rate of heat production in the pin per unit volume. 1MeV = 1.602 x 1072 J
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The steady-state temperature difference between the center (1%) and the surface (T) of the
pin can be expressed as T, — Ts = k F(Q, a, \), where k = 1/4 is a dimensionless
constant and a is the radius of the pin. Obtain F'(Q, a, A) by dimensional analysis. Note that
A is the thermal conductivity of UO».

A4 0.5

" The desired temperature of the coolant is 5.770 x 102 K. Estimate the upper limit a,, on the 0
radius a of the pin. '

B The Moderator

Consider the two dimensional elastic collision between a neutron of mass 1 u and a moderator
atom of mass A u. Before collision all the moderator atoms are considered at rest in the
laboratory frame (LF). Let U and ¥, be the velocities of the neutron before and after collision
respectively in the LF. Let ¥, be the velocity of the center of mass (CM) frame relative to LF and 6
be the neutron scattering angle in the CM frame. All the particles involved in collisions are moving
at nonrelativistic speeds.

The collision in LF is shown schematically, where 0, is the scattering angle (Fig-1V). Sketch
B1 the collision schematically in CM frame. Label the particle velocities for 1, 2 and 3 in terms of 1.0
Uy, U, and ,,. Indicate the scattering angle 6.

Vg

Fig-1V

Collision in the Laboratory Frame
1-Neutron before collision
2-Neutron after collision
3-Moderator Atom before collision
4-Moderator Atom after collision

Obtain v and V, the speeds of the neutron and moderator atom in the CM frame after

B2 1.
collision, in terms of A and vy, 0

B3 Derive an expression for G(a, §) = E,/Ey, where E; and E|, are the kinetic energies of the 10
neutron, in the LF, before and after the collision respectively and a = [(4 — 1) /(4 + 1)]%. '

B4 Assume that the above expression holds for DoO molecule. Calculate the maximum possible 05

fractional energy loss f; = (E, — E,)/E} of the neutron for the D2O (20 u) moderator.

C The Nuclear Reactor

To operate the NR at any constant neutron flux 1 (steady state), the leakage of neutrons has to be
compensated by an excess production of neutrons in the reactor. For a reactor in cylindrical
geometry the leakage rate is k1[(2.405/R)? + (7/H)?|1 and the excess production rate is k2.
The constants k1 and ko depend on the material properties of the NR.

Consider a NR with k1 = 1.021 x 10"2 m and ks = 8.787 x 10~ m~. Noting that for a
C1 fixed volume the leakage rate is to be minimized for efficient fuel utilization, obtain the 1.5
dimensions of the NR in the steady state.

The fuel channels are in a square arrangement (Fig-Ill) with the nearest neighbour distance
0.286 m. The effective radius of a fuel channel (if it were solid) is 3.617 x 1072 m. Estimate
the number of fuel channels F}, in the reactor and the mass M of UO5 required to operate
the NR in steady state.

C2
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Official English text of the problem.

Answers

e Al: AE ~ 208.7 MeV.
e A2: N ~ 1.70 x 10 m 3.
o A3:Q ~4.92 x 10 Wm 3.

2 2
e Ad: F(Q,a,\) = Q;\L ,s0T. —Ts = Cii :

e A5:g, ~ 8.27 x 10 m = 8.27 mm.
e B1: CM velocity labels: 1 : ¥ — ¥,,, 2 : U, — Uy, 3 : —U,y,. The angle between the initial

and final neutron velocities is 6; the two outgoing particles move in opposite directions.

1
° B2: = fr— .
v A—i—lvb’ Vv R lvb
1 1-— 0
. B3: G(a,0) — LTt (I-ajcosd
B4: f —ﬂ~01814—18 14%
« Jlmax — 441 — U. = o 0.
k k
e C1: R = 2.405 & ~317m H=m 3—1 ~ 5.865 m.
2ko ko

e C2: F,, ~ 387 fuel channels; M ~ 9.89 x 10* kg, or 98.9 tonnes of UQ,.

L

Solution
A1

Since the initial kinetic energy is negligible, conservation of energy gives the released energy as the
decrease in total rest energy:

AE = [m(*®U) 4+ m('n) — m(**Zr) — m(**°Ce) — 2m('n)]c>.
Using the supplied masses without any charge correction,
Am = [235.044 4 1.00867 — (93.9063 + 139.905 + 2(1.00867))|u

= 0.22403 u.
Therefore,
AFE = 0.22403(931.502) MeV = 208.684 ... MeV,
or
|AE ~ 208.7 MeV |,
A2

Each formula unit of UO4 contains one uranium atom. The number of formula units per unit volume is
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P
nuvo, = WNA’
w

where the standard Avogadro constant is N4 ~ 6.022 x 10?3 mol .

The fraction of uranium atoms that are 235U is 0.00720. Hence

N
N = 0.00720 /3\4;
= 0.00720 %;0104(6.022 x 10%)m™
=1.7022... x 102 m 3.
Thus
N ~ 1.70 x 10* m 3|,
A3

The fission rate of one target nucleus in the prescribed uniform neutron flux is o ;. Therefore the
fission rate per unit volume is

r = Nyojy.
Numerically,
@o ;= (2.000 x 10"®)(5.400 x 1072%) = 1.080 x 10" s+,
and
ryp=18384...x10"m s\
The heat deposited per fission is
E}, = 0.8000 AE = 0.8000(208.684...)(1.602 x 10~ %) J.

Consequently,

Q = NyoE}y
=4.9168... x 105 Wm 3,
giving
Q ~4.92 x 105 Wm 3|,
A4

Let F' have the dimensional form Q“aY\*. Denoting dimensions of power, length and temperature by
P,L,0,

[Q] = PL3, [a] = L, A\ =PL 'O
Thus
[F] = prtaf,-3aty—zg -z,
For F' to have the dimensions of temperature,
z+2z2=0, —3z+y—2=0, —z=1.

These equations give
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The dimensionless numerical factor is already supplied as k, so

Qa? Qa2
DUl Aty

F(Q,a,A) =

A5
With uniform internal heat production, the center is the hottest part of the pin. Avoiding melting
requires

Heat must flow from the pin surface to the coolant, so the surface temperature cannot be below the
coolant temperature:

Ts Z Tcool-
It follows that
Qa®
r :Tc_Ts <Tm_Tcoo-
A = !
The limiting radius is therefore
4)‘(Tm - Tcool)
a, =
Q
Using
T, — Teoor = 3138 — 577.0 = 2561 K,
we obtain
4(3.280)(2561
Qy = ( ) )8 — 8.2667...x 103 m.
4.9168... x 10
Thus

a, =~ 8.27 mm |

This upper limit corresponds to the ideal limiting case T's = T¢o01. A finite temperature drop between
the surface and coolant would reduce the permissible radius.

B1

Let the neutron mass be m, so the moderator mass is Am. Before collision the moderator is stationary
in the LF. The CM velocity is therefore

= mﬁb + Am0 ’(_51,

mT T A+ )m | A+1

A Galilean transformation to the CM frame subtracts v,, from every LF velocity. Thus the required
labels are

—

Uy = Vp — U, U = Vg — U,y Uz = —Up |

The sketch should have these features:

e Before collision, neutron 1 approaches from the left, moving horizontally right with velocity
1_51) - ,Bm.
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e Moderator 3 approaches from the right, moving horizontally left with velocity —v,,,.
e After collision, neutron 2 leaves the collision point with velocity ¥4 — Um. Mark 8 between this
arrow and the original rightward neutron direction.
o Moderator 4 leaves in the direction exactly opposite to neutron 2, because the total CM
momentum is zero. Its velocity is
ﬁ U
Uy = ———.
A
For example, if the outgoing neutron arrow points upward and right, the outgoing moderator arrow
points downward and left.

B2

The initial CM speeds are

A 1
fl%—].vm UMby = Um = A+1

Conservation of momentum in the CM frame requires the final momenta to be equal and opposite. Their

'u/n’b — ’Ub - ’Um — ’Ub.

magnitudes therefore satisfy
mv = AmV, so v=AV.
Because the collision is elastic, kinetic energy is conserved:
1 2 1 2 1 2 1 2
—mu —Amus;, = —mv® + = AmV~.
g Mn T g ATy = 3TV T
After cancelling m/2,

A

2 2 2
vy = v° + AV*-.
A+1° *
Substituting v = AV gives
A
AA+1)V?2 = ;.
( ) A+17°
Hence
Vp A
V —= v = Uy |.
At Atr1®
The collision changes the velocity directions, but each particle’'s speed in the CM frame remains
unchanged.
B3

The neutron'’s final LF velocity is

—

Vg — 17m + ’FLQ.
The vector 9, points along the initial neutron direction, while 15 makes angle 8 with that direction.

Consequently,

2

v2 = v2 4+ v® 4 2v,v cos 6.

Using the results above,
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B 1+ A%+ 2Acosf

G"GL\D | @el\.’)

(A+1)2
Since both energies refer to the same neutron in the LF,
E v2
G(a,f) = =& = 2,
(@0) = 7 =35
Now
(A-1)°
a=——">——=
(A+1)2
implies
l+a A2 +1 l-a 2A
2 (A+1)2’ 2 (A+1)%°
Therefore,

1+a+(1—a)cosh

G(a,0) = 5

An equivalent form is
0
G(a,0) =1 — (1 — a)sin? 5

In particular, forward scattering gives G = 1, while backward scattering in the CM frame gives G = a.
B4
The fractional energy loss is
5 0

fi=1-G=(1-a)sin 5
It is largest for CM backscattering, 8 = 7. Thus
A-1\* 44
A+1)  (A+1)%

Following the problem’s approximation that the whole D5O molecule is a target of mass 20 u, set
A = 20:

fl,male_azl_(

4(20) 80
= = —— ~0.1814 = 18.14% |.
I 212 441 %

C1

For a nonzero steady neutron flux, production and leakage must balance:

2.4052 2
k. l 05 T

LN P
Cancelling %,
2405° 7 ks
R? H? ki

We first determine the shape that minimizes leakage at fixed volume. Write
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Y = nR%H, b = 2.405,

so that
H- 2
TR2
The geometric factor in the leakage rate becomes
b2 R4
S(R) = ﬁ + v
Its derivative vanishes when
2b2 A4 R3
— + = 0.
R3 V?
Rearranging and using YV = mR2H,
b2 w2
" @
This stationary point is a minimum, since
652 1274 R?
" .
S"(R) = 77+ 2 > 0.
The optimum aspect ratio is therefore
H 2
H_ V27 _ ) eyrss
R b
Combining (1) and (2),
g _ ke
H?2 ki’
which gives
T
ko 2k,
Numerically,
3(1.021 x 102
H:Tl'\/( 3):5.865m,
8.787 x 10~
3(1.021 x 1072)
R = 2.405 ~13.175 m|.
2(8.787 x 10_3)
C2

Let the square-lattice spacing be d = 0.286 m. Neglecting boundary corrections, each fuel channel
occupies one square cell of cross-sectional area d. Therefore,

F, ~ 7

Substitution gives
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_ m(3.17507.. )7

F, ~ (0.256)2 = 387.19....

Hence the estimated number is

F,, ~ 387 fuel channels |.

With effective solid-fuel radius ry = 3.617 x 1072 m, the volume of UQO» in one channel is ﬁT?gH. Its

mass is therefore pwr?H, and the total fuel mass is
M = anﬂ"l‘?H.
Using the unrounded area estimate,

M ~ (387.19...)(1.060 x 10*)7(3.617 x 1072)*(5.86547...) kg
=9.8942... x 10* kg.

Thus

M ~ 9.89 x 10* kg = 98.9 tonnes of U2 |.

The solution was checked against the official solution.
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