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Theory problems and solutions - Sigtuna, Sweden - 3 theory problems with complete
solutions
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Problem 1: Refraction in a layered medium and the desert mirage
[
a) Consider a plane-parallel transparent plate, where the refractive index, n, varies with distance,
z, from the lower surface (see figure). Show that n 4 sin @ = n g sin . The notation is that of the
figure.

ai n ZA
1
.

nz)

b) Assume that you are standing in a large flat desert. At some distance you see what appears to
be a water surface. When you approach the "water” is seems to move away such that the distance
to the "water” is always constant. Explain the phenomenon.

c) Compute the temperature of the air close to the ground in b) assuming that your eyes are
located 1.60 m above the ground and that the distance to the “water” is 250 m. The refractive
index of the air at 15°C and at normal air pressure (101.3 kPa) is 1.000276. The temperature of
the air more than 1 m above the ground is assumed to be constant and equal to 30°C. The
atmospheric pressure is assumed to be normal. The refractive index, n, is such thatn — 1 is
proportional to the density of the air. Discuss the accuracy of your result.

Official English text of the problem.

Answers

e a) The conserved quantity is n(z) sin §(z), where 6 is the angle to the normal.
Consequently,

|nAsina = nBsinﬂ|.
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e b) This is an inferior mirage: hot, less dense air near the ground bends sky light upward
into the observer's eyes. The apparent water remains at a constant distance because the
horizontal temperature distribution and the observer's eye height remain unchanged.

e c) Interpreting 250 m as the apparent distance to the mirage's near edge,

T yround air ~ 329K ~ 56°C|

The small-angle approximation contributes less than 0.001°C; uncertainty in the apparent
edge and departures from ideal atmospheric layering are more significant.

\

Solution
a)

Divide the plate into many thin horizontal layers, each having an approximately constant refractive
index. Let n; be the index of layer 7, and let 8, be the ray's angle to the normal there.
Snell's law at each interface gives
1z sin 9,’ = Nj+1 sin 0z‘+1-
Since all interfaces are parallel, their normals have the same direction. Including the entrance and exit
interfaces,
nasina =n;sinf; =--- =nysinfy = ngsin f.

Taking the limit of infinitesimally thin layers establishes the result for a continuously varying index:

n(z) sin6(z) = p = constant|, nysina =ngsin |

b)

Sunlight heats the desert surface, which heats the air immediately above it. At approximately constant
pressure, this warmer air has a lower density and hence a smaller refractive index. Thus the refractive
index increases with height through the hot layer.

Consider a ray of sky light travelling downward at a shallow angle to the ground. From part a),

sinf(z) = P

n(z)

As the ray enters air of smaller refractive index, its angle 6 to the vertical increases. If it reaches a

height where n(z) = p, it becomes horizontal. It then turns upward toward regions of larger refractive
index and can reach the observer.

The observer traces the arriving light backward along a straight line and therefore sees sky light
apparently coming from below the horizon. This resembles the reflection of the sky in water. In a
smooth temperature gradient, the turning occurs through continuous refraction.

If the atmosphere is horizontally uniform, moving horizontally leaves the optical situation unchanged. At
a fixed eye height, the angular position of the mirage's near edge—and therefore its apparent distance
—remains constant.
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c)

Let ne denote the refractive index at eye height and n4 the minimum index in the hottest air next to the
ground. Assume geometrical optics, horizontal stratification, and a temperature that increases toward
the ground.

First determine the refractive index as a function of temperature. For air treated as an ideal gas at
constant pressure,

1

?7

where T' is the absolute temperature. Sincen — 1 o p,

p X

A

with
A= (1.000276 — 1)(273.15 + 15) = 0.0795294 K.

The eyes are above the 1 m level, so their surrounding air is at

T, = 303.15 K.
Consequently,
ne =1+ M = 1.000262343.
303.15

Let  be the depression angle of the mirage’s near edge below the horizontal. Interpreting the stated
distance as the apparent ground-plane distance, straight backward projection of the viewing direction
gives

h 160

tand = — = —— = 0.00640,
D 250

so
0 = 0.0063999 rad ~ 0.367°.

The near edge is determined by the limiting ray that becomes horizontal in the minimum-index air. At
eye height its angle to the vertical is 90° — §; at its turning point that angle is 90°. Part a) therefore
gives

nsin(90° — §) = nysin90°,
or
ne

V1+ (h/D)?

Rays with a smaller depression angle turn above the ground and bring sky light to the observer. Rays
with a larger depression angle reach the ground.

Ng = Ne COS =

Numerically,
1.000262343

ng = = 1.000241859.
v/1+ (1.60/250)2

Thus
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T _ A 0.0795294

; = = 328.826 K,
ng—1  0.000241859

and hence

T, ~ 56°C|.

For the accuracy, the relevant refractive-index decrease is
n, —n, ~2.05 x 107°.
The angle is sufficiently small that replacing
1
1+ (h/D)?
by 1 — %(h/D)2 changes the calculated temperature by only about 0.0009 K.

cosd =

The observational and atmospheric assumptions matter more. Differentiating the temperature formula,
while holding the reference index and upper-air temperature fixed, gives at the stated values

dh  dD
dl, ~55.TK | — — — |.
sk (2 9D)

Thus a 1% error in h/D changes the inferred temperature by approximately 0.56°C.

A blurred mirage edge, turbulence, uneven heating, and departures from horizontal layering can
introduce larger errors. The detailed vertical profile is unnecessary for the ideal limiting-angle
calculation, but a distinct edge associated with the hottest air is required. Since measurement
uncertainties are not supplied, a numerical error bar is not justified.

The solution was checked against the official solution.

Problem 2: Seiching of lake water
[
In certain lakes there is a strange phenomenon called “seiching” which is an oscillation of the
water. Lakes in which you can see this phenomenon are normally long compared with the depth
and also narrow. It is natural to see waves in a lake but not something like the seiching, where the
entire water volume oscillates, like the coffee in a cup that you carry to a waiting guest.

i L g

In order to create a model of the seiching we look at water in a rectangular container. The length
of the container is L and the depth of the water is h. Assume that the surface of the water to
begin with makes a small angle with the horizontal. The seiching will then start, and we assume
that the water surface continues to be plane but oscillates around an axis in the horizontal plane
and located in the middle of the container.
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Create a model of the movement of the water and derive a formula for the oscillation period T
The starting conditions are given in figure above. Assume that £ < h. The table below shows
experimental oscillation periods for different water depths in two containers of different lengths.
Check in some reasonable way how well the formula that you have derived agrees with the
experimental data. Give your opinion on the quality of your model.

Table 1. L = 479 mm

h/mm 30 50 69 88 107 124 142
T/s 178 140 118 108 100 091 0.82

Table 2. L = 143 mm

h/mm 31 38 58 67 124
T/s 052 052 043 035 0.28

The graph below shows results from measurements in lake Vattern in Sweden. This lake has a
length of 123 km and a mean depth of 50 m. What is the time scale in the graph?

e\ T T T I TTT LI S B A A B |

Basledalen

Jonkdrang ] t I m e
P i T

11 TS S S S S | »

The water surface level in Bastudalen (northern end of lake Véttern) and Jonkoping (southern
end).

Official English text of the problem.

Answers

Problem 2 has no numbered subparts or printed point values. Its requests are answered in their
printed order.
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e 2 — Motion and period: A simple model using the centre of mass and hydrostatic end-wall
forces gives harmonic oscillations with

T, = &

v/ 3gh

An energy model accounting for the variation of horizontal flow speed gives the refined

estimate

oL L
T, = T2 1987 2.

V/10gh Vgh

e 2 — Experimental comparison and quality: 7|, underestimates the measured periods by
10.0-15.2% in the longer container and 8.6-20.0% in the shorter one. The model captures

the approximate scaling T' L/\/ﬁ The energy estimate agrees more closely: its largest
discrepancies are 7.1% and 12.4%, respectively. Both models have limited validity when
the depth becomes comparable with the length.

e 2 — Lake Vattern: Ty ~ 2.8 h, while T} ~ 3.1 h. Thus the graph shows approximately
three hours per oscillation, or two hours per horizontal tick interval, with about a day
and a half represented overall.

L

Solution

2 — Model of the motion and oscillation period

Let the container have width b, and let the water density be p. Measure z horizontally from the middle

of the container. Write the surface height above the bottom as

2q(t)x L
2

H(z,t) = h+ n(z,t), n(:r,t):T, —

Thus the depths at the left and right ends are h — g and h + g, respectively. Initially ¢ = &.

< <L
_:13_2.

We neglect viscosity, damping and surface tension. For a long, shallow container, vertical accelerations
can initially be neglected and the pressure approximated as hydrostatic. Small amplitude, |q| < h,
allows a linear oscillation model.

The total mass is
M = pbLh,

since the volume above the mean surface equals the missing volume below it. The horizontal
coordinate X of the centre of mass is

L/2
X = £b zH(z,t) dz
M J_ 1
S z? dz
Lh L | 1)
_|Lg
| 6h ]

The hydrostatic force exerted by an end wall on water of depth H has magnitude
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H
1
b/ pg(H — z)dz = Epng2.
0
Consequently, the net horizontal force on the water is

F&Z%ﬁ%ﬂh—qf—%h+®ﬂ

= —2pgbhg.

The force is restoring: when the water is higher on the right, it acts towards the left. Newton's second
law gives

MX = F,,
or
bLhi j = —2pgbh
P 6h q= pgong.
Therefore,
. 12gh
q-+ 72 97 0}
This is simple harmonic motion, with
v/ 12gh 27 mL
wy = ——F—"1, To = — = — |
L Wo \/3gh

If the illustrated configuration is released from rest,

28z
q(t) = € cos(wot), n(x,t) = Tcos(wot).
The two ends therefore oscillate in opposite phase. The period is independent of the small amplitude,
the width and the density.

An energy estimate accounting for the flow speed

The planar surface is an approximation to the actual motion. We can assess the effect of resolving the
internal flow by constructing an energy model.

Assume that the horizontal velocity u(w, t) is approximately uniform over the depth. Conservation of
volume, linearized about the depth h, requires

0 ou

0L p2e .

ot or

Using n = 2qgz/ L and imposing zero horizontal flow through both end walls gives

g (L?

The horizontal speed is greatest at the middle and vanishes at the walls. In the shallow-water

approximation, the kinetic energy of vertical motion is small compared with that of horizontal motion.
Thus
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1 L/2
K = —pbh/ u? dx

2 —L/2
_ pbL®
~ |60 !
The increase in gravitational potential energy above that of a horizontal surface is
b L/2
U=L2 [(h + )% — h?]da
2 Jorp
b L/2
_ PP n* dx
2 Jorp
pgbL
= 6 q2 )

where the term proportional to fnda: vanishes by volume conservation.

Conserving K + U now gives

.. 10gh
i+ —32=0
and hence
27 L
T, = 2l /6 Tp.
/10gh 5

This estimate is about 9.5% longer than the simple centre-of-mass result.

The differing coefficients reflect the approximate descriptions of the motion: the first model uses

hydrostatic end forces, while the second uses the energy of a volume-conserving trial flow. The actual

free surface generally departs from a plane, so neither coefficient should be regarded as an exact
hydrodynamic result.

2 — Comparison with the measurements and quality of the model
Using g = 9.81 m s~ 2, the predicted periods are:
For L = 479 mm:

h (mm) MeasuredT (s) To(s) Ti(s)

30 1.78 1.60 1.75
50 1.40 1.24 1.36
69 1.18 1.06 1.16
88 1.08 0.935 1.02
107 1.00 0.848 0.929
124 091 0.788 0.863
142 0.82 0.736 0.806

For L = 143 mm:
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h(mm) MeasuredT (s) Ty(s) Ti(s)

31 0.52 0.470 0.515
38 0.52 0.425 0.465
58 0.43 0.344 0.377
67 0.35 0.320 0.350
124 0.28 0.235 0.258

For a quantitative comparison, define the relative discrepancy as

_ Tmodel - Tmeasured

Tmeasured

The simple model gives periods systematically below the observations: by 10.0-15.2% in the longer
container and 8.6-20.0% in the shorter one. The energy estimate reduces the maximum absolute
discrepancies to 7.1% and 12.4%.

The approximate scaling can also be checked through the dimensionless quantity

T+/gh
C = .
L

The experimental values range from approximately 2.02 to 2.14 in the longer container and 1.98 to
2.27 in the shorter one. These are reasonably close to a common constant. The two model predictions
are

s 27
— ~ 1.814, 1 = —— ~ 1.987.
V3 V10
Thus the models provide a useful description of the scale and parameter dependence, and resolving
the flow speed improves agreement with these data.

Co =

Their validity nevertheless has limits. The ratios h/L range from 0.063 to 0.30 in the longer container
and from 0.22 to 0.87 in the shorter one. In particular, the deepest measurements in the shorter
container fall outside a reliable shallow-water approximation. Vertical motion and departures from the
assumed planar surface then matter. No experimental uncertainties are supplied, so the table
establishes numerical agreement rather than a statistical validation.

2 — Time scale of the lake measurements
For lake Vattern,
L =1.23 x 10° m, h = 50 m,
giving
\/g_h ~22.1ms .

The simple model predicts

1.23 x 10°
TO:”( ) ~ 101 x10's = [281]

3(0.81)(50)

The energy estimate gives

27m(1.23 x 10°
T, — ul ) ~110x10%s=[311]

10(9.81)(50)
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Accordingly, successive peaks in either trace are separated by approximately three hours.

In the reproduced graph, a complete oscillation occupies approximately 1.5 horizontal tick intervals.
Therefore,

3h
1.5
There are roughly twelve oscillations across the record, corresponding to approximately 36 h, or a day

and a half. The two traces are approximately in opposite phase, as expected for oscillations at opposite
ends of the lake.

time per tick interval ~ 2hl|

The solution was checked against the official solution.

Problem 3: Electronic frequency filter

[
An electronic frequency filter consists of four components coupled as in the upper figure. The
impedance of the source can be neglected and the impedance of the load can be taken as infinite.
The filter should be such that the voltage ratio Uout/Uin has a frequency dependence shown in
the lower where U, is the input voltage and U, is the output voltage. At frequency f, the phase
lag between the two voltages is zero.

U in Ii| Uou!

In order to build the filter you can choose from the following components:

2 resistors, 10 kQ
2 capacitors, 10 nF
2 solenoids, 160 mH (iron-free and with neglible resistance)

4 Ufn /Uour

-

v

Construct, by combining four of these components, a filter that fulfils the stated conditions.
Determine the frequency fo and the ratio Uout/Uin at this frequency for as many component
combinations as possible.

Official English text of the problem.
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Answers

¢ Problem 3. There are 12 valid component placements, interpreting the plotted dip as the
magnitude of U,y /Uiy, as specified in the prose.

Define the positions, in order, as
(Z1, Z2, Z3, Z4) = (left horizontal, right horizontal, upper bridge, vertical shunt).
Each R denotes a 10 k{2 resistor, each C' a 10 nF capacitor, and each L a 160 mH solenoid.

Component placement (Z1, Z2, Z3, Z4) fo Uout/Un at fo
(R,R,C,C) or (C,C, R, R) 1.50kHz  2/3 ~ 0.667
(R,R,L,L)or (L, L, R, R) 0.95kHz  2/3 ~ 0.667
(R,L,R,C) 5.63kHz  4/29 ~ 0.138
(R,C,R,L) 2.81kHz  4/29 ~ 0.138
(C,R,L,R) 5.63kHz  25/29 ~ 0.862
(L,R,C, R) 2.81kHz 25/29 ~ 0.862
(L,C,R,L)or (L,C,C,R) 5.63kHz 1/2
(C,L,R,C) or (C,L,L,R) 2.81kHz, 1/2

For every placement, the output and input are in phase at f.

L

Solution

The problem has no numbered subparts. We first derive the response of the given circuit, then identify
the component placements and calculate their minima.

Use ideal components with
R =1.00 x 10*Q, C =1.00 x 10°°F, L =0.160H.

In sinusoidal steady state, using phasors with time dependence e**,

ZR:R, ZL:iwL, ZC:.— w:27rf.
The negligible source impedance fixes the input voltage. The infinite load impedance means that no
external current leaves the output terminal.

Let V), be the voltage at the junction of Z1, Z2, Z4, measured relative to the common lower conductor.
Kirchhoff's current law gives

Vm — Vvin Vm - Vout Vm
+ +

Z Z Z,
Vou = Vi | Vou =V _
Z2 Z3
Eliminating V,,,, the complex voltage ratio is
Vout Z\Zy+ Zy(Zy + Zy + Z3)

Hw)=——= .
Vin Z1Zy+ Zy(Z1+ 2y + Z3) + Z1 Z;
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It is convenient to write this as

where

A A ZoZ Z
K:_2 _4_1_2_4_}__4.
Zsy 4y L4z 2y

Component placements. Define the dimensionless constant

L
- R2C’

For each of the following placements, substitution into K gives
K:a+i<ﬂw—%), a, 8,7 > 0.

The component codes in the table are written in the order Z1Z9Z37,.

K

Placement o B 0
RRCC, CCRR 2 RC 1/(RC)
RRLL, LLRR 2 L/R R/L
RLRC k L/R 2/(RC)
RCRL k 2L/R 1/(RC)
CRLR 1/k RC 2R/L
LRCR 1/k  2RC R/L
LCRL 1 L/R 2/(RC)
LCCR 1 RC 2R/L
CLRC 1 2L/R 1/(RC)
CLLR 1 2RC R/L

For example, the placement RLRC means

Z1=R, Zy,=iwlL, Z3=R, Z,= ich'

It gives
g=tel, 1, L 1 :nﬂ'(ﬂ—i)
R iwCR CR? iwCR R wCR)’
as listed.
Frequency dependence and phase. Put
u = Pw— T
w
Then
_ atiu | |2_ a? 4+ u?
a+1+iu’ (a+1)2+u?’

Since

eulersolve.org/ipho/1984/

12/14



diH|* 2a + 1
d(w?)  [(a+1)?+u?]

> 0,

the magnitude is smallest when u = (. Moreover,
du vy

aw Pl

so there is exactly one minimum at positive frequency:
Y 1 /v

wn = —_ = — — .
0 \/6 ’ Jo 2w\l B

o
H(wo): a+1 >0

At this frequency,

Thus the voltage ratio is real and positive: the phase difference is zero, as required.

At both frequency limits,
w—0: u— —o0, w—00: u— 400,

and consequently
lim H = lim H = 1.

w—0 w—r00

Every listed placement therefore has the required curve: its magnitude starts at unity, decreases
smoothly to a single positive minimum at fo, and then rises towards unity.

Numerical frequencies and voltage ratios. The table produces four distinct frequencies:

fre = —=— — 1.5915 x 10° Hz ~ [L.50 kHa),

2rRC
R
frRL = =—— = 9.9472 x 10°Hz ~ [9.95 kHz|,
2nL
1 [ 2
fi=—14/—= =5.6270 x 10* Hz ~ |5.63kHz/,
2r V LC
T

1
fo=——— =28135 x 10 Hz ~[2.81kHz|
2wV 2LC

Also,
0.160 4
k= ——— =10.160 = —.
(10%)2(10°%) 25
The possible minimum ratios are therefore
2
a=2 HO = —,
3
o oo K L B 4
a=R T 1%k RC+L 29’
Ly 1 RC 25
R T 1%k  RC+L 29
1
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Combining these expressions with the placement table gives all the answers above.

Completeness of the placements. There are 54 assignments of four component types to the four
positions, allowing at most two of each type: 18 use two components of each of two types, and 36 use
all three types.

The unity limits at both ends require K to diverge as both w — 0 and w — oo. This gives a simple way
to check all assignments. Write each impedance as a positive constant times s?, with
s = 1w, pr=0, pr=1, pc=-—1.
The four terms of K have powers
P2 —P3, P4—DP3, P2+Ps—P1—P3, P4s—P1.

The endpoint condition holds precisely when these powers include both a positive and a negative
value. It leaves 22 placements: the 12 already obtained and the following ten.

Remaining placements Reason they fail

Their only finite positive frequency with real H is w = 1/\/R', where

RLCC, RCLL, LRCC, CRLL . ) . .
H = 0. The output phase is then undefined, and the minimum is zero.

Their only finite positive frequency with real H gives H = —1: the

LLRC, LLCR, CCRL, CCLR phase difference is 180°.

They have undamped resonant poles and do not give the illustrated

LLCC, CCLL .
smooth dip.

For the last two placements, writing x = w\/m explicitly gives
B = x2)2
1-3z2 424’
whose denominator vanishes at
z? = —3 j:2\/3.

Thus the 12 listed placements exhaust the possibilities satisfying the interpreted graph and the zero-
phase condition.

The solution was checked against the official solution.

eulersolve.org/ipho/1984/ 14714



	IPhO 1984
	Problem 1: Refraction in a layered medium and the desert mirage
	Answers
	Solution

	Problem 2: Seiching of lake water
	Answers
	Solution

	Problem 3: Electronic frequency filter
	Answers
	Solution



